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Preface 

It is my great pleasure to introduce the second volume of new Book Series ‘Advances in 
Optics: Reviews’ started by the IFSA Publishing in 2018. Three volumes were published 
in this year. 

The ‘Advances in Optics: Reviews’ Book Series is published as an Open Access Books in 
order to significantly increase the reach and impact of these volumes, which also 
published in two formats: electronic (pdf) with full-color illustrations and print 
(paperback). 

The second of three volumes of this Book Series has organized by topics of high interest. 
In order to offer a fast and easy reading of each topic, every chapter in this book is 
independent and self-contained. All chapters have the same structure: first an introduction 
to specific topic under study; second particular field description including sensing or/and 
measuring applications. Each of chapter is ending by complete list of carefully selected 
references with books, journals, conference proceedings and web sites. 

The Vol.2 is devoted to lasers and photonics, and contains 15 chapters written by 40 
authors from 15 countries: Algeria, Australia, Canada, China, Ecuador, Finland, France, 
Germany, India, Mexico, Poland, Qatar, Spain, Turkey and USA. 

‘Advances in Optics: Reviews’ Book Series is a comprehensive study of the field of optics, 
which provides readers with the most up-to-date coverage of optics, photonics and lasers 
with a good balance of practical and theoretical aspects. Directed towards both physicists 
and engineers this Book Series is also suitable for audiences focusing on applications of 
optics. A clear comprehensive presentation makes these books work well as both a 
teaching resources and a reference books. The book is intended for researchers and 
scientists in physics and optics, in academia and industry, as well as postgraduate students. 

I shall gratefully receive any advices, comments, suggestions and notes from readers to 
make the next volumes of ‘Advances in Optics: Reviews’ Book Series very interesting and 
useful. 

 
 
Dr. Sergey Y. Yurish   
 
Editor 
IFSA Publishing Barcelona, Spain 
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Chapter 1 
Laser Bending 

Xiufeng Wang1 

1.1. Introduction  

Laser bending is a flexible laser material processing method that combines a laser 
technique with a metal forming technique. The aim is to secure the thermoplastic 
deformation of sheet metals through the use of a laser as a heat source. As we all know, 
sheet metal forming is main processing method before sheet metal is applied into the 
consumption directly, and it has occupied a very important place in the entire national 
economy. Therefore, it is widely used in aviation, space flight, shipbuilding and 
automobile industries, home appliances and other production industries. Traditional metal 
sheet processing methods is mainly to form by cold stamping die on the press. Due of high 
efficiency of the production, it is suitable for large quantities of production. With the 
increasingly fierce market competition and the rapid replacement of the product, the 
original forming technology shows the long preparation time, the poor processing 
flexibility, the large die cost, the high manufacturing cost and only fitting for processing 
low carbon steel, aluminum alloy and copper and other materials. Thus, many scholars at 
home and abroad are committed to explore new sheet metal plastic deformation 
technology to form sheet metal by rapid and efficient method, flexible stamping and 
dieless process in order to meet the needs of the market competition of updating the 
modern products quickly.  

With the development of laser technology, especially mature high-power industrial laser 
manufacturing technology increasingly, laser, as a kind "universal" tool, is applied in the 
cutting, welding and surface modification processing and other fields. Laser cutting 
technology has been mature and widely used to cut a variety of metal and non-metallic 
sheet metal, so part of the stamping and thread cutting are replaced. However, laser surface 
hardening and coating technology is studied continually and partly applied in the vehicle 
engine, machine and aerospace and other actual production so as to improve the hardness 
and wear resistance of materials as well as the life of parts etc. At the same time, experts 

                                                      

Xiufeng Wang 
School of Mechanical Engineering and Automation, Beihang University, Beijing, China  
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are seeking for the various applications of laser, such as information, life and micro-nano 
and other disciplines. In a word, laser technology is penetrating into various fields. 

According to whether there is external force, laser bending can be divided into two 
categories: laser thermal stress bending, which is also called laser bending, and laser 
preloaded bending. They are described in detail as follows respectively. 

1.2. Laser Bending  

When the laser irradiated on the surface of the sheet metal that is not melted, a steep 
temperature gradient is mainly produced through the thickness direction in the heated zone 
resulting in non-uniform distribution of thermal stress, so the heated sheet metal is 
deformed as shown in Figs. 1.1, 1.2.  

 

Fig. 1.1. Scheme of the experimental set-up for laser bending [1].  

Compared with the mechanical bending, laser bending has unique characteristics as 
follows: 

 Decrease the yield stress of the heated zone material so that the part can gain very small 
spring back and improve the dimension accuracy. 

 Adjust the diameter of laser scanning on the part surface to smaller value so that small 
bending radius of the part can be gained. 

 Improve the hardness and strength of the part surface effectively to modify the usage 
properties of the part. 

 Realize the closed-loop-control of the whole process through thermovision infrared 
camera and measuring devices of the shape so as to ensure the quality of the part and 
modify the condition of processing. 
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 Realize several kinds of laser processing procedure (laser cutting, laser bending, and 
laser welding) on the same position and finish the part sequentially, due to no special 
request for laser beam mode.  

 
(a) Laser scanning along straight line many times 

 
(b) Laser scanning along inclined line many times 

Fig. 1.2. Laser bending parts. 

Laser bending is a new flexible forming technique and also a new application field in laser 
non-melting surface processing. Seeing that laser bending has some unique 
characteristics, the application of laser bending has a good prospect in aviation, space 
flight, shipbuilding and automobile industries. Furthermore, the application scopes of this 
technique can be decided on as follows:  

 Because laser bending requires no dies, so it processes shorter product manufacturing 
cycles, cost-saving and the high flexibility. The shape and value of deformation in laser 
bending depend on laser scanning paths and laser technological parameters. It is more 
suited to produce prototypes and small batch, high variation components. 

 Laser bending belongs to non-contact bending, smaller spring back and higher 
dimension accuracy. It is suited to bend and straighten the large part. 

 It is more suited to deform material that is difficult in deformation at room temperature, 
such as Titanium alloy. 

In order to develop and apply for laser bending technology, many experts coming from 
Japan, America, Poland, Germany and China etc. have done lots of research work on 
theory and experiment since 1986. First report of laser bending came from Japan in 1986, 
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Y. Namba [2] researched on temperature distribution and thermal deformation under the 
condition of laser surface treatment on S45C, put forward a new forming technique called 
"laser forming". He validated that it was possible to bend a metal or alloy sheet by the 
laser scanning and proposed an application of laser forming in space. Later published 
papers came from USA and Poland. Since 1991, Prof. Geiger M and Prof. Vollertsen F. 
defined laser bending mechanisms, and then many scholars continue to research on laser 
bending technology based on their ideas, mainly concentrated on numerical simulation for 
laser bending process and discussion the influence factors and their changing law of the 
laser bending process. The research results of scholars above mentioned are commentated 
as follows. 

1.2.1. Laser Bending Mechanisms 

Laser bending mechanisms were defined in qualitative analysis. According to the fraction 
D (laser spot diameter)/ S (sheet metal thickness), laser bending mechanisms were 
described as temperature gradient mechanism TGM, the buckling mechanism BM and 
upsetting mechanism UM [3-6]. 

(1) TGM. 

TGM was characterized by a temperature gradient through the thickness direction and 
regarded as the most basic and important mechanism for laser bending. When D << S, 
TGM dominated as shown in Fig. 1.3.  

 

(a) Laser bending model                    (b) Heating phase                       (c) Cooling phase 

Fig. 1.3. TGM mechanism. 

Fig. 1.3 (b) shows that the non-uniform thermal expansion through the thickness direction 
makes sheet metal bend away from the laser in heated zone. Due to large thermal 
expansion and low yield stress on the upper surface under the high temperature, the 
material heated zone produces compressive plastic deformation and causes material to 
accumulate. Then compressive stress is kept in it. Fig. 1.3 (c) shows that after the laser 
scans, cooling contract and compressive stress make the sheet metal bend towards the 
laser. The final extent of bending is the co-operation of the thermal strain under heating 
phase and cooling phase depending on temperature gradient and the geometry constraint 
of the sheet metal. 
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(2) BM. 

When D >> S, the very small temperature gradient was produced through the thickness 
direction. When the sheet metal thickness was thinner enough, BM dominated as shown 
in Fig. 1.4. 

 

Fig. 1.4. BM mechanism.  
(Initial heating -> Bulging -> Development of bending angle -> Growth of buckle). 

Fig. 1.4 shows that after the laser scans, cooling contract and compressive stress make the 
sheet metal buckle bend towards or away from the laser. The final bending direction 
mainly depends on the initial state of the sheet metal. 

(3) UM. 

Under the condition of BM, if the sheet metal thickness was thicker enough, then laser 
bending mechanism should be described as UM shown in Fig. 1.5. 

  

 (a) Heating         (b) Cooling  (c) Final part 

Fig. 1.5. UM mechanism. 

Fig. 1.5 shows that almost uniform thermal expansion leads to the same short in the sheet 
metal length, after the laser scans, cooling contract and compressive stress make the sheet 
metal upset. By a proper selection of the scanning paths, this mechanism can be used for 
forming spherical dome and bending extrusion profiles. 
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As we all known, Prof. Geiger has established laser bending mechanisms for many years. 
Heat transfer inner the material was described by Classical Fourier Law under the 
condition of D << S or D >> S. However beyond this condition, such as about D/S = 1, 
0.4 and 0.2, a kind of unusual temperature distribution in the limit thickness material was 
shown in Fig. 1.6. The highest temperature was not on the heated surface, but was inner 
the material. The classical Fourier law could not explain it. So this unusual phenomenon 
was defined as Pan-Fourier effect in Wang Xiufeng’s PhD dissertation, it possessed wave 
behavior differing from diffusion. There was diffused wave overlapped by incident wave 
when the heat transfer in the specimen effected by reflected wave [7].  

1.2.2. Numerical Simulation 

In order to understand laser bending mechanisms above described further, some scholars 
deduced basic analytical equations under the different supposed condition to gain the 
conditions of realizing these mechanisms and the varying regularities of influence 
parameters. However, because laser bending is a very complex thermo-physical process 
having interactions between temperature and strain, and the thermo-physical properties of 
the material depending on temperature, so the error between calculated results and 
experimental results was very large even up to 40 %. Thus, it could be seen that it was 
difficult to describe the thermo-mechanical transient phenomena clearly through 
analytical equations [8-15].  

The finite element method (FEM) overcome the limitations of the analytical models 
effectively to capture the transient phenomena and generate more prediction and control 
capabilities for the laser bending process. Based on the TGM, BM and UM, many scholars 
numerically simulated the laser bending process by different commercial software, such 
as MSC.MARC, ANSYS and ABAQUS. They regarded the laser bending process as a 
quasi static process by the type of intermitted jump instead of laser beam moving. 
Considering coupled thermo-mechanical interaction, they calculated the temperature and 
strain-stress distribution in the heated zone, predicted the final bending angle, and 
discussed the relationship between the bending angle, the sheet metal geometry and the 
laser technological parameters [16-31].  

However, in the numerical simulation above described, many analysis models were 
validated by laser bending experiment through the final bending angle measured. Due to 
unknown the real-time dynamic displacement process and temperature distribution 
simultaneity in the laser bending process, it was difficult in satisfying the calculation 
precision of the complex thermal-physics process of laser bending. So the above 
calculated models only described this process qualitatively. Thus, the precision of 
numerical simulation needed to wait for improving through perfect validated experiment 
further. 

Next, the process of laser bending Aluminium alloy AA6056, which was used to 
manufacture airplane panels, was studied through experiment and simulation interacted 
validation. The calculated model was set up, and the laser bending process was 
numerically simulated by Msc. Marc software. The calculated results were verified by 
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experiments of measuring temperature and displacement in real-time as shown in  
Figs. 1.7-1.10. The precision of numerical simulation was improved [32]. 

 

(a) Thickness: 2 mm (D/S = 1). 

 

(b) Thickness: 5 mm (D/S = 0.4). 

 
(c) Thickness: 10 mm (D/S = 0.2). 

Fig. 1.6. Temperature distribution in the thickness direction of the specimen  
under laser scanning. 
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Fig. 1.7. Experimental scheme. 

 

Fig. 1.8. Size of specimen. 

  
(a) Upper surface                                               (b) Lower surface 

Fig. 1.9. Three different positions of the affixed thermocouples. 
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Point a                                                                   Point b 

  
                    Point c                                              Displacement process of specimen 

Laser output power 2750 W    laser scanning speed 15 mm/s     laser spot diameter 5 mm 

Fig. 1.10. The calculated results and experimental results compared. 

The experiments of laser bending Aluminum alloy sheet AA6056 were conducted at 
EADS Innovation Works, Germany. Fig. 1.7 shows the experimental scheme. The 
experimental apparatus is Nd: YAG laser with 3500 W in continuous mode. It is controlled 
by a robot. The specimen is chosen as aluminum alloy AA6056, and is clamped on the 
table by one end. Fig. 1.8 shows its size. It was continuously irradiated along the irradiated 
locus by the laser. The laser technological parameters included laser output power p, laser 
scanning speed v, laser spot diameter d on the specimen surface. The thickness of 
specimen was chosen 2.5 mm in rolling state. The surface temperature was measured by 
a NiCr/NiSi thermocouple with diameter 0.1 mm and response time 20 s. Fig. 1.9 shows 
the positions on which one end of thermocouple. The other end is joined to a 
YOKOGAWA MV200 temperature measuring device. Fig. 1.10 (a)-(c) show the recorded 
temperature-time curves. At the same time the graphite was spread on measuring point A 
region of the specimen and the moving image of the measuring point A was recorded by 
a CCD-camera in real time with the aid of the video capturing software. A special filter 
was fixed in the front of lens to prevent from entering laser light into the lens. Images 
were processed by image processing software, and then the displacement-time diagram 
was obtained. Fig. 1.10 (d) shows that the comparison of the simulation results with 
experimental results.  
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1.2.3. Main Effect Factors  

The main factors influencing on the laser bending process are laser technological 
parameters, material properties and part geometry as shown in Table 1.1. 

Table 1.1. Main factors influencing on the laser bending process. 

Laser Technological 
Parameters 

Material Properties Sheet Geometry 

Laser output power Density Sheet metal thickness 
Laser scanning speed Young’s modulus Sheet metal shape 
Laser spot diameter Thermal expansion coefficient Position of bending edge 
Laser scanning locus  Yield strength  
Coefficient of absorption  Thermal conductivity  
Intensity distribution  Specific heat capacity  
Laser scanning times Initial stress  

 

Based the factors in Table 1.1, a large amount of experimental investigations has been 
conducted [33-40]. Main experimental results are described in detail as follows. 

(1) Energy factors. 

In laser bending, the energy effect can be expressed by the energy density absorbed by the 
material and laser irradiating time on material surface. However, energy density depends 
on the absorption coefficient of material, the laser output power, the laser spot diameter, 
and the laser scanning speed. In addition, the scanning frequency and the scanning locus 
also affect the absorption of material. Experiments show that under the certain total input 
energy, the large inputting energy density and short heating time are conducive to 
increasing the bending angle. 

a) The influence of laser output power and scanning frequency on the bending angle.  

Fig. 1.11 shows the curves of the bending angle versus laser output power and scanning 
frequency.  

In Fig. 1.11, for the same laser output power, the bending angle approximately linear 
increases with the increase of scanning frequency. Therefore, when the laser output power 
is increased, the slope of the curve increases. Thus, under the condition that the laser spot 
diameter is constant, the laser induced bending angle increases with the increasing laser 
output power.  

Fig. 1.12 shows the curves of the bending angle versus laser output power. 

In Fig. 1.12, first, the bending angle increases with the increase of the laser output power, 
and then the bending angle is up to the maximum when the laser power reaches about  
900 W. After that, the laser induced bending angle decreases with the increasing laser 
output power.  
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Fig. 1.11. Curves of the bending angle versus laser output power and scanning frequency [41]. 

 

Fig. 1.12. Curve of the bending angle versus laser output power [41]. 

b) The influence of laser scanning speed and scanning frequency and on the bending 
angle. 

Laser irradiation was repeated in the same line in order to increase the bending angle.  
Fig. 1.13 shows the curves of the bending angle versus laser scanning speed and scanning 
frequency.  

In Fig. 1.13, the bending angle increases with the increase of scanning frequency. The 
bending angle formed by the first laser irradiation is larger than that of the second 
irradiation. However, the bending angle formed by after the second laser irradiation is 
proportional to the times of irradiation. It can be clearly seen from the experimental results 
that the bending angle can be controlled by scanning frequency at the same line, and the 
large deformation can be obtained by increasing scanning frequency.  

Fig. 1.14 shows the curves of the bending angle versus laser scanning speed. 

In Fig. 1.14, the bending angle decreases with the increase of the laser scanning speed. 
Thus, for the certain laser output power, there is an optimum laser scanning speed 
corresponding to the bending angle per unit time.  
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Fig. 1.13. Curves of the bending angle versus laser scanning speed and scanning frequency [2]. 

 

Fig. 1.14. Curve of the bending angle versus laser scanning speed [41]. 

c) The influence of laser spot diameter on the bending angle. 

Fig. 1.15 shows the curves of the bending angle versus laser spot diameter. For the certain 
laser output power and scanning speed, there is an optimum laser spot diameter 
corresponding to the bending angle.  

 

Fig. 1.15. Curve of the bending angle versus laser spot diameter [41]. 
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(2) Material properties factors. 

The influence of thermal and mechanical properties of the material on laser bending angle 
is more complex, and it is not possible to analyze it quantitatively. Experiments show that 
under the same process conditions, if the specific heat and thermal conductivity of the 
material are greater, the temperature gradient is not obvious resulting in small thermal 
stress, and the bending angle is also smaller. While, the material with low yield limit, 
small elastic modulus and small hardening index is prone to produce large bending angle. 
For several different materials, the curves of the bending angle versus scanning frequency 
are shown in Fig. 1.16. 

(3) Sheet geometry factors. 

Fig. 1.17 shows the curves of the bending angle versus the width and length of sheet.  

In Fig. 1.17, for the same laser parameters, the bending angle of the thin sheet is greater 
than that of the thick plate. Because the greater is the thickness of the sheet, the greater is 
the modulus of the section, the greater is the rigidity, and the greater is the resistance to 
produce bending angle, the small is the bending angle induced by thermal stress. 

 

Fig. 1.16. Curves of the bending angle versus scanning frequency [2]. 

 

Fig. 1.17. Curves of the bending angle versus the width and length of sheet [41]. 
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1.2.4. Optimization Laser Manufacture Parameters 

For controlling and improving the achieved results in a bending process, an Artificial 
Neural Network (ANN) can be utilized, which is a mathematical model or a computational 
model based on biological neural networks. With an Artificial Neural Network, a complex 
relationship between input nerve cells and output nerve cells can be modeled. The 
Artificial Neural Network is advantageous in carrying out a mapping from a space  
Rn (n the number of input nerve cells) to another space Rm (m the number of output nerve 
cells) without the need of setting up the mathematical model of the whole system. In the 
Artificial Neural Network, a plurality of nerve cells are interconnected based on certain 
functions or regulations in order to form a network to simulate the complicated non-linear 
process of laser bending. 

A Back-Propagation Network (BP net) is a multilayer feed-forward neural network, the 
mapping precision of which is ensured by specimens for training the BP net. During 
training, the system is provided with a feedback on the quality of outputs obtained so far 
with certain inputs. In general, neural networks are constructed in plural layers, i.e. an 
input layer are assigned by the input nerve cells, an output layer are assigned by the output 
nerve cells, and one or more hidden layers are assigned between them. It is to be noted 
that the Back-Propagation Network with one hidden layer can map any function in theory. 
Thus, a three-layer (one input, one hidden and one output layer) Back-Propagation 
Network is sufficient. With respect to the adaptation of the Back-Propagation network to 
the bending process, the determination of optimized results with this network has a 
drawback. Namely, the Back-Propagation Network uses a local search approach with a 
squared error function. This has the drawbacks of a high risk of running into a local 
minimum value, a slow constringency speed and a long training time [42-46]. 

A Genetic Algorithm (GA) is substantially similar to the process of biological evolution. 
A Genetic Algorithm uses techniques inspired by evolutionary biology such as 
inheritance, mutation, selection and crossover. It is helpful in searching for approximate 
or exact solutions for certain problems by evolving a population of abstract 
representations (the so-called chromosomes) of candidate solutions in order to find an 
optimized solution for a specific problem. The evolution process of a Genetic Algorithm 
usually starts with a population of individuals and evolves generations from there. In a 
colony of each generation, the adaptability of each individual is calculated after coding, 
replication, overlapping and variation are carried out. Then, each individual is used to 
determine a group of new individuals according to a certain condition. The Genetic 
Algorithm utilizes a random search approach. When adapting the Genetic Algorithm to 
the bending process, it comes along with shortages such as an early convergence, the 
weakly local search ability and a later slow constringency speed.  

In order to overcome the shortage severally, the new algorithm (BPN-GA) was put 
forward combining with their advantage [47]. The method avoided the slow constringency 
speed of a Back-Propagation network and the defective training ability of a Genetic 
Algorithm, and ensured stability and precision in optimally predicting the inputs and/or 
outputs in a bending process. Thus, the advantages of a Back-Propagation network and a 
Genetic Algorithm were combined resulting in an improved Back-Propagation network. 
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As a result, the bending process was conducted with optimized technological parameters 
for a desired bending angle or the bending angle was predicted having certain 
technological parameters. The BPN-GA Algorithm flowchart was shown in Fig. 1.18. 

 

Fig. 1.18. BPN-GA Algorithm flowchart. 

The optimization system was set up and divided into experiment data training part and 
technological parameters prediction part. Its user interface was compiled and displayed 
by means of MATLAB software. Its user interface was shown in Fig. 1.19. With this 
interface, the laser bending angle was predicted directly.  

(1) Improved BP (BPN-GA) Network. 

BPN-GA Network was adopted in Fig. 1.19. First BP network was trained by 
experimental result and then it was validated, at last it was used to predict bending angle. 
The general architecture of BP network was shown in Fig. 1.20.  

In Fig. 1.20, the structure includes three layers: an input layer, a hidden layer and an output 
layer. Input layer includes four nodes: laser output power p, laser scanning speed v, laser 
spot diameter φ and the thickness of sheet metal H. Output layer is one node namely 
bending angle α. Hidden layer connects input layer to output layer. Amount of nodes in 
hidden layer effects on the predict precision. Compared with the different number of nodes 
in training network, 15 nodes are decided as in hidden layer. Tansig function is chosen as 
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neuron transfer function between the middle layer and the output layer, and the 
Levenberg-Marquardt algorithm is selected to train the net, genetic algorithm (GA) is used 
to optimize the net. The population size is determined as 50, hereditary generations as 
100, the crossover probability as 0.1 and mutation probability as 0.05.  

 

Fig. 1.19. Interface of the optimization system. 

 

Fig. 1.20. General architecture of BPN-GA network predicting bending angle. 

The overview flow diagram of BPN-GA Network was shown in Fig. 1.21. 

(2) BPN-GA network trained and validated. 
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Fig. 1.21. Overview flow diagram of BPN-GA Network. 

a) BPN-GA network trained. 

The training specimen data were obtained by experiments. The goat function was 
employed in the ANN tool box of MATLAB to train the net. Compared with BPN-GA 
and BP network, the constringency curves were shown in Fig. 1.22. Compared with the 
output data of the BPN-GA Network and sample data was shown in Fig. 1.23. 

Fig. 1.22 shows that BPN-GA has an efficiently enhanced constringency speed obviously. 
Compared with the output data of the BPN-GA Network and sample data, Fig. 1.23 shows 
that the two curves are almost matching. 

b) BPN-GA network validated. 

The verifying sample data were obtained by experiments. Their outputs was predicted 
with the trained BPN-GA network. Compared with verifying sample data was shown in 
Fig. 1.24.  
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Fig. 1.22. Constringency curves of the Network. 

 

Fig. 1.23. Output data of the Artificial Neural Network and specimen data compared. 

 

Fig. 1.24. Comparison of sample data and the output data predicted  
by the trained BPN-GA network. 
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Fig. 1.24 shows the curves are almost the same. This proves that the relationship or 
dependency between input values and the output value is calculated correctly. The system 
can predict the output nearly exactly and the stability and feasibility of the system is 
proven. 

1.3. Laser Preloaded Bending  

Laser preloaded bending is a new forming technique developed on the basis of laser 
bending. It was firstly put forward by Chinese experts in 2008 in order to enhance the 
degree of deformation accurately and efficiently [48]. It was to make the panel or the panel 
with stringers produce pre-bending by a special tooling fixture, and then the region with 
elastic energy concentration on the surface of part was scanned by a laser beam along a 
certain path (black line). As a result of the laser thermal effect, deformation resistance of 
the material was reduced and the elastic energy transferred into plastic energy in the 
scanned area. After the fixture was released, a predetermined shape of the part was 
obtained. Thus, the plastic forming ability of part was significantly improved, as shown 
in Figs. 1.25, 1.26. 

  

(a) Experimental scheme (b) Final panel 
(Aluminum alloy 2024   820 mm  820 mm  1.8 mm) 

Fig. 1.25. Laser preloaded bending panel. 

1.3.1. Principle of Laser Preloaded Bending 

For the bending principle, the laser preloaded bending is fundamentally different from the 
laser bending which has been studied for more than 20 years. The laser bending mainly 
depends on the non-uniform thermal stress caused by the temperature gradient produced 
by laser thermal effect in the thickness direction of the sheet, and the ability of bending 
deformation mainly relies on the laser technological parameters. However, the laser 
preloaded bending mainly depends on the effective conversion of the elastic internal 
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energy stored in the sheet, which can improve the bending deformation by appropriately 
increasing the preload. Thus, the laser preloaded bending can change the stress state of 
the desired position on the sheet by releasing its elastic energy so as to improve the 
shape precision of the sheet. It is the effective method to obtain the desired shape after 
releasing load.  

  

(a) Experimental schematic   (b) Final panel with stringers  
(Aluminum alloy AL7475-T7351) 

Fig. 1.26. Laser preloaded bending panel with stringers. 

The principle of it is understood by force-displacement curve as shown in Fig. 1.27. In 
Fig. 1.27, point A is the transition point produced by the preload from elastic bending to 
plastic bending of the sheet metal. When the sheet metal is bent by the preload to reach 
point A under the elastic state, if there is no laser irradiation, the preload drops from point 
A to point O along line AO after the preload is removed, and the sheet metal can not 
produce plastic deformation. However, if laser scans the elastic energy concentration 
region on the sheet metal surface, the preload drops from point A to point C along line 
AC. When the preload is removed, the preload drops from point C to point E along line 
CE due to elastic recovery, and the forming amount of the sheet metal is SOE. 

 

Fig. 1.27. Force-displacement curve [49].  
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Furthermore, when the sheet metal is bent entering the plastic state to reach point B, if 
laser scans the elastic energy concentration region on the sheet metal surface by the same 
laser technological parameters, the preload drops from point B to point D along line BD, 
and point D is the same level as the point C. When the preload is removed, the preload 
drops from point D to point H along line DH due to elastic recovery, and the forming 
amount of the sheet metal is SOH. The effect of the elastic energy conversion to plastic 
energy is evaluated by the elastic energy conversion efficiency η as follows. 
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where S△AOG is the total elastic energy stored in the sheet metal under preload point A,  

S△CEG is the recovery elastic energy after unloading from point C, S△BFI is the total elastic 

energy stored in the sheet metal under preload point B, S△DHI is the recovery elastic energy 

after unloading from point D. 

Due to DHICEG SS    and AOGS ＜ BFIS , so A ＜ B . Namely, the greater is η, the 

more is the elastic energy conversion to plastic energy, the greater is the bending 
deformation of the sheet metal. Thus, the effective way to improve η is to drop the position 
of point C. Under the premise of non-melting the surface of the sheet, more elastic energy 
can be converted into plastic energy by increasing the laser output power and decreasing 
the laser scanning speed to raise the maximum temperature on the sheet metal surface as 
much as possible. 

Fig. 1.27 shows that the preload has a significant effect on the bending deformation. In 
practice application, according to the required amount of deformation, the preload can be 
predicted by numerical simulation, and then the maximum bending deformation can be 
conducted by increasing the preload as much as possible under the premise of non-melting 
the surface of the sheet metal. Even though the sheet metal appears a certain springback 
after bending, the accuracy of bending can be ensured to control effectively by adjusting 
the laser technological parameters and laser scanning path. For example, the forming 
amount SOG of the sheet metal after unloading is required. Based on the curve in Fig. 1.27, 
the sheet metal is bent under the preload to reach point J, and then laser scans the elastic 
energy concentration region on the sheet metal surface by the same laser technological 
parameters, the preload drops from point J to point K along line JK, and point K is the 
same level as the point C. When the preload is removed, the preload drops from point K 
to point G due to elastic recovery, and the forming amount of the sheet metal is SOG. 

1.3.2. Characteristics of Laser Preloaded Bending 

The main technical characteristics of laser preloaded bending are as follows: 
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(1) Small heat-affected zone and short processing time.  

7075 aluminum alloy integral panel samples were formed by laser preloaded bending and 
creep aging forming respectively. Its size was shown in Fig. 1.28, and their deformation 
extents were shown in Fig. 1.29.  

 

Fig. 1.28. Size of integral panel sample. 

 

Time: 30 min       Arch height: 12.5 mm                Time: 1350 min       Arch height: 13.6 mm 

(a) Laser preloaded bending                                    (b) Creep aging forming 

Fig. 1.29. Deformation extent of low stiffened structural panel. 

Comparing with the deformation extent of the laser preloaded bending and the age 
forming, the results show that laser preloaded bending is feasible and spends much shorter 
time in obtaining the equivalent deformation extent.  

(2) Rapid injection of energy, which can effectively control the temperature rise of the 
heating region, ensure no significant change in the organizational structure of 
materials and good material surface quality. 
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The microstructures of clad 2024 aluminum alloy before and after laser preloaded bending 
were compared. The result shows that there is no significant difference when temperature 
in laser scanning region is 150 °C, as shown in Fig. 1.30. 

 
              (a) Original                                                  (b) After laser scanning 

Fig. 1.30. Microstructures of clad 2024 aluminum alloy [50]. 

For the same deformation amount formed by different forming processes of clad 2024 
aluminum alloy integral panel, their S-N curves of 1 × 107 cycles were as shown in  
Fig. 1.31. 

 

Fig. 1.31. Fatigue curves of clad 2024 alloy samples [50]. 

Based on Fig. 1.31, the following conclusions can be obtained as shown in Table 1.2. 

Table 1.2. Compare the fatigue limits of different materials. 

 Original 
Laser preloaded 

bending 
Creep aging Shot peening 

Fatigue limit (MPa) 320 316 237 346 
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As for laser preloaded bending fatigue limit, it is 33.3 % higher than the creep aging 
forming fatigue limit, almost the same as that of original sample, and 8 % lower than the 
shot peening forming fatigue limit. 

(3) Small springback.  

The sheets made by low carbon steel, aluminum alloy, titanium alloy are formed by 
preloaded bending respectively. The results are shown in Fig. 1.32. Although different 
material samples have different bending efficiency, prominent improvement over 
formation ability is nevertheless observed for all tested materials under laser preloaded 
bending. 

 

Fig. 1.32. Force-displacement curve obtained by laser preloaded bending different materials. 

(4) Good process repeatability, easy to implement digital manufacturing combined with 
the virtual forming.  

The deformation capability of the stiffened structural panel can be improved by the laser 
preloaded bending. It can be realized by two methods. 

a) Laser incremental bending.  

When the panel was loaded to the elastic limit load, the stress concentration regions were 
scanned many times by laser, the deformation capability of the panel was improved. 
Experimental results show that laser incremental forming can indeed improve the 
deformation capability of the panel, but the increase rate decreases and soon tends to zero 
with laser scanning times increasing as shown in Fig. 1.33. 

b) Load incremental bending.  

In the elastic range, the panel was repeated by the laser preloaded bending as shown in 
Fig. 1.34. Experimental results show that the previous laser preloaded bending can 
effectively enhance the strain hardening rather than reduce the yield strength. The strain 
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hardening effect of the stiffened structural panel can exceed the softening effect produced 
by laser irradiation. This phenomenon is very important for the panel formed in difficult 
to improve laser preloaded bending deformation capability.  

 

Fig. 1.33. Laser incremental bending [51]. 

  
                   (a) Force-displacement curves                (b) Laser scanning times versus final 

                                                                                  deformation 

Fig. 1.34. Load incremental bending [51]. 

Compared with the traditional bending method, it has the following significant 
advantages.  

(1) Good laser monochromatic and analytical, high energy density, non-polluting and 
high control accuracy, the forming process of flexible, automated, digital and 
intelligent can be achieved easily. 

(2) In the case of certain mechanical loading conditions, the bending ability and bending 
accuracy of the sheet can be controlled by adjusting the laser technological 
parameters such as the beam quality, the heating time and the scanning path of the 
laser, and it is particularly suitable for bending large panel and large panel with 
stringers, as well as sheet difficult to form by conventional methods. 
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(3) By revealing and mastering the interaction law of the laser / material, the hardness, 
crack susceptibility and fatigue properties of the forming part can be optimized by 
improving the microstructure, structure and / or residual stress distribution of the 
material during laser preloaded bending. 

1.3.3. Application of Laser Preloaded Bending 

This process provides a new way for bending sheet metals. However, taking into account 
the high cost of laser processing, the formation of ordinary sheet can not show the 
advantages of laser preloaded bending technology. Based on its principle and 
characteristics, it also provides a solution for bending many sheet metals which are hard 
to bend by traditional processes because of their complicated structures or special 
materials, such as large panel with stringers and titanium alloy sheets and has a wide range 
of applications.  

(1) Forming large panel and large panel with stringers. 

For aluminum alloy, the panel and panel with stringers obtained obvious bending effect 
by different preloaded types, as shown in Figs. 1.35-1.38.  

 
       (a)Three-point;         (b) Multipoint bending;      (c) Mould bending;       (d) Stretch bending. 

Fig. 1.35. Different preloaded bending types on platform for panel [52]. 

In Fig. 1.35 (a), a sheet metal was bended by the three-point bending setting, and then its 
central region was scanned by laser. In order to study the changing laws of elastic energy 
inside the sheet, a force sensor was installed for data collection. Finally, a single curvature 
sheet was gained, as shown in Fig. 1.36 (a). 

In Fig. 1.35 (b), a large sheet metal was bended by the multipoint bending setting to gain 
a variable curvature sheet. The ideal field of pre-stress was obtained and corresponding 
regions which were black on sheet in Fig. 1.36 (b) were scanned by laser. Range of 
curvature radius of the formed sheet was 860–1230 mm, as shown in Fig. 1.35 (b). 
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Fig. 1.36. Corresponding formed sheets of Fig. 1.35 [52]. 

 

Fig. 1.37. Mould bending of panel with stringers [51].  

 

Fig. 1.38. Three-point bending of panel with stringers. 
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In Fig. 1.28 (c), a cylindrical mould was fixed on the platform and a sheet metal was 
bended by the mould. Uniform pre-stress through thickness direction of sheet was 
obtained and top surface of sheet was scanned many times by laser scanning a line next 
to a line integrally. A cylindrical sheet was gained and its curvature radius was about  
985 mm, as shown in Fig. 1.36 (c). 

In Fig. 1.35 (d), two clamps were fixed on the platform in order to obtain larger 
deformation of sheet metal. A similar sheet metal was clamped on its both sides. After 
that, the mould used in Fig. 1.35 (c) was lifted up and the sheet was bended by stretch 
bending. Then the whole top surface of sheet was scanned many times by laser scanning 
a line next to a line integrally. Finally, a cylindrical sheet was also gained and its curvature 
radius was about 865 mm, as shown in Fig. 1.36 (d).  

In Fig. 1.37, a panel with low stringers was bended by the mould. After the panel was 
bent, the elastic energy mainly concentrated on the area where the stringers were located. 
The numerical simulation result of the integral panel part showed that 90 % of the elastic 
energy centralizes on the area mentioned above. Therefore, the panel obtained ideal 
formation by being scanned on the 10 % area.  

In Fig. 1.38, a panel with high stringers was bended by the three-point bending setting. 
After the panel was bent, the elastic energy mainly concentrated on the area where the 
stringers were located by numerical simulation analysis. Therefore, laser irradiated on the 
panel surface along black line, and the panel obtained ideal formation.  

(2) Forming Titanium alloy sheet. 

Titanium alloy sheet was initially applied to important parts of aircraft and engines for its 
advantages of light weight, high strength and good corrosion resistance. It reduces the 
weight of components and improves the structural efficiency. Furthermore, Titanium alloy 
sheet is difficult to form at room temperature due to poor plastic, small elastic modulus 
and large spring-back, which confines its application to only a few fields. In order to solve 
this problem, China and many other countries focus on the research on technologies of 
super-plastic forming, super-plastic diffusion bonding and creep forming, and have made 
a productive progress. However, Titanium alloy is prone to react to oxygen and nitrogen 
of atmosphere at lower temperatures and Titanium alloy sheet forming process must be 
implemented over a longer period of high temperature under vacuum or inert gas 
protection. Therefore, the traditional forming technology with complex technique process, 
long processing period and higher cost cannot meet the needs of parts production in 
practical gradually. Researchers must keep exploring new forming method unceasingly to 
develop a forming technique with high efficiency, high precision, high utilization and 
flexible manufacturing direction [53]. 

Laser preloaded bending is an ideal process for bending Titanium alloy sheets and made 
Titanium alloy sheet obtain obvious forming effect as shown in Fig. 1.39. 

In Fig. 1.39 (a), the specimen (70 mm×30 mm×1 mm) was loaded to form arch 5.5 mm 
by a clamp moving lateral displacement 4 mm, and bending angle was about 128.8°. 
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However, if preload is released, the specimen changed back original state due to large 
springback. Therefore, the specimen was clamped under elastic state. Then, the laser 
scanned on the surface of the specimen along the arch height where the elastic energy 
concentration area existed. A Nd-YAG 2000 W laser beam was chosen, and laser 
technological parameters were laser power output 1000 W, laser scanning speed 20 mm/s 
and laser spot diameter 5.5 mm respectively as shown in Fig. 1.39 (b). In Fig. 1.39 (c), 
bending angle was obtained obviously. After preload was released, the specimen cooled 
down in air to obtain the final bending angle 149°, and calculated bending angle was about 
145° as shown in Fig. 1.39 (d). The result shows that specimen is bent successfully, and 
the simulation result is consistent with the experimental result.  

   

         (a) Pre-deformation by a clamp                (b) Laser scanning at the arch height 

   

                   (c) After laser scanning                           (d) Deformation effect compared 

Fig. 1.39. Laser preloaded bending process [49]. 
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1.4. Conclusions 

From the above point of view, the laser preloaded bending process is highly effective in 
bending metal parts, especially large panels with stringers or stiffeners, without obvious 
strength degradation, even with potential opportunity to improve structure strength 
performance. Furthermore, it offers many potential merits to bend Titanium alloy sheets. 
Based on the accumulation of our research work, we put forward laser preloaded bending 
technology in order to reduce costs for small quantities, simplify the process conditions 
and shorten the production cycle of parts. We expect to provide a novel forming method 
for large panels and Titanium alloy sheet practically. The experiment shows that it is 
possible to realize larger plastic deformation comparing with laser bending. In view of the 
unique advantages of laser preloaded bending technology, there are still many key points 
to research on the process in order to enable the achievement of better quality and 
efficiency of the parts. A number of aerospace companies currently shows great interest 
in this field. Therefore, it is desirable to deal with researches in related applications.  
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Chapter 2 
Coherent Beam Combining as an Approach 
to Extend Achievable Limits of Laser Systems 

Vyacheslav E. Leshchenko1 

2.1. Introduction 

The essence of the scientific progress is the overcoming the present day limitations by 
inventing the technology of the next generation. A good example is the history of the 
increase of the available laser power and intensity. Early in the laser era after the 
introduction of Q switching [1] the rapid increase of the laser power and focused intensity 
allowed the discovery of the most of nonlinear effects related to bound electrons. It was 
quite encouraging, so that physicists were already predicting optical nonlinearities 
dominated by the relativistic character of the free electron [2] or vacuum nonlinearity [3]. 
There were even attempts to create a laser weapon [4]. However quite soon (around 
middle 60-s) the rapid increase of laser power and intensity stopped due to achieving the 
threshold limits for self-focusing and optical damage [5]. For reasonable sized systems, 
i.e., with a beam diameter of the order of 1 cm, the maximum obtainable power stayed 
around 1 GW and focused intensities at about 1014 W/cm2. For nearly 20 years these values 
were nearly fixed and only in 1985 the new rapid-grow-cycle of achievable power and 
intensity [5] started with the invention of the chirped pulse amplification (CPA) [6]. State 
of the art systems deal with few-PW peak power and ~1022 W/cm2 focused intensity [7]. 
It is a quite impressive progress, which is continuing with the help of advancing in laser 
material development, namely producing gain media of larger aperture and better quality. 
Nevertheless, it pretty much decelerates during the last decade and there are not so many 
impressive achievements. This fact stimulates the search for new approaches which 
should result in the creation of the next generation laser technology and open the scientific 
adventure of the investigation of ultra-relativistic optics and vacuum nonlinearity  
effects [5]. 

The laser development problem connected with the limitations on the achievable laser 
parameters by physical properties of gain material and state of the art technological 
restrictions was understood already by the pioneers of the laser development, who 
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suggested a possible way to overcome it (see for example the work of Basov [8]). It is the 
coherent beam combining that basically means organizing spatial and temporal overlap of 
a number of beams in a well-adjusted, coherent way. Currently the coherent beam 
combining is one of the most promising approaches to extend the limits of laser systems 
including achievable power and intensity. Coherent combining by definition requires 
beams to be interferometrically stable relative to each other that is the main challenge of 
the technique. Different approaches to the coherent beam combining and pulse 
stabilization as well as its problems and limitations are discussed in the following sections. 

2.2. Coherent Combining Approaches and Geometries 

The successful implementation of the coherent beam combining results in the scaling of 
the average power, pulse energy and focused intensity or reducing the pulse duration by 
increasing spectral bandwidth and optimizing compression. Generally, the most suitable 
combining approaches are different for different combining goals, which causes large 
variety of coherent combining schemes and techniques. In the section, you will find 
guidelines for understanding and classifications of the most of the existing combining 
techniques. 

From the general classification point of view, there are two coherent combining 
approaches: near-field and far-field. The near-field combining is often called filled 
aperture or sometimes also serial combining. In the following, the title of “near-field” will 
be used because it better represents the nature of the process. The near-field combining 
approach is based on the coherent overlapping of the beams in the near-field using 
different kinds of beamsplitters (Fig. 2.1 (a)). It can be standard intensity beamsplitter, 
polarization beamsplitter or fiber beamsplitter. In a multi-beam system the beams are 
sequentially combined by two (because beamsplitters naturally have two inputs) to form 
eventually one combined beam with scaled pulse energy or spectral bandwidth. This is 
the reason why the approach is sometimes called the serial combining. The beams can be 
combined in a tree (Fig. 2.1 (a)) or linear scheme (Fig. 2.1 (b)). In the tree scheme channels 
1&2 and 3&4 are initially combined and then the combination of these outputs give the 
final combined beam. The main limitation of the tree approach is the number of channels 
that has to be the power of two (2; 4; 8; 16 and so on), but advantage is the possibility to 
use 50:50 beam splitters. In the linear scheme beams are sequentially one by one added to 
a main beam (Fig. 2.1 (b)). The linear near-field combining has no limitations on the 
number of channels, but all beamsplitters have different splitting ratio which needs to be 
opposite to the ratio between the energies of the beams combined on the beamsplitter. 

In the far-field combining (see Fig. 2.1 (c)) all beams are placed side by side and focused 
(generally by a parabolic mirror) to form a high-intensity combined beam in the focal 
plane. The side-by-side positioning of the combining beams causes the frequently used 
name of the approach of “tiled aperture combining”. It should be noted that there is only 
one combining element (focusing mirror) which makes the scheme quite compact and 
potentially very suitable for the combining of the large number of channels. It is also the 
reason why the far-field combining is sometimes called parallel combining (because all 
beams are simultaneously combined on one element). 
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Fig. 2.1. Coherent beam combining approaches: (a) Near-field in the tree combining geometry; 
(b) Near-field in the linear combining geometry, and (c) Far-field. 

Note that in Fig. 2.1 the common seed source is presented. In principle, each amplification 
channel can have independent seed source synchronized with each other, which is less 
promising way due to intrinsically worse synchronization of different channels. Therefore, 
the most of the experimental realizations of the coherent beam combining are based on a 
common seed source. 

Both near- and far-field combining approaches have advantages and disadvantages 
relative to each other and a range of potentially most successful applications. Let’s 
consider firstly pros of the far-field combining.  

The far-field approach is generally used for combining of pulses with multi-terawatt or 
petawatt peak power with the aim to scale the focused intensity [9-13]. The main problems 
appearing in the near-filled approach while combining pulses with high peak power 
(which generally means also short, namely 10-100 fs, pulse duration) are nonlinear 
distortions and the necessity to pre-compensate the dispersion of the beam splitters. The 
only way to solve the problem would be the reduction of the intensity by increasing the 
sizes of beams and beamsplitters, but it causes the optics to become extremely expensive 
if even possible to be produced. On the other hand, the tiled aperture approach requires 
no beam splitters, so radically solves the problems. This is the reason why the most 
challenging laser projects or proposals of the project aiming on the considerable advance 
in the achieved focused peak intensity, such as the forth pillar of ELI [11], are based on 
the far-field coherent beam combining [11, 12]. 

Another application of the far-field approach is the combining of the large number of fiber 
amplifiers [13-15] or diode lasers [16]. In general, this technique looks more promising 
for the combining of the large number of channels, because it considerably simplifies the 
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optical setup by reducing the number of optical elements. Note that the combining of N 
channels requires N-1 beam splitters. For example, for combining of 100 beams one would 
need 99 beamsplitters, each of them has to be properly and precisely adjusted. Quite 
challenging task! The advantages of the far-field approach is proved by the fact that the 
experiments on the combining of the largest number of channels (of the order of 100) were 
realized in the far-field approach [15, 16] whereas the number of combined beams in the 
implemented near-field approach is limited by 4 [17, 18]. 

In other cases, for the moderate peak power and the number of channels the near-field 
combining approach is often used and have some advantageous. Note also that only near-
field combining is applicable for the combining of pulses with different spectra with the 
aim to increase spectral bandwidth and so reduce the duration of the outcoming pulse. 
There are three types of combining elements that are used for the near-field combining: 

1. Standard (intensity) beam splitters, for example beam splitting mirrors or fiber 
splitters [17, 19]; 

2. Polarization beam splitters, for example Glan prisms or thin film polarizers [18, 20]; 

3. Dichroic mirrors, that can be called spectra splitters; in this case, the spectral coherent 
beam combining is often called spectral synthesis [21, 22]. 

The main advantage of the near-field approach is the nearly identity of the combined pulse 
to the original ones. Generally the combined beam has identical properties to the initial 
beams: beam size, profile, divergence, spectrum (except spectral combining), M-number, 
so on; the only difference is the scaled energy and, in case of spectral combining, extended 
spectrum. Thus, the combined beam has as wide applicability, as the original beams. This 
is the difference compare to the far-field combining, there the combining (intensity and 
fluence enhancement) itself take place only in the far-field or in other words in the focus. 

There is a relatively important variation of the near-field combining often used for the 
high energy spectral broadening in the hollow core fibers. It is the temporal splitting and 
the following coherent pulse stacking [23], which is based on the creation of the separated 
in time replicas of a pulse with subecuent combining of them. Of course, the temporal 
splitting can be used together with the spatial splitting (Fig. 2.2), namely filled aperture 
combining, that makes coherent combining two-dimensional (in space and time) and 
allows the increase of the system scalability [24]. 

2.3. Efficiency of the Coherent Beam Combining 

Successful experimental realization of the coherent beam combining requires the 
combined beams to have good mutual coherence. This means that the combined beams 
need to have identical and stable relative phase, delay, pointing, beam size, divergence 
and so on. The measure of the quality of the realized coherent combining is the efficiency. 
It can be defined in slightly different ways depending on the approach (near- or far-field 
combining) [25] but basically it is the ratio between the value of the achieved energy (for 
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near-field combining), fluence (for far-field combining) or intensity (for spectral 
combining) in the combined beam to the theoretically expected maximum value 
achievable under perfect conditions. There are many parameters influencing combining 
efficiency, most of them are considered in details elsewhere [25-27]. Only the most 
important from the experimental point of view parameters are discussed in the section. 

 

Fig. 2.2. Multidimensional coherent beam combining scheme. 

The most critical parameter determining the mutual coherence is the relative phase 
stability of the combined beams. Only proper (zero) and stable phase allows the 
constructive interference of the beams and results in the intensity enhancement. The 
influence of the phase mismatch on the combining efficiency is determined by the 
following equation [25] 

 21    , (2.1) 

there η is the coherent combining efficiency, σφ is the root mean squared (RMS) phase 
instability of the combined beams. The equation is valid for the large number of combined 
beams and small phase instabilities; extended detailed theoretical analysis can be found 
in [25]. RMS phase instability of 300 mrad is required for the implementation of the 
coherent beam combining with 90 % efficiency according to Eq. 2.1, which is the 
challenge for a large scale high power/energy laser system. 

Second parameter, being critical mainly for the combining of ultra-short laser pulses, is 
the synchronization accuracy. It is mainly determined by the optical path length difference 
between the channels. The efficiency is determined by [25] 

  
2

2
1 2ln 2 


  , (2.2) 
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where στ is the RMS synchronization error (or simply temporal jitter), τ is the FWHM 
pulse duration. This equation is valid for the large number of combined beams and small 
instabilities; extended detailed theoretical analysis can be found in [25]. For effective 
(η=90 %) coherent beam combining of the pulses with 10 fs duration the synchronization 
accuracy of 0.27×τ=2.7 fs is required. Thus, pulses have to be pretty well synchronized 
and for ultra-short pulses the best and practically the only way is to generate them from 
the same seed source as shown in Fig. 2.1. In this case, one needs just ensure good enough 
path length stability in the system. From Eq. 2.2 it is clear that synchronization is not a 
problem for long pulses and especially continuous wave radiation. 

The third important parameter is pointing. The efficiency is determined by [25] 

  
2

2
1 4ln 2

  


, (2.3) 

where σΨ is the RMS beam pointing, Ψ is the FWHM beam divergence. For example for 
90 % combining efficiency of beams with 1 cm diameter, pointing stability of these beams 
needs to be better than 10 µrad. 

Published data on the experimental realizations of the coherent beam combining show that 
ensuring by passive or active means good stability of these three parameters generally 
allows coherent combining realization with 70-90 % combining efficiency. 

2.4. The Importance of the Filling Factor for the Far-Field Combining 

There is an important parameter for the far-field combining which needs to be taken into 
account. It is the filling factor of the combined beam. The filling factor is the ratio between 
filled (having nonzero fluence) part of the combined beam and a single beam with the 
same size as the combined beam. The problem is directly connected with the combining 
process itself and is caused by gaps between individual beams forming the combined one 
(see Fig. 2.3). This fact has two consequences. The first one is the diffraction structure in 
the focus (Fig. 2.3 (b, d)) caused by the modulated or in other words tiled near-field profile 
of the combined beam. Fig. 2.3 shows the comparison between compact and loosely filling 
of the combine beam. One can clearly see that in compact filing most of the energy is 
contained in the main peak in the far-field (70 % of energy in the main peak, 78 % filling 
factor), whereas the loosely filling provides only a small fraction of the energy in the main 
central peak and causes bad spatial contrast in the far-field (20 % of energy in the main 
central peak, 20 % filling factor).  

The second consequence is the decrease of the focused intensity (Fig. 2.4) compare to the 
case of a single beam with the same energy and size as the combined beam (basically 
compare to the near-field combining). This peak intensity ratio is nearly equals to the 
filling factor. In principle, there is a correction coefficient that depends on the beam profile 
shape but negligibly differs from unity. From the data presented in Fig. 2.4 it is clear that 
far-field combining potentially provides at least 20 % less focused intensity compare to 
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the near-field combining due to filling factor issues, nevertheless only the far-field 
approach is really applicable for the combining of the beams with high peak power. 

  

Fig. 2.3. Tiled aperture combining (analytical example): near (a, c) and far (b, d) field intensity 
distributions for compact (a, b) and loose (c, d) filling. 

 

Fig. 2.4. The filling factor for different number of channels with round beam apertures. (It is 
practically equal to the focused intensity ratio between far- and near-field beam combining). 

In addition, it should be noted, that there is an optimum arrangement of the beams on the 
parabolic mirror (for square beam apertures it is trivial and for round beam and focusing 
mirror apertures it is mathematically proved [28]). A few example of the optimum filling 
are shown in Fig. 2.5. 
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Fig. 2.5. Examples of the optimum arrangement of the beams with round apertures  
for the far-field coherent beam combining (more examples can be found in [28]). 

Thus for achieving the good focal intensity distribution without side peaks and maximum 
possible intensity one should minimize gaps between combined pulses by a proper 
arrangement of the optical setup and might be even by beam shaping. 

Also for achieving the highest possible intensity, one should take into account the 
possibility to improve field distribution in the focal plane of a parabola with a high F-
number by the proper polarization management [29]. 

2.5. Stabilization Approaches 

As mentioned in the introduction the main challenge in the coherent beam combining is 
the necessity of the interferometric stability between the combining beams. As discussed 
in Section 2.3 the main parameter to be stabilized is the phase difference between 
combining beams. Thus, phase stabilization will be considered in details in the section. 
The other parameters can be stabilized in a similar way or even independently for each 
channel (for example pointing). 

There are two general approaches to the stabilization: passive and active. An active 
stabilization setup consists of a detector measuring error signal, feedback loop and 
correction element. It actively corrects phase error between beams. A passive stabilization 
has no active correction; on the contrary, it involves optimum optical design as well as 
passive measures improving stability. Optimum optical design means for example the 
minimization of the optical path there beams propagate separately and so accumulate 
phase differences. Passive measures for stability improvement include proper vibration 
isolation, temperature stabilization, minimization of turbulent airflows and so on. Passive 
stabilization is very advantageous for the daily use because it requires no realignment or 
every day check and adjustment. Unfortunately, only passive measures are usually not 
enough for the realization of the efficient and stable coherent beam combining. In this 
case, an active stabilization setup is required. There are many approaches to realize it and 
each combining geometry has a different set of the most suitable stabilization approaches. 
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There are active stabilization techniques applicable to all combining approaches. They are 
based on the splitting a small part of all combining beams and correcting the phase 
difference between them. The splitting can be realized in different ways, for example one 
can take a leakage through a high reflective mirror. In the simplest case, the phase 
difference between a reference beam and each combining beam is stabilized separately 
(Fig. 2.6) [30]. In a potentially more advanced approach without a reference beam, the 
phase difference between few neighbor beams is corrected using a more complicated 
algorithm similar to one used for wavefront correction [15]. The phase control can be 
realized with a mirror on a piezoelectric actuator allowing fine optical path length control 
or with an electro-optical phase modulator. 

 

Fig. 2.6. General stabilization scheme applicable to any type of amplifiers, phase control  
and beam splitters as well as combining approaches. 

At the same time, there are stabilization techniques applicable only to a limited number 
of combining approaches because they are related to their distinctive design properties. 

In the case of the near-field combining, each beam splitter has two inputs and two outputs 
and the aim of the stabilization is the directing all energy from two inputs to one output. 
So the second output which needs to be negotiated can be used for diagnostic and 
stabilization purples (Fig. 2.7). Of course, in ideal situation with all energy going to the 
first output there is nothing to be detected at the second one. It is the reason why in many 
cases additional small phase modulation on a fixed frequency is introduced to have a 
stable detectable error signal [31]. After detecting the phase error, the correction signal 
for the phase modulators is generated by an analog or software PID-controller. 

In the case of the far-field coherent beam combining, the main goal is to achieve the 
maximum possible peak fluence in the focus of the combining element by optimizing 
relative phases of the beams. There is a possibility not to detect relative phases but to 
optimize focused peak intensity directly in an iterative way (Fig. 2.8). The most popular 
algorithm for this purpose is the so-called stochastic parallel gradient descent (SPGD) 
algorithm [32]. On each step it determines the direction of the best phase change (in the 
multidimensional space of the phases of all channels) by introducing a series of small 
phase perturbations to all channels. The main disadvantage of the approach is its iterative 
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nature that limits its speed and makes it applicable only to the systems with high repetition 
rate that needs to be higher than at least few kHz. The large number of combining channels 
(more than few tens) is also a problem because the more channels the more iterations are 
required for each correction step, that even more limits the correction bandwidth or in 
other words the speed of the algorithm. 

 

Fig. 2.7. Error signal detection and correction in the near-field combining. 

 

Fig. 2.8. Error signal detection and stabilization scheme applicable to the far-field combining. 

The common problem of the active stabilization implementation in high peak power laser 
systems (> 10 TW) is the low repetition rate (frep), being generally not higher than 10 Hz. 
The issue is independent from the stabilization approach and connected with the fact that 
it is impossible even theoretical to detect and stabilize noise at frequencies above Nyquist 
frequency of frep/2. Whereas the typical bandwidth of the noise originating from 
mechanical vibrations, air flows and acoustic noise is few kHz [31, 33, 34]. This means 
that the reliable performance of an active stabilization system requires few kHz repetition 
rate that generally considerably limits the applicability of an active stabilization in a high 
energy, low repetition rate systems. 

However, there is an approach to work around the problem [34]. It is based on the use of 
radiation with high pulse repetition rate or even CW that collinearly propagates with 
amplified pulses the same optical path. The simplest and probably best option is the 
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unamplified part of the seed that usually has high repetition rate. The technique solves all 
problems originating from linear, amplifier independent sources such as optical path 
variations and pointing. Fig. 2.9 shows the results of the successful experimental 
implementation of the technique [35, 9]. One can see considerable stabilization bandwidth 
improvement from 1 Hz to 100 Hz after switching from the standard stabilization 
approach (using only amplified pulses at 10 Hz repetition rate) and the discussed here 
enhanced stabilization approach. The stabilization bandwidth increase resulted in the 
phase stability improvement from 370 mrad to 80 mrad. It should be mentioned, that the 
described approach can be used not only for phase stabilization but also for stabilization 
of nearly any parameter, so can be interesting for other applications as well. 

 

Fig. 2.9. Phase noise stabilization in a two channel laser setup. Time dependence (a) and power 
spectral density (b) of phase noise. Adapted from [9, 35]. 

2.6. State of the Art Achievements in the Coherent Beam Combining  
and Ongoing Projects 

There are many nice achievements in the coherent beam combining other the last decade 
(Table 2.1). The most of the experiments on coherent beam combining are done with fiber 
lasers and amplifiers. The reason for this is the fundamentally limited mode size of the 
fiber amplifiers that makes its saturation relatively easy and cause quite serious nonlinear 
effects. There are many groups working on the coherent combining of fiber lasers and the 
impressive record combining of 64 fiber channels [30] was performed. Most types of fiber 
lasers from high average power CW [18] to ultrashort femtosecond [31] are successfully 
combined. There is a challenging proposal of building a PW peak power femtosecond 
fiber laser system based on the combining of enormous number (~104) of fiber amplifiers 
[13]. The implementation of such a system might become a breakthrough in the coherent 
beam combing of fiber laser in particular and in the laser development in general. 

The coherent combining of the most powerful (in terms of average power) beams was 
realized with the solid-state lasers. The scaling of the 15 kW Nd:YAG MOPA (master 
oscillator power amplifier) to 100-kW was demonstrated by the coherent combining of 
seven identical laser chains [36, 37]. 
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The coherent combining of the pulses with the highest peak power was implemented with 
optical parametric chirped pulse amplifiers (OPCPAs). The far-field combining of two  
(4 TW, 100 mJ, 23 fs) parametrically amplified pulse trains were demonstrated in [35]. 
The same grope demonstrated the highest peak intensity of the focused coherent combined 
beam of 1020 W/cm2 [9]. The result is rather important because it can be considered as a 
proof of principle experiment for the most challenging high intensity laser projects being 
in preparation in Europe and based on the coherent beam combining of parametrically 
amplified pulses and aiming on the achievement of the focused intensity of 1025 W/cm2. 
They are the forth pillar of ELI (Extreme Light Infrastructure) or ELI–Ultra–High–Field 
[11] and XCELS (Exawatt Center for Extreme Light Studies) [12]. 

The shortest pulse duration as one can expect was achieved in spectral combining. 
Combining of three broadband channels resulted in an output with about 1.5 octave 
bandwidth and sub-cycle pulse duration [21]. 

 

Table 2.1. Milestone achievements in the coherent beam combining. 

Record Parameter Value Comments Reference 
Largest number of 
channels 

64 Low power fiber amplifiers 15 

Highest average 
power 

100 kW 
Combining of 7 Nd:YAG 
MOPA with average power 
of 15 kW each 

36 

Highest peak power 
and peak intensity 

8 TW and 
1020 W/cm2 

Combining of 2 OPCPA 
amplifiers delivering  
100 mJ, 23 fs each  

37 

Shortest pulse 
duration 

~2.1 fs 
Spectral combining of three 
broadband channels 

21 

 

2.7. Conclusions 

Achievable laser parameters, such as pulse energy, duration, focused intensity, average 
power, spectral bandwidth are limited by physical properties of gain media and state of 
the art technological limitation. Coherent beam combining is an approach to overcome 
these limitations and can result in a new cycle of the rapid extension of the limits of 
available laser parameters. As it was shown in Section 2.3, the efficient coherent beam 
combining is a quite challenging task. On the other hand, the experimental results 
presented in Section 2.6 prove the principle viability of the technique. 

There are many nice promising experiments on the coherent beam combining with 
different types of amplifiers in a wide range of pulse parameters, but the most impressive 
and breakthrough experiments are still to be done. 
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Chapter 3 
Ultrafast X-Ray Pump-Probe Investigation  
of Molecular Dynamics with Free Electron 
Laser Pulses 

Li Fang, Edwin Kukk, John D. Bozek and Nora Berrah1 

3.1. Overview 

Molecular dynamics, including nuclear motion and electronic motion, is a fundamental 
interest in scientific investigations of the interaction of photons with matter, yielding 
information which provides microscopic insights into chemical reactions and biological 
processes. Photo-induced molecular dynamics can be essential to the understanding of 
natural processes as well as technical applications: electron transport drives the photo-
chemical energy transformation in photosynthesis; photoabsorption and subsequent 
molecular fragmentation is important for bioimaging and radiation therapy [1-3]. 
Knowledge of charge and nuclear dynamics in molecules, underlying phenomena such as 
photoionization, charge migration, and molecular bond breaking, underpins the potential 
for controlling these processes using light and therefore, the possibility for photo-control 
of chemical reactions at an atomic level, as well as for selection and optimization of photo-
production of desired products. 

Due to the ultrafast nature of molecular dynamics, tens to a few hundred femtoseconds 
for nuclear motion and sub-femtosecond to a few femtoseconds for electronic motion, 
ultrafast optics are necessary for the investigation of these dynamics. Tabletop optical 
lasers in near infrared (NIR), vacuum ultraviolet (VUV), and extreme ultraviolet (XUV) 
regimes have been widely applied in research on nuclear and electronic dynamics, 
typically using a pump–probe scheme [4, 5]. However, ultrafast pump–probe experiments 
in the X-ray regime with tabletop lasers are still a challenge, due to the low photon output 
in the X-ray photon range, e.g., from high harmonic generation (HHG) [6]. With the recent 
developments in free electron lasers (FELs), pump–probe experiments at short 
wavelength have become an attractive option due to the high flux of FELs and have been 

                                                      

Li Fang 
Center for High Energy Density Scienceб University of Texas at Austin, USA  



  Advances in Optics: Reviews. Book Series, Vol. 2 

 68

realized with various X-ray split and delay (XRSD) designs [7, 8], which will be 
elaborated next.  

FELs with unprecedented VUV or X-ray peak power such as FLASH in Hamburg, 
Germany [9], the Linac Coherent Light source (LCLS) at SLAC National Laboratory in 
the United States [10], FERMI@ Elettra in Trieste, Italy [11] and SACLA at SPring-8, 
Japan [12], have made possible novel femtosecond dynamic investigations in atoms, 
molecules, liquids and solids as well as in biological specimens. The first mirror-based 
instrument that allowed pump-probe experiments in the XUV range was built and 
commissioned at the FLASH FEL [13]. External optical lasers synchronized with the  
X-ray FEL pulse have been employed at the LCLS [14, 15] for studying molecular 
dynamics using pump-probe techniques since the facility became operational in 2009. 
These schemes were complemented by a novel accelerator-based method in 2012 whereby 
two X-ray pulses separated in time by a few tens of fsec were produced using a slotted 
foil [16], where the electron bunch passes through two slots in the foil in a magnetic 
chicane of the bunch compressor to generate two ultrafast X-ray pulses. In this case, 
however, the two pulses are produced as two independent self-amplified spontaneous 
emission (SASE) FEL pulses whose pulse energies and wavelengths vary shot-to-shot. 
Nevertheless, this scheme has been used for several types of pump-probe experiments. A 
newer accelerator-based scheme has been demonstrated and used at LCLS. It consists of 
slicing and manipulating the electron bunch so that either the tail or the head of the bunch 
lase in a first or second undulator section, producing two almost independent photon 
pulses. The delay between the two pulses is achieved by delaying the electron bunch 
traversing a chicane located between the two undulator sections. The electron bunch can 
be manipulated so its head lases on axis in the first undulator, while the tail part of the 
electron bunch is not on axis and so does not lase. After the electron bunch is delayed in 
the chicane, it is manipulated so that the head is no longer on axis so it will not lase, while 
the tail of the electron bunch is on axis and therefore lases. This scheme has been called 
fresh slice since it utilizes fresh parts of the electron bunch in each of the undulators. The 
time duration of the photo pulses is typically 1–20 fs. This scheme has the advantage of 
being able to produce time delays up to 900 fs [17], and will be used at other FEL facilities 
around the world. 

Other schemes for producing two X-ray pulses are optics-based, i.e., the incoming X-ray 
photon beam is split into two parts traveling different distances, allowing them to be 
delayed in time. This method has been used in the VUV wavelength regime using multiple 
grazing angle mirrors at the FLASH VUV/soft X-ray FEL [13, 18, 19]. One such device 
was built at the plane grating monochromator beamline PG2 at the FLASH facility. This 
tool is comprised of eight mirrors: four mirrors which split, steer and recombine the 
incoming photon beam over two paths, while the other four mirrors produce the delay by 
changing the optical path length of one of the beams using a movable mounting. The 
strength of the eight-mirror device is that it can achieve a wide range of delays, which in 
this case is between -5.1 and +5.1 ps with an uncertainty in the temporal accuracy of  
210 attoseconds [13]. A different device generates XUV-pump-probe pulses, using a split-
mirror [19] which was installed at beamline BL3 of FLASH. This device consists of a 
normal incidence spherical multilayer mirror that is cut into two identical half-mirrors 
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with a reflectivity of 40 % at 38 eV. One half-mirror is movable along the FEL beam axis 
by means of a high-precision stage to introduce the time delay with a range of ±2.5 ps at 
a resolution of about 1 fs [19]. A more recent split and delay unit (SDU) at FLASH for 
XUV pump–XUV probe has been implemented at beamline BL2, the second SDU at that 
beamline. Although the design of this device is different than the one at beamline PG2 
mentioned above, it is also an eight-mirror system as in [13]. This new SDU tool divides 
the beam into two paths which can be delayed from −3 to +15 ps with respect to each 
other; nearly the entire FLASH photon energy range is covered by this new SDU [18]. 

In this chapter, we will describe an X-ray split and delay (XRSD) device for higher photon 
energies, using only two mirrors that has been built and successfully utilized at the AMO 
endstation of LCLS [20]. The advantage of this design lies in that it is compact, 
removable, relatively low cost and simpler compared to previously described SDU  
[13, 18], as well as transportable to other beamlines.  

In the next two sections, we will describe in detail the design of the soft X-ray XRSD unit 
and present an X-ray pump-probe experiment where the XRSD apparatus was 
commissioned and used to study the dissociation of methyl iodide (CH3I). 

3.2. Design of the Soft X-Ray LCLS Split and Delay Apparatus 

The LCLS XRSD device consists of two plane mirrors (see Fig. 3.1) positioned between 
the Kirkpatrick-Baez (KB) focusing optics and the experimental target chamber [21]. The 
KB optics focus the FEL beam to the interaction region of the target chamber. The distance 
between the KB optics and the XRSD device and that between the XRSD device and the 
chamber center is set to be 1.0 m and 1.5 m, respectively. Such a layout makes the photon 
density on the XRSD optics only about a factor of four higher than on the KB mirrors and 
therefore ensures no greater optical damage on the XRSD device than on the KB mirrors. 
The XRSD mirrors are uncoated silicon to avoid radiation damage of the coating. 

This system can also be used at the soft X-ray (SXR) beamline at the LCLS, covering 
250-1800 eV of the soft X-ray photon energy range of the LCLS. Although the soft X-ray 
beamline reaches 2000 eV, a cut-off of reflectivity at 1800 eV of the KB mirror due to its 
silicon surface sets its energy upper limit. With the XRSD the two X-ray pulses can be 
separated by up to 400 fs with a sub-fs time resolution. 

3.2.1. Working Principle of the XRSD Instrument  

A schematic representation of the XRSD device is shown in Fig. 3.1. The vertical portion 
of the beam below the highest point of the first mirror (M1) (the trailing edge, TE) is 
reflected by M1 and the part of the beam passing over TE illuminates the second mirror 
(M2) after passing over a shadowed region (starting from the shadow’s edge (SE) 
position). The intercept angles of the mirrors are adjustable together with the vertical 
positions of their optical surfaces, which allows control of the overlap of the split beams 
and their intensity ratio. 
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Fig. 3.1. The principle of the XRSD device. SP: sample position (focal spot with two beams 
overlapped). SE: shadow’s edge position (back edge of the beam on M2, which is formed by the 
cut off by M1). TE: trailing edge (front edge of the beam on M1, which is formed by the mirror 
edge). α, β are the tilt angles of M1 and M2. : distance from the trailing edge TE on M1 to SP. 

: distance TE and SE. : distance from SE on M2 to SP. Figure is adapted from [8]. 

The beam focused by the upstream KB mirrors is split into two portions following 
different optical paths starting from the trailing edge (TE) position. The first beam 
reaching the sample position (SP) travels a distance of  and is intercepted by the second 
beam which travels the distance of , as shown in Fig. 3.1. The time delay ∆  
between the pulses is: 
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where c is the speed of light. From the vertical positions of the SP by M1 and M2, one 
finds the path  as a function of  and angles α, and β as following: 
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For a desired delay time ∆ , the following relation between the angles and distances is 
obtained using the following: 
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In order to find d1, we use the trigonometric relationship and Eq. (3.2) for the path d2, to 
obtain: 
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Combining Eq. (3.4) and Eq. (3.3), the following relationship for the angle β is obtained: 
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Eq. (3.5) has no exact analytical solution for the angle  as a function of (t), but applying 
a Taylor expansion, we obtained:  
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Next, combining Eq. (3.6) and Eq. (3.5), we obtained the tilt angle  associated with 
mirror M2 as a function of the angle α and the distance d0 which are associated with  
mirror M1:  
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For a desired delay time ∆ , one first needs to calculate the tilt angle  of M2 at the given 
tilt angle  of M1 and the given distance . The required distance  can then be 
calculated using Eq. (3.4). Zero delay is achieved when the two mirror surfaces are 
coplanar: 
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Further simplification of Eq. (3.7) connecting the pitch angle of the mirrors and the time 
delay ∆ , based on the small angles approximation, gives the following result: 

 02 /t d c    , 
 
(3.9) 

where Δα = β – α. 

When comparing to the exact result given by Eq. (3.5), we found this formula to be 
accurate to the fourth significant digit of angle and delay range of the XRSD system. 

Moreover, the ∆ 	quantity is the exact pitch angle one needs to apply to M2 with respect 
to the 0 fs delay configuration to change the delay, which makes Eq. (3.9) even more 
practical. 

Fig. 3.2 shows the essential elements of the XRSD design and Fig. 3.3 a more detailed 
rendering of the 3D CAD model. The mirrors were fabricated from uncoated Si and the 
length of the optical surfaces are 150 mm for M1 and 400 mm for M2. To obtain a clean 
separation of the beams over the trailing edge TE of M1, a particularly critical design issue, 
a chamfer was lapped into the end of the mirror to produce the trailing edge, TE, in the 
last step of the overall manufacturing and polishing process. The mirrors are mounted on 
pivot mounts with pivot axes 397 mm lower below the optical surfaces. 
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Fig. 3.2. Outline of the design of the XRSD instrument, showing two tilt settings. CP refers  
to the middle point of the M2 optical surface. Figure is adapted from [8]. 

 

Fig. 3.3. Rendering of the XRSD device design showing the main alignment features. The frame 
and the vacuum chamber’s top part are removed. TAn and VAn (n=1, 2 for mirror M1 and M2, 
respectively) refer to the tilt and vertical actuators, respectively, and RRa,b mark the two pairs  

of retroreflectors. Figure is adapted from [8]. 

The actual control of the mirror motors does not allow for the direct change of the  
parameter but rather the height of the mirror that in turn affects . It is thus more practical 
to use the following formula that gives this height shift, “h”, as a function of the 
∆ 	established by Eq. (3.9): 

 0h d   . 
 
(3.10) 
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To take into account the vertical “parasitic motion” of the M2 mirror during the rotation, 
due to the position of the pivot point, the resulting Eq. (3.10) can be improved by including 
one more term as in:  

 2
0 ( ) / 2h d R     , 

 
(3.11) 

where R is the distance from the pivot point to the mirror surface (397 mm). This second 
order correction, however, is still less than 1 % and only becomes measurable at highest 
delays. 

A simplified formula for  in terms of the above directly controllable parameters: 

 
1 0 / ( )d d       .

 
 (3.12) 

Since  is limited due to the length of the M2 mirror, the upper limit of the time delay 
can be obtained by inverting Eq. (3.4) and substituting it into Eq. (3.9). 

3.2.2. Technical Realization of the XRSD Instrumental Motion  

The tilt and vertical position of both M1 and M2 can be adjusted independently. Mirror 
pivot is achieved by mechanical motion of the base of the mounts using two actuators. 
Both mounts are also equipped with vertical actuators operating on the pivot points along 
the y-direction. In addition, the entire mirror mounting assembly including the actuators 
can be precision aligned relative to its mounting frame. This alignment is done during the 
pre-experiment survey and allows (i) setting the XRSD instrument to a specific distance 
from the sample position ( ) and (ii) putting both mirrors at a pre-set common tilt angle 

 that then needs to be accounted for in calculating the delay parameters. 

The changes in the positions of the mirrors can be read by encoders on each actuator. In 
addition, an even more accurate determination of the relative positions is provided by two 
Renishaw RLD10-X3DI differential interferometers which measure the distances between 
two pairs of retroreflectors attached to the two mirror mounts as shown in Figs. 3.2 and 
3.3. One retroreflector of each pair is mounted directly on the baseplate of M2 and their 
opposites are mounted on an extension arm attached to the M1 mount, extending alongside 
the M2 baseplate. Additional recalculation of the relative heights and angles of the two 
mirrors can be done with the distance measurements from the two pairs.  

3.2.3. Setting the Time Delays of the XRSD Instrument 

Prior to the commissioning experiment, the XRSD instrument chamber survey set d1 to 
be 1.2495 m and the angle of the mirror mounting assembly at  11 mrad relative to 
the incoming X-ray beam axis. It can be shown (see Eqs. (3.9) and (3.12)) that at this 
value of and 400 mm length of M2 the obtainable delay can be greater than 400 fs. 
During the commissioning of the instrument, the tilt angle of M1 was maintained 
unchanged, i.e., no additional tilt was introduced by the actuator, and thus . The 
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height of M1 determines the ratio of the flux illuminating the M1 and M2 surfaces. TE was 
positioned at approximately the middle of the beam’s vertical profile, splitting the beam 
into two equal halfs, as verified by the image on a YAG crystal mounted in front of M2. 
Then, M2 was set to a coplanar position with both roll and height adjusted to give a well-
focused single spot at SP from the two reflections. This zero-delay position was then used 
as a reference for subsequent settings and its actuator encoder as well as interferometer 
readings were recorded. 

For each delay setting, the required values of ∆ 	 and h were first calculated from  
Eqs. (3.9) and (3.11), using the given  and . Then the necessary change in the 
M2 tilt and M2 height actuator positions was calculated by referring to the coordinates of 
the relevant mechanical points. These obtained actuator movements were added to the 
reference values at the zero-delay settings and then the actuators were operated to run to 
the desired absolute values. In practice, a worksheet was used, showing the actuator 
settings for particular delay times. At small angles the dependencies are linear (for the 
particular  and 	 values): 

 ∆ 0.00365	∆ ; 	∆ 0.01316	∆ .	 (3.13) 

At the new settings, we adjusted either one of the M2 actuators to check for the best overlap 
of the split beams at SP. High charge states in Argon mass spectra were used to determine 
the best overlap of two beams, because the relative intensity of high charge states of Ar 
produced via multiphoton ionization is very sensitive to the photon density at SP.  

The adjusted pairs of ∆ 	 .		∆ 	 were found for many delay settings, as displayed 
in Fig. 3.4, demonstrating that the device is mechanically stable and the settings are 
reproducible – both runs follow closely the same linear curve with the slope of -3.72, in 
reasonably good agreement with the calculated value of -3.19 based on mirror positions. 
There could be multiple possible origins for this discrepancy: the actual distance  was 
different than assumed (a 5 mm difference accounts for the discrepancy); the encoder 
readings vs. actual distances need recalibration; an error in the dimensions of the drawing. 
The graph also shows that for the M1 tilt angle of 11 mrad, usable delay settings as high 
as ∆ 200	  were found. In fact, the upper delay limit is 400 fs for photon energies 
from 280 eV-1500 eV. The usable delay time drops to 200 fs between 1600-1800 eV. 

3.3. Investigating Charge and Dissociation Dynamics in Methyl Iodide Using 
the XRSD Device 

3.3.1. Background 

Much research is being carried out to understand the X-ray photon-interaction with atoms 
and molecules via core shell ionization followed by Auger decay and secondary processes. 
Core electron ionization is highly and distinguishably energy selective. This atomic-site 
specificity allows localized charge to be created and hence, makes it possible to observe 
charge transfer, even with a single pulse or with a pulse duration that is longer than the 
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actual time scale of the dynamical process [22, 23]. In a previous work [22], charge 
transfer from iodine to the methyl group in CH3I molecule was investigated using near-
infrared (NIR) and FEL pulses. Therein, the NIR pulse produced dissociative singly 
charged molecular ions and the FEL pulse created positive charge localized at the iodine 
atom site which transferred to the methyl group at a later time. In this work, the diminished 
atomic iodine ion population at short pump–probe delay time indicated the charge transfer 
from the iodine to the methyl group. Single FEL pulses were also used to investigate 
molecular dynamics in CH3I and methylselenol (CH3SeH) [23, 24]. In these works, ion 
coincidence mapping was applied for correlation between carbon and iodine charge states 
that indicated the charge redistribution within the molecule. In single pulse experiments, 
the extraction of the timing information delay was done with the help of theoretical models 
which typically involved Coulomb explosion [23, 25]. 

 

Fig. 3.4. M2 actuator positions for overlapping beams at various delays. The zero-delay positions 
are taken as reference. Figure is adapted from [8]. 

We conducted an X-ray pump–X-ray probe experiment to investigate the CH3I molecular 
dynamics using the XRSD apparatus as described in Section 3.2. Using a single-color 
two-pulse scheme, we were able to probe with an independent clock the X-ray induced 
molecular dynamics, e.g., the sequential ionization and relaxation of highly excited 
molecular ionic states via fragmentation. Using time-of-flight (TOF) mass spectroscopy, 
we obtained the time profile of creating high charge states of atomic iodine and the 
evolution map of the kinetic energy (KE) distribution for selected charge states. The 
results show suppression of high charge states at small pump–probe delay time, a dramatic 
increase to a delay time comparable to the pulse duration, with an enhancement at 
relatively longer delay times, all associated with the modifications in the charge state 
branching ratios. The KE distribution shows a monotonic width narrowing down as the 
pump–probe delay time increases, as a result of the increasing abundance of slow ions. 
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3.3.2. Experiment and Analysis Method 

The experiment was carried out at the atomic, molecular and optical physics (AMO) end-
station at the LCLS FEL facility at SLAC National Laboratory. In this experiment, gas 
phase CH3I was irradiated by X-ray pulses of 1600 eV and 50 fs duration [26]. The photon 
energy was chosen to enable a site specific ionization of the iodine in the CH3I molecule, 
due to the much higher photoionization cross-section of the iodine atom than that of the 
atoms in the methyl group at the chosen X-ray energy. The high LCLS pulse fluence led 
to sequential multiphoton absorption as the dominant photoionization process. A 
simplified description of events is: 1) Emission of atomic iodine’s inner shell electrons 
(from CH3I) via X-ray ionization, creating positive charge in iodine; 2) Fast charge 
transfer occurs as electrons from the methyl group fill the vacancies in iodine atom;  
3) Auger cascades increase the positive charge and are also an efficient mechanism of 
charge transfer across the molecule; 4) Once the methyl group obtains sufficient positive 
charge, the molecule undergoes Coulomb explosion producing atomic ions;  
5) Photoionization and the charging up of the atomic iodine continues after the molecular 
bonds are broken.  

To extract the KE distribution of the ions, we first obtained with SIMION simulation the 
peak shapes B (Ej, ti) of the TOF response for a sequence of discrete energy release, Ej 
(j=1,2,…n). These peak profiles are used as a set of basis function to fit the experimental 
TOF with: 

 ∑ , ∆ ,  (3.14) 

where Ej is the energy interval and Ij are the fitting coefficients.  

We also used a point-charge Coulomb explosion model to calculate the time evolution for 
the various ionic charges. The model is described in detail in [23], where it was applied 
to a single-pulse scenario. The model is designed to represent, in average, the time 
evolution into any given set of final atomic fragment charges, including charge build-up, 
redistribution, and the concurrent Coulomb explosion. The sequence starts by single-
photon absorption by the M1 subshell of iodine, with subsequent positive charge created 
by Auger cascades and possibly by additional photoabsorption. Due to large disparity in 
photoionization cross-sections between iodine and the methyl group at this photon energy, 
only iodine is assumed to absorb photons and build up charge in the methyl group via 
electron dynamics, such as Auger cascades involving molecular orbitals. The statistical 
nature of this sequence of processes is reflected in the smooth charge build-up function 
Qtot (t) defined below (instead of stepwise increase at random intervals for each single 
event). 

 	 , 1 exp	 ,  (3.15) 

where  is the empirical and adjustable constant of charge build-up. 



Chapter 3. Ultrafast X-Ray Pump-Probe Investigation of Molecular Dynamics with Free Electron Laser 
Pulses 

 77 

3.3.3. Experimental Results 

3.3.3.1. Evolution of the Charge State Distribution 

The ionization scenario described above results in a wide range of In+, Cm+ and H+ 
fragments that can be detected by an ion TOF spectrometer as shown in Fig. 3.5. In a two-
pulse scheme, the first pulse duration of 50 fs is long enough so that all molecular bonds 
can be considered broken by the end of the pulse. Since the number of photons in each 
pulse is about 1/2 of that in a single-pulse experiment, the total charge created after the 
first pulse is, on average¸ also about half of that in the single-pulse experiment.  

 

Fig. 3.5. Ion Time of flight (TOF) spectra of CH3I at a photon energy of 1619 eV and a pulse 
duration of 50 fs. Different curves (color coded) correspond to selected pump–probe delay times 
(see legend). The pulse energy at the interaction region is estimated to be ~0.2 mJ, based on  
1.3 mJ upstream pulse energy and a beam transport loss of 85 %. ‘No overlap’ is considered to 
represent the case at zero delay time (see text for details). (a) Spectral range: <11 amu;  
(b) Spectral range: > 10 amu. The x-axis is plotted in log scale. Figure is adapted from [26]. 

As shown in Fig. 3.5(a), we observed high charge states up to 29+ for iodine and 3+ for 
carbon. The C4+ ion peaks marked in Fig. 3.5(a) cannot be confirmed in the current 
experiment, because the estimated KE is ~230 eV, an increase from that for 3+ much 
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higher than expected or measured in previous work [23]. In the case of ‘no overlap’, we 
moved one of the two split mirrors to avoid spatial overlap of the two X-ray pulses to 
experimentally mimic the situation of single pulse with the same pulse energy as the total 
of the split pulses. To ensure ‘no overlap’, we also set a long time delay of 150 fs. This 
single pulse condition will be presented in figures as the case of ‘zero delay.’ The true 
time zero, the zero reference for all pump–probe delays, was set by mechanically making 
the two split mirrors co-planar [8] (see Section 3.2). With a single pulse (‘no overlap’), 
the overall production of highly charged iodine ions is minimal even though the 
interaction region volume is doubled, in comparison with the high charge state yield by 
two pulses. In contrast, the production of high charge states of C is at a maximum in the 
single pulse scenario, which is similar to the production at long delay time in the two-
pulse scenario. The I21+ to I23+ peaks overlap with those for C2+. Their contributions, 
however, broadened the C2+ peaks and even lead to a split structure on top of the fast C2+ 
peak at the delay time of 150 fs (see Fig. 3.5 (a)). The I29+ peak also overlaps with a carbon 
peak, but is obviously seen on top of the slow C3+ peak. Similarly, the I21+ peak appears 
between the two C2+ ion peaks. These two peaks correspond to the ions of initial momenta 
towards and away from the detector and are referred to as forward and backward-going 
ions, respectively. The yield of high charge states decreases for higher charges. The 
seemingly higher yield of I16+ relative to the adjacent peaks is due to the contribution of 
O2+ from the residual background gas in the vacuum chamber. The production of low 
charge states (I+ to I6+) is favored at long delay time, reaching a maximum with a single 
pulse as shown in Fig. 3.5(b). For the low charge states, the ion yields at short (20 fs) and 
intermediate (~40 fs) delay times are similar. 

Fig. 3.6 shows the TOF spectra as a function of pump–probe delay with a finer step size 
(see the figure’s y-axis tick labels). The time zero spectrum corresponds to single pulse as 
mentioned above. As seen in Fig. 3.6, there is an overall drop in the ionization yield at 
short pump–probe delay time (20 fs). Particularly, the very high charge states (> 24+) 
almost vanish. Most CH3I molecular ions are observed to undergo dissociation, since only 
a small amount of CH3I+ remains (see Fig. 3.5(b)). The first significant peak is I+, which 
is much smaller compared to the dominant I2+ peak, because Auger decay preferentially 
generates evenly charged ions and the charges are mainly localized. As the pump–probe 
delay time increases, the ion yield for iodine high charge states increases within the pulse 
duration. The very high charge state (>24+) peaks reached their maxima at ~100 fs time 
delay, meanwhile the abundance of mid and low high charge states increases as shown in 
Fig. 3.6. In Fig. 3.6 (a), one clearly sees the rising I19+, I21+, and I24+ peaks above the 
shoulders of the dominant C2+ peaks. Also, becoming clear are the peaks of I22+ and I23+ 

which appear as a split branch on top of the fast (forward going ion) C2+ peak. 

In order to illustrate the overall picture of the time evolution of the iodine charge states, 
we integrated the signal under the spectral peaks of various charge states at different 
pump–probe times, as shown in Fig. 3.7. The integral signal with a single pulse was 
subtracted from the integrated signal at all other delay times, i.e., using the single pulse 
spectrum as a reference. Clearly seen in Fig. 3.7 regarding the iodine atomic ions produced 
is: 1) The high charge states are enhanced and the low charge states are partially depleted 
by the second FEL pulse, shown as the trend from negative to positive ion yield difference 
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for increasing charge states; 2) At short delay time, the depletion of low charge states were 
stronger compared to that at long delay. This is shown as the trend of decreasing absolute 
ion yield difference for increasing delay time within the block for each different charge 
state; 3) Long delay time favors the production of very high charge states, consistent with 
the theme that these charge states were suppressed at 20 fs delay (negative values for I25+ 

to I28+); 4) 50 fs delay, which is equal to the pulse duration, is an odd point at which the 
low and very high charges are dramatically enhanced, but not the intermediate charge 
states, compared to the case at adjacent delay times. 

 

Fig. 3.6. Ion TOF spectra as a function of pump–probe delay time at a photon energy of 1619 eV 
and a pulse duration of 50 fs. The colors represent the ion signal per laser shot (arb. unit) (see color 
bar). The “0” delay corresponds to the case of no overlap between the two X-ray beams (see text 
for details). The positons for various charge states of iodine atomic ions are marked and labeled at 
the top of the figure. (a) Spectral range: mass/charge < 11 amu. (b) Spectral range: mass/charge 
>10 amu. The x-axis are plotted in log scale. Figure is adapted from [26]. 

As roughly seen in Fig. 3.6 (a), there seems to be a phase shift between the spectrum with 
single pulse and those at delays larger than 50 fs for charge states I25+ to I28+. The spectra 
of the same charge state region are shown in Fig. 3.8, where a base spectrum at 20 fs delay 
was subtracted from all spectra other than the 20 fs spectrum and the signal at 20 fs delay 
was amplified for clarity of comparison. The ‘phase shift’ actually reflects the fact that at 
single pulse or small delay times, ions with large KE were produced; as the delay time 
increases, low KE ions were produced, filling the valley between the forward and 
backward going ion peaks of the high KE ion and even forming a new peak for large delay 
time. At intermediate delay times, around 30 fs, the transient case is shown as multiple 
peaks from both the above origins. 
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Fig. 3.7. Ion yield as a function of pump–probe delay time for various iodine charge states. Data 
were extracted from Fig. 6’s TOF spectra. The ion yield with a single X-ray pulse was used as a 
reference spectrum and subtracted from the iodine charge states at all other delay times. Figure is 
adapted from [26]. 

 

Fig. 3.8. Ion TOF spectra as a function of pump–probe delay time. The data were from  
Fig. 3.6 (a). A background trace obtained for the spectrum at 20 fs was subtracted from all spectra 
other than the 20 fs spectrum. The spectrum at 20 fs delay was magnified by x6 for clarity of 
presentation. The ‘0’ delay corresponds to the case of no overlap between the two X-ray beams 
(see text for details). At the top of the figure, the positions for the atomic iodine’s charge states 
were marked and labeled. The red horizontal lines indicate the TOF spread of the forward and 
backward I25+, I26+, and I27+ peaks, identified in the spectrum at 20 fs or single pulse. Figure is 
adapted from [26]. 

3.3.3.2. Evolution of the Ion Kinetic Energy Distribution  

The kinetic energy release (KER) and energies of the individual fragments not only 
depend on the final charge states of the ions, but also on the time of the charge creation 
with respect to the progress of the molecular fragmentation. Using a single 50 fs pulse, 



Chapter 3. Ultrafast X-Ray Pump-Probe Investigation of Molecular Dynamics with Free Electron Laser 
Pulses 

 81 

the majority of the charge is created at interatomic distances that are not far from the initial 
equilibrium ones. Therefore, the conversion of deposited energy into the KE of the ions 
by Coulomb repulsion is efficient, resulting in highly energetic fragments. At short pump-
probe delay time, the second pulse arrives at a short interatomic distance, leading to 
stronger Coulomb repulsion following the ionization by the second pulse and therefore 
resulting in a larger fragment ions’s KE. Vice versa, at longer delay time, the resultant KE 
is expected to be smaller.  

As seen in Fig. 3.5 (a), with a single pulse, the KE for high charge states (I12+–I18+) has a 
broad distribution, shown as a flat top shape in the TOF spectrum. As the delay time 
increases, the abundance of ions with small KE increases, adding signal on top of the flat 
top, eventually leading to a sharp dome shape, as seen at long delay times. As to extremely 
high charge states of iodine (I20+ - I29+), a sharp distribution starts at short delay time. For 
low charge states (shown in Fig. 3.5 (b)), the distribution is relatively sharp even at single 
pulse or short delay time, indicating small average KEs. Similarly seen in Fig. 3.6 (a), the 
broad KE distribution with a single pulse is represented by an evenly colored rectangular 
region at around zero delay time. As more low KE ions were detected at longer delay 
times, the shape of the distribution becomes narrower, forming slim columns seen in  
Fig. 3.6. 

To quantify the KE indicated by the TOF spectral width, we carried out Monte-Carlo 
simulations of the TOF ion trajectory. Fig. 3.9 shows peaks in the measured ion TOF 
spectra of the fragments from the dissociation of CH3I, induced either by a single 50 fs 
FEL pulse or by split pulses with a 200 fs delay. The TOF peak shape of the low charge 
fragment I2+ in Fig. 3.9 (a), which is most likely induced by single photon absorption by 
a single pulse, is completely insensitive to the introduction of the delay. In contrast, the 
highly charged fragment I15+ in Fig. 3.9 (b) has a TOF line shape that is strongly dependent 
on whether the ionization is by single or double pulse, exhibiting a much narrower shape 
with double-pulse ionization. The TOF spectral broadening which indicates higher KE of 
the ions can be reproduced quantitatively by Monte-Carlo simulations, where the flight 
path of the ions through the simulated electric fields of the given spectrometer was 
modeled. Fig. 3.9 (c) shows such simulated I15+ peak shapes based on the spectrometer’s 
dimensions and voltages used in our experiment. In order to reproduce the TOF peak 
shapes that most closely fit the observations, the ions are randomly created in the Monte-
Carlo simulation according to a certain statistical initial KE distribution; the TOF 
lineshape is then derived from individual trajectories and reflects the distribution of the 
calculated TOFs. The maximum and width of the energy distribution are adjusted in the 
simulations for optimal agreement with the experimental results. In the present 
simulations, the initial KEs were chosen from a Gaussian distribution (truncated at zero). 
The best agreement with the single-pulse experiment (red dotted curve in Fig. 3.9 (b)) was 
obtained with the distribution having the peak maximum at 16 eV and the width of 7 eV 
full width at half maximum (FWHM). The double pulse experiment at 200 fs delay (solid 
blue curve in Fig. 3.9 (b)) corresponds to the energy distribution with the maximum at  
7 eV and the width of 11 eV.  



  Advances in Optics: Reviews. Book Series, Vol. 2 

 82

 

Fig. 3.9. Ion TOF spectra of CH3I ionized by 1600 eV, 50 fs pulses. Red dotted curves: zero delay 
time. Blue solid curves: split pulses with 200 fs delay. a) I2+ peak (experimental data),  
b) I15+ peak (experimental data) and c) I15+ peak, Monte Carlo simulated. All peaks are normalized 
to equal height. Figure is adapted from [8]. 

Furthermore, we can extract the ion KE from the TOF spectra with the method described 
in Section 3.3.2. Fig. 3.10 shows the KE of I14+ as a function of pump–probe delay time. 
Each KE spectrum was normalized to its maximum. The map was interpreted without 
significant distortion of the distribution to smooth out the uneven delay-time steps. The 
I14+ ion state was selected as an example to show the evolution of the KE distribution and 
other high charge state species show similar trends (see Fig. 3.5). The difference between 
the distribution obtained from the forward and backward ions is mainly due to the uneven 
base line caused by spectral overlap with the adjacent peaks. Fig. 3.11 shows the weighted 
KE averaged over the forward- and backward-going ions. At small delay time, the KE of 
I14+ shows a broad distribution with an average KE of 10 eV and a width of ~15 eV. At 
about 60 fs delay time, the KE distribution approaches an asymptotic value of ~8 eV with 
a width of ~8 eV. 

 

Fig. 3.10. Ion KE distribution of I14+ as a function of pump–probe delay time at a photon energy of 
1619 eV and a pulse duration of 50 fs. The colors represent the ion signal strength which is 
normalized to the signal maximum at each delay time. The ‘0’ delay corresponds to the case of no 
overlap between the two X-ray beams (see text for details). (a) Ions with the direction of the initial 
velocity towards the detector (‘forward ion’); (b) Ions with the direction of the initial velocity 
against the detector (‘backward ion’). Figure is adapted from [26]. 
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Fig. 3.11. Weighted KE averaged over the forward and backward I14+ ions as a function of pump–
probe delay time, extracted from data shown in Fig. 3.5. The ‘0’ delay corresponds to the case of 
no overlap between the two X-ray beams (see text for details). Figure is adapted from [26]. 

3.3.3.3. Discussion  

As mentioned above, two pulses (with spatial overlap) produced more high charge state 
iodine ions than a single pulse even with the same total pulse energy. This is because the 
ions created by the first pulse and further ionized by the second pulse are associated with 
higher ionization potentials that are closer to the photon energy used and therefore have 
larger ionization cross sections compared to the neutral particles. Since the life time of the 
iodine M1 shell is only ~435 as [27], much shorter than the X-ray pulse duration, the 
suppression of higher charge states at short delay time is likely due to the depletion of 
valence shell electrons which hinders the Auger decay, rather than X-ray induced 
“frustrated” photoabsorption caused by inner-shell electron depletion which hinders 
sequential photoionization [28, 29]. Indeed, with a photon energy of 1619 eV, 
photoionization of M1 shell electron alone can only lead to up to I26+, since the binding 
energy of a 3s electron of I26+ (with all valence vacancies) is ~ 1680 eV [30]. At long delay 
times, the population of high charge states of iodine is increased, because the long delay 
times allow for the completion of the electron transfer from the carbon site of the methyl 
group, restocking the valence electrons at the iodine atom needed for its Auger decay. 

We obtained the average charge of the atomic iodine ions for different pump–probe delay 
times, as shown in Fig. 3.12 (a). With a single FEL pulse, the average charge of iodine is 
~7 amu; with the second pulse, a charge of ~9 amu was established around 60 fs. The 
experimental results show a charge saturation at ~30 fs. We simulated the charge evolution 
in a pump–probe experiment, as shown in Fig. 3.12 (b). The charge by a single X-ray 
pulse was set to be ~7 amu and a charge built up time of ~30 fs was used. Since the 
photoionization cross section for carbon is more than one order of magnitude less than 
that of iodine at 1619 eV, photoionization of carbon was excluded in the simulation. 
Hence, the carbon charge mainly resulted from the charge transfer between the iodine and 
the methyl group, which can charge the carbon site up to 4+ [22, 23]. As seen in  
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Fig. 3.12 (b), the charge on carbon is not affected by the probe pulse arriving more than 
50 fs after the pump pulse, because the charge transfer was hindered due to the large C–I 
bond separation at the latter time of the molecular dissociation. 

     

(a)                                                                     (b) 

Fig. 3.12. (a) Experimental average charge of iodine as a function of pump–probe delay time. The 
‘0’ delay corresponds to the case of no overlap between the two X-ray beams (see text for detail); 
(b) Simulation of charges as a function of time for different ionic species. Pulse duration of 50 fs 
and delay time of 50 fs were used. The x-axis represents time with the zero position at the onset of 
the first pulse. Figure is adapted from [26]. 

From the TOF spectral peaks with single pulse, we estimated the KEs for the I25+, I26, and 
I27+ charge states (corresponding to horizontal lines in Fig. 3.8, see figure caption), as well 
as the KEs for the carbon ions and their associated iodine ions. The results are presented 
in Table 3.1. Also exhibited in Table 3.1 for comparison are the KEs of carbon ions 
estimated from the results reported in [23]. Since the C-I bond breaks within the first  
10 fs of the X-ray pulse [23], we expect the KE for C+ which was dominantly produced at 
an early time during the FEL pulse to be similar between the experiments in the current 
work and in [23]. This is indeed the case as shown in Table 3.1. However, for higher 
carbon charge states (2+, 3+), the KEs in the current work are much lower than those in 
[23]. A plausible explanation is: the high charge states observed in [23] were created 
within 10 fs of a single pulse, where one can consider a scenario of internal clock pump–
probe experiment [25, 31]; at the very short effective delay time, the dissociation at short 
range of the internuclear separation was probed, leading to large KEs due to stronger 
Coulomb repulsion; whereas in the current work where an external independent clock was 
applied, allowing for relatively larger delay times, the potential curve at longer range was 
probed, leading to lower dissociation energy. As an example, for low iodine charge states, 
we estimated the KE for I4+ to be 4.5 eV which is nearly constant for different delay times, 
indicating that the C3+ ions are likely to be associated with I4+. With a similar reasoning, 
the very high charge states of iodine are likely associated with high carbon charge states, 
but due to their small abundance, the contribution of the associated carbon ions is also 
small. 
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Table 3.1. Kinetic energy (KE) of carbon and iodine ions. The values for the current work were 
obtained from the spectrum with single pulse. The charge states in the parenthesis are  

for the species associated with the presented KEs. 

Species 
KE 

(eV)1 
Species 

KE 

(eV)1 
Species 

KE 

(eV)1 
Species 

KE 

(eV)2 

C+ (-In+) 5.00.9 In+(-C+) 0.50.3 I25+ 499 C+ (-I+) ~6 

C2+ (-In+) 19.12.3 In+(-C2+) 1.80.2 I26+ 6110 C2+ (-I5+) ~47 

C3+ (-In+) 42.57.9 In+(-C3+) 4.00.4 I27+ 5510 C3+ (-I7+) ~100 
1 Current work. The KEs of In+ are extracted from that of C ion, assuming a two-body break-up. 
2 [23]. Single pulse experiment with FEL pulses of 10 fs duration and 5.5 keV photon energy. 

 

As mentioned above, the KE approaches a constant value at ~ 60 fs delay and the ion yield 
at 50 fs delay is an odd point in the overall trend. It remains a question, whether this point 
around 50 fs for the kinetics, is a pulse duration factor or a species-dependent factor. 
Seeking the answer will be for future investigations with different FEL pulse durations. 
The pulse duration was not directly measured but derived based on electron bunch 
duration measurements [28]. The actual pulse duration has been reported to be about half 
of the nominal values [32]. Considering an actual pulse duration of 25 fs for a nominal 
value of 50 fs, the interference between the pump and probe pulses is not expected to be 
an issue here.  

3.4. Conclusion 

We have presented the design and operation of a compact, relatively low cost two-mirror 
XRSD device for time-resolved experiments at the two soft X-ray beamlines (AMO and 
SXR) at the LCLS [21, 31, 33]. The instrument splits the FEL beam with an edge-polished 
mirror, delays the remaining portion of the pulse and recombines the two pulses in the 
interaction region of the experimental end-station. The XRSD instrument has added  
X-ray pump/X-ray probe capability at the LCLS allowing a large variety of experiments 
to be conducted in atomic and molecular science, chemical physics, nanoscience, 
condensed matter physics and imaging of biological systems. 

We have also presented an investigation of the ionization and dissociation dynamics in 
the CH3I molecule with the XRSD instrument. To illustrate the charge dynamics and 
nuclear kinetics, we showed the charge state and the KE distribution for selected charge 
states as a function of pump–probe delay time. We observed the creation of ions with low 
KE at a relatively long delay time, probing the long-range potential curves of molecular 
high charge states. We also observed the suppression of high charge states of atomic 
iodine at short delay time and an increase of the high charge states at long delay time, 
indicating the time scale of the C–I charge transfer. X-ray pump–probe experimental 
approach combined with coincidence measurements for resolving fragmentation channels 
could hold the promise for unambiguous time-resolved investigation of ultrafast 
molecular dynamics, including decoupled dissociation and charge transfer dynamics.  
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Chapter 4 
Single-Shot Auto and Cross Correlation 
Schemes for Ultrashort Laser Pulse 
Measurement Using Random Nonlinear 
Crystals 

Crina Cojocaru, Wieslaw Krolikowski and Jose Trull1 

4.1. Introduction 

Ultrashort laser pulses in the femtosecond (fs) regime, with their variety of peak powers 
and durations, are playing an increasingly important role in research and technology. 
Material processing, high-resolution imaging and detection, investigation of complex 
molecular system’s dynamics, biomedical science and medicine are only a few examples 
where the interaction of fs light pulses with different media is the main tool. These 
applications are meaningful only if one is able to characterize the laser pulses used in the 
experiment in near-perfect manner. Most of the pulse parameters, such as peak power, 
spectral bandwidth, chirp content, and M2 factor, strongly depend on the temporal duration 
and shape of the pulse [1, 2]. The femtosecond time scale is beyond the reach of standard 
electronic display instruments that fail to measure the pulse duration. Moreover, as the 
pulses become shorter, dispersion effects that modify pulse properties during propagation 
through optical materials become increasingly relevant, so more precise characterization 
of the pulse properties is needed.  

Existing techniques of ultrashort laser pulse measurements usually rely on optical gating 
between the pulse to be measured and its replica, which typically is realized through a 
nonlinear optical process, e.g. parametric process of second harmonic generation (SHG) 
[3-7]. Among the different schemes for optical gating, non-collinear SHG is one of the 
best methods for single-shot pulse-duration measurements [8-21]. In this method, two 
beams cross at a small angle inside a quadratic, nonlinear crystal and, if the phase-
matching (PM) conditions are fulfilled, a second harmonic (SH) beam is efficiently 
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generated in the forward direction. The spatial shape of the generated SH signal represents 
the correlation function of the interacting ultrashort pulses, and pulse duration may be 
retrieved. During the last decade, different techniques based on SHG correlations have 
been implemented and extensively adopted [22-25], either for partial or/and complete 
temporal characterization of the pulses.  

Among them, techniques based on frequency resolved optical-gating (FROG, based on 
the concept of optical gating) or spectral phase interferometry for direct electric-field 
reconstruction (SPIDER, based on the concept of spectral interferometry), or even for 3D 
characterization (STARFISH, SEA Tadpole) [26, 27]. Although a detailed field 
reconstruction is needed in particular applications (fully justifying the use of advanced 
but complex and expensive techniques,) there are still many situations requiring just a 
partial characterization of the pulse. Hence, simple and cost-effective methods of partial 
pulse measurement and characterization are always of potential interest. In this sense, the 
auto-correlation technique is still a simple and valuable tool in many situations where 
only partial information such as pulse duration is required. When the temporal pulse shape 
has to be retrieved, cross-correlation techniques between the unknown pulse and a 
selected reference are usually implemented [28-30].  

It is well known that efficient SHG needs the fulfillment of so-called phase matching (PM) 
condition, achieved when the phase velocity of the second harmonic equals that of the 
fundamental. Since this condition is not satisfied by natural crystals due to material 
dispersion, it may be achieved through techniques such as crystal birefringence [31], 
periodic photonic materials [32], or quasi-phase matching [33–35]. In most of these 
techniques, angular frequency and temperature conversion bandwidths are quite narrow, 
requiring careful selection and alignment of the crystals used in a particular application. 
For ultrashort pulses with a broad spectral range, only the use of very thin nonlinear 
crystals can achieve a broad enough PM bandwidth to cover the entire pulse. Since all 
these methods relay on the detection of the generated SH signal representing the auto-
correlation trace, the requirement of phase matching critical alignment, temperature 
tuning and the need of nonlinear crystals capable of generating a broadband SH signal 
make them far from user-friendly. 

In this chapter, we review some of our results regarding a novel auto-correlation technique 
for ultrashort laser pulse characterization. The originality of this technique relay on the 
process of non-collinear SHG in a particular kind of ferroelectric crystals, which possess 
a disordered distribution of nonlinear random domains. Unlike in the traditional 
autocorrelation schemes, these materials have the peculiar property of generating SH 
signal in the direction perpendicular to the propagation of the fundamental beam. This 
configuration makes possible the detection of the auto-correlation trace from the top of 
the crystal and it represents an important advantage when applied to the characterization 
of laser pulses with durations of several hundreds of fs down to 20 fs. We extend this 
method to the cross-correlation scheme where ultrashort laser pulses with unknown 
temporal duration and shape can be measured. Unlike the other well-known auto and cross 
correlation schemes, this novel technique may be implemented for the temporal 
characterization of pulses over a very wide dynamic range (30 fs – 1 ps) and wavelengths 
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(800 - 2200 nm), using the same crystal (same device) and without critical angular or 
temperature alignment. The simplicity of implementation of the measuring elements 
allows real-time control of the chirp content of the pulse at any desired position within an 
experimental setup. 

4.2. Second Harmonic Generation in Random Nonlinear Crystals 

Quadratic nonlinear crystals consisting of antiparallel ferroelectric domains with 
randomized sizes and positions and inverted sign of the nonlinear susceptibility may be 
employed for the phase-matched SHG in a wide spectral range (see, e.g. [36-39] and 
references therein). An example of such materials are the unpoled ferroelectric crystals 
such as Strontium Barium Niobate (SBN) or Calcium Barium Niobate (CBN), where the 
randomness in the size and distribution of the antiparallel ferroelectric domains occurs 
naturally in the crystal growing process. The domains are needle-like, orientated along the 
Z-axis (c-axis) of the crystal, as schematically shown in Fig. 4.1 (a). This distribution 
creates an effective two-dimensional (2D) nonlinear photonic crystal with a constant 
linear refractive index, but randomly alternating sign of its nonlinear quadratic response. 
The domain size varies typically between 0.1m up to several microns [37, 39, 40].  

 

Fig. 4.1. (a) Schematic representation of the inverted random nonlinear domain distribution in a 
SBN crystal; (b) Continuous set of reciprocal lattice vectors in the xy plane showing the orientation 
of the reciprocal lattice vectors (black arrows), in the xy plane; (c) TSHG scheme with the incident 
field propagating perpendicularly to the z axis of the crystal. 

In the reciprocal space, these nonlinear photonic crystals show a continuous distribution 
of reciprocal lattice vectors over a continuous broad range with random magnitudes and 
orientations in the xy plane, as shown in Fig 4.1(b). These reciprocal vectors are available 
to realize different types of PM conditions for a broadband wavelength range (limited only 
by the crystal transparency window) and broadband angular direction for the SHG, 
without the need for angle alignments or temperature tuning. Thus, they have clear 
advantages over other types of quadratic media where the PM condition requires either 
birefringence or engineered periodic poling (QPM) of the nonlinear medium, with their 
corresponding restrictions of bandwidth and alignment. When the fundamental beam 
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propagates perpendicular to the c-axis of the crystal the SH radiation is generated in the 
form of a plane (Fig. 4.1 (c)). The planar emission of SH signal occurs with almost equal 
efficiency in both forward and transverse directions. For any other propagation direction 
of the fundamental beam (except for the direction perpendicular to z axis) the generated 
SH wave is emitted in the form of a cone [38, 39, 41]. Non-collinear, two-beam interaction 
has also been observed in such crystals [42, 44]. In particular, we have studied the planar 
non-collinear SHG where the SH signal is emitted in the whole plane perpendicular to the 
one defined by the beams. The SHG resulting from the non-collinear nonlinear interaction 
of these two pulses represents the autocorrelation trace. Pictures of recorded nonlinear 
SHG are shown in Fig. 4.2 (a). [44, 45]. 

We consider two beams at the fundamental frequency propagating on the xz 
crystallographic plane of an SBN crystal, and forming angles − and +with the x axis. 
The general, vectorial phase matching condition for SHG is written as: 

	 	 , 

where ,  and  are the wave vectors of the fundamental and SH waves, respectively, 

and  represents one of the reciprocal vectors available from the infinite set of vectors 
provided by a disordered nonlinear photonic structure. The PM conditions that require 3D 
consideration is visualized in Fig. 4.2 (b). The blue arc defines the geometrical place of 
the  direction. All reciprocal vectors  are placed in the xy plane. Taking into account 
that these vectors can have any length and direction within this plane, we note that all 
possible PM triangles determine that the SH radiation is emitted in the form of a plane 
coinciding with the crystal xy plane.  

The nonlinear interaction inside the crystal generates three well differentiated SH signals, 
emitted in forward as well as in the transverse directions as shown in Fig. 4.2 (a). The 
middle line in both photos corresponds to the planar SH emission as result of the two 
beams/pulses A and B mixing. The two arcs on both sides of the central lines represent 
the conical emission from each individual pump beam. The central trace disappears if one 
of the input beams (A or B) is blocked or if the pulses do not overlap temporally and 
spatially inside the crystal. As shown in Fig. 4.2 (a), the AC trace can be recorded in both 
forward and transverse directions. In this study, we are interested in the SH auto-
correlation trace emitted in the transverse direction to the optical axis, called from now on 
transverse second harmonic (TSH) signal, which is recorded with a CCD camera placed 
on top of the crystal. Since the TSH signal is generated in the area where the two pulses 
overlap, the width of the emission region is directly related to pulse duration and beam 
size [see Fig. 4.2 (c)]. In the transverse direction, the CCD camera records the evolution 
of the SH signal along the entire propagation distance of the fundamental beams: from the 
entrance to the output of the sample. Since an ultrashort pulse broadens with the 
propagation distance inside the crystal due to material dispersion, the autocorrelation trace 
will widen accordingly. This effect, which can be recorded in a single shot by the CCD 
camera, may be used for chirp characterization of the input femtosecond pulses, as we 
will explain in detail in the next section.  
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Fig. 4.2. (a) Images of the SH emission in the transverse and forward directions in a non-collinear 
beam interaction; (b) Schematic representation of the phase-matching diagram demonstrating the 
planar emission of the transverse SH, Gi being the reciprocal vectors of the disordered nonlinear 
crystal; (c) Overlap and non-collinear interaction of both incident pulses inside SBN crystal, 
resulting in the transverse autocorrelation trace [44]. 

4.3. Auto-Correlation Scheme: Measurement of Ultrashort Pulse Temporal 
Duration and Chirp Parameter  

We implement the transverse SHG resulting from the non-collinear interaction of a pulse 
with its own replica in a novel auto-correlation scheme. The broadband SH conversion 
provided by the random nonlinear crystals makes possible to use the same nonlinear 
crystal for the measurement of pulses with different durations from a few ps down to  
10 fs. The same property makes possible the use the same crystal for broad range of 
wavelengths without need of realignment. Moreover, since the fundamental pulse 
broadens with propagation distance inside the crystal due to material dispersion, the 
autocorrelation trace will also widen in corresponding manner. This effect may be used to 
characterize the chirp of input femtosecond pulses. We have implemented this setup to 
measure different laser pulses with different temporal durations and wavelengths. Below 
we show a few examples. 
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4.3.1. Experimental Set-Up 

The autocorrelation setup is shown schematically in Fig. 4.3 (a). The laser pulse to be 
measured is split in two identical replicas that propagate in the xz plane of a SBN crystal, 
forming angles  and - with respect to the x-axis, and intersecting in the central part of 
the crystal. The SH signal resulting from the non-collinear interaction of the two pulses in 
the area where they overlap, is emitted in the plane transverse to the optical axis and 
represents the transverse single-shot AC signal, as shown in Fig. 4.3 (b). It is important to 
note that the SH signals coming from each individual fundamental beam are emitted 
conically and propagate at different angles. Therefore, they can be eliminated and do not 
interfere with the auto-correlation signal, rendering the measurement background-free. An 
example of the recorded trace, all along the propagation distance inside the crystal, is 
shown in the inset of the Fig. 4.3 (b).  

 

(a) 

 
(b) 

Fig. 4.3. (a) Schematic representation of the transverse AC set-up. P-polarizer, BS-beam splitter, 
M-mirror, HW-half-wave plate, C-cylindrical lens; (b) transverse AC trace set image with the CCD 
imaging system. CCD recorded image of the TAC trace profile at different propagation distances 
(x0, x1…xn) constitute the AC trace set.  
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4.3.2. Theoretical Model 

The width of this AC trace, z, is directly related to pulse duration. Assuming a Gaussian 
beam profile of the input pulses, the intensity of the AC signal is given by the expression: 

 	 	 , , (4.1) 

where 	 	 /  is the speed of light inside the crystal, T0 is the pulse duration measured 
at 1/e in intensity, is the propagation angle of each beam inside the crystal, and z is the 
transverse direction. The expression for the pulse duration at FWHM in intensity, , is 
obtained directly from the value of the transverse width of the AC trace measured at 
FWHM, zFWHM, as: 

 	 	 √
∆

	 	 √
∆

, (4.2) 

where ext corresponds to the incidence beam angle with respect to x axis measured 
outside the crystal. This is the well-known formula for the pulse duration single-shot 
measurements by non-collinear SHG experiments [43-47]. The difference is that in the 
traditional pulse-duration measurement techniques the recording of the SH trace is 
performed in the forward direction, integrated over the crystal length, because PM 
conditions are satisfied only in the forward direction. In the situation considered here, we 
deal with emissions in the transverse direction, due to the specific properties of the 
nonlinear random media used. Therefore, the two-pulse overlap volume moves towards 
the output face, resulting in a SH line as illustrated in Fig. 4.3 (b). Monitoring transversely 
the width of this line along the crystal length can now provide additional information 
about the pulse evolution inside the SH crystal. 

The initial pulse duration is modified during propagation in SBN due to the effect of 
material dispersion, characterized by the group velocity dispersion (GVD) coefficient  

	 	 . Therefore, the dependence of the AC trace width, z, with propagation 

distance, x, allows the measurement of additional properties, such as the initial chirp 
parameter. When we deal with Gaussian pulses, 	 	 exp	 , with 

 	 	 exp , 	where	 	 	 ⋯,  (4.3) 

where A is the amplitude of the pulse,  is central frequency and (t) is the temporal 
phase. A non-vanishing phase results in larger time bandwidth product. In general, a pulse 
with phase modulation is longer than a Fourier transform limited pulse with the same 
spectrum [48]. The second order term 2 gives an instantaneous frequency,  

	 	 / , which varies linearly with time and results in up-chirped (if 
2 > 0) or down-chirped (2<0) pulses. Higher order contributions lead to pulse 
distortions. Alternatively, the pulse may be expressed in the spectral domain, through a 
Fourier transform of the temporal envelope, in terms of the frequency Ω	 	  



  Advances in Optics: Reviews. Book Series, Vol. 2 

 96

 Ω 	 	 	 	 Ω ;	 Ω 	 	 Ω Ω . (4.4) 

The coefficient  of the spectral phase term varying quadratically with  is the group 
delay dispersion (GDD). 

Defining the pulse chirp parameter at the entrance of the crystal as 	 	 , where T0 
is the pulse duration (1/e in intensity) at the entrance of the crystal, the evolution of the 
pulse duration during propagation is given by the expression (valid up to second order in 
dispersion, i.e., for negligible third-order effects) [48] 

 	 	 1 ,  (4.5) 

where 	 	 /| | is the GVD length over which pulse duration increases by a factor 
of √2. The effect of dispersion during pulse propagation results in either lengthening or 
compression of the pulse. In the normal GVD regime (g > 0) group velocity decreases 
with frequency, i.e., red frequencies travel faster than blue ones, so that if C > 0 pulse 
duration increases with propagation. If instead C < 0, the pulse will compress until the 
different frequencies are in phase, allowing the pulse to acquire its minimum possible 
duration (Tmin) corresponding to the Fourier transform limited case. This minimum pulse 
duration occurs at a distance xmin. In the case of anomalous GVD regime (g < 0), when 
blue frequencies travel faster than red ones, the pulse gets longer for C < 0 and is initially 
compressed if C > 0 (compression is obtained whenever C and g have different signs). 

The minimum pulse duration, Tmin, and the corresponding distance inside the crystal, xmin, 
are obtained from Eq. (4.5): 

 	 	 	 	 	 	
√

. (4.6) 

Taking into account that the GVD coefficient of SBN at 790 nm is g = 466 fs2/mm 
(calculated from SBN data in [49] it is clear from previous considerations that down- 
chirped pulses will be compressed during propagation inside the SBN crystal. The 
experimental determination of xmin and the FWHM pulse duration, min, give the value of 
initial chirp, C, and initial pulse duration, 0, as follows: 

 	 	 	 	 	 	 	 . (4.7) 

4.3.3. Measurements of the Pulse Durations of the Order of 200 fs  

In the first experiment, the fundamental pulses are generated by a Ti:Sapphire oscillator 
tuned at 810 nm, with pulse duration around 180 fs and 76 MHz repetition rate. The 
externally measured intersection angle ext is in the range of 10º-25º. A variable delay 
line in one of the arms ensures that the two pulses coincide inside the crystal. The 
polarization vectors of both incident beams are extraordinary (e) and directed along the 
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crystallographic axis z. The generated SH radiation is also polarized along z, indicating 
the interaction of the type ee-e. This interaction gives the highest efficiency compared 
with other possible geometries. Fig. 4.4 shows the transverse autocorrelation trace 
recorded by the CCD camera.  

 

Fig. 4.4. (a) Transverse AC trace from two intersecting fundamental beams, with an inset showing 
the detailed profile of the AC trace at a particular position inside the crystal; (b) Transverse profile 
of the AC trace during the propagation of the pulse along the crystal [44, 45]. 

As both pulses enter the crystal simultaneously, the trace is located centrally inside the 
geometrical overlap region of both incoming beams. In the presence of a temporal delay 
between the fundamental pulses (controlled by a delay line), the AC line will shift 
transversely either to the left or to the right by 	 	 /2 sin . The measurement of 
this lateral shift is used for the AC measurements calibration. The plot on the right of  
Fig. 4.4(a) shows the digitized trace close to the entrance side of the crystal, with a spatial 
width of the emission area z. For this experiment, at the entrance of the crystal  
z = 170 m, and according to Eq. (4.2) the corresponding pulse duration is 193 fs. As 
we mentioned in the introduction, since the fundamental pulse broadens with propagation 
inside the crystal due to material dispersion, the autocorrelation trace will widen 
accordingly. This effect can be measured from the study of the evolution of the transverse 
AC profile along the crystal, in a single shot measurement in transverse direction. The 
recorded, transverse profile evolution in this particular case (Fig. 4.4 (b)) shows a pulse 
duration of τ = 193 fs at the entrance facet of the crystal, increasing to 270 fs at the output 
side of the crystal. This effect is not important for pulses of duration 150 fs or more, but 
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becomes relevant for pulses shorter than 100 fs, as we will show below. The accuracy of 
all these measurements depends on the resolution of the imaging system, which may be 
easily controlled by choosing the proper magnification. In our experiments, all 
autocorrelation traces were recorded using a standard CCD camera (such as, e.g. AVT 
Marlin, IEEE 1394, resolution 656 (h) × 494 (v), by Allied Vision Technologies). To 
check the accuracy of our method we compared our results with those obtained using the 
commercial Grenouille FROG, which can measure the AC trace only in forward direction, 
and thus able to detect pulse duration only at the output of the crystal. We found very good 
correspondence in pulse measurements. For instance, for a Grenouille reconstructed 
autocorrelation FWHM of 272.2 fs our method yielded 276 fs. 

The same experimental setup may be implemented for the measurement of the temporal 
delay between two ultrashort pulses. Fig. 4.5 (a) illustrates the experimental observation 
of the TSH AC trace originating from the interaction of a single pulse in a one beam (the 
reference pulse) with two consecutive replicas in the other beam. Here, the pulse doublet 
is obtained by splitting the original pulse utilizing the difference in the velocities of the 
orthogonally polarized pulses in a birefringent lithium niobate crystal. Fig. 4.5 (b) depicts 
schematically this process. The interaction results in the formation of two parallel AC 
traces separated by a distance z directly related to the temporal separation of both pulses. 
The temporal delay between the pulses measured in this case is 837 fs [45]. 

 

Fig. 4.5. (a) Experimental observation of the transverse correlation trace, when one of the beams 
carries a sequence of two consecutive pulses; (b) Schematic illustration of this process [45]. 

4.3.4. Measurements of Pulse Durations and Chirp Parameter  
for Pulses Down to 30 fs  

In order to measure shorter pulses, new experiments were performed using a laser source 
emitting pulses with durations down to 30 fs (Femtopower PRO HE CEP from 
Femtolaser) at a repetition rate of 1 kHz, operating at a central wavelength of 790 nm and 
a bandwidth of 40 nm (FWHM). The same system could also deliver shorter pulses, down 
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to 6 fs, by means of a hollow core post-compression technique [50] using Ne as gas with 
spectral phase compensation performed using chirped mirrors. To record the TSHG trace, 
we used a Spiricon SP620U CCD camera with 4 m pixel size. The imaging system was 
set to provide the largest possible image of the relevant area of the crystal on the CCD. 
The intersecting angle between both beams was ext = .8º. Before entering our setup 
and in order to test different initial conditions, the laser pulses with initial pulse duration 
around 30 fs at FWHM were phase-modulated with a selected initial chirp using an 
acousto-optic device (Dazzler from Fastlite). We selected different negative values for the 
initial chirp C in order to obtain pulse compression at different propagation distances 
inside the crystal. For increasing values of the parameter | |, the compression distance 
inside the crystal and the initial pulse duration increase.  

Fig. 4.6 (a)–(f) show the experimental recorded images corresponding to the transverse 
AC trace along the crystal for different input conditions (the pulse was propagating from 
the bottom (x = 0) to the top). Each image corresponds to a different value of initial chirp 
(varied experimentally in steps of GDD = 500 fs2) and initial pulse duration. The 
compression and broadening effect of the AC trace during propagation in the 10 mm SBN 
crystal is clearly visible. Since the pulse spectrum was not modified by the Dazzler 
system, the pulse duration at the minimum width position is similar for all cases and 
represents a transform limited pulse if the introduced Dazzler phase is exactly 
compensated by material dispersion (i.e., including all dispersive orders). Typical AC 
traces, at the position of minimum pulse duration, xmin, (red) and in another point within 
the crystal (blue), are shown as insets of Figs. 4.6 (f) and 4.6 (l). The measurement of the 
FWHM width of this AC trace, zFWHM, yields pulse duration according to Eq. (4.2). 

 

Fig. 4.6. Top: experimental recorded images of the AC trace along the SBN crystal for increasing 
jCj values from left to right side of the image. Bottom: Simulated AC traces of the pulses with the 
initial conditions determined from the experimental results (all situations correspond to initially 
down-chirped pulses C < 0). Insets show the autocorrelation traces at the position A, corresponding 
to xmin, and B in (f) and (l) [51]. 
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The evolution of the pulse duration inside the SBN crystal is shown in Fig. 4.7 (left) for 
different initial conditions. The maximum compression distance, xmin, and pulse duration 
at this point, min, are the experimental data from which we obtain the values of the chirp 
parameter, C, and initial pulse duration, 0, using Eq. (4.7). From these measurements, 
summarized in Table 4.1, we observe that pulse duration at the maximum compression 
point is approximately 30 fs in all cases. Note that this value may also be attained by 
measuring pulse duration directly at the entrance of the crystal. However, since the 
temporal broadening of such short pulses along the 10 mm path is quite large, an accurate 
measurement of pulse duration at this point would require the use of beams broad enough 
to provide complete overlap along the crystal length. Using our proposed method this 
condition maybe relaxed, since overlapping of the pulses is required just close to the 
maximum compression position. 

 

Fig. 4.7. Experimental data (left) and numerical simulations (right) of the temporal pulse 
evolution during the propagation inside the SBN crystal. Increasing C the maximum 

compression distance xmin is larger but smin is the same. The labels in the legend correspond  
to those in Fig. 4.6 [51]. 

Table 4.1. Experimental data corresponding to situations (a)–(f) in Fig. 4.2 and retrieved values  
of C, GDD, and s0 (FWHM). Results retrieved from numerical simulation considering  
the calculated values as initial conditions corresponding to the plots (g)–(l) in Fig. 4.2. 

 

Experimental data Calculated values Simulation data 

xmin (mm) smin (fs) C s0 (fs) GDD (fs2)  xmin (mm) smin (fs) 

(a) 0.9 34 1.0 48 -410 (g) 0.89 35 
(b) 2.3 32 2.8 96 -1050 (h) 2.27 34 
(c) 3.2 30 4.6 142 -1510 (i) 3.26 30 

(d) 4.0 30 5.7 175 -1880 (j) 4.02 30 

(e) 5.1 30 7.2 220 -2380 (k) 5.12 35 

(f) 6.4 32 7.9 257 -2980 (l) 6.42 35 

 

In order to check the validity of the experimental results obtained with this simple method, 
we independently characterized the pulses using a standard SPIDER configuration and 
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found very good agreement between the results. The difference in pulse duration obtained 
using both methods did not exceed 2 %. This difference is consistent with the resolution 
error introduced by our experimental setup, taking into account the parameters of the CCD 
camera, the intersection angle a, and the propagation errors in formulas (4.6) and (4.7). 
For the parameters used in our experiment, we obtained an error estimation of 
approximately 5 % for the pulse duration, and of the order 10 % for the chirp 
determination. The total error in the measurement can be larger due to intrinsic 
instabilities present in the pulse train. 

In addition to experimental studies, we analyzed the evolution of the pulses using 
numerical simulations. To this end, we extended the numerical code introduced in ref. 
[50] to include the initial chirp of the pulses and run a number of simulations using as 
initial parameters C derived from the experimental results. The resulting, numerically 
calculated AC traces are shown in Figs. 4.6 (g)–(l), which correspond, respectively, to the 
experimental results (a)–(f).  

The numerically calculated values of the maximum compression distance, xmin, and pulse 
duration at this point (FWHM), min, are shown in Table 4.1. Again, very good agreement 
with experimental data is obtained. In order to check the contribution due to third-order 
effects, we included them (for SBN crystal, b3 = 360 fs3/mm at 790 nm) in the simulation. 
We observed that for our pulse durations and propagating distances, nonlinear effects do 
not play any significant role. The curves of the evolution of the pulse duration inside the 
SBN crystal obtained numerically are shown in Fig. 4.7 (right) for comparison with the 
experimental results. 

A comparison between experimental results and simulations is summarized in Table 4.1. 
The table reveals that our technique works well for pulse durations below 50 fs, since in 
this regime the dispersive properties of SBN allow for a dynamic behavior of the pulse 
measurable along the 1 cm length of our crystal. Additionally, the technique provides the 
opportunity for a real-time check of the chirp content of a given pulse. The portable 
character of the setup makes it possible to study the parameters of the pulse at any chosen 
location within a setup, thus allowing for real time optimization of the pulse 
characteristics. 

4.4. Transverse Single Shot Cross-Correlation Scheme: Laser Pulse 
Temporal Shape Measurement 

The transverse auto-correlation scheme presented in the previous section is applicable 
only to Gaussian laser pulses. When the temporal shape of the pulse in unknown (non-
Gaussian), one should use a cross-correlation scheme. For this purpose, we extend our 
technique based on transverse SHG to a cross-correlation scheme that allows the 
measurement of the duration and shape of ultrashort non-Gaussian laser pulses. This 
method combines the capability of typical single shot cross-correlation methods, where 
the spatially resolved nonlinear signal generated by the overlap between a reference and 
an unknown pulse yields information on the temporal cross-correlation signal, with the 
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advantages of the transverse detection of the cross-correlation trace provided by our TAC 
technique.  

The experimental set-up is schematically shown in Fig. 4.8 (a). The unknown pulse to be 
measured (P) with a non-Gaussian profile is overlapped with a Gaussian reference pulse 
(R) within a SBN crystal, in a characteristic single-shot cross-correlation scheme. The 
non-collinear interaction between the two pulses generates the TSHG shown 
schematically in the Fig. 4.8 (b). 

 

Fig. 4.8. (a) Schematic representation of the TSCC setup; (b) The unknown pulse is overlapped 
with the reference pulse and focused onto the SBN crystal with the intersect angle 2α; the vertical 

emitted TSHG signal from the top of the SBN crystal is detected by a CCD; the TSCC trace 
sequence at different x position (x0, x1…xn) constitute the TSCC trace set [52]. 

A CCD camera placed above the crystal records the spatially resolved TSH signal 
generated along the whole propagation distance within the crystal. The inset of Fig. 4.8(b) 
shows a typical TSH trace recorded by the CCD camera. This signal represents the spatial 
intensity cross-correlation trace, ICC(z), directly related to the temporal intensity cross-
correlation ICC(t). To retrieve the temporal cross-correlation trace from the corresponding 
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spatially dependent trace we must apply a calibration factor that depends on the geometry 
of the setup. This factor is obtained by measuring as a first step the auto-correlation trace 
of the reference pulse overlapped with itself. The ICC(t) between the reference pulse with 
the intensity IR(t) and the unknown pulse IP(t) can be mathematically represented by their 
convolution. The unknown pulse IP(t) may then be retrieve if we assume the reference 
temporal profile is known using the relation: 

 	 	 , (4.8) 

where  and 	denote the Fourier transform and its inverse, respectively. 

In our experimental set-up the pulses were generated by a Ti:Sapphire laser working at 
800 nm, with a duration of 180 fs (FWHM ). The pulse was divided into two identical 
replicas: one served as a reference pulse (R), while the second pulse was used to generate 
a controllable, non-Gaussian, “unknown” pulse. For this purpose we fabricated a double-
Gaussian pulse generator, based on a Michelson-type configuration, generating a 
controllable pulse profile from the overlapping of two temporally delayed Gaussian pulses 
(A and B in Fig. 4.8 (a)). The delay between the two pulses (Tsep) is controlled by moving 
the mirror M1 with a high precision motorized linear stage over a distance Dsep such that 
Tsep = 2Dsep/c, where c is the speed of light. The reference and the double-peaked unknown 
pulse were then overlapped inside a SBN crystal.  

As a first step we calibrated the “unknown” pulse. Zero delay calibration was obtained by 
scanning mirror M1 until the CCD image of TAC trace formed by the reference signal R 
and signal A overlapped completely with the CCD image of TAC trace formed by signal 
R and signal B. This measurement served to characterize the reference beam and provided 
the calibration factor between the spatial and temporal domains by using relation (4.9), as 
detailed in ref [51]: 

 	 	
	∆ 	

, (4.9) 

where ∆zAC is the FWHM width of the TAC trace sequence recorded by the CCD, while 
TAC is the FWHM duration of the TAC temporal signal. We obtained the space-time 
decoding factor to be 19.4 fs/pixel (1 pixel equal to 19.4 fs). This value will set the 
resolution of our measurements in this particular configuration. 

Experimental measurements of the TAC trace corresponding to the reference pulse are 
shown in Fig. 4.9 (a). The TAC signal at position x = 2 mm (Fig. 4.9 (b)) shows a reference 
pulse of 178 fs (FWHM). The apparent tilting of the traces is due to the fact that we used 
different zoom scales in the x and z directions in the plots, in order to better show the 
transverse dependence of the ICC traces. The experimental cross-correlation trace between 
the R and P pulses for Tsep = 300 fs is shown in Fig. 4.9 (c). The cross-correlation profile 
at x = 2 mm is plotted in Fig. 4.9(d), where the two-peaked asymmetric cross-correlation 
trace of the unknown pulse can be clearly seen. Using the same calibration factor obtained 
in the TAC measurement, one can directly retrieve the temporal cross-correlation profile, 
ICC(t), from the spatially resolved measurement ICC(z). Since the incident pulses are 
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affected by material dispersion during propagation inside the crystal, a dynamical 
evolution of the pulses can be detected and used to determine the pulse chirp, as shown in 
ref. [52]. This fact becomes relevant for pulses shorter than 100 fs, but it is not a limiting 
factor in our experiment, where dispersion lengths (LD) are 25 mm or larger. 

 

Fig. 4.9. (a) Recorded TAC trace set along the 5 mm SBN crystal; (b) The TAC trace sequence at 
x = 2 mm; (c) The CCD recorded TSCC trace set along the 5 mm SBN crystal; (d) ICC(t), the TSCC 
trace sequence at x = 2 mm; (e) IP(t), the retrieved unknown pulse sequence (blue dots), the 
Gaussian analytical fit (continuous red line), the original “unknown” pulse (pink dots) plotted used 
the experimental values of Tsep and the pulse duration for each single pulse [52]. 

The temporal profile of the unknown pulse can be retrieved by deconvolution between the 
ICC(t) experimental data and the reference pulse using equation (4.1). However, direct use 
of the discrete experimental profile data leads to the appearance of oscillations in the 
profile of the retrieved signal. For a smoother temporal profile we obtain first a fit of the 
experimental ICC(t) and also a fit of IR(t). These fitting functions were used to obtain the 
temporal pulse profile using equation (4.1).  

In principle, any fitting algorithm may be used to obtain a smoothed version of the 
experimental data. Here we use fitting functions for the cross-correlation data 
corresponding to a superposition of two Gaussian functions as follow: 

 	 	
/ √ / √

,  (4.10) 

where TsepCC is the pulses separation and Tcc the individual pulse duration at FWHM in 
intensity. 
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Fig. 4.9(d) shows the fitted curve in red where Tcc = 250 fs and the temporal separation 
TsepCC = 299 fs. The reference pulse was fitted using a Gaussian function, with  
TR = 178 fs: 

 	 	
/ √

. (4.11) 

Using these two functions and applying the deconvolution procedure, we obtained the 
retrieved unknown temporal pulse shown in Fig. 4.9(e) (blue dots). From the 
corresponding fit (red line), using the same functional form as equation (4.10), we can 
directly determine the unknown pulse peak separation TsepP = 299 fs, and the temporal 
duration of each individual Gaussian pulse, TP = 175 fs. These results are in very close 
agreement with the real values used in our experiment for the generation of the unknown 
pulse, Tsep and T. 

We have generated several different double-peak pulses by setting Tsep to 200, 267, 367 
and 1333 fs. Fig. 4.10 (a) shows the recorded TSCC traces along the SBN crystal for each 
pulse. The corresponding cross-correlation signals selected at the propagation distance  
x = 2 mm, are shown in Fig. 4.10 (b) together with the fitted curves (red line). The retrieved 
unknown temporal pulses are shown in Fig. 4.10 (c).  

We estimate the error between the retrieved and set values of the unknown pulse using 
the following expression: 

 	 	 . (4.12) 

The error found in the measurement shown in Fig. 4.9 war 1.9 %, while the values for the 
4 different cases shown in Fig. 4.10 were 4.4 %, 1.4 %, 0.6 % and 9.9 % respectively. 
These results show that the longer the pulse the larger the error, but all values remain 
under a 10 %.  

4.5. Limitations of the Technique 

In the development of the technique detailed in Sections 4.3 and 4.4 we have considered 
the overlapping of the interacting beams without any consideration regarding the spatial 
extent or the bandwidth and central wavelength of the beams to be characterized. We 
assumed a beam with no transverse spatial dependence and a random structure that can 
up-convert the entire fundamental beam frequency bandwidth. In order to evaluate the 
possible limitations in the applicability of this technique we need to look closer at these 
parameters and their effect on the resulting transverse SHG signal. 

The effect of the limited spatial extent of the beam is considered by assuming a more 
realistic model including a Gaussian spatial beam distribution also in the transverse 
direction as we explain in ref. [52]. The resulting auto-correlation or cross-correlation 
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functions can be expressed as a product of two contributions: a temporal term, which is 
the one obtained in the plane wave approximation for the beams, and a spatial term, which 
dictates a change in the resulting TSHG signal imposed by the not perfect overlapping of 
the beams. To check the relevance of this effect in our particular configuration, we should 
consider the beam size, R0, relative to the pulse duration, T0. We find two extreme 
situations: (i) when the condition / ≪ tan /  holds, the recorded transverse SH 
trace provides the direct mapping of the temporal pulse shape, with no limitation imposed 
by the finite beam size: (ii) when / ≫ tan / , the recorded correlation trace does 
not give a proper transverse autocorrelation function because the beam size limits the 
overlapping region. According to the duration of the pulses to be measured we need to 
consider these effects and decide the best configuration for the set-up. The angle between 
the beams intersecting inside the crystal becomes a crucial parameter, which we can use 
to control the spatial overlapping for a proper determination of the pulse duration. 

 

Fig. 4.10. (a) Recorded TSCC traces set along the SBN crystal when Tsep are 200, 267, 367  
and 1333 fs respectively; (b) TSCC profiles at the marked position in Fig. 4.10 (a); (c) retrieved 

shaped pulse sequence; (d) simulated TSCC trace set along the 5-mm SBN crystal [52]. 
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The bandwidth of the pulse to be measure and the transparency range of the nonlinear 
crystal also imposes limits. Here we have assumed that the available reciprocal lattice 
vectors distribution is wide enough to provide up-conversion of our beam within the 
transparency window of the crystal, which for SBN occurs between 380 nm and 4 microns 
approximately. This values indicate that the SBN crystal will absorb those frequencies of 
the SH signal below 380 nm and, consequently, no perfect bandwidth conversion will be 
realized. This fact imposes a limitation in the pulse durations we can measure when 
characterizing pulses at fundamental frequencies around 800 nm, since in this case the SH 
signal will be centered around 400 nm and the maximum possible converted bandwidth 
will be of the order of 40 nm. Thus, the absorption of the crystal imposes a lower limit of 
20 fs for the duration of the pulses which can be measured with this technique at 
fundamental wavelengths close to 800 nm. In the limit of long pulses is the spatial extent 
of the beams, as explained earlier, the main factor to be considered when applying this 
technique.  

4.6. Conclusions 

We have presented a review of our work related to ultrashort laser pulse characterization 
using the novel ideas of single-shot auto- and cross-correlation techniques. The methods 
are based on the utilization of the unique properties of transverse second harmonic 
generation originating in a crystal with random size distribution nonlinear domains. By 
imaging the auto-correlation trace of the SH signal emitted in the transverse direction, 
obtained by overlapping two non-collinear pulses, we determine pulse duration. We have 
implemented this procedure to pulse durations ranging between 20 fs up to 1 ps.  

Unlike other, well-established auto-correlation methods, the transverse configuration 
enables the observation and measurement in a -shot regime of the pulse evolution during 
its propagation in the crystal. This measurement, together with the dispersive parameter 
of the crystal, allow retrieval of the initial chirp parameter. The vertical emission of TSHG 
removes the requirement that the nonlinear crystal be thin, and enables one to measure the 
undistorted pulse at the entrance of the crystal. This setup can be used for real-time 
monitoring of the chirp content at the measurement position. For the wavelengths 
corresponding to the anomalous GVD region, g < 0 (k > 2 lm for SBN), one should 
observe pulse compression for up-chirped pulses instead of down- chirped pulses as in the 
cases discussed here. 

As an important characteristic, the property of automatic phase matching without angular 
alignment or temperature control makes the technique applicable to a broad wavelength 
range (limited only by the transparency window of the crystal), leading to enormous 
simplification of the operation process. Such type of nonlinear media can be used for 
nonlinear optical interactions with multiple input wavelengths or polarizations, without 
any further alignment or angular tuning due to available broad bandwidth provided by the 
random nonlinear photonic structure.  

Finally, we extended our method to perform transverse cross-correlation measurements 
for the characterization of temporal pulse profiles of complex non-Gaussian waveforms. 
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We measured several two-peaked Gaussian beams over a broad temporal window and 
studied the role played by factors such as incident angle and beam radius as error sources 
for the final resolution of this pulse measurement technique. We have also shown that it 
may be possible to perform measurements in the long pulse duration range at the expense 
of increased incident angle or/and expansion of the beam diameter.  
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Chapter 5 
Modeling the Interaction of Laser Beams 
with Plasma by using the FDTD Method 

Zhili Lin1 

5.1. Introduction 

Plasma is one of the four fundamental states of matter and the unique interaction of light 
with plasma is an interesting phenomenon. When the laser power is less than 2 21 W1  /cm0 , 
the dispersive and dissipative permittivity of plasma is often described by the conventional 
linear Drude model [1]. However, with the development of high-power laser technology, 
the pulsed laser beams can be focused with extremely high intensity of the order of 

0 22 W1  /cm0 . Thus in the past several decades, the complex interaction of high-power 
laser beams with plasma has been a subject of great interest for worldwide physicists since 
it is relevant for various important physical applications [2-4]. In the presence of high-
power laser beams, the spatial inhomogeneity of light intensity can exert the 
ponderomotive force on electrons. When the ponderomotive force applied to the electrons 
is comparable to the electron pressure gradient force, a significant nonlinear effect appears 
that is sensitive to the radiance distribution of laser beam [5, 6]. So far the main thrust of 
theoretical investigations have been directed to the study of nonlinear propagation 
characteristics of various types of laser beams that leads to the self-focusing phenomena 
in plasma [7-10]. However, the main research methods they usually used are to 
analytically solve the various scalar wave equations corresponding to different types of 
incident laser beams and the paraxial approximations are often applied to reduce the 
calculation complexity. Therefore, the obtained information about the vector nature of 
light fields of laser beams is limited and not so accurate for the case of a small focused 
beam with size in the order of several wavelengths and with a large diffraction effect. 
Fortunately, with the rapid progress of computer hardware, the finite-difference time-
domain (FDTD) method has become one of the most powerful numerical techniques in 
directly solving the Maxwell’s curl equations [11] and has been widely applied to model 
and solve optics and photonics problems [12]. In literature, the FDTD method is often 
applied to model the linear Drude model of plasma by using the popular FDTD approaches 
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for dispersive media, such as the auxiliary differential equation (ADE) approach [13], the 
bilinear-transform (BT) approach [14], the Z-transform (ZT) approach [15], the piecewise 
linear recursive convolution (PLRC) approach [16] and the Maclaurin series expansion 
(MSE) approach [17]. In this chapter, we try to simulate the conventional linear Drude 
model by the BT approach and simulate the modified nonlinear Drude model by the MSE 
approach together with the composite trapezoidal rule for extracting the time average of 
the square of light field. We also introduce the powerful total-field/scattered-field (TF/SF) 
technique [18] to generate the various types of laser beams based on the well-known 
equivalence principle [19]. Three numerical examples, corresponding to two different 
power levels of Gaussian laser beams and a high-power vortex Laguerre-Gaussian beam, 
propagating in collisional plasma, are presented under the specified laser and plasma 
parameters to verify the effectiveness of the proposed FDTD-based techniques. The 
simulation results show the anticipated self-focusing and attenuation phenomena of laser 
beams and the deformation of the spatial density distributions of electron plasma along 
the beam propagation path. Due to the flexibility of FDTD method in laser beam excitation, 
the proposed techniques have a wide application prospect in the study of complex laser-
plasma interaction. 

5.2. Physical Models of Plasma 

5.2.1. Linear Drude Model 

When the light intensity of laser beam is not so high, the interaction of laser beam with 
plasma is linear and the permittivity of plasma can be described by the conventional linear 
Drude model [1]. As a matter of fact, according to the conservation of mass and 
momentum theorem and the continuity equation of charge current, we can deduce that the 
electric polarization intensity of non-magnetized plasma is 
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with the electric susceptibility given by 
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As the heavy ions are often taken fixed due to their large mass, the dispersive 
characteristics of plasma is mostly determined by the electrons, so that the expression can 
be simplified to 
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where 
pe  is the electron resonant frequency given by 
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with 
en  the electron density, e  the elementary charge and 

em  the rest mass of electron. 
Eq. (5.4) is the so-called linear Drude model, which is often used to explain the transport 
properties of electrons in metals. 

5.2.2. Nonlinear Drude Model 

However, when the light intensity of laser beam is extremely high, the interaction of laser 
beam with plasma become a nonlinear process [20]. The charged particles would 
experience a nonlinear Lorentz force called the ponderomotive force [21] in the 
inhomogeneous oscillating electromagnetic fields of high-power laser beams. Since the 
ponderomotive force is inversely proportional to the mass of particle, the ponderomotive 
effect on ions is generally negligible with respect to that on free electrons. Thus such a 
nonlinear force redistribute the electron density in plasma until the balance is restored 
with the plasma pressure gradient force. For the normal incidence of laser beam on plasma, 

the ponderomotive force per unit volume, pf is determined proportionally by the gradient 

of light field intensity, 
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where 
L is the angular frequency of laser beam, 

e ( )n r  is the space-dependent electron 

density. 2 ( , )E tr  is the time average of the square of light field over one oscillating 

period. On the other hand, the plasma pressure gradient force per unit volume, pgf  is 

correlated with the electron temperature of plasma and the gradient of electron density, 

 pg B e e( ),k T n f r  (5.7) 

where 
Bk  is the Boltzmann's constant and 

eT  is the electron temperature given in kelvin 
and often taken to be constant for a pulsed laser beam incidence. In the steady state with 
equilibrium, the ponderomotive force balances with the pressure gradient force, 
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By integrating Eq. (5.8) from 
0n  to n, we obtain the expression for the electron density, 
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where 
0 ( )n r  is the initial electron density prior to the incidence of laser beam. Moreover, 

one has the space-dependent dispersive dielectric constant model of collisional plasma 
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where 2
pe e 0 e( ) ( ) /e n m r r is the space-dependent plasma (electron) resonance 

frequency. Consequently, the nonlinear, dispersive and dissipative dielectric constant 
function of plasma takes the form [22] 
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where 2 2
e B e L/ ( 2 )e m k T   is the exponential coefficient and p0 0 0 e( ) ( ) /e n m r r  is 

the initial plasma resonance frequency. It is noted that the permittivity is dependent on the 

quantity 2 ( , )E tr , the light intensity of laser beam, from which the nonlinear phenomena 

ensue, such as the self-focusing of laser beams [22, 23]. When the laser power is low, the 
exponential item in Eq. (5.11) approaches unit one and the nonlinear Drude model given 
by Eq. (5.11) reduces to the linear Drude model given by Eq. (5.4). 

5.3. FDTD Implementations of Models 

5.3.1. Implementation of Linear Drude Model 

First we try to implement the linear Drude model of plasm when the light power of the 
incident laser beam is low [24]. The corresponding constitutive relation of plasma 
corresponding to the linear Drude model given by Eq. (5.4) can be rewritten as 
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As previously mentioned in the introduction section, there are many approaches can be 
utilized to implement Eq. (5.12) in the framework of FDTD method. Here, one of the most 
accurate approaches, the bilinear transform (BT) approach, is utilized as the application 
example. First, we define the auxiliary quantity 
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By applying the bilinear transformation based on the substitution formula 
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with je tZ  , we have the discrete time-domain relationship between S  and E , 
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Noting that 1 1•n nZ  E E  and 1 1•n nZ  S S , one has the updating equation 
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is obtained, where the coefficients 2
1 p c/ ( 2 4 )C    , 

2 c4 / ( 2 )C     and

3 c c( 2 ) / ( 2 )C       with the normalized parameters 2 2 2
p p e t    and c c t   . By 

substituting Eq. (5.11) into Eq. (5.8), we finally obtain the updating equation for E , 

 1 2 1 2
0 1 2 3
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1
[ / (2 ) ].

1
n n n n n nC C C

C
       


E D E E S S  (5.18) 

5.3.2. Implementation of Nonlinear Drude Model 

We move on to implement the nonlinear Drude model described by Eq. (5.11) by using 
the FDTD method [25]. In this case, the Maclaurin series expansion (MSE) approach is 
applied to model the dispersive constitutive relationship [17] and we have 
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D D D
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where the normalized parameter  2 2 2 2
p0 p0 exp ( , )t E t     r  and the dimensionless 

coefficients 2
0 c c6 3a     , 2

1 c6 0 4a   , 2
2 c c 6 3a     , 3

0 c c7 2 3 6 3b     , 

1 144b    and 3
2 c c7 2 3 6 3b     . It should be noted that 

2
p0 is dependent on the time 
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average of the square of light field 2( , )E tr . So here the difficulty is how to extract 

2( , )E tr  in the discrete framework of FDTD algorithm. In fact, for the FDTD method 

with spatially interlaced Yee cells, the square of light field 2 ( , )E tr  can be approximately 

and averagely evaluated at the center of the  , , i j k th cubic Yee cell by 

 
2 2 2 2 2( , ) ( , ) ( , ) ( , ) ( , ),x y zE t E t E t E t E t   r r r r r     (5.20) 

where 
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where , ,x y z    are omitted in Eqs. (5.22-5.24) for compactness. Note that regardless of 
the polarization state of laser beam with oscillating light field, the time average of the 
square of light field over one oscillating period is equal to that over one-half period,. Thus 

2( , )E tr  can be calculated and updated in the interval of half period by [25] 
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where 
L L2 π /T   is the oscillating period and 

0t  is the initial time instant of integration. 
By applying the composite trapezoidal rule to calculate the half-period definite integral in 
Eq. (5.25), one obtains 
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in the time interval [( ) , ]
2

TN
n t n t   , where 

L /TN T t   is the number of time steps 

per period and is usually an even integer. If the spatial discretization number 
L /N x    

and the stability number 
CFL /n s c t    are defined, one has 

CFLTN n N  . Here, 
TN  is 

preferred an even integer because it can be demonstrated [26] that the relative error of  

Eq. (5.26) in numerically calculating 2( , )E tr  as compared with its analytical 

counterpart 2( , )E tr  determined by Eq. (5.25) diminished. 

5.4. Numerical Laser Beam Generation 

The FDTD numerical technique for the generation of laser beams with specified patterns 
and parameters is another important aspect in view of the study of laser-plasma interaction 
[24]. Without loss of generality, consider that the to-be-generated laser beam is associated 
with the electromagnetic fields, 

L ( , , , )x y z tE  and
L ( , , , )x y z tH , which are dependent both 

on time and space. The total field/scattering field (TF/SF) source condition popular for 
generating plane waves in FDTD method is applied here. According to the staggered 
structure of YEE cells, assume that the TF/SF interface is perpendicular to the z  axis and 
locates at 

s( 1 / 4 )z k z   , then the tangential components of the total electric field on 

the grid plane 
sz k z   at the time instant ( 1)t n t    can be updated by 

 ( 1) ( 1) ( 1/2)
t, s t, s FDTD L, s

1 1 1 1
( , , ) ( , , ) ( , , ),

2 2 2 2
n n n
x x y

t
D i j k D i j k H i j k

z
  

     


 (5.27) 

where 
( 1/2)
L,
n
yH 

 is the y component of magnetic field of the to-be-excited laser beam, 

 ( 1/2)
L, s L, s

1 1 1 1 1
( , , ) [( ) , , ( ) , ( ) ],

2 2 2 2 2
n
y yH i j k H i x j y k z n t            (5.28) 

on the grid plane 
s( 1 / 2)z k z   , and 

 ( 1) ( 1) ( 1/2)
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1 1 1 1
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2 2 2 2
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y y x
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D i j k D i j k H i j k

z
  

     


 (5.29) 

where 
( 1/2)
L,
n
xH 

represents the x  component of the magnetic field of the to-be-excited 

laser beam, 

 ( 1/2)
L, s L, s

1 1 1 1 1
( , , ) [ , ( ) , ( ) , ( ) ],

2 2 2 2 2
n
x xH i j k H i x j y k z n t            (5.30) 

on the grid plane 
s( 1 / 2)z k z   . On the other hand, the tangential components for the 

scattering magnetic field on the grid plane 
s( 1 / 2)z k z    at the time instant 

( 1 / 2)t n t    should be updated by 
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where 
( )
L,

n
yE  represents the y component of the electric field of the laser beam, 
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L, s L, s

1 1
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2 2
n
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on the grid plane 
sz k z  , and 

 ( 1/2) ( 1/2) ( )
s, s s, s FDTD L, s

1 1 1 1 1
( , , ) ( , , ) ( , , ),

2 2 2 2 2
n n n
y y x

t
B i j k B i j k E i j k

z
  

      


 (5.33) 

where ( )
L ,

n
xE  is the x  component of the electric field of the incident laser beam, 

 ( )
L, s L, s

1 1
( , , ) [ , ( ) , , ],

2 2
n
y yE i j k E i x j y k z n t        (5.34) 

on the grid plane 
sz k z  . For example, consider to generate a basic Gaussian laser 

beam with electric field given by 

 
2 2

0
L 0 02
( , , , ) exp sin ( ) ,

( ) 2 ( )( )

w r r
x y z t E t k z z z

w z R zw z

    
         

    
  E e  (5.35) 

where 2 /k   is the wave number, 
0E  is the magnitude of the electric field in the 

center of the beam waist, 
0w  is the waist size of Gaussian laser beam at 

0z z , 

0

2 2
0( ) 1 ( ) / Rw z w z z z    is the waist size of Gaussian laser beam with the Rayleigh 

length 
2

R 0 /z w  , 
2

0 R 0( ) ( ){1 [ /( )] }R z z z z z z     is the radius of curvature of the 

beam's wavefront, and 
0 R( ) arc tan[( ) / ]z z z z    is the Gouy phase. With the analytical 

expression for the electric field of laser beam given by Eq. (5.35), the corresponding 
magnetic field can be analytically derived or numerically calculated by the Faraday's law 
of electromagnetic induction 

 
L L

1
( , , , ) ( , , , )  d .x y z t x y z t t   

H E  (5.36) 

From Eqs. (5.35) and (5.36), we obtain the needed discrete data of light fields on the 
corresponding boundary planes that are ready to be used in Eqs. (5.27), (5.29), (5.31) and 
(5.33), respectively. This preparing process can be performed prior to the FDTD 
simulations. 
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5.5. Numerical Examples and Results 

5.5.1. Low-power Gaussian Laser Beam 

The first example goes to investigate the propagation characteristics of a Gaussian laser 
beam in collisional plasma [24]. The designed simulation configuration is shown in  
Fig. 5.1.  

 

Fig. 5.1. Configuration of FDTD simulation for Gaussian laser beam propagation in collisional 
plasma. Adapted from: Z. Lin, Proc. SPIE, Vol. 10016, 2016, pp. 100160W, © 2016 SPIE. 

The computation region is bounded by 10-cell perfectly matched layers (PMLs) [27] and 
filled by homogeneous plasma with the electron density

e ec1 / 3n n , where the critical 

density is 2 7 3
ec 9 .0 5 7 2 1 0 /mn    and the collision frequency is c pe0.03   are 

assumed. The y-polarized Gaussian laser beam with a maximum amplitude
5

0 1 10 V/myE    on the central waist plane is generated by using the TF/SF source 

condition and horizontally propagates in the homogeneous plasma to the right side. The 
discrete size of Yee cell is /12  and the time step is / 2t x c  , where c  is the speed 
of light in vacuum. Fig. 5.2 shows the simulation results for the spatial distributions of the 

electric field yE  and light intensity I . It is noted that the gradual attenuation of the laser 

intensity is apparent due to the absorption of laser energy by the plasma through the 
process of electron acceleration and the collision between electrons and heavy ions. 

5.5.2. High-power Gaussian Laser Beam 

The second example is configured for simulating the propagation of a high-power 
Gaussian beam in collisional plasma where the effect of ponderomotive force is taken into 
consideration [25]. In the 3D-FDTD simulation, the Gaussian beam generated by the 
TF/SF source condition is with the parameters

L 351 nm  , 1 0
0 2 1 0 V /mE    and 

0 L2w  , and the plasma is with the parameters 2 7 3
0 3 1 0 / mn   , 4

e 1 10 KT    and 
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c p00.01  . The total sizes of the computation region is 200200440 cells including 

the surrounding 20-cells-thick PMLs [27] to completely absorb the outgoing light waves. 
The spatial and temporal discretization parameters are 2 0N    and

CFL 2n  , so that

4 0TN  . The simulation results are shown in Fig. 5.3 and Fig. 5.4. The longitudinal-

section views of the spatial distributions of transient field component 
xE  and the light-

field magnitude of laser beam normalized to 
0E  and propagating in free space and in 

plasma over the xOz planes are illustrated in Figs. 5.3(a)-(b) and Figs. 5.3(d)-(e), 
respectively. The spatial distribution of plasma density normalized to 

0n  over the xOz  
plane is also shown in Fig. 5.3(f), which is determined by Eq. (5.4) with the extracted 

values of 2( , )E tr . It is noted that the Gaussian laser beam is focused in the plasma and 

the plasma density distribution is deformed by the ponderomotive force from its initial 
uniform distribution with a penetration length approximately

L12 . Fig. 5.4 shows the 
cross-sectional slices of the spatial distributions of light-field magnitudes normalized to 

0E  in the collisional plasma on the several specified cross-sectional planes. The light 
fields are with stochastic distributions on the cross-sectional planes along the propagating 
direction while the light energy is gradually absorbed by the plasma. 

 

Fig. 5.2. Simulation results for the spatial distributions of (a) the electric field ( , , )yE x z t  and (b) 

light intensity ( , )I x z  for the low-power Gaussian laser beam propagation in plasma with the linear 

Drude model. Source: Z. Lin, Proc. SPIE, Vol. 10016, 2016, pp. 100160W, © 2016 SPIE. 
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Fig. 5.3. The longitudinal-section views of the simulation results of the second numerical example. 
(a) The transient distribution of field component xE of Gaussian beam in free space (a) and in 

plasma (d) over the xOz plane; the normalized distribution of light field magnitude in free space 
(b) and in plasma (e); (c) free space without plasma; (f) the normalized density profile of plasma 
deformed by the ponderomotive force. Source: Z. Lin, X. Chen, P. Ding, W. Qiu, and J. Pu, Optics 
Express, Vol. 25, 2017, pp.8440-8449, ©2017 OSA. 

 

Fig. 5.4. The spatial distribution of light field magnitude of Gaussian laser beam in plasma on the 
several cross-section planes specified by the different z  values where L 20 z   . Source: Z. Lin, 

X. Chen, P. Ding, W. Qiu, and J. Pu, Optics Express, Vol. 25, 2017, pp.8440-8449, ©2017 OSA. 



  Advances in Optics: Reviews. Book Series, Vol. 2 

 124

5.5.3. High-power Vortex Laguerre-Gaussian Laser Beam 

The third numerical example is designed for investigating the ponderomotive interaction 
of a vortex Laguerre-Gaussian (vLG) beam with collisional plasma [25]. The boundary 
light field of the vortex Laguerre-Gaussian beam can be expressed in cylindrical 
coordinates ( , , z)   with the complex form [28] 

 
2

0 2
0 0

2
( , 0) exp exp(i ),

m

xz E m
w w

   
         

  E e  (5.37) 

where 
0E  and 

0w  are the characteristic amplitude and beam size, m  is the topological 

charge of the vortex beam that determines its orbital angular momentum ( m). In this 
simulation, the discretization parameters and the parameters of vLG beam and plasma are 
the same as the second example except that 

0 L1 .5w  and 2m  . Different initial phases 
are assigned to the various grids on the source plane according to Eq. (5.37). The 
simulation results of the spatial distributions of light fields and plasma density over the 
xOz plane are illustrated in Fig. 5.5 and Fig. 5.6.  

 

Fig. 5.5. The longitudinal-section views of the simulation results of the third numerical example. 
(a) The transient distribution of field component xE of vLG laser beam in free space (a) and in 

plasma (d) over the xOz plane; the normalized distribution of light field magnitude in free space 
(b) and in plasma (e); (c) free space without plasma; (f) the normalized density profile of plasma 
deformed by the ponderomotive force. Source: Z. Lin, X. Chen, P. Ding, W. Qiu, and J. Pu, Optics 
Express, Vol. 25, 2017, pp. 8440-8449, ©2017 OSA. 
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Fig. 5.6. The spatial distribution of light field magnitude of vLG laser beam in plasma on several 
cross-section planes specified by the different z  values where L 20 z   . Source: Z. Lin, X. Chen, 

P. Ding, W. Qiu, and J. Pu, Optics Express, Vol. 25, 2017, pp. 8440-8449, ©2017 OSA. 

The longitudinal-section views of the spatial distributions of transient field component 
xE  

and the light-field magnitudes of laser beams normalized to 
0E  and propagating in free 

space and in plasma over the  xOz  planes are illustrated in Figs. 5.5 (a)-(b) and  
Figs. 5.5 (d)-(e), respectively. The spatial distribution of plasma density normalized to 

0n  

over the xOz  plane is also shown in Fig. 5.5 (f). Fig. 5.6 shows the cross-sectional views 
of the spatial distributions of light-field magnitudes of laser beam normalized to 

0E  in the 
collisional plasma on the several cross-section planes. It is noted that the rotation of 
electron plasma and self-focusing phenomenon is manifested that makes the width of laser 
ring thinner and resists the diffraction effect of laser beam. Due to the vortex of laser beam, 
the penetration depths of laser ring at four azimuthal angles are found longer than that of 
others, such as the one illustrated in Fig. 5.5 (f) where the upper branch with 0   has 

more strong penetrating power. 

5.6. Conclusions 

In this Chapter, the FDTD method and the relevant numerical techniques are applied to 
modeling the complex interaction of both low-power and high-power laser beams with 
collisional plasma described by the linear and the modified nonlinear Drude model. The 
linear Drude model is implemented by the bilinear transform (BT) approach. The 
nonlinear Drude model is implemented by the Maclaurin series expansion (MSE) 
approach together with the composite trapezoidal rule to extract the time average of the 
square of light field. The FDTD formulation for the generation of the various types of 
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laser beams are also presented according to the full utilization of the TF/SF source 
condition. Three typical numerical examples of low-power and high-power laser beam 
propagation in plasma are presented. The obtained numerical results show the gradual 
attenuation of laser intensity due to the absorption of laser energy by the plasma. For high-
power laser beams, the anticipated self-focusing and attenuation phenomena and the 
deformation of the spatial density distributions of electron plasma along the beam 
propagation path are demonstrated. Since the FDTD method is flexible in the laser beam 
excitation, the complex interaction of various laser beams with plasma can be accurately 
simulated. The discussed techniques have a wide application prospect in the study of the 
laser-plasma interaction in a scale from several to hundreds of wavelengths. 
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Chapter 6 
Laser Separation and Recovery of Rare 
Earth Elements from Coal Ashes 

Tran X. Phuoc, Ping Wang and Bret H. Howard1 

6.1. Introduction 

Strategic minerals and rare earth elements are very important components in many 
technologies such as cell-phones, semiconductors, permanent magnets, wind turbines, etc. 
Traditionally, these valuable materials are extracted from natural mineral sources. 
Recently, however, it has been realized that, among many common elements, coal ash 
also contains rare earth elements whose concentrations could be enriched up to within the 
range of mineral ore deposits [1, 2].  

Generally, steps, which include initial acid leaching of ash materials, followed by material 
removal, separation, and purification are used to separate rare earth elements from coal 
ashes [2]. Since these separation steps use large amount of water, leaching acids, caustic 
precipitates and organic solvents, they generate significant waste streams that are 
potentially toxic and must be properly disposed of. For these reasons, there is a need for 
a safer, more environmentally friendly approach for rare earth recovery from coal ash. 

6.2. Laser Radiation Forces  

Since a photon carries both energy and momentum, when it interacts with a particle, 
photon-particle energy and momentum transfer occur resulting in mechanical forces 
acting on the particle. If the particle is absorptive, the energy transfer is significant, the 
particle is heated and a temperature gradient forms on its surface. In this case, the force is 
categorized as the photophoretic force due to the surrounding gas molecules that rebound 
off the particle surface at different velocities depending on the surface temperature at the 
impact site. If the particle is non-absorptive or weakly absorbs the photon, the momentum 
transfer during refraction and reflection of the photon becomes dominant. In this case, the 
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resulting force is called the photon pressure force which has been studied for particle 
trapping, manipulations, separation, and levitation [3-23].  

The photon force described above has been modeled using the wave optics [3-6] for 
particles sizes smaller than the laser wavelength. When the particle size is much larger 
than the laser wavelength, however, the photon pressure force can be determined by ray 
optics [7-15]. In this case, we consider the interaction between a particle and a loosely 
focused laser beam as shown in Fig. 6.1. The particle has the complex refractive index  
m2 = N2 – ik2, (N2 is the particle refractive index, k2 is the extinction coefficient) and it is 
illuminated by a Gaussian laser beam. The particle is located at a distance x from the beam 
waist. A light beam following ray OA reaches the particle at point A. At A, the beam 
partly reflects following ray AR and the rest will be absorbed and transmitted through the 
particle via multiple reflected rays A1, 12, 23… and multiple transmission beams 1T1, 
2T2, 3T3, 4T4, etc. 

 

Fig. 6.1. Geometrical representation of the ray-optics model for developing the force equations  
(d is the beam diameter, a is the particle radius, f is the focal length, wo is the beam waist, w is the 
beam width, r is the beam radius h is the distance from the particle to the beam center, x is the 
location of the particle in the x-direction, y is the vertical directionα is the beam divergent angle, 
βR is the reflection angle of AR, βT is the angle makes by the transmission beam with x-direction, 
and θ, θ1, and θ2 are angles, [23]). 

Let pOA, pAR, pA1, p12, p23, p1T, p2T, p3T be the photon momentum of ray OA, AR, A1, 12, 
23…, respectively, the photon momentum exchanges at A, 1, 2, 3… (1, 2, 3…N are the 
locations at which the ray is internally reflected and transmitted through the particle) are 
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If dF is the force acting on the particle due to ray OA, according to Newton’s law it is 
calculated as 

 .
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N
nA
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dF  (6.2) 

From Eq. (6.1) the force dF becomes 
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The x components of the force, defined as the force following the beam direction, is 
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The y component of the force in the direction perpendicular to the laser beam is 
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Since the curvature of the wave of a loosely focused laser beam can be negligible [11, 12], 
the photon streams are assumed to travel in the direction parallel to the laser propagation 
direction. Thus, by letting α = 0, we obtain the following results 
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and the axial and the radial components of the force become 
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Let the number of photons reaching the surface dA at A during the time dt be 

 ,p

IdAdt
N

h
  (6.14) 

where I is the laser beam intensity profile (W/m2) and it is approximated by 
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where Po is the total power of the beam (W), r is the radial distance from the beam’s axis 
and w is the beam width and it is calculated as a function of the beam waist wo, beam 
diameter d, and lens’ focal length as 
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If the focal region of the beam is assumed to be cylindrical in shape, the focal spot size, 
in terms of the beam waist wo is given as 

 2
.o

f
w

d




   (6.17) 

If the particle is at a distance h from the beam center, the radial distance r is approximated 
as 

  1 22 2 2sin 2 sin ,r h a ha      (6.18) 

with dA = a2sind, the number of photon carried by ray OA during time dt is 

 
2 2

2 2

2 2
exp sin .o

p

P a r
N d dt

h w w
 


 

  
 

 (6.19) 

Since each photon carries a momentum p = h/c1 = hn1/co (n1 is the refractive index of 
the medium in which the laser is propagating, co is the speed of light in vacuum), the 
photon momentum carried by ray OA during time dt is 
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The number of photons of ray AR is RNp where R is the reflectivity of the particle. The 
number of photon momentum carried by AR reflected at A is 
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The number of photons of the internal rays A1, 12, 23… is  1
2exp 2 .n

pR TN n k   

The number of photons of the transmitted rays is   2
21 2exp nkNTR p

n   where n is 

the number on the internal reflection, T is the particle transmissivity, T = 1 – R, and  is 
the distance of the internal reflected rays and it is given by Eq. (6.8). With Np given by 
Eq. (6.19), the momentum carried by the transmitted ray is 
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Using Eqs. (6.20), (6.21) and (6.22), Eqs. (6.12) and (6.13) become 
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The total force acting on the particle is 
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where the Fresnel reflectance R is given by 
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Shown in Fig. 6.2 are some examples calculated for Fy and Fx acting on a particle located 
at different locations across the laser beam for two locations along the beam propagation 
axis: x = 0 is the location at the beam waist, x > 0 is the location away from the beam 
waist. It is clear that the magnitudes of the scattering force Fx and the gradient force Fy 
acting on the particle located across the laser beam were always symmetrical around the 
beam center and they decreased significantly in the direction of the beam propagation. 
The scattering force is always positive while the gradient force is negative when the 
particle is in the upper half of the laser beam and it becomes positive when the particle is 
in the lower half of the beam. Therefore, the gradient force is the only component of the 
radiation pressure that tends to push the particle toward the beam center. For a horizontally 
propagating beam, such as the case presented here, this is the only force component that 
acts in the direction of the gravity force when the particle is in the upper half and against 
the gravity force when the particle is in the lower half. Thus, if it is greater than the gravity 
force, the particle will remain in the laser beam and be transported along the beam 
propagation direction by the scattering component. For example, the typical results 
presented here indicate that Fy is greater than the gravity force Fg at the beam waist,  
x = 0. Thus, the particle will remain within the laser beam and travel along the laser beam. 
Since the beam width expands in the propagation direction, the magnitudes of both Fy and 
Fx decrease and Fy might become less than Fg as typically shown in Fig. 6.2 at  
x = 1.5 mm. In this case, the particle will drop out of the laser beam.  

 

Fig. 6.2. The scattering and the gradient components of the photon pressure acting on a particle 
(N1 = 1, N2 = 1.5, k2 = 0.0, ρp = 3000 kg/m3, λ = 532 nm, Po = 1.5 W, beam diameter d = 6 mm, 

focal length f = 500 mm, particle radius = 5 μm, [23]). 
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The effects of the particle refractive index, N2, on the radiation pressure are shown in  
Fig. 6.3. As it is shown, when N2 increased, the direction of the forces did not alter. The 
magnitude of the scattering force, however, increased significantly while that of the 
gradient force decreased moderately. Since the gradient force is the principal force that 
offsets the gravity force to retain the particle within the laser beam, the decrease in the 
gradient force with increasing N2, although it is moderate as shown in Fig. 6.3, will have 
a significant impact on laser particle transport and separation. 

Effects of the extinction coefficient k2 on the gradient force Fy and the scattering force Fx, 
are shown in Fig. 6.4.  

 

Fig. 6.3. Effect of the refractive index N2 on the scattering and the gradient components  
of the photon pressure acting on a particle (N1 = 1, k2 = 0, ρp = 3000 kg/m3, λ = 532 nm,  

Po = 1.5 W, beam diameter = 6 mm, focal length = 500 mm, particle radius = 5 μm, [23]). 

 

Fig. 6.4. Effect of the extinction coefficient k2 on the scattering and the gradient components  
of the photon pressure acting on a particle (N1 = 1, N2 = 1.5, ρp = 3000 kg/m3, λ = 532 nm,  
Po = 1.5 W, beam diameter 6 mm, focal length f = 500 mm, particle radius = 5 μm, [23]). 
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The results show that an increase in k2 leads to an increase in the magnitude of Fx and a 
decrease in the magnitude of Fy. The pronounced effect observed here, however, is the 
change in the direction of the gradient force Fy. For values of k2 less than 0.01, the gradient 
force was attractive with negative values on the particle located in the upper half and 
positive values on the particles located in the lower half. In this case, the force will pull 
the particle toward the beam center. For k2 = 0.1, it became repulsive with positive values 
acting on the particle located in the upper half and negative values on the particle in the 
lower half. In this case, the force will push the particle away from the laser beam. Thus, 
comparing with a transparent or less absorptive particle, a highly absorptive particle might 
possibly travel with a shorter distance because it can be pushed out of the laser beam 
before it is effectively pushed downstream by the axial forces. 

6.3. Laser-Induced Motion of Particles 

When a particle is exposed to a laser beam it will experience different forces and its motion 
induced by the laser beam can be described by the following equations 
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The x-component velocity, vx and the y-component velocity, vy are 
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where Fg is the gravity force and it induces the particle downwards motion, Fd,x and Fd,y 
are the resisting forces due to the medium viscosity and act against the particle motion in 
x and y-directions, respectively. These forces are 
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where ρp is the particle density, a is the particle radius, g is the gravitational accelerator 
and μ is the viscosity of the medium. Fx and Fy are the scattering and the gradient 
components of the photon pressure force, Eqs. (6.27) and (6.28), respectively. As 
described by Eqs. (6.30) to (6.31), when a particle is dropped into a laser beam, its motion 
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is induced by the scattering force, gradient force, the gravity force, and the drag force. Its 
axial travel distance, therefore, depends on whether it can be retained within the laser 
beam or not. As the particle is in the upper half of the laser beam, the gradient force is 
negative. Thus, while moving in the laser propagation direction due to the scattering force, 
it is also moving downwards due to the gravity force and the gradient force. As the particle 
passes the beam centerline into the lower half, the gradient force becomes positive acting 
against the gravity force. Thus, if the magnitude of the gradient force is less than that of 
the gravity force, the downwards motion continues and the particle will drop out of the 
laser beam. On the other hand, if the magnitude of the gradient force is greater than that 
of the gravity force, the downwards motion is reversed. In this case, the particle is pushed 
upwards and is retained in the laser beam moving along with the direction of the laser 
propagation. Since both the gradient force and the axial force decrease as the particle 
moves horizontally with the laser beam, the particle will regain the downward motion, 
and eventually dropping out of the laser beam when the gradient force has decreased to 
less than the gravity force. 

6.4. Laser Separation and Recovery of Rare Earth Elements  
from Coal Ashes  

Beside parameters such as particle size, shape, medium properties, the magnitudes and 
directions of the radiation forces depend significantly on the particle optical properties. 
When a laser beam is directed onto a coal ash cloud, the optical properties of the various 
materials present impact their interactions with the beam. The various compounds present 
in the ash, including the rare earth compounds, have different optical properties. For this 
study, a series of primarily oxides were selected based on the availability of optical data 
as shown in Figs. 6.5 (a) to 6.5 (d). These oxides will move under irradiation by the laser 
beam and displace at different speeds, in directions, and for different distances, resulting 
in spatial separations. As an example, the results for the laser-induced motion of some 
common oxides, rare earth oxides as well as several other oxides of interest are shown in 
Table 6.1. The calculations were carried out using quiescent air as a medium (T = 300 K,  
μ = 18.46 × 10-6 N-s/m2, ρ = 1.177 kg/m3) and a laser beam of 6 mm in diameter focused 
with a 500 mm focal length lens. The trajectories of some rare earth oxides and alumina 
are also presented in Fig. 6.6.  

It is clear that all compounds travelled for different distances which varied from about  
0.1 to about 4 mm with a Po of 1.5 W. The shortest travel distances were obtained for 
Lu2O3 and Yb2O3 while SiO2 and KCl had among the longest. The separation distances 
between these elements varied from few micrometers to several millimeters and it became 
larger as the laser power increased. Although element density has some affects, the effect 
of the refractive index was seen to be significant because it has a substantial effect on the 
gradient force as shown in Fig. 6.3. For example, the travel distance obtained for TiO2 
with N2 = 2.82 was 1.643 mm for Po = 1.5 W and 3.080 mm for Po = 3 W. For the same 
laser powers, GeO2, with N2 = 1.612, traveled longer distances (2.349 mm for Po = 1.5 W 
and 4.112 mm for Po = 3 W) even though it is much more dense than TiO2 (density of 
GeO2 is 4250 kg/m3 and the density of TiO2 are 3970 kg/m3).  
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Fig. 6.5 (a). Refractive index of Al2O3, CaCO3, Dy2O3, and GeO2 as a function of wavelength. 

 

Fig. 6.5 (b). Refractive index of HfO2, KCl, La2O3, and Lu2O3 as a function of wavelength. 
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Fig. 6.5 (c). Refractive index of MgO, SiO2, Ta2O5, and TeO2 as a function of wavelength. 

 

Fig. 6.5 (d). Refractive index of Yb2O3,Y2O3, ZnO, and ZrO2 as a function of wavelength. 
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The important result presented here is that Ho, Lu, Tm and other rare earth oxides were 
seen to concentrate in the upstream region while all mineral oxides concentrated in the 
downstream region of the laser beam deposition area. These two regions were separated 
by about 300 µm for Po = 1.5 W and 500 µm for Po = 3 W. As far as separation of rare 
earth elements from coal ashes is concerned, this result is promising. Since laser 
parameters such as beam shape, beam diameter, focal length, etc. also have significant 
effects on the separation distance, optimization of parameters could significantly improve 
the degree of separation achieved and may enable a separation/concentration system for 
rare earth compounds to be developed.  

Table 6.1. Travel distances from the beam waist showing that Ho, Lu, Tm and other rare earth 
oxides concentrated in the upsteam region while all mineral oxides concentrated in the downstream 
region. These two regions are separated by about 300 m for P0 = 1.5 W and 500 m for P0 = 3 W 
(N1 = 1,  = 532 nm, beam diameter = 6 mm, focal length = 500 mm, particle radius = 5 m. 
Particle in still air at 300 K,  = 18.46 × 10-6 N-s/m2,  = 1.177 kg/m3 [23]). 

 

6.5. Experimental Observations 

The experimental apparatus constructed to test the separation of model compounds by the 
laser photophoretic effect is shown in Fig. 6.7. The primary components of the apparatus 
consist of a continuous wave (CW) diode-pumped solid-state laser, a particle feeder, and 
a separation glass cell. A CW laser beam (532 nm wavelength and 6 mm in diameter) was 



Chapter 6. Laser Separation and Recovery of Rare Earth Elements from Coal Ashes 

 141 

used. The laser beam was focused and delivered into the separation cell using a 75 mm 
focal length lens. Coal ash particles were fed into the cell at the laser beam focal plane. 
They were pushed horizontally in the laser beam propagation direction. Tests were 
conducted using Fe2O3, and Al2O3.  

 

Fig. 6.6. Travel distances for some elements (N1 = 1, λ = 532 nm, beam = 6 mm, focal length  
f = 500 mm particle radius a = 5 μm, Particle in still air at 300 K, μ = 18.46 x 10-6 N-s/m2,  

ρ = 1.177 kg/m3, [23]). 

 

Fig. 6.7. Laser separation of rare earth compounds apparatus. 

Fig. 6.8 illustrates a typical particle separation distribution achieved. These results show 
that when the ash particles were dropped into the laser separation chamber, they interacted 
to different degrees while moving in the direction of laser propagation. Particle motion 
was observed by camera. Fig. 6.8 illustrates the movement of four particles, designated as 
(a), (b), (c), and (d), over a period of time starting from a reference time, t. About 0.06 s 
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later, particle (a) was seen to surpass particle (d) and it dropped out of the laser beam at 
time t + 0.28 s. Particle (d) continued to move and got closer to particles (b) and (c). It 
also disappeared at t + 0.54 s after traveling a about twice as far as particle (a). Particle 
(b) travelled further and dropped out of the laser beam at about t + 1 s. Particle (c) travelled 
faster than particle (b) and remained in the laser beam for 1.22 s. This observation clearly 
illustrates that coal ash particles interact to different degrees with the laser beam and are 
transported and spatially separated from each other depending on the particle optical and 
physical properties. Future investigations will be focused on actual rare earth minerals 
such as phosphates that could be present coal ashes rather than model systems. Particles 
separated will be characterized to determine their compositions. Results will be correlated 
with the theoretical predictions.  

 

Fig. 6.8. Particle motion induced by interaction with the laser beam. 

6.6. Conclusions 

A numerical study to explore the feasibility of laser separation for recovery of rare earth 
elements from coal ashes was conducted. The calculations were performed for selected 
rare earth oxides and common oxides as models for coal ashes. The results indicate that, 
through laser interaction, the oxide particles were moved along the laser propagation 
direction dropping out of the laser beam into areas with a separation of several millimeters. 
The rare earth oxides were seen to concentrate in the area near the beam waist while the 
mineral oxides mainly concentrated in the area further away from the beam waist. This 
result suggests a new potential separation method for rare earth compounds in coal ashes 
without the use of corrosive and toxic reagents.  
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Chapter 7 
Relativistic Photoionization Driven by Short 
Laser Pulses 

K. Krajewska, F. Cajiao Vélez and J. Z. Kamiński1 

7.1. Introduction 

Since the discovery of the photoelectric effect and the introduction of the quantum theory, 
the interaction between light and matter has played a fundamental role in modern physics, 
both from the theoretical and experimental points of view. With the development of lasers 
and the access to coherent light sources of large intensities, the door to a new regime of 
laser-matter interactions was opened, the strong-field physics. When an atom is placed in 
an intense laser pulse, non-linear effects start to be observed (see, e.g., [1] and references 
therein); among them, one can mention the generation of optical harmonics [2-4] and 
multiphoton ionization of neutral atoms [5, 6] or molecules [7]. However, the traditionally 
used perturbation theory was unable to predict important non-linear phenomena. It was 
only until the advent of the so-called strong-field approximation (SFA), also know as the 
Keldysh-Faisal-Reiss theory [8-10], that a new formalism was able to qualitatively 
describe the photoionization process driven by intense laser fields. Nevertheless, when the 
intensity of those fields is large enough ( 1810  2W / cm  and beyond), relativistic and spin 
effects start to play an important role in the photoionization dynamics. In such case, the 
relativistic strong-field approximation (RSFA) [11] needs to be considered. Note that the 
construction of large facilities such as ELI [12] or XCELS [13], which will be able to 
produce laser fields with intensities up to 2310  2W / cm , would allow the observation of 
important relativistic effects in photoionization. We believe, therefore, that some of the 
predictions presented in this chapter will be soon confirmed experimentally. 

During the last decade, many efforts have been undertaken to develop systems capable of 
generating sub-relativistic and relativistic ultrashort electron pulses. Such interest has 
been motivated by their application in the so-called four-dimensional ultrafast electron 
microscopy [14-18]. The latter uses a source of coherent electron bunches of short 
duration to image the ultrafast changes taking place during chemical reactions  
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[14, 19, 20], nanostructural dynamics [18, 21], phase transitions in crystals [22-26], etc. 
However, the attainment of those ultrashort wave packets at the position of the sample 
presents many experimental challenges. For instance, the Coulomb repulsion among the 
electrons constituting the bunch leads to its temporal broadening (see, e.g., Refs. [17, 22, 
25, 27, 28], and references therein) and, therefore, it becomes difficult to maintain a high 
temporal resolution using many-electron pulses without further compression (see, the 
discussion in Refs. [17, 25]). In order to eliminate the space-charge effects, the use of a 
series of single-electron pulses has been considered [18, 25, 27-30]. We have recently 
demonstrated that such single-electron ultrashort wave packets can actually be obtained 
from the photoionization of ions in intense, short, and circularly (or, in general, 
elliptically) polarized laser pulses [31-34]. This topic will be presented in the final part of 
this chapter. 

It is the aim of this chapter to analyze the strong-field ionization of hydrogen-like ions 
driven by short and circularly polarized laser pulses, under the scope of the RSFA  
(Section 7.2). As it was initially done by Keldysh [8], the saddle-point treatment of the 
integrals defining the probability amplitude of photoionization is used as a tool to interpret 
our numerical results. We also present an approximate solution to the saddle-point 
equation, which predicts that the maximum of the momentum distribution of emitted 
photoelectrons follows a three-dimensional curve in momentum space, the so-called 
spiral of ionization [34] (Section 7.3). In Sections 7.4 and 7.5 we present the energy 
spectra of photoelectrons and the energy-angular probability distributions in the RSFA. 
We show that they are characterized by the presence of interference-dominated or 
interference-free structures. In Section 7.6, we discuss the possibility to obtain ultrashort 
single-electron wave packets from those structures. Finally, in Section 7.7, we present our 
concluding remarks. 

Throughout this chapter, we use units such that =1 . For the Feynman slash notation we 
use ˆ =a a

 , where a  is an arbitrary four-vector and   are the Dirac gamma matrices. 

7.2. Relativistic Strong-Field Approximation 

In this section, we present the RSFA formalism for the photoionization of hydrogen-like 
ions driven by intense and short laser pulses [31]. The exact probability amplitude for the 
transition of an electron from the bound state i ( ) x  to the continuum, under the influence 

of the laser pulse described by the four-vector potential R ( )A x , is given by [11, 31]  

 
0i( / )4 0

fi f R i= i d e ( ) ( ) ( ).
E c x

x x eA x
   ˆ x  (7.1) 

Here, 0E  is the ground-state energy of the ionic system and f ( )x  is the bispinor 
representing the exact final scattering state. The latter is the solution of the Dirac equation 
accounting for the interaction of the electron with both the laser pulse and the Coulomb 
potential created by the nucleus, ( )V x . Namely, it satisfies the equation  
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 e f
ˆˆ(i ( ) ) ( ) = 0,e x m c x     (7.2) 

where ( )x  includes the two interactions,  

 0 R

1
( ) = ( ) ( ).x V A x

ec
    x  (7.3) 

While the time-independent ground state bispinor of a hydrogen-like ion can be found in 
textbooks (see, for instance [35]), the solution to Eq. (7.2) can only be obtained 
numerically, provided that the laser field is not too intense. Therefore, in order to calculate 
the probability amplitude of ionization, further approximation has to be done. 

As it is usually done in the strong-field theories, the exact scattering state is approximated 
as the zeroth-order term of its Born expansion with respect to the binding potential. This 
approximated state, now denoted as (0)

f ( )x , is obtained as the solution of the Dirac 
equation only in the laser field, i.e.,  

 (0)
R e f

ˆ ˆ(i ( ) ) ( ) = 0.eA x m c x     (7.4) 

Additionally, in order to solve analytically Eq. (7.4), the so-called plane-wave-fronted 
pulse approximation (PWFA) needs to be applied. In this approximation, the laser pulse 
has a finite extension in the propagation direction, which we denote as n , but it extends 
to infinity in the plane perpendicular to this direction. In such case, the most general four-
vector potential describing a laser pulse, in the velocity gauge, is  

 R 0 1 1 2 2( ) ( ) = [ ( ) ( )],A x A k x A f k x f k x       (7.5) 

where 0 0= (1, )k k k nn  is the wave four-vector with 0 = /k c . Here,   is the so-
called fundamental frequency of laser field oscillations and it relates to the duration of the 
pulse pT  as = 2 / pT  . Furthermore, ( )if k x  ( = 1,2i ) are two arbitrary functions 

which vanish for 0k x     and 2  ,   being the phase of the field. Additionally, 

= (0, )i i   are two polarization four-vectors satisfying the following conditions, 

=i j ij     and = 0jk  . 

Now, according to our definition of the laser pulse (7.5), the Dirac equation (7.4) reads  

 (0)
e 1 1 2 2 e f

ˆ ˆ ˆ{i [ ( ) ( )] } ( ) = 0,m c f f m c x          (7.6) 

where 0 e=| | /( )eA m c  represents the amplitude of the vector potential in relativistic 
units. The analytical solution to this equation is called the Volkov state [36]. It describes 
the quantum-mechanical behavior of a free electron of momentum p  and energy 

2 2 2
e= ( ) ( )E m c cp p  in the laser field (7.5). Such state, denoted since now on as 

( ),x p is given by [31, 37, 38]  
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2

i ( )e e
1 1 2 2

ˆ ˆˆ ˆ( ) = (1 [ ( ) ( ) ])e ,
2

S xpm c m c
x f k x k f k x k u

VE p k 


  


   
p p

p

 (7.7) 

where  

 e
1 1 2 20

( ) = d [ ( ( ) ( ))
k x

p

m c
S x p x pf pf

p k


    


       

  

 
2

2 2e
1 2

( )
( ( ) ( ))].

2

m c
f f

p k

    


 (7.8) 

Here, V  is the quantization volume, =   represents the spin state of the scattered 
electron, and u p  is the Dirac free-electron bispinor. 

At this point, let us stress that the RSFA is applicable when the photoelectron kinetic 
energy is much larger than the ionization potential of the undisturbed hydrogen-like ion, 
i.e.,  

 2 2 2 2 2
e e e 0( ) ( ) .m c c m c m c E  p   (7.9) 

Therefore, the analysis presented in the remaining part of this Chapter, is valid provided 
that Eq. (7.9) is fulfilled. 

7.2.1. Probability Amplitude of Ionization in the RSFA 

As it was mentioned above, the probability amplitude of ionization in the RSFA is 
obtained by replacing the exact scattering state in Eq. (7.1) by the Volkov solution (7.7). 
It can be further rewritten by introducing the Fourier transform of the bound state, i ( ). q  

As the result, the spin-resolved probability amplitude of ionization in the RSFA becomes  

 
3

4 i
R i3i

d ˆ( ) = i d e ( ) ( ) ( ),
(2 )

q xq
x x eA x  

      pp q  (7.10) 

where i  represents the initial spin state of the electron and 0= ( / , )q E c q . By inserting 
the explicit expression for the Volkov state (7.7) into (7.10), and using the relations 

ˆ ˆˆ ˆ =j jk k   and 1 2 2 1
ˆ ˆˆ ˆ ˆ ˆ = 0k k    , we obtain that the probability amplitude in the RSFA is 

given by (see, [31])  

 
3

i ( ) i4
3i i

d
( ) = d e ( ),

(2 )

S x q xpq
x M k x   

 
  p   (7.11) 
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with  

 1 1 2 2i
ˆ ˆ( ) = [ ( ) ( )M k x u f k x f k x       p  

 2 2e
1 2 iˆ([ ( )] [ ( )] ) ] ( ),

2

m c
f k x f k x n

p n


    


 q  (7.12) 

and  

 
2

e
e= i .

m c
m c

VE


p

  (7.13) 

Now, in order to proceed with the integration in Eq. (7.11), we introduce the so-called 
light cone variables. Those variables, defined with respect to the unit vector n , are: 

=x n x , 0=x x x   , 0= ( ) / 2x x x   , and = x x x n . Note that, according to 

those definitions, x  and x  are the projections of the spatial components of x  onto n  
and the plane perpendicular to it, respectively. Furthermore, the scalar product between 
two four-vectors a  and b  is =a b a b a b        a b  and the space-time integration 
measure 4 2d = d d dx x x x   . In particular, note that in the light-cone coordinates the pulse 

phase 0= =k x k x  . This makes it possible to perform most of the integrals in  

Eq. (7.11). We also introduce here the laser-dressed four-momentum p  [39-41], which 
is defined as  

 
2

2 2e e
1 1 2 2 1 2

( )
= ( ) ( ) ,

2

m c m c
p p p f p f k f f k

p k p k

 
              

 
 (7.14) 

where the brackets ...   represent the time-average of a function over the pulse duration. 
Thus,  

 
2

0

1
= d ( ),

2
F F


 


    (7.15) 

for an arbitrary function ( )F   which vanishes for < 0  and > 2  . Note also that the 

momentum ,p  as defined in Eq. (7.14), satisfies  

 = and = .p p   p p  (7.16) 

Taking this into account, we now rewrite the function ( )pS x  in (7.8) in the following way,  

 0( ) = ( ),p pS x p x p x G k x         p x  (7.17) 

where ( )pG   vanishes at the beginning and at the end of the pulse, i.e.,  

 (0) = (2 ) = 0.p pG G   (7.18) 
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This property is important for our further derivations, as it will become clear shortly. 
Furthermore, from (7.8), (7.14) and (7.17), it can be shown that the explicit form of the 
function ( )pG   is  

 e
1 1 1 2 2 20

( ) = d [ ( ( ( ) ) ( ( ) ))p

m c
G p f f p f f

p k

 
                

  

 
2

2 2 2 2e
1 1 2 2

( )
( ( ) ( ) )].

2

m c
f f f f

p k


         


 (7.19) 

Now, by using the relation (7.17), the probability amplitude (7.11) can be written in a 
more suitable way. Namely,  

 
2

2 0
3i i

d d
( ) = d d d ( )exp{i[( )

(2 )

q q
x x x M k x p q x   


        p



  

 0( ) ( ) ( )]}.pp q x G k x           p q x  (7.20) 

As the variables x  and x  neither appear in the function 0

i
( )M k x 

 , nor in  
0( )pG k x , it is possible to directly perform the integration over those coordinates. This 

leads to a three-dimensional Dirac delta function which defines the following 
conservation relations,  

 = and = .p q   p q  (7.21) 

Thus, the integrals in momentum in Eq. (7.20) become trivial. 

In order to proceed with the integration over x , we use now the following Fourier 
decompositions, which are defined for = 1, 2j  and [0,2 ]   [39, 40],  

 ( ,0) i
1

=

[ ( )] exp[i ( )] = e ,j j N
p N

N

f G G  





  (7.22) 

 (0, ) i
2

=

[ ( )] exp[i ( )] = e .j j N
p N

N

f G G  





  (7.23) 

Note that, thanks to the property (7.18) of the function ( )pG  , the above expansions are 

uniformly convergent, which is necessary for our analysis. Now, from (7.22) and (7.23) 
together with the explicit form of the function 

i
( )M    [Eq. (7.12)], we can write the 

probability amplitude in the RSFA [Eq. (7.20)] in terms of an infinite sum. Namely,  
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 0 02 i /

0i 0
=

d
( ) = e

p q Nk k

N k

 

 
   


  p   

 (1,0) (0,1) (2,0) (0,2)e
1 2 iˆ ˆ ˆ[ ( ) ] ( ),

2N N N N

m c
u G G G G n

p n


     



p Q  (7.24) 

where  

 0 0= ( ) .q p Q p n  (7.25) 

This quantity, which arises from the conservation relations (7.21), presents clear 
signatures of radiation pressure in the relativistic ionization, as it follows from [31]. In the 
non-relativistic SFA and the dipole approximation, where no radiation pressure effects are 
expected, one always obtains =Q p . In contrast, when the Coulomb-corrected RSFA is 

considered (see, e.g., [42]), a shift in momentum by the vector 0 0( )q p n  is observed. 
This term, together with the recoil corrections, accounts for the radiation pressure 
experienced by the photoelectrons [43].  

Finally, by performing the integral over the phase   in Eq. (7.24), we obtain that the 
probability amplitude of photoionization in the RSFA, for the laser pulse described in 
(7.5), is  

 
i i

( ) = ( ),    p p  (7.26) 

where the function 
i

( )  p  is given by  

 

0 02 i( )/

0i
=

e 1
( ) =

i( )

p q Nk k

N

u
p q Nk



  

  

 



  pp  

 (1,0) (0,1) (2,0) (0,2)e
1 2 iˆ ˆ ˆ[ ( ) ] ( ).

2N N N N

m c
G G G G n

p n


     


 Q  (7.27) 

Moreover, from those formulas, the spin-dependent total probability of ionization, 
i  , 

can be calculated directly. It is done by integrating the modulus-squared of the amplitude 
(7.26) over the density of final electron states, 3 3d / (2 )V p  ,  

 
3 3

2 2e
3 0i i

( ) d
= | ( ) | .

(2 )

m c p

p   
   p  (7.28) 

Now, by noting that 

 
23

2 2
0

d | |dd | |
= | | = d d ,

p
c E

p E c


p

p p
p

p p
p  (7.29) 
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we obtain the spin-resolved triply differential probability distribution,  

 
3 3

2 2ei
2 3 i

d ( ) ( )
= | | | ( ) | .

d d (2 )

m c

E c

 
 







p p

p
p p


 (7.30) 

In atomic units it reads  

 
3

2 2 i
e 2i

d ( )
( ) = ,

d d
m c

E

 
  




p p

p
p


 (7.31) 

where   is the fine-structure constant. Now, the spin-independent probability 
distribution ( ) p  is obtained from (7.31) by adding the values corresponding to the final 
spin degrees of freedom while averaging with respect to the initial spin degrees of 
freedom. Thus,  

 
4

2 2 2e
3i i

, = , =i i

( )1
( ) = ( ) = | | | ( ) | .

2 2(2 )

m c
   

   

 
 

   p p p p  (7.32) 

Even though this formula allows us to calculate the function ( ) p  in the RSFA 
framework, its numerical treatment requires a large amount of computational resources. 
In Section 7.2.2, we will show that the saddle-point approximation of one of the integrals 
in Eq. (7.11) leads to a much simpler expression, which is also in good agreement with 
(7.32). 

As it was stated before, our treatment is valid provided that (7.9) is fulfilled. Furthermore, 
the application of the PWFA precludes the use of tightly focused laser pulses for the 
experimental observation of our findings. This is due to the fact that, for the PWFA to be 
applicable, the electron should experience a relatively constant transverse behavior of the 
laser field during the pulse duration. 

7.2.2. Probability Amplitude of Ionization in the Saddle-Point Approximation 

In the previous section, we have presented the formulas which determine the probability 
distribution of photoelectrons in the RSFA. Here, we introduce the saddle-point analysis 
of the probability amplitude, which can be used to interpret the exact results derived from 
the formalism introduced in Section 7.2.1. 

Let us come back to Eq. (7.11) which, in terms of the light-cone coordinates, takes the 
form  

 
3

2 2 i( ) i( )
0 3i 0

d
( ) = d d d e

(2 )
p q xq

x x
k



  


             p q xp


 

 i ( )

i
e ( ),G M

    (7.33) 
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where 
i

( )M    is presented in (7.12). However, contrary to our previous derivations, we 

do not introduce here the laser-dressed momentum, but we define a new function ( )G   

as  

 2 2
0 1 1 2 2 1 20

( ) = d [ ( ) ( ) ( ( ) ( ))],G g g f g f h f f


              (7.34) 

where  

 
2

e
0 e0

( )
= , = , and = for =1,2.

2
j

j

pm cp q
g h g m c j

k k p k p




  


 
 (7.35) 

As before, the integration over 2d dx x   and 3d q  in (7.33) can be performed directly and 

we end up with a single integral over the laser phase,  

 
2 i ( )

=0i i0
( ) = d e [ ( )] .G M

k

 
     q Qp


 (7.36) 

Here, 
i

( )M    is evaluated at =q Q . Note that in (7.36) the integrand contains a fast 

oscillating function, i ( )e G  , together with a smooth, well behaved, and slow oscillating 
function, =i

[ ( )]M   q Q . Therefore, the probability amplitude of ionization can be 

estimated according to the standard saddle-point method. Also, from the conservation 
relations, we obtain that 0g  can be written as  

 
0 0

0 0
= .

p q
g

k


 (7.37) 

This will be useful in our further calculations. 

The saddle points which contribute to the integral in (7.36), denoted as s , are, in general, 

complex functions of the momentum p . They are obtained as the solution of the equation  

 
d ( )

( ) | = 0,
ds s

G
G 




   (7.38) 

with the condition that Im ( ) > 0sG  . Note that the latter is also equivalent to Im > 0s . 
Now, by applying the standard saddle-point method for calculating integrals, the 
probability amplitude of ionization is written as a sum over all relevant contributions 
arising from the saddle points. Namely,  

 
i ( )

=0i i

2 i
( ) = e [ ( )] .

( )
G s

s''
s s

M
k G


   

 
 q Qp


 (7.39) 
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According to Eqs. (7.31) and (7.39), it is also possible to calculate the spin-independent 
triply-differential probability distribution in this approximation, which will be denoted as 

s ( ) p . We obtain that, in atomic units,  

 
4

s s 2 2 e
3i

, =i

( )1
( ) = ( ) =

2 2(2 )

m c
 

 

 


 p p  

 
i ( ) 2

=0 2 i
, =i

| | 2 i
| e [ ( )] | .

( ) ( )
G s

s''
s s

M
k G


 

 

 


   q Q

p
 (7.40) 

By analyzing this expression, together with Eq. (7.39), several conclusions can be drawn. 
In the first place, it becomes clear that the most contributing saddle points are those for 
which Im ( )sG   is as close to zero as possible. Additionally, if two or more of such points 
contribute in a similar way to the probability distribution, strong interference effects in 
the energy spectra of photoelectrons are expected to appear. This is typically observed 
when the driving laser pulse consist of a large number of field oscillations or when it is 
linearly polarized. In the former case, interference effects are evidenced as a series of 
peaks uniformly separated by the laser carrier frequency and are commonly referred to as 
multiphoton peaks. Furthermore, if the contribution to the probability amplitude coming 
from an individual saddle point is dominant over large domains of photoelectron energies, 
interference-free structures should be observed. The latter are recognized as the 
supercontinua in photoelectron emission [31-34]. 

It is now important to comment on the general properties of the dominant saddle points in 
the context of photoionization of light ions. If the probability of ionization is not negligible 
at large photoelectron kinetic energies, one or more saddle-points (depending on whether 
the interference-free or interference-dominated structures are observed) obey the relation 
Im ( ) 0sG   . In such case, as it follows from our numerical analysis, also the imaginary 

part of s  is nearly zero. Therefore, one can conclude that the saddle points associated 
with large probabilities of ionization in the high-energy part of the photoelectron spectrum 
can be initially approximated by a real phase p . In Section 7.3, this will be illustrated for 

the driving laser field described in Fig. 7.1. Furthermore, it is commonly accepted that the 
real part of s  determines the time at which the photoelectron appears in the continuum. 

Thus, the phase p  also determines the moment of electron emission for a given 

asymptotic kinetic energy. Those observations have important consequences for the 
general features of the probability distributions, as it will be discussed below. 

In closing this section, it is worth mentioning that the analysis derived from the saddle-
point method is independent of the chosen gauge. This is a consequence of the fact that 
the only gauge-dependent quantity in Eq. (7.39) is the function 

i
( )M   , which does not 

play an important role in determining the saddle points and it only marginally modifies 
the overall behavior of the probability amplitude. Furthermore, according to our numerical 
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calculations, Eq. (7.40) does not only predict accurately the general features of the 
probability distribution, but it also agrees well with Eq. (7.32) at large photoelectron 
kinetic energies. Nevertheless, in the remaining part of this chapter, the probability 
distributions will be directly calculated from Eq. (7.32) and the saddle-point equations 
will be used only to interpret our numerical results. 

 

Fig 7.1. Parametric plots of the tips of the vector potential ( )A  and electric field ( )  for the 
laser pulse (7.41). While the time-averaged intensity is 17 2= 10 W/cmI , the carrier frequency is 

L = 1.5498 eV , and the number of cycles within the pulse is osc = 6N . Both curves start at the origin 

of coordinates and evolve counterclockwise with increasing  . 

7.2.3. Laser Pulse and Its Characteristics 

Up to now we have analyzed the photoionization of hydrogen-like ions in the framework 
of the RSFA considering the general finite laser pulse (7.5). In the following, we will 
illustrate our theory for the ionization of a He   ion (atomic number = 2Z ) by a circularly 
polarized and short laser pulse with a 2sin  envelope. The electric field shape functions 

( )jF   describing such pulse are  

 2
0 osc( ) = ( )sin( )cos( ),sin

2j j jF N N
         (7.41) 

for = 1, 2j , and are zero outside the interval 0 2   . Here, the integer Nosc  is the 

number of field oscillations within the envelope,   is the carrier-envelope phase, 

whereas   and j  determine the polarization properties of the pulse. Furthermore, 

0 = 8 / 3N Nosc  is a normalization constant. The latter is chosen such that the time-
averaged intensity of the pulse does not depend on the number of field oscillations. For 
our numerical illustrations, we consider the laser pulse (7.41) propagating along the  
z-direction ( = zn e ) with the polarization vectors 1 = xe  and 2 = ye . While the carrier-

envelope phase is =  , we set = / 4   and = ( 1) / 2j j  . 
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The shape functions ( )jf  , which define the laser field vector potential ( )A  [see,  

Eq. (7.5)], can be directly calculated from Eq. (7.41),  

 
0

( ) = d ( ).j jf F


     (7.42) 

Note that, for >1Nosc , those functions also vanish outside the interval [0,2 ]  . 

In Fig. 7.1 we present the time evolution of the tips of the vector potential (left panel) and 
the electric field ( ) = ( )t  A  (right panel) for the laser pulse defined by (7.41). As 
the pulse propagates along the z -direction, those plots are generated in the xy-plane. 
While the number of oscillations is chosen to be = 6Nosc , the averaged intensity is 

17 2=10 W/cmI , and the carrier frequency is L osc= =1.5498 eV.N   The latter 
corresponds to a wavelength of 800 nm (Ti-Sapphire). Both curves are presented in 
relativistic units, where the vector potential is divided by the factor e / | |m c e  and the 

electric field by 2 3
e / | |m c e . Note that the last factor is, up to a minus sign, the so-called 

Sauter-Schwinger critical field S  [44, 45]. As it can be seen from the right panel of this 

figure, the ratio | ( ) | / 1s   , thus, the probability of pair production from vacuum is 

considered to be negligible [46]. 

Both curves in Fig. 7.1 evolve counterclockwise with increasing   and they start and end 

at the origin of coordinates. Furthermore, let us note that the azimuthal angle, = ( )   , 
can be defined as  

 1 2= arg( ( ) i ( ) ),e e    A A   (7.43) 

where arg( ) [0, 2 [z   is the argument of the complex number z . As it can be seen,   is 

not uniquely defined by the phase of the laser pulse  , as their correspondence is not one-

to-one. Hence, for any specific value of  , the vector potential acquires different 

magnitudes and the curve ( )A  can cross itself at several points. 

Another quantity of great interest for our further analysis is the time-dependent 
ponderomotive energy of an electron in the laser field, defined as  

 
2 2

e

( )
( ) = = ( ).

2p p

e
U U

m

 A
 (7.44) 

Note that, as in the case of the vector potential, the function ( )pU   can acquire different 

values for the same azimuthal angle  . The importance of this observation will be clear 

in the following sections. 
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Up to now, our analytical formulation applies to the photoionization of any hydrogen-like 
ion with an arbitrary atomic number Z . In such case, its ground state energy is given  
by [35]  

 2 2 2
0 e= 1 .E m c Z   (7.45) 

However, from now on, we will concentrate our attention on the ionization of light ions, 
for which 1Z . 

7.2.4. Approximate Solution to the Saddle-Point Equation 

It is clear that the behavior of the saddle-points determines the regions in the energy 
spectra of photoelectrons where interference-free and interference-dominated structures 
are located. Note that, for the laser pulse considered here, the solutions to Eq. (7.38), 
which defines the saddle points, have to be determined numerically. Instead, one can also 
construct approximate solutions of (7.38), as we show this below. 

Let us start by considering a photoelectron of momentum = p p p n  detected at the 

azimuthal angle p . We assume that there is a real phase p  which satisfies the saddle-

point equation (7.38). The latter can be rewritten in terms of the vector potential [see, Eqs. 
(7.34) and (7.37)],  
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Since any real phase p  satisfying Eq. (7.46) approximates a dominant saddle point, we 

define the former such that [34]  

 = ( ).e 
pp A  (7.47) 

Now, by noting that the scalar products are ( ) = ( )e e   p pA p A p  and 
0 0= ( )k p k p p   , it becomes clear that Eq. (7.46) is satisfied provided that  
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Therefore, the momentum p  constructed in this way is fully determined by the phase  

p ,  
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Note, however, that its associated four-momentum is not exactly on the mass-shell. In 
particular, for a hydrogen-like ion with a ground-state energy given by (7.45), we have 
that  

 0 2 2 2 2 2
e= ( ) = (1 ).p p q m c Z    (7.50) 

Nevertheless, if the ion is light enough ( 1Z ) then 2 2
ep p m c   and we say that p  is 

nearly on the mass shell. 

Let us now analyze the physical consequences derived from the analysis presented above. 
Eq. (7.47) directly determines the azimuthal angle of photoelectron emission for a  
phase p ,  

 1 2= arg[ ( ) ( i )].e   p pA    (7.51) 

Inversely, given the azimuthal angle of detection, a collection of phases p  which satisfy 

Eq. (7.51) can be determined. Such phases are responsible for large probabilities of 
ionization in the energy-polar angle spectra of photoelectrons (constant p ), as it will be 

discussed in Section 7.5. In contrast, Eq. (7.48) relates the real saddle point p  to the 

photoelectron energy, 0cp . By rewriting its right-hand side as  

 
2 2

0 0
0
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= ,

2

e
p q

q


 pA

 (7.52) 

and considering light hydrogen-like ions ( 0
eq m c ) we obtain that  

 2
e ( ).pE m c U  p p  (7.53) 

According to the discussion presented in Section 7.2.2, p  represents the time when the 

photoelectron appears in the continuum. Therefore, one can conclude from Eq. (7.53) that 
the asymptotic kinetic energy of the photoelectron is approximately equal to its 
ponderomotive energy in the laser field at its time of birth. Finally, the relation (7.48) also 
determines the polar angle of photoelectron detection,  p , as  

 0

2 2 2
e

cos = = ,
| | ( )

E Ep
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 (7.54) 

and, therefore, for light ions one obtains  
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It follows from this formula that the polar angle of electron detection decreases 
monotonically with its kinetic energy. This is actually expected, as the most energetic 
photoelectrons absorb a large number of laser photons. As a consequence, the radiation 
pressure exerted over them is larger than the one experienced by slow photoelectrons. 

It is worth mentioning that, for sufficiently large kinetic energies of photoelectrons and 
for sufficiently light ions, the phase p  fully determines several characteristics of the 

photoionization considered in this chapter. It does not only determine the regions in space 
where the probability of ionization is maximal (defined by the angles  p  and p ) but it 

also determines the kinetic energies with which the emitted electrons are most probably 
detected. Note also that our analysis can be further extended to the strong-field ionization 
of any light ion or neutral atom. This is due to fact that the high-energy photoelectrons, 
which are the subject of our study, originate mostly from the atomic K-shell. Moreover, 
electrons coming from other atomic levels contribute only marginally to the final 
probability distributions. This can be realized by noting that the vector 

0 0= ( ) = = ( )q p e   pQ p n p A  is the argument of the Fourier transform i ( ) Q  

which enters the probability amplitude of ionization (7.24). According to Fig. 7.1, for the 
laser pulse considered here with the intensity of 17= 10I  2W / cm , the maximum value 

achieved by | |p  is approximately e 0 00.26 = 0.26 / ( ) = 36 /m c a a , where 0a  is the 

Bohr radius. This implies that bound electrons located at distances around 00.03a  from 
the atomic nucleus are transferred to the continuum with highest probability. Even more, 
if the driving field intensity is further increased, this estimated distance is reduced. 

7.3. Spiral of Ionization in Momentum Space 

According to the derivations presented in the previous section, only photoelectrons 
characterized by momentum vectors with tips lying in the close vicinity of the three-
dimensional spiral (7.49) can be detected with significant probability. Note, however, that 
Eqs. (7.51), (7.53), and (7.55) define the energy-angular position of the maximum of the 
interference-free or interference-dominated structures. The width spanned by either of 
those patterns is finite and depends on p . Therefore, the three-dimensional ionization 
spiral in momentum space can be represented as a tube closely surrounding the curve 
given by Eq. (7.49), with a diameter which varies with the parameter p . 

In Fig. 7.2 we present the time-dependent ponderomotive energy as a function of the 
azimuthal angle   [Eq. (7.44)] (left panel) together with the momentum spiral of 
maximum probability of ionization [Eq. (7.49)] (right panel). Both figures are obtained 
by changing the parameter = p  from 0  to   (blue curve), which corresponds to the 

ramp-up part of the pulse, and from   to 2  (cyan curve) for the ramp-down part. The 
laser field parameters are the same as in Fig. 7.1. 
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Fig. 7.2. Time-dependent ponderomotive energy as a function of the azimuthal angle ( )pU   

 [Eq. (7.44)] (left panel) and spiral of ionization in momentum space [Eq. (7.49)] (right panel). 
Both plots are presented as parametric curves with the parameter = p  ranging from 0 to 2 . 

The laser field is the same as described in Fig. 7.1. For visual purposes, those portions of the curves 
which relate to the ramp-up part of the pulse ( 0 <  ) are shown in blue, while the ones related 

to the ramp-down ( < 2   ) are plotted in cyan. 

It can be seen that the function ( )pU   is not one-to-one, as it achieves different values for 

the same azimuthal angle. Moreover, for the laser pulse considered here, the 
ponderomotive curve intersects itself at = 0  and  . Now, as the asymptotic kinetic 
energy of the photoelectron is approximately equal to its ponderomotive energy evaluated 
at p  (provided that pU  is large enough), the former can be estimated from the left panel 

of Fig. 7.2. This is done by drawing a line at constant azimuthal angle and determining 
the points of its intersection with the ponderomotive curve. From the right panel of the 
same figure one can see that the three-dimensional spiral also presents several self-
intersections. It actually means that, for certain points in the momentum space, there are 
at least two dominant saddle points p  associated with the same asymptotic momentum. 

As a consequence, a photoelectron of given final energy can be emitted in the same 
direction at two different times. Therefore, interference patterns should arise from both 
such contributions to the probability amplitude [34]. Furthermore, by looking at the 
definitions of the time-dependent ponderomotive energy [Eq. (7.44)] and the azimuthal 
angle   [Eq. (7.43)], one can see that, for the considered shape of the laser pulse, the  
self-intersections of the momentum spiral coincide with the self-intersections of the 
function ( )pU  . 

Let us now analyze the behavior of the dominant saddle points obtained numerically from 
Eq. (7.38) along the spiral ( )pp  [see, Eq. (7.49)]. In doing so, we choose the phase 

= p  and calculate the function ( )s   for 0 < 2  . In the upper-left panel of Fig. 7.3 

we present the imaginary part of the dominant saddle point as a function of the real phase 
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p . It acquires values close to zero when the ponderomotive energy is sufficiently large; 

the latter is shown in the bottom right panel in units of the ionization potential, 
2

e 0=pI m c E . Note, however, that Im s  increases at the beginning and at the end of the 

pulse, when ( )pU   is relatively small. In the upper-right panel we compare the 

approximate saddle point p  with the real part of s . One can see that their difference 

goes very fast to zero with increasing the ponderomotive energy. Furthermore, in the 
lower-left panel we plot the imaginary part of ( )sG   evaluated at the dominant saddle 
point (blue curve). It also acquires small values in the mid-part of the laser pulse and 
increases in regions of small ponderomotive energy. In the same frame, we present the 
contribution arising from a second saddle point for which Im ( )sG   is also small at certain 
phases (red curve). It is, therefore, expected that interference-dominated structures will 
appear in the energy spectra of photoelectrons for p  near the contact points of the two 

curves. The latter are also identified as the self-intersections of the three-dimensional 
momentum spiral presented in Fig. 7.2. Finally, by looking at the behavior of the 
imaginary and real parts of the saddle point (upper panels), we conclude that the 
approximation s  p  is valid for the case when ( ) >10p pU Ip , given the laser field 

parameters considered here. Now, taking into account that in high-energy ionization  
Eq. (7.53) holds, we conclude that the validity of our approach coincides with the range 
of applicability of the RSFA, i.e., it is necessary that 2

e( )p pU E m c I  p p  . 

Moreover, even a better agreement between our estimated saddle point and the exact one 
is expected, once the intensity of the driving laser field is increased. 

7.3.1. Probability of Ionization along the Three-Dimensional Momentum Spiral 

As we have learnt in the previous section, photoelectrons are detected with largest 
probability if the tips of their asymptotic momenta lay on the three-dimensional spiral (see 
Fig. 7.2). Let us then analyze the spin-independent probability distribution [Eq. (7.32)] 
along such path. The quantity of interest is the one-dimensional distribution 

( ( )) ( )  p , where ( )p  is given by Eq. (7.49). In Fig. 7.4 we present this 

distribution for two different intensities, 17= 10I  W/cm2 (left panel) and  
18= 10I  W/cm2 (right panel), while maintaining the other laser field parameters the same 

as in Fig. 7.1. From the left panel, one can see that ( )  is almost zero at the beginning 

and at the end of the laser pulse. The region where 0.5 < < 1.5    is characterized by a 
relatively constant probability distribution between strong interference structures. The 
latter are evidenced as dense series of peaks spanning around well defined phases. Such 
phases coincide with the contact points between the imaginary parts of the function ( )sG   
evaluated at the two contributing saddle-points, as presented in Fig. 7.3. Furthermore, the 
regions of small values of ( )  ( < 0.3   and > 1.7  ) coincide with the phase 

intervals where Im ( )sG   increases. This is not surprising, as the dominant term in the 

probability amplitude of ionization (7.39) is proportional to 
Im ( )

e
G s

. With respect to the 
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interference structures, one can see that the hight of the peaks reach values nearly four 
times larger than the interference-free ones in their close vicinity. This can be understood 
by noting that the triply differential probability distribution is proportional to the modulus 
squared of the amplitude; if two saddle points are characterized by the same imaginary 
part of ( )sG   and both add coherently, constructive interference causes the probability 
distribution to increase by a factor of four as compared to a single saddle point 
contribution. This indicates that the photoemission of electrons with momenta defined by 
the spiral is coherent. Another feature worth mentioning is the small reduction of ( )  

around =  , i.e., when the electric field acquires its maximum strength. This could be 
a signature of stabilization against ionization (see, for instance, [47-56]). 

 

Fig. 7.3. Analysis of the dominant saddle point along the spiral ( )pp  [Eq. (7.49)] obtained  

by the numerical solution of Eq. (7.38). The laser field is the same as described in Fig. 7.1.  
In the upper-left panel we present Im s  as a function of the phase = p . This quantity is very 

small provided that the phase is not near to the boundaries, i.e, when the strength of the laser field 
is large enough. In the upper-right panel we show the difference between = p  and the real part 

of s . Again, such difference is nearly zero when the phase is not too close to 0 or 2 .  

The lower-left panel presents the imaginary part of the function ( )sG   [see, Eq. (7.34)] evaluated 

at the dominant saddle-point (blue line). As expected, it acquires small values  
in the mid-part of the pulse. Note, however, that another saddle point relates to small Im ( )sG   

only at specific values of   (red line). As it follows from our analysis, those regions should be 

characterized by strong interference effects. Finally, in the lower-right panel, the time dependent 

ponderomotive energy ( )pU   [Eq. (7.44)] divided by the ionization potential, 2
e 0=pI m c E , 

is presented. While it acquires large values in the mid-part of the laser pulse, it vanishes when  
the phase approaches 0  or 2 . 
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Fig. 7.4. One-dimensional spin-independent probability distribution ( ( ))φ p  calculated along the 
spiral of ionization [see, Eqs. (7.32) and (7.49)]. While the laser field intensities are  

1710I =  W/cm2 (left panel) and 1810I =  W/cm2 (right panel), the remaining parameters of the laser 
pulse are the same as in Fig. 7.1.  

When the laser field intensity increases from 17= 10I  W/cm2 to 18= 10I  W/cm2 we also 
observe interference-dominated structures in the one-dimensional probability distribution 
(see the right panel in Fig. 7.4). While the interferences are located at the exact same 
phases for both intensities, their strength differ considerably. More importantly, a 
substantial reduction of the ionization probability is observed in the region 
0.3 < < 1.7    for 18= 10I  W/cm2. This, as well, reflects in lowering the hight of the 
interference peaks in this interval. Note that the phase regions of negligible probability, 
located at the beginning and at the end of the pulse, are shorter for larger driving field 
intensities. One can analyze these results using the saddle-point approach. In Fig. 7.5 we 
show the same as in Fig. 7.3 but for 18= 10I  W/cm2.  

 

Fig. 7.5. The same as in Fig. 7.3 but for a driving laser field intensity 18 2= 10 W/cmI . 
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By comparing the upper panels of those two figures one can see the expected improvement 
of the approximation s p ; while the imaginary part of s  achieves smaller values 

along a larger range of phases, the difference Re s   goes rapidly to zero. Such an 
improvement is also consistent with a faster increase of the ponderomotive energy during 
the ramp-up part of the pulse (see the scale in the lower-right panels of both figures). By 
comparing the lower-left panels, it can be seen that the contact points of Im ( )sG  , 
evaluated at the two contributing saddle points, are located at the same phases, 
independently of the intensity. Nevertheless, for 18= 10I  2W/cm , the blue curve 
decreases faster and achieves smaller values in the mid-part of the pulse. Such fast 
decrease explains the larger probabilities around the strong interference structures 
evidenced at 0.3   and 1.7   in the right panel of Fig. 7.4. This happens in 

regions before and after the valley in the probability distribution is observed. 

7.4. Energy Spectra of Photoelectrons 

Now we will consider the energy spectra of photoelectrons at fixed direction in space, 
determined by the angles ( , ) p p . In Fig. 7.6 we present the spin-independent probability 

distributions ( ) p  calculated from Eq. (7.32) for the same laser field parameters as in 

Fig. 7.1. While the azimuthal angles have been chosen to be = p  (left panel) and 

= 0 p  (right panel), the polar angles are such that the energy distribution reaches its 

maximum along that specific direction. From the left panel, where 
( , ) = ( ,0.4655 ),   p p  one can see an interference-dominated structure characterized by 

a dense series of peaks within a gaussian-type envelope. This envelope has a full-width-
at-half-maximum (FWHM) of roughly 1.4 keV and its maximum is located at 13.7 keV. 
On the other hand, for ( , ) = (0,0.4605 )  p p  (right panel) two well-defined structures 

appear in the energy spectrum of photoelectrons. While the lower-energy one is located 
at 9.5 keV and presents strong interferences, the higher-energy structure is maximal at 
16.8 keV and can be recognized as a supercontinuum. Note that, according to our previous 
analysis, it should be possible to predict certain properties of those structures by analyzing 
the time-dependent ponderomotive curve. To illustrate this, we note that a line drawn at 

= =  p  in the left panel of Fig. 7.2 would intersect the ( )pU  -spiral at two points, 

each of them being a self-intersection. Therefore, at this particular azimuthal angle, only 
interference-dominated structures are expected to be encountered. Furthermore, in the 
high-energy part of the spectrum, the maximum probability should be located at around 

2 2
e e0.027 =13.8E m c m c p  keV (intersection of the outer rings of the ponderomotive 

curve with the line =  ), which very well estimates the position of the actual maximum 

in the energy distribution. Now, the line = 0  would intersect the curve ( )pU   at three 

different points. The outermost one predicts the formation of a supercontinuum located at 
2 2

e e= 0.033 16.9E m c m c p  keV, which is very close to the actual position of the 
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maximum of the smooth lobe shown in the right panel of Fig. 7.6. Moreover, the second 
crossing happens at the self-intersection of the ponderomotive curve. Thus, in agreement 
with our numerical results, an interference-dominated pattern is expected at 

2
e 9.4E m c p  keV. 

 

Fig. 7.6. Spin-independent energy spectra of photoelectrons ( ) p  [Eq. (7.32)] calculated  
at constant polar and azimuthal angles, as specified in each frame. The laser field parameters are 

the same as in Fig. 7.1.  

In Fig. 7.7 we present the energy spectra of photoelectrons ( ) p  [Eq. (7.32)], calculated 

for the laser field intensity 18 2=10 W/cmI  along the directions ( , ) = ( ,0.388 )   p p  

(left panel) and (0,0.38 )  (right panel)1. Here, we only concentrate on the most energetic 
portion of the distributions. By comparing Figs. 7.6 and 7.7, it is clear that the maxima of 
the probability distributions are found at ten times larger photoelectron kinetic energies 
when the field intensity increases by one order of magnitude. This is in agreement with 
Eq. (7.53), which indicates that the electron kinetic energy depends linearly on the driving 
laser field intensity. Moreover, the polar angles of detection decrease from around 0.46  
to 0.38 . This, in turn, agrees with Eq. (7.55), which predicts that the larger the kinetic 
energy the smaller polar angles of photoelectrons. From the left panel of Fig. 7.7, we can 
estimate that the FWHM of the envelope of the interference-dominated structure is around 
7 keV, which is approximately five times larger than the width of the structure presented 
in the left panel of Fig. 7.6. Moreover, by comparing the right panels of both figures, one 
can see that the width of the supercontinuum increases about three times (from 2 keV up 
to 6 keV) for the larger intensity. As it will be shown in the next section, this observation 
implies that the central energy and bandwidth of each structure augment with the driving 
field intensity at different rates. 

In summary, we have shown that in high-energy ionization, the probability distributions 
at fixed directions in space can present interference-dominated or interference-free 

                                                      

1As it was done in Fig. 7.6, the polar angles of detection are chosen such that the probability distribution 
acquires its maximum values along this specific direction. 



  Advances in Optics: Reviews. Book Series, Vol. 2 

 166

(supercontinua) structures, just as predicted in Section 7.3. Furthermore, we have proven 
that such patterns present a maximum probability at energies given by (7.53) and that their 
widths increase with the intensity of the driving field. Now we will further analyze the 
polar-angle dependence of the energy spectra of photoelectrons. 

 

Fig. 7.7. The same as in Fig. 7.6 but for the laser field intensity 18 2= 10 W/cmI . This time,  

the polar and azimuthal angles correspond to ( , ) = ( ,0.388 )   
p p

 (left panel)  

and ( , ) = (0,0.38 )  
p p

 (right panel).  

7.5. Energy-Angular Probability Distributions 

In Fig. 7.8 we present the color mappings of the energy-polar angle probability 
distributions calculated from Eq. (7.32) for the same laser field parameters as in Fig. 7.1. 
Each plot relates to a different azimuthal angle = p , as specified in the upper part of 

the panels. In all nine cases, cigar-type structures present maximum probabilities at polar 
angles and kinetic energies as predicted by Eqs. (7.53) and (7.55), provided that the 
photoelectrons are sufficiently energetic. Furthermore, while some of the structures are 
interference-free, others exhibit strong interferences. The latter show very fine fringes of 
large and small probabilities, which compose the overall structure. However, as those 
patterns are not visible in the present scale, we shall indicate the regions where the 
interferences occur. Starting from = 0 p  (upper-left panel), one can observe three well-

defined islands at the low-, mid-, and high-energy parts of the distributions. While the 
latter is associated to a supercontinuum, the other two present strong interferences. Now, 
by slowly increasing the azimuthal angle of detection, the interference-dominated patterns 
gradually transform into four supercontinua, while still presenting the characteristic 
fringes at the points of contact. They become almost fully separated at = 0.375 p   

(mid-left panel), before the two interference-free islands of highest energy start to merge. 
Finally, at = p , all structures observed within the chosen range of polar angles and 

kinetic energies, coalesce into two well-defined interference-dominated patterns (lower-
right panel). 
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Fig. 7.8. Color mappings of the spin-independent probability distribution ( ) p  [Eq. (7.32)]  

as a function of the polar angle θ p  and the photoelectron kinetic energy 2
eE m cp . Each plot is 

generated at different azimuthal angle φ = φp  ranging from 0 to π , as indicated in the upper part 

of the frames. The laser field parameters are the same as in Fig. 7.1.  

Note that most of the above observations can be predicted from the left panel of Fig. 7.2. 
First, we see that the line = 0  crosses the ponderomotive curve exactly three times, at 
low-, mid- and high-energies. The first two crossings coincide with self-intersections of 
the ( )pU  -spiral and, hence, they correspond to the interference-dominated structures 

shown in the upper-left panel of Fig. 7.8. A different character has the high-energy 
intersection, resulting in a broad supercontinuum observed in the energy-angular 
distribution of photoelectrons (see, also the analysis of Fig. 7.6 for the constant polar angle 

= 0.4605 p ). Now, by increasing =  p , the arcs of the ( )pU  -spiral gradually 

separate, with the consequent formation of four interference-free patterns. For even larger 
azimuthal angles, the arcs of the ponderomotive curve start to approach each other such 
that, at =  , the curve intersects itself twice. This explains the formation of the well-
defined interference-dominated patterns in the lower-right panel of Fig. 7.8. 

It is important to keep in mind that the ponderomotive curve in Fig. 7.2 only accounts for 
the regions of maximum probability of ionization and does not relate to the spread of the 
structures presented in Fig. 7.8. A detailed analysis of the ’diameter’ of the tube which 
surrounds the spiral would also predict the actual shape and extent of the high-probability 
islands in the energy-angular distributions. Still, several conclusions can be drawn from 
Fig. 7.8. It can be seen, for instance, that, while the energy spread ( E p ) of each 
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independent distribution increases with the photoelectron kinetic energy, the angular 
spread (  p ) decreases. This is of great importance for the synthesis of singe-electron 

wave packets of short duration, as it will be explained in the next section. Furthermore, 
by properly choosing the polar and azimuthal angles of detection, it should be possible to 
observe not only interference-dominated and interference-free patterns, but also structures 
presenting both characteristics at different kinetic energies in the spectrum of 
photoelectrons. 

In Fig. 7.9 we present the energy-polar angle distribution calculated from Eq. (7.32) for 
the same azimuthal angles as in Fig. 7.8. This time, we set the laser field intensity to be 

18= 10I  2W/cm . It can be seen, by comparing those two figures, that the high-probability 
islands behave in the same way while changing = p . This is actually expected, as the 

ponderomotive curve conserves its original shape while presenting larger values. 
Furthermore, the position of the maximum probabilities are, again, as predicted by  
Eqs. (7.53) and (7.55). Note that in Fig. 7.9 such maxima are located at exactly ten times 
larger kinetic energies as compared to the ones in Fig. 7.8, which is consistent with our 
previous analysis. Moreover, for stronger laser fields, each independent structure presents 
a considerably larger spread in energy and a smaller spread in polar angles. Nevertheless, 
all of them are more localized in energy, in the sense that the ratio /E E p p

center , where 

Ep
center  is the position of maximum probability, is smaller. This also supports the idea that 

E p  does not scale with intensity in the same way as the central energy does. 

 

Fig. 7.9. The same as in Fig. 7.8 but for a driving field intensity of 18 2= 10 W/cmI . 
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Up to now we have analyzed the energy spectra of photoelectrons for different polar and 
azimuthal angles in the context of ionization of light ions. We have shown that 
interference-free and interference-dominated patterns can be encountered at different 
portions of the spectra, depending on the direction of detection. In the next section we will 
demonstrate that the supercontinua can be used to generate very short single-electron 
wave packets, which is of great interest in light of its application in the four-dimensional 
electron microscopy. 

7.6. Application: Generation of Single-Electron Wave Packets 

It has been recently demonstrated that single-electron wave packets can be generated from 
supercontinua arising in the ionization of light ions driven by circularly polarized laser 
fields [31-34]. Moreover, it was proven that, in the domain of supercontinuum formation, 
the probability amplitude of ionization is characterized by a phase with approximately 
constant first derivative with respect to the electron energy. This leads to the creation of 
chirpless electron pulses with a constant time delay, which only depends on their 
propagation direction. Furthermore, according to the uncertainty principle, it is expected 
that interference-free patterns with a small energy spread would produce long-in-time 
electron wave packets. Thus, in order to obtain pulses with attosecond duration, 
supercontinua of large bandwidth need to be considered. As we will demonstrate shortly, 
this can be done by synthesizing the electron pulses from the high-energy part of the 
spectrum for large intensities of the laser field. 

Electron wave packets, 
i

( )x  , are constructed as a superposition of probability 

amplitudes of different momenta along a specific direction of space, 0n , and with kinetic 

energies in a given range. Namely, 

 
23

ie
3i i

d
( ) = e ( ) ( ),

(2 )
p xm cV p

x u
VE    

    p
p

p p  (7.56) 

where  

 2 2 (2)
max e e min 0

( ) = ( ) ( ) ( )E E m c E m c E        p p p np  (7.57) 

is a filter function and 
i

( )  p  is the spin-dependent probability amplitude of ionization 

[Eq. (7.26)]. The former selects the kinetic energies, 2
min e maxE E m c E p , together with 

the spatial direction of detection, given by the solid angle 
0

n . Now, by inserting  

Eq. (7.57) into (7.56), we obtain that the space-time probability amplitude can be 
calculated as the one-dimensional integral  

 
2 i( | | )max e

| | , 02i 0 imin e

( , ) = d e | | (| | ),
E m c E t d

E m c
t d N E u E    

  


 

pp
p p n p p p n  (7.58) 
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where N  is an irrelevant constant term. Note that the above space-time amplitude 

implicitly contains the factor 
2i ee

m c t
, which introduces fast oscillations of the integrand 

but does not play a role in the calculation of probabilities. Thus, for our further analysis, 
we define  

 
2i e

i i
( , ) = e ( , ).

m c t
t d t d   

   (7.59) 

Furthermore, the space-time spin-dependent probability distribution, calculated at a 
distance 0=d x n  from the parent ion1, is given by  

 †

i i i
( , ) = [ ( , )] ( , ),t d t d t d         (7.60) 

where both the initial and final spins are projected onto the laser field propagation 
direction, i.e., ze . 

In Fig. 7.10 we present the space-time probability distributions ( , )t d  [Eq. (7.60)], 
normalized to 1, for the same laser field parameters as in Fig. 7.1. The directions of 
detection are given by the angles 0 0( , ) = ( ,0.4655 )     (upper row) and (0,0.4605 )  
(lower row), which correspond to the distributions shown in the left and right panels of 
Fig. 7.6, respectively. While in the left column we present the results for the distance d  
at which the electron just escaped the laser field ( = 2k x   ), in the right column we 

consider the mesoscopic distance 5
0= 2 10 10 md a   . Note that we present only the 

space-time distributions for i( , ) = ( , )     as the scaled results for other initial and final 
spin states are the same. For the numerical calculations, we have chosen the kinetic energy 
boundaries min max( , )E E  = (11 keV, 16.5 keV) for the upper row, and  

min max( , )E E  = (0, 20 keV) for the lower one [see, Eq. (7.58)]. 

By looking at the left panel in Fig. 7.6 and the upper-left panel in Fig. 7.10, we can see 
that the interference-dominated pattern observed in the former, leads to a double-hump 
space-time distribution, characterized by two well-defined lobes detected at different 
times. The duration of each wave packet (calculated from the FWHM of the lobes) is 
approximately 600 as. Note, however, that at mesoscopic distances (upper-right panel of 
Fig. 7.10) those two structures interfere, with the consequent formation of dense series of 
peaks in the space-time distribution. Furthermore, the FWHM of the envelope is 
associated to a time duration of nearly 8 fs. Now, by analyzing the right panel in Fig. 7.6 
together with the lower panels in Fig. 7.10 it is clear that, at short distances  
( 4

0= 2.9 10 1.5 md a   ) the interference-dominated pattern also leads to a double-hump 
structure. However, the independent lobes merge together with the formation of an 

                                                      

1We assume that the dynamics of the parent ion in the laser field is much slower than the electron motion, 
due to its larger mass. Therefore, we consider the former to be fixed in space during ionization. 
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interference-rich pattern at larger distances from the parent ion. In contrast, the 
supercontinuum observed in the high-energy portion of the spectrum (central kinetic 
energy around 17 keV) produces a well-defined electron wave packet lasting for 1.3 fs at 

= 1.5 md  . Note that, after propagating in space, the duration of the electron pulse 

increases, reaching around 7 fs at 10 md  . This is actually expected, as photoelectrons 

with sub-relativistic kinetic energies (much smaller than 2
em c ) present the dispersion 

relation 2 2 2
e= ( ) ( )E m c cp p . As a consequence, the group and phase velocities differ, 

and the wave packet spreads rapidly in time. 

 

Fig. 7.10. Normalized space-time probability distributions ( )t,d   [Eq. (7.60)] calculated for the 

propagation directions 0 0( , ) = ( ,0.4655 )     (upper row) and (0,0.4605 )  (lower row). Note that 

those distributions are obtained from the energy spectra of photoelectrons presented in the left and 
right panels of Fig. 7.6, respectively. The laser field parameters are the same as in Fig. 7.1 and the 
electron-nucleus separation 0=d x n  is specified in each panel. While the left column relates to 

distances at which the electron just left the laser pulse ( = 2k x   ), the right column presents 

the probability profiles at the mesoscopic distance of 5
02 10 ,a  where 0a  is the Bohr radius. In 

obtaining those plots, we have set the maximum and minimum kinetic energy [see, Eq. (7.58)] to 

min max(E ,E ) =(11 keV, 16.5 keV) for the upper panels, and min max(E ,E ) =(0, 20 keV) for the lower 

panels. 

It is now interesting to perform the space-time analysis for the ionization driven by more 
intense laser fields. We know that, in this case, the high-probability islands in the energy-
polar angle plane present larger bandwidths and appear with larger kinetic energies. 
Hence, it is expected that the synthesized electron pulses would last for shorter periods of 
time and spread less during propagation. In Fig. 7.11 we present the space-time probability 
distributions ( , )t d , but this time for a laser field intensity of 18 2=10 W/cmI . The 
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directions of detection are 0 0( , ) = (0,0.38 )    (upper row) and ( ,0.388 )   (lower 
row), which correspond to the spectra of photoelectrons shown in the right and left panels 
of Fig. 7.7, respectively. One can see that the supercontinuum from the right panel of  
Fig. 7.7 relates to a well-defined electron wave packet which lasts for around 250 as and 
propagates with a central kinetic energy of nearly 167 keV ( 2

e0.33m c ). After traveling 

a distance 10 md   the pulse lasts for only 630 as. Now, considering the interference 
structure in the left panel of Fig. 7.7 we observe again the formation of two well-defined 
lobes in the space-time probability distribution. Each one of them presents a FWHM of 
450 as at the distance 4

0= 9.2 10 5 m.d a    However, at 10 m,d   both humps 
approach each other while their duration increase up to approximately 1 fs. Note that, at 
their contact points, interference patterns start to build up. 

 

 

Fig. 7.11. The same as in Fig. 7.10 but for the laser field of intensity 18 2= 10 W/cmI  and the 

directions of detection 0 0( , ) = (0,0.38 )    (upper row) and ( ,0.388 )   (lower row). The space-time 

probability distributions correspond to the spectra shown in Fig. 7.7 and have been calculated with 

min max(E ,E ) =(125 keV, 150 keV) for the lower row and min max(E ,E )  = (155 keV, 180 keV) for the 

upper one [see, Eq. (7.58)].  

Other advantage of constructing electron wave packets from the high-energy 
supercontinua is the relatively small polar-angle window of emission. As it was discussed 
in the previous section, the angular spread  p  diminishes with increasing the central 

energy of photoelectrons. Even more, it can be further reduced with an increment of the 
laser field intensity. Hence, it is possible to create a highly-directional source of energetic 
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and very short single-electron wave packets from ionization driven by circularly (or, in 
general, elliptically) polarized laser pulses. 

7.7. Conclusions 

In this chapter, we have analyzed the photoionization process driven by intense, short, and 
circularly polarized laser fields under the scope of the RSFA. As we have shown, the 
energy spectra of photoelectrons can present two different types of structures: 
interference-dominated and interference-free (also recognized as the supercontinuum). 
While the former is characterized by dense series of peaks, the latter presents a smooth 
probability distribution which does not vary rapidly in the range of several hundreds of 
electronvolts. In Section 7.2.2, the saddle-point method was presented as a powerful tool 
in the analysis of the probability amplitudes. Such approximation predicts the main 
characteristics of the energy spectra of photoelectrons and it agrees well with the exact 
distributions calculated for high-energy ionization in the framework of the RSFA. 
Furthermore, we have constructed an approximate solution to the saddle-point equation  
which amazingly well describes the actual behavior of the dominant saddle point, 
provided that the photoelectrons are detected with sufficiently high kinetic energies. This 
allowed us to define the three-dimensional momentum spiral, which contains most of the 
information regarding the photoionization of light ions. Such structure does not only 
locate the regions in energy and space where the probability of electron detection is 
maximal, but it also determines which regions present interference patterns and which do 
not. Moreover, a more detailed analysis of the diameter and internal structure of the spiral 
at different points in the momentum space, would permit us to estimate the polar angle 
and energy spreads of the islands in the probability distributions. Thus, this three-
dimensional curve has the power to fully characterize the photoionization process. For 
this reason, we consider the spiral in momentum space as one of the most important 
graphical and analytical tools in the understanding of high-energy photoionization of light 
ions driven by, in general, elliptically polarized laser pulses. 

The second part of this chapter was devoted to the analysis of the spectra of photoelectrons 
at constant azimuthal angles for two laser field intensities. While it was demonstrated that 
the actual distributions show maximum values at the energies and polar angles predicted 
by Eqs. (7.53) and (7.55), i.e., we confirmed the predictions arising from the momentum 
spiral, also the width of the individual structures was taken into account. As it follows 
from the results presented in Sections 7.4 and 7.5, the energy spread of the supercontinua 
increases towards the most energetic parts of the spectrum. In contrast, their polar angle 
width decreases with Ep . Moreover, by employing laser pulses of larger intensity, the 

energy and angular spreads are further augmented and contracted, respectively. 

With respect to the synthesis of ultrashort single-electron wave packets, we have shown 
that the best conditions are met when the interference-free structures of highest energy are 
used. Their large bandwidth, regular behavior of the amplitude phases, and smooth 
variations of probability, lead to the generation of electron pulses as short as  
630 attoseconds at the mesoscopic distance of 10 m. Additionally, their small angular 
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spread guarantees that the pulses are most probably detected at a well-defined polar angle. 
Note, however, that the interference-dominated structures lead to a double-hump space-
time probability distribution. While it can be used for pump and probe experiments with 
the same electron, it has to be done for samples located very near to the photoelectron 
source. This is due to fact that the humps tend to interfere strongly at relatively short 
distances from the parent ion, depending on their kinetic energy. 
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Chapter 8 
Direct Femtosecond Laser Writing  
of Nonlinear Photonic Crystals 

Yan Sheng, Xin Chen and Wieslaw Krolikowski1 

8.1. Quasi-Phase Matching and Nonlinear Photonic Crystals 

Nonlinear optical processes, which govern the interaction of strong optical signals  
(e.g., laser beams or pulses) with the media in which these signals propagate, are of great 
importance for creation of coherent light sources at the frequency bands where the 
conventional lasers either perform poorly or are unavailable at all [1]. Moreover, the 
nonlinear processes are of interest because of their potential application in signal 
processing, mode-locking, pulse compression, etc. [2-4]. The efficiency of a nonlinear 
parametric process critically depends on relative phase locking of the interacting waves, 
which is formally expressed by the so-called phase matching condition requiring that 
phase velocities of all involved waves coincide. In typical optical media this condition 
cannot be naturally satisfied due to the refractive index dispersion.  

A traditional technique for achieving phase matching in nonlinear crystals is birefringent 
phase matching, where one exploits angular or/and temperature dependence of 
birefringence to cancel the phase mismatch [5]. However, this approach is ineffective for 
weakly birefringent materials and eventually a much more versatile technique, the so-
called quasi-phase matching (QPM) which relies on a spatial modulation of the quadratic 
(χ(2)) nonlinearity, was proposed in the 1960s [6, 7]. This spatial nonlinearity variation 
offers a set of reciprocal lattice wave vectors to compensate the phase mismatch between 
the interacting waves. Taking the simplest case of the second harmonic generation in a 
one-dimensional periodic χ(2) structure as an example, the QPM condition is written as  
k2-2k1-Gm = 0, where k1, k2 represent wave vectors of the fundamental and second 
harmonic beams, respectively, Gm = 2mπ/Λ is the reciprocal lattice vector with Λ denoting 
the period of χ(2) structure and m being an integer (Fig. 8.1(a)). While initially the QPM 
structures had been restricted to one-dimensional χ(2) modulation (also called optical 

                                                      

Yan Sheng 
Laser Physics Center, Research School of Physics and Engineering, Australian National University 
Canberra, Australia 



  Advances in Optics: Reviews. Book Series, Vol. 2 

 178

superlattice), the concept was generalized to two-dimensional structures by V. Berger in 
1998 [8]. From then on, the artificial microstructures with a constant linear susceptibility 
χ(1), but a spatially modulated nonlinear susceptibility tensor χ(2) have been called 
nonlinear photonic crystals (NPC), as a nonlinear optical analogue of the well-known 
linear photonic crystals [9]. Comparing with the 1D superlattices, the 2D NPC have more 
plentiful reciprocal lattice vectors in multiple directions, thereby enabling simultaneous 
phase matching of different nonlinear optical processes in a single crystal (see Figs. 8.1(b) 
and 8.1(c) for an example) [10]. So far, a variety of NPC structures, including periodic 
[11], quasi-periodic [12-14], short-range ordered [15,16], radial symmetric [17] and even 
inherently random nonlinear photonic structures [18, 19], have been developed to 
facilitate practical applications such as high order harmonic generators [20], optical 
frequency combs [21], and entangled photon sources, etc. [22, 23]. 

 

Fig. 8.1. (a) Illustrating the concept of quasi-phase matching (QPM) in one-dimensional optical 
superlattice, where the quadratic (χ(2)) nonlinear coefficient is periodically modulated to 
compensate phase mismatch of a nonlinear optical process by reciprocal lattice vectors  
(Gm = 2mπ/Λ). (b) An example of two-dimensional nonlinear photonic crystal (NPC), which offers 
plentiful reciprocal lattice vectors that allow quasi-phase matching of multiple nonlinear optical 
processes in different directions (c). 

8.2. Traditional Fabrication Methods of Nonlinear Photonic Crystals 

Ferroelectric crystals are the most commonly used materials for the fabrication of 
nonlinear photonic crystals. In ferroelectrics the area with spontaneous polarization (Ps) 
pointing to the same direction is called a ferroelectric domain. The direction of Ps, which 
actually defines the orientation of ferroelectric domains, can be selectively inverted by 
applying, e.g. a patterned external electric field so that the second order nonlinear 
coefficient χ(2) alters its sign accordingly. The early techniques for ferroelectric domain 
engineering included stacking thin plates of nonlinear medium where adjacent layers are 
180° rotated [24], controlling temperature fluctuation during crystal growth and post-
growth engineering of single domain crystals using chemical diffusion and impurities 
substitution [25]. However, all these techniques have obvious disadvantages and are not 
suitable for mass production. The situation changed dramatically with introduction of the 
electric field poling of ferroelectric crystals.  
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8.2.1. Electric Field Poling 

In the 1990s the electric field poling (EFP) technique was proposed to achieve periodic 
ferroelectric domain inversion [26, 27]. It relies on the application of a patterned electric 
field (higher than the conceive field of the ferroelectric) along the polar direction of the 
crystal. A typical setup for EFP is illustrated in Fig. 8.2. The electrodes are patterned on 
the crystal surface (most often by the UV lithography technique), and the spontaneous 
polarization is reverted only in areas below the patterned electrodes. So far, the EFP has 
been successfully used to pole various ferroelectrics at a wafer scale, including LiNbO3, 
LiTaO3, KTP, SBN, etc. It is also widely used to manufacture commercial nonlinear 
photonic crystals, having capability to pole LiNbO3 crystal as large as 3-inch  
in diameter [28].  

 

Fig. 8.2. A typical setup for electric field poling of ferroelectric crystals. The external electric 
field is applied to invert ferroelectric domains below the patterned electrodes (conductors).  

The arrows indicate the spatially varying directions of the spontaneous polarization  
in the resulting nonlinear photonic crystal. 

Although the electric field poling is the most commonly used technique for ferroelectric 
domain engineering, it suffers from several drawbacks. First of all, the fabrication of 
ferroelectric domain structures with sub-micrometer accuracy is very challenging. The 
aspect ratio of inverted domains is usually poor for fine domain periods due to the 
sideways growth of the reverted domains under electric field [29, 30]. So far only one-
dimensional sub-micron periodic domain structures have been reported using this method 
[31, 32]. Secondly, as the external poling field must be applied along the direction of 
spontaneous polarization, the method cannot be easily adapted to accommodate samples 
of atypical (x- or y-cut LiNbO3) crystallographic orientations. This is a significant 
disadvantage, since many devices require such atypical crystallographic orientations, for 
instance, the electro-optic modulators and whispering gallery mode (WGM) harmonic 
resonators, where x-cut LiNbO3 crystal is favoured. Thirdly, it is almost impossible to 
fabricate three dimensional (3D) domain structures using EFP due to its difficulties in 
producing internal domain inversion. Moreover, the electric poling method is expensive 
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as it requires specialized poling setups based on photolithographically fabricated 
electrodes. Any new design or even a minor modification of the QPM structure such as a 
change of its periodicity requires a new set of structured electrodes.  

8.2.2. UV Light Poling 

The UV light poling was proposed as a method to overcome some of drawbacks of the 
electric field poling. It involves the use of intense ultraviolet (UV) laser radiations to 
directly invert ferroelectric domains. The strong absorption of UV light locally heats 
ferroelectrics to an extraordinary high temperature (typically above the Curie and even 
melting point), so the coercive field of the crystal is significantly reduced within the 
optical beam’s focal spot [33]. Meanwhile the resulting high temperature gradient leads 
to the appearance of a thermoelectric field that locally inverts ferroelectric domains when 
it surpasses the coercive field [34, 35].  

Direct UV laser poling eliminates the need of photolithography and high voltage 
equipment in the traditional electric method. The fabricated domain patterns are directly 
defined by the position of the laser beam, which offers complete engineering flexibility 
for precise domain control [37, 38]. The UV method has been used to demonstrate 
ferroelectric domain patterning with sub-micron periods and arbitrary shapes of individual 
domains without restrictions of crystallographic orientation [33].  

However, the strong absorption of the UV lights is also a cause of serious drawback that 
limits the practical applications of this technique. The UV-induced ferroelectric domain 
inversion is usually restricted to a shallow surface layer (usually a few hundred 
nanometers) [39] and is often accompanied by cracks and surface damages due to the 
thermal stress during domain formation. As a result, so far no practical devices have been 
reported based on such UV-inscribed ferroelectric domain structures. 

8.2.3. Other Poling Techniques 

Apart from the electric field poling and UV light poling, there are also a few other 
techniques for ferroelectric domain engineering. For instance, the light-assisted poling 
(LAP) uses weakly absorbed laser beam (mainly visible to near IR range, but also some 
UV wavelengths) to reduce the coercive field of the crystal and a relatively lower 
homogeneous electric field to reverse ferroelectric domains [40]. The scanning force 
microscopy (SFM) and electron beam irradiations have also been used to fabricate micro 
to nanoscale ferroelectric domains, but they are still limited to a very shallow surface layer 
of the crystal [41, 42].  

8.3. Direct Femtosecond Infrared Laser Writing of Ferroelectric  
Domain Patterns 

Very recently it has been proposed that the infrared femtosecond laser writing could 
overcome major drawback of traditional fabrication of nonlinear photonic crystals in 
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ferroelectrics [43, 44]. The method relies on nonlinear absorption of the infrared laser 
pulses, which induces extraordinary high temperature and steep temperature gradient in 
the optical beam’s focal volume. The coercive field of the crystal may be reduced 
significantly at such high temperatures and the thermoelectric field induced by the 
temperature gradient can locally invert the direction of the spontaneous polarization. Since 
most ferroelectric nonlinear crystals are transparent in the near infrared range, the 
resulting inverted ferroelectric domains are no longer confined to the surface, but extend 
deep into the crystal [43]. The nonlinear absorption also allows precise domain 
engineering with extremely high resolution without optical damage to the crystal surface. 

The typical experimental setup for the femtosecond laser direct writing of ferroelectric 
domain pattern is illustrated in Fig. 8.3 (a). 

 

Fig. 8.3. (a) Typical experimental setup for the femtosecond laser writing of ferroelectric domain 
structures. The black arrows inside the crystal represent the initial direction of the spontaneous 
polarization of the crystal, while the green arrow indicates the reversed polar direction with the 
ferroelectric domain inversion in optical beam’s focal volume. (b) Only a weak collinear 
(nonphase-matched, forward) SHG is generated in a homogeneous domain crystal. (c) An 
additional conical Cerenkov harmonic signal is observed when a ferroelectric domain wall is 
created, which can be used as a real-time monitoring of the infrared light induced domain inversion. 

The laser pulses are generated by a femtosecond oscillator (Mira 900, Coherent) operating 
at 800 nm, with a pulse duration of 180 fs and a repetition rate of 76 MHz. The 
combination of a half wave plate and a polarizer allows the pulse energy to be adjusted 
continuously up to 9 nJ. The linearly polarized laser beam is focused by a microscope 
objective and incident normally to the surface of the sample, e.g. the congruent LiNbO3 
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crystal, which is mounted on a three-dimensional translational stage. Both the shutter and 
the translational stage are automatically controlled by computer, thus allowing 
ferroelectric domain inversion in various patterns.  

The setup shown above allows a real time monitoring of domain inversion process by 
detecting the second harmonic (SH) signal generated by the writing laser pulses. Before 
domain inversion, only a non-phase matched forward SH propagating collinearly with the 
fundamental beam (FB) can be recorded by CCD camera 1, as shown in Fig. 8.3 (b). With 
the laser-induced domain inversion taking place, the so-called Cerenkov SH (CSH) beam 
appears (Fig. 8.3 (c)), which is a non-collinear SH signal emitted conically at an angle 
determined by the longitudinal phase matching condition [45]. The is because the 
Cerenkov second harmonic signal can only be detected when the fundamental beam 
illuminates a region with spatially modulated χ(2), for instance a ferroelectric domain wall 
separating domains with opposite orientations [46]. If the CCD 1 is replaced with a simple 
illuminating beam, the setup can also be used to monitor the change to morphology of the 
crystal during the poling process (by CCD 2), including the refractive index changes due 
to the photorefractive effect.  

A critical parameter for laser writing of quality ferroelectric domain patterns is the 
intensity of the light in the irradiated position, which is mainly related to the incident laser 
power and the numerical aperture (NA) of the objective. With lower NAs (e.g. 0.2 or 0.3) 
and full power (about 700 mW), we obtained ferroelectric domain inversion, which, 
however, had a form of randomly distributed domain islands as revealed by the HF 
etching. Figs. 8.4 (a-b) show such domain patterns, which are supposed to be two 5 × 5 
domain matrices with period of 30 μm. With NA = 0.65 and an incident power of  
300 mW, the laser intensity becomes high enough to create inverted domains of regular 
shapes, as shown in Fig. 8.4 (c). It was also found that domain inversion takes place for 
beam powers close to a damage threshold above which the laser irradiation would produce 
ablation spots. Fig. 8.4 (d) shows these spots produced with NA = 0.65 and pulse energy 
of 5 nJ. The estimated ablation threshold is 0.28 J/cm2. This value is smaller than that 
reported using single laser shots [47]. Apart from the difference in pulse duration, the 
main reason is that multiple laser shots result in incubation effects, which consequently 
lowers the ablation threshold in the crystal [48]. 

Using microscope objective of NA = 0.65 and pulse energy of 4 nJ, two-dimensional 
domain patterns with different periods were fabricated. Fig. 8.5 depicts the square lattices 
with periods of 2 and 1.5 μm, respectively. It is clearly seen that the inverted domains 
were uniform over the whole area. Almost no domain merging was observed at a 1.5 μm 
separation between the centers of neighbouring inverted domains, as shown in Fig. 8.5(b). 
The average diameter of the inverted domains was less than 1.5 μm, which is comparable 
to the focal spot size of the laser beam. In Fig. 8.6 we apply the infrared laser poling 
technique to fabricate versatile domain patterns, including square and hexagonal 
ferroelectric lattices, as well as the decagonal quasi-periodic and short-range ordered 
domain structures. 
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Fig. 8.4. Optical microscopic images of the femtosecond-infrared-laser-produced domain patterns 
after HF acid etching, which are written with (a) NA = 0.2 and pulse energy of 9 nJ, (b) NA = 0.3 

and pulse energy of 9 nJ, and (c) NA = 0.65 and pulse energy of 4 nJ, respectively.  
(d) The optical damage spots produced with NA = 0.65 and pulse energy of 5 nJ. 

 

Fig. 8.5. Scanning electron microscopy images of the resulting two-dimensional ferroelectric 
domain patterns in square lattice (after HF etching). The period of the patterns is equal  

to (a) 2 and (b) 1.5 μm. 

The depth and quality of the laser inverted domains were investigated using Cerenkov 
second harmonic microscopy. Fig. 8.7 shows three-dimensional images of a section of the 
domain pattern in lithium niobate from Fig. 8.6 (a). It is clearly seen that the femtosecond 
optical poling method is efficient to produce high-quality domain structures extending 
over tens of micrometers inside the crystal. In fact, by conducting a series of polishing 
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and HF etching cycles, the length of inverted domains inside the samples was confirmed 
to exceed 60 μm.  

 

Fig. 8.6. Optical microscopic images of two-dimensional ferroelectric domain patterns (after HF 
etching) formed by femtosecond optical poling. (a) Square lattice; (b) hexagonal lattice;  

(c) decagonal quasi-periodic; and (d) short-range ordered domain structures. 

      

Fig. 8.7. Three-dimensional visualization of a section of square pattern of inverted domains  
by Cerenkov second harmonic microscopy [45, 46]. (a) The first 15 μm deep layer of the pattern 

(seen from the -z surface) illustrating good quality of the inverted domains. (b) The length  
of the laser produced reverted domains can exceed 60 μm. 

To realize ferroelectric domains inversion deeper inside a crystal, a few factors have to be 
taken into account. First, the length of inverted domains is affected by the properties of 
light focusing inside the crystal. It has been well known that high refractive index 
mismatch between ferroelectrics (like LiNbO3 crystal) and surrounding medium 
introduces strong spherical aberration, which under focusing conditions, leads to axial 
deformation of the focal region [49]. Also, when light is tightly focused into a uniaxial 
crystal along its optical axis, focus splitting occurs [50]. Therefore, measures need to be 



Chapter 8. Direct Femtosecond Laser Writing of Nonlinear Photonic Crystals 

 185 

undertaken to counteract these effects. For instance, one may use spatial modulation of 
the incident beam to cancel the spherical aberrations as well as adjust its linear 
polarization with respective to the crystallographic orientation [51, 52]. Second, the 
domain reversal could be affected by the temperature-induced stress in the crystal as well 
as the photorefractive effect. In fact, the refractive index change was observed in the 
experiment, but it disappeared after annealing the samples at 200 °C for half an hour. The 
role of these and other factors, such as the focal spot size, heat diffusion, and the ambient 
temperature, on the quality and efficiency of the domain reversal process needs further 
investigations. 

It is worth mentioning that domain inversion takes place only when the focus of the beam 
moves along the z-axis from the -z toward the +z surface. In fact, no domain inversion 
occurred if the beam was tightly focused on the +z surface of the sample. These 
observations indicate the presence of thermoelectric or/and pyroelectric field in the focal 
volume of the femtosecond beam as a possible cause of domain inversion. In the UV 
poling this field was induced by a strong absorption of the UV light just below the surface 
of the crystal. The asymmetry of the thermal profile induces electric field of either 
thermoelectric or pyroelectric nature, which can locally invert the domain if it is oriented 
opposite to the direction of spontaneous polarization and its strength exceeds the coercive 
field. Since the thermal profiles at +z and -z surfaces are exactly opposite, only the profile 
near the -z surface results in the thermoelectric field oriented against the direction of 
spontaneous polarization and hence is capable of domain inversion. As lithium niobate is 
transparent in the infrared, the multi-photon absorption of the high intensity light would 
heat the crystal in the focal area. While wavelength of the writing laser (800 nm) is too 
long for band to band two photon absorption (the band gap of lithium niobate is 4 eV), the 
process could involve two or higher order photon absorption as well as defects or impurity 
states within the gap [53]. The tight focusing within the crystal ensures a high temperature 
gradient and, consequently, a high strength of the poling field. In the region where this 
field exceeds the coercive field, the domain inversion takes place. Moving the focal spot 
toward the +z surface promotes the ferroelectric domain growth along the same direction. 

8.4. Application of Femtosecond-Laser-Written Domain Patterns  
in Nonlinear Optics  

The infrared laser poling method can be applied in fabricating quasi-phase matching 
devices, which has been demonstrated in titanium (Ti) diffused LiNbO3 channel 
waveguides [54]. The waveguide was fabricated by diffusing a 35 nm thick Ti stripe with 
a width of 3 μm into the -z surface of a 500 μm thick congruent LiNbO3 crystal. After a 
diffusion time of 22 h and a diffusion temperature of 1010 °C, a waveguide with a total 
length of 10 mm and a width of 3 μm was obtained. The waveguide was designed to be 
single mode at the pump wavelength of 815 nm, with a refractive index contrast of 
approximately Δn = 0.001 and a mode depth of ~ 3 μm. The loss of the waveguide was 
measured to be around 0.1 dB/cm for both fundamental and second-harmonic TM modes.  

A typical optically poled waveguide revealed after HF acid etching is shown in Fig. 8.8(a). 
The inscribed two-dimensional ferroelectric domain structure covers the whole length of 
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the waveguide with a period of 2.74 μm in the longitudinal (x) direction. In order to cover 
the whole width of the waveguide, three ferroelectric domains were written in the 
transverse (y) direction with a separation of roughly 1 μm between neighbouring domains. 
By using Cerenkov second harmonic microscopy to visualize the three-dimensional 
structure of the optically poled waveguide, as shown in Fig. 8.8(b), the depth of the 
reverted domains was estimated to be ~28 μm, which ensures a good overlap with the 
waveguide modes of FB and SH. 

 

Fig. 8.8. (a) Optical microscopic image of the 2-D optically poled LiNbO3 channel waveguide 
with a period of 2.74 μm in x direction and 1.15 μm in y direction. Individual inverted domains 

are visible as small circles. (b) Three-dimensional profiles of the inverted domains obtained  
by the Cerenkov second-harmonic microscopy [45]. 

The performance of the optically poled waveguide on quasi-phase matched frequency 
conversion was tested after annealing it at 200 °C for half an hour to remove the remnants 
of photorefractive effect. The 815 nm fundamental laser beam was generated from a 
femtosecond oscillator (Mira, Coherent) and focused by a NA = 0.1 microscope objective 
into the waveguide. The output signals from the waveguide were collected by a NA = 0.1 
microscope objective. The powers of the SH were measured after the fundamental beam 
was blocked by suitable filters. To utilize the strongest nonlinear coefficient d33, the 
fundamental wave was extraordinarily polarized. The waveguide was mounted on a 
temperature controller to optimize the frequency doubling process. Fig. 8.9 shows the 
temperature dependence of the SHG efficiency of the optically poled waveguide with a 
peak efficiency at 62.5 °C. The waveguide exhibited a relatively wide temperature 
acceptance bandwidth (~5 °C), which is a consequence of a few factors. Firstly, the pulse 
duration of the fundamental beam in the experiment was 180 fs and the spectral width of 
such ultrashort pulses is around 15 nm. When the temperature of the waveguide is tuned 
away from the optimal value at which the central wavelength is quasi-phase matched, the 
contributions from other spectral components to the SHG grow as they become phase 
matched. This results in the broadening of the experimental temperature acceptance 
bandwidth [55, 56]. In addition, the group velocity mismatch between the FB and SH 
pulses restricted the effective interaction distance of the SHG, which was about 83 μm in 
the experiment. The shorter the effective length is, the wider the acceptance bandwidth 
becomes [57, 58]. Another factor responsible for the broadening is the imperfection of the 
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optically poled domain structures. In any poling processes, the random period errors are 
unavoidable. Such random deviations from the optimal QPM period will also shorten the 
effective interaction length of nonlinear processes and broaden the acceptance  
bandwidth [59].  

 

Fig. 8.9. Temperature tuning curve of the SHG in an optically poled LiNbO3 waveguide.  
The insert pictures show the output intensity distribution of the FB and the SH in the far field. 

The coordinate is that of the LiNbO3 waveguide. 

Fig. 8.10 shows the output power and conversion efficiency of the quasi-phase matched 
SH as a function of the input power of the FB in the laser induced ferroelectric domain 
pattern. The power of SH follows the square law for low input powers and then the growth 
slows down above 85 mW in consequence of back conversion. A SH power of 15.3 mW 
was obtained for 87.6 mW of input power, which corresponds to a conversion efficiency 
of 17.5 %. Since the experiments were conducted with short pulses, the frequency 
conversion process was adversely affected by the group velocity mismatch between the 
FB and SH pulses [55, 56], which restricted the effective interaction length in the 
frequency doubling process. The SH wave generated within this length can grow 
coherently. Beyond this length, the newly generated harmonic wave is essentially 
incoherent with the previously formed, but still contributes to the total output. Therefore, 
an even higher conversion efficiency can be obtained by using longer (picosecond or 
nanosecond) pulses and longer samples.  

It is worth noting that the femtosecond-laser-inscribed QPM domain patterns basically did 
not affect transmission characteristics of the waveguide. By comparing the output powers 
of the FB from the optically poled and pure waveguides in an undepleted pump regime, 
the average propagation loss caused by the inscribed periodic domain patterns was 
calculated to be below 0.06 dB/cm, which is two orders of magnitude less than that 
measured in other femtosecond laser engineered QPM schemes [60, 61]. 
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Fig. 8.10. (a) Average power and (b) conversion efficiency of the second harmonic versus  
the average power of the fundamental beam at the optimal QPM temperature 62.5 °C.  

8.5. Conclusions 

We have presented a general review on the commonly used fabrication methods of 
nonlinear photonic crystals via ferroelectric domain engineering. In particular, we have 
shown the femtosecond infrared laser direct writing as a promising approach to overcome 
the insurmountable challenge of other techniques. The infrared laser writing method does 
not involve any external electric field at any stage of the fabrication process, thereby 
applicable to ferroelectrics of both typical and atypical crystallographic orientations. 
Owing to the high transparency of most ferroelectrics in the infrared, the method can also 
form deep domains inside a crystal, which is a significant result surpassing the capabilities 
of the optical UV poling technique. The period of the resulting nonlinear photonic crystals 
can be as small as 1 μm, essential for the productions of fine domain structures. It is 
expected to achieve even higher resolution by using spatial beam shaping or polarization 
management. As a demonstration device, we have fabricated a periodic, quasi-phase 
matching structure in a lithium niobate channel waveguide, and achieved efficient second-
harmonic generation at λ = 815 nm, with 17.5 % conversion efficiency. The femtosecond 
pulse poling also opens up the possibility to realize true three dimensional domain 
patterning in the bulk of ferroelectric crystals. 
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Chapter 9 
Linearization of a LTE Radio-over-Fiber 
Fronthaul System based on Optimized 
Genetic Algorithm CPWL Models 

Carlos Mateo, Pedro L. Carro, Paloma García-Dúcar,  
Jesús de Mingo and Íñigo Salinas1 

9.1. Introduction 

Nowadays, due to the increasing demand of Information and Communication Technology 
(ICT) services, new architectures have been developed in order to concentrate signal 
processing in the same Baseband Unit (BBU), such as Cloud Radio Access Network  
(C-RAN) [1]. In addition, Radio-over-Fiber (RoF) connections are becoming more 
important because of their well-known benefits, such as extremely broad bandwidth, low 
loss transmission, immunity to electromagnetic interference [2-4], and potential 
compatibility to several microwave photonic processing techniques [5]. However, RoF 
transmissions are analog systems, and thus susceptible of nonlinear distortions by 
electrical-to-optical and optical-to-electrical conversions, as well as the fiber dispersion 
[6]. This issue, together with the power amplifier (PA) situated at the Remote Radio Head 
(RRH) side, distorts the signal producing a spectral regrowth in adjacent frequency bands, 
known as adjacent channel interference (ACI). Current standards, such as Long Term 
Evolution (LTE) or Long Term Evolution-Advanced (LTE-A), are based on orthogonal 
frequency division multiplexing (OFDM), which provides major advantages in mitigating 
wireless channel impairments. In addition, in optical communications, OFDM can tolerate 
various fiber dispersion [7]. However, it is especially vulnerable to these distortions due 
to its high peak-to-average power ratio (PAPR) in its signal envelope. 

Both photonic and electrical methods have been developed in order to address these RoF 
system distortions [8-9], being digital predistortion (DPD) one of the most effective with 
high flexibility and simple operation. Most DPD methods are based on Volterra series, 
which provide a general way to model a non-linear system with memory effects. The main 
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disadvantage of memory polynomial models is that they suffer from numerical instability 
when the model order increases, offering unsatisfactory results. A DPD model based on 
canonical piece-wise-linear (CPWL) functions is presented in [10], in which several 
modifications have been carried out in order to satisfy modeling conditions: in the discrete 
time domain, taking into account static nonlinearity and memory effects, linear in 
parameters and dealing with complex signals. Until now, several DPD have been proposed 
and widely used for wireless systems. However, there have no reports to apply CPWL 
models in IM/DD RoF systems. 

In this chapter, we present an optimized version of the CPWL model. The advantage of 
this model relies on the influence of the thresholds in its performance. To address this fact, 
a genetic algorithm (GA) has been used to determine their optimum values [11], 
improving the fitness and offering better performance. The experiments have been carried 
out in a RoF LTE mobile fronthaul link, whose optical parameters have been changed in 
order to verify the DPD model adaptability to different transmission conditions.  

9.2. Proposed Models 

9.2.1. Volterra Model 

The classical polynomial model based on truncated Volterra series has been deeply 
studied along the literature, and is defined as 

       1

1 0

,
N M

p

pm
p m

u n a x n m x n m


 

     (9.1) 

where N  is the non-linear order, M  is the memory depth, ( )x n  and ( )u n  are the 

predistorter baseband input and output signals, respectively, and pma  are the model 

coefficients. Eq. 9.1 may be expressed as 

 , u X a   (9.2)  

being X  the matrix expression of the DPD input signal, a the vector representation of 
the model coefficients and u  the coefficient vector of the predistorter output ( )u n . X  has 
the structure 

 1 ,   p NX X X X    (9.3)  
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and 

 p,mx (n) 1
( ) ( ) ,

p
x n m x n m

     (9.5)  

being L the signal length. The predistorter scheme using the indirect learning structure 
appears in Fig. 9.1.  

 

Fig. 9.1. Digital Predistorter schematic in a RoF mobile-fronthaul system. 

DPD coefficients are calculated in a first training stage in the feedback path, whose input 
is the normalized PA output sequence ( )v n , defined as 

 ( ) y(n) / ,v n  normG   (9.6) 

with 
n o rmG  the complex gain of the whole system. In a general Volterra system, its  

pth-order post-inverse is identical to its pth-order pre-inverse, within pth-order 
nonlinearities [12].  

There are different approaches for estimating the model coefficients when applying DPD. 
When the dependence of the coefficients regarding the input samples is linear, as it occurs 
in memory polynomial models, least squares (LS) algorithms can be applied [13]. The 
polynomial postdistorter coefficients are obtained by means of the least squares 
minimization, whose solution is the pseudoinverse of the normalized DPD output ( )u n , 

defined as 

   1
,


 H Ha X X X u   (9.7) 

where   1H HX X X  represents the pseudoinverse of X . The estimated predistorter output 

signal ( )u n  can be easily calculated as 

 .u Xa   (9.8) 

This model can fit the non-linearity and the memory effects caused both by the RoF 
mobile-fronthaul link and the power amplifier. However, they may be not very accurate 
to model the spectral regrowth in adjacent frequency bands, and therefore DPD 
identification may be unsatisfactory. 
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9.2.2. CPWL Model 

The canonical piecewise-linear function (CPWL) was proposed by Chua [14] as a simple 
structure capable of represent a wide range of continuous nonlinear functions with high 
precision, defined as 

      
0 1 0

,
M K M

m k km k
m k m

u n a x n m b c a x n m 
  

          (9.9) 

where ( )x n  and ( )u n  are the DPD baseband input and output signals, respectively. K  is 

the partition number and 
k  is the threshold that defines the partition boundary. M  

represents the memory depth and 
ma , b, 

kc  and 
kma  are the coefficient vectors. However, 

this CPWL model cannot be directly employed in DPD identification because it does not 
satisfy the DPD modeling conditions. Moreover, it is necessary to make some 
modifications in order to deal with complex signals, as well as to take into account the 
interactions of the present and past samples. A modified model using a decomposed vector 
rotation technique is proposed in [15], which is defined as 
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where K  is the number of partitions and k  is the threshold that defines the boundary of 

the partition, whereas M  represents the memory depth. ( )x n  and ( )u n  are the 

predistorter baseband input and output signals, respectively. mc , ,1kmc , ,21kmc , ,22kmc , 

,23kmc  and ,24kmc  are the coefficient vectors. The method to obtain these coefficient 

vectors is analogous to the Volterra model. Balancing the performance and the 
implementation complexity, in this work a truncated version of this model has been used, 
taking into account only up to 2nd-order type-2, in order to minimize the coefficient 
number. This model is defined as 
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 (9.11) 

9.2.3. Threshold Optimization with Genetic Algorithms 

A uniform threshold allocation along the signal amplitude has been set in [10], but it might 
not be the suitable solution due to the relationship between the system performance and 
its parameters. It is important to choose properly these values in order to obtain a better 
behavioral model. Along the literature detailed investigations on the threshold influence 
in the CPWL model behavioral are not reported yet. 

In this work we propose the use of the GA algorithm in order to determine the optimum 
allocation of the DPD model thresholds (see Fig. 9.2). GA is a powerful stochastic 
algorithm based on the principles of natural selection. This algorithm maintains a 
population of individuals and probabilistically modifies it by some genetic operators such 
as selection, crossover and mutation, in order to seek an optimal solution. After several 
iterations (generations), the algorithm converges to the optimal solution. 

 

Fig. 9.2. Genetic algorithm threshold optimization diagram.  
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Firstly, it is necessary to determine a set of limits which determine the segments where 
the GA will set the initial threshold population. In this work we have chosen a logarithmic 
initial limit allocation due to the form of the AM/AM DPD curve needs more thresholds 
for high input signal envelopes than in the linear zone. Once the limits are stablished, a 
random threshold population (with 50 individuals) is created within these limits. Each 
individual of this population is evaluated with the fitness function value . In this work, 
we have made use of the Adjacent Channel Power Ratio (ACPR) as the fitness function 
because in a linearization process we seek to reduce the spectral regrowth: 

 ( _ )
10

1,2

( )

( )
min 10 log ,

( )

adj band m
ACPR

m

band

Y f df

Y f df




 
 
 
 




 (9.12) 

where ( )Y f  is the output signal power spectral density. Once the fitness function has 
been evaluated for each individual, the algorithm has to decide if the process has ended. 
This occurs when it has converged to the best solution (the minimum value of the fitness 
function (ACPR)). The selection strategy is based on the fitness level, and in this work 
the fitness proportionate selection has been chosen. This selection function lays out a line 
in which each parent corresponds to a section of the line of length proportional to its scaled 
value. The algorithm moves along the line in steps of equal size. At each step, the 
algorithm allocates a parent from the section it lands on. After a new population is formed, 
some members of the new population are transformed by three basic operators: 
reproduction, crossover and mutation. The first operator only copy the selected individual 
from the current population into the new population without changes. In this process the 
number of individuals that are guaranteed to survive to the next generation is the 5 % of 
the total population size. The crossover operator consists of combining two individuals 
(or parents) to form a crossover child for the next generation. This process creates a 
random binary vector and selects the genes where the vector is a 1 from the first parent, 
and the genes where the vector is a 0 from the second parent, and combines the genes to 
form the child. The last operator randomly generates directions that are adaptive with 
respect to the last successful or unsuccessful generation. The mutation chooses a direction 
and step length that satisfies bounds and linear constraints. This operator allows to cross 
the initial limits moving the thresholds to another segment that proportionate a better 
solution. When the population transformation has been taken place, the individuals are 
evaluated again. After several generations, the algorithm converges to the best solution, 
which hopefully represents the optimum threshold allocation. While others algorithms 
could offer local solutions, one of the GA benefits is that the solution may escape from 
them. 

Since transmission conditions depend strongly on optical parameters, the threshold 
optimization process changes in each scenario. Therefore, the thresholds will depend on 
the optic fiber length between the RRH and the BBU ( L), DFB bias intensity (

biasI ) and RF 

input power (
RFP ). Taking this issue into account, the Eq. 9.11 leads to: 
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  (9.13)  

where K  is the number of partitions and k
  is the optimized threshold, whereas M

represents the memory depth. ( )x n  and ( )u n  are the predistorter baseband input and 

output signals, respectively. As in the CPWL model, 
mc , 

,1k mc , 
,21kmc  and 

,22kmc  are the 

coefficient vectors for linear, 1st order basis, 2nd order type-1 and 2nd order type-2 terms, 
respectively. The process to obtain these coefficient vectors are analogous to the previous 
models. 

9.2.4. Computational Cost Overview 

9.2.4.1. Volterra Model  

The complexity VoltC  of the Volterra model consists of the sum of the bases construction 

complexity V o lt
m a tr ixC  and the coefficient calculation

Volt
coeffC :  

 .Volt Volt Volt
matrix coeffC C C    (9.14) 

Since the matrix dimension are analogous in both models (they have the same number of 
coefficients in all tested cases in order to make a fair comparison), and thus the coefficient 

vector are equal in length, the 
Volt
coeffC  will be the same for both models. We have to analyze 

the number of FLOPS for each element of the matrix X  (see Eq. 9.3). The complexity 
Volt
matrixC  can be written as the sum of the complexity of additions and multiplications: 

 ( ) ( ).Volt Volt Volt
matrix matrix coeffC C C      (9.15) 

In [16], authors have set the number of flops for different operations: 
 Complex-complex multiplication: 6 FLOPS; 
 Complex-real multiplication: 2 FLOPS; 
 Complex-complex addition: 2 FLOPS. 

If we set a nonlinearity order of 7N   and a memory depth of 0M  , the Eq. 9.1 can be 
developed as 
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From Eq. 9.16 we can conclude that the number of coefficients increases exponentially 
with the nonlinear order and linearly with the memory depth. Now we have to calculate 
the number of FLOPS for each term of the matrix X  rows: 

1.  
10

: ( ) : 0 ;Volt

aC x n FLOPS  

2.    
20

: : ( ) 0 ; ( ) 2 2 ;( ) ( )Volt Volt Volt

a matrix matrix
C C FLOPS C FLOPS FLOPSx n x n       

3.  ;  

4.    6

70
: ( ) ( ) : ( ) 0 ; ( ) 12 12 ;Volt Volt Volt

a matrix matrix
C x n x n C FLOPS C FLOPS FLOPS       

According to [16], the delay operation of the memory depth does not have any FLOPS. 
The number of FLOPS for the whole X  can be defined as 

    
1

1 2 1 ,
N

p

p M L


 
     

 
   (9.17) 

being L the input signal length and M  the memory depth. The cost of memory write and 
read operations has not been taken into account. Thus, the number of FLOPS to create the 
matrix with 7N  , 0M   and an input signal length of 1L  will be: 

 
10 20 70

42 .Volt Volt Volt Volt
matrix a a aC C C C FLOPS       (9.18) 

9.2.4.2. CPWL Model  

The CPWL model analysis is analogous that the Volterra model. As in the previous case, 
will be taken into account only the cost of creating the matrix X . The CPWL model that 
we have used in this work is defined as 
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We set an order of 2K  , to ensure the coefficient number is equal to Volterra model, 
and a memory depth of 0M  , the Eq. 9.15 can be defined as 
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In this case, the number of multiplications does not increase with the nonlinearity order, 
resulting in less computer complexity for a fixed memory depth. Now we have to calculate 
the number of FLOPS for each term of the matrix X rows is consequently: 

1.    0
: ( ) : ( ) 0 ; ( ) 0 0 ;CPWL CPWL CPWL

c matrix matrix
C x n C FLOPS C FLOPS FLOPS      

2.    ( )

10,1 1
: ( ) : ( ) 1 ; ( ) 2 3 ;CPWL j n CPWL CPWL

c matrix matrix
C x n e C FLOP C FLOPS FLOPS        

3.    ( )

20,1 2
: ( ) : ( ) 1 ; ( ) 2 3 ;CPWL j n CPWL CPWL

c matrix matrix
C x n e C FLOP C FLOPS FLOPS        

4.    ( )

10,21 1
: ( ) ( ) : ( ) 1 ; ( ) 4 5 ;CPWL j n CPWL CPWL

c matrix matrix
C x n e x n C FLOP C FLOPS FLOPS         

5.    ( )

20,21 2
: ( ) ( ) : ( ) 1 ; ( ) 4 5 ;CPWL j n CPWL CPWL

c matrix matrix
C x n e x n C FLOP C FLOPS FLOPS         

6.    10,22 1
: ( ) ( ) : ( ) 1 ; ( ) 2 3 ;CPWL CPWL CPWL

c matrix matrix
C x n x n C FLOP C FLOPS FLOPS        

7.    20,22 2
: ( ) ( ) : ( ) 1 ; ( ) 2 3 .CPWL CPWL CPWL

c matrix matrix
C x n x n C FLOP C FLOPS FLOPS        

The number of FLOPS for the whole matrix X  can be defined as 

  11 1 ,K M L      (9.21) 

being L the input signal length and M  the memory depth. As in the Volterra model the 
memory depth does not imply costs (only in memory write and read operations). Thus, 
the number of FLOPS to create the matrix with 2K  , 0M   and an input signal length 
of 1L  will be: 

 
0 10,1 20,22

22 .CPWL CPWL CPWL CPWL
matrix c c cC C C C FLOPS       (9.22) 

Table 9.1 gathers the comparisson between both models for several nonlinearity orders. 
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Table 9.1. Complexity comparison between both models (Volterra and CPWL)  
without memory. 

N K Coeff. 
Cmatrix (FLOPS) 

Volterra CPWL 
7 2 7 42 22 

13 4 13 156 44 
19 6 19 342 66 

 

9.2.4.3. GA-CPWL Model  

The matrix of the proposed GA-CPWL model has a cost in FLOPS analogous to the 
current CPWL model, since the difference between them resides in the threshold 
allocation. Despite most of the total cost depends on the threshold optimization process, 
this process is carried out only when the transmission begins (adquisition period). Then 
the thresholds are constant, provided the transmission parameters do not change. 

The optimization process mainly depends on the number of generations which are 
necessary to converge to the optimal solution. At first, it is easy to think that this process 
can take much more time than it actually does. In order to see how many generations are 
necessary to reach an optimized threshold allocation, we have represented in Fig. 9.3 the 
genetic algorithm convergence to an optimal threshold allocation. It is remarkable that in 
approximately 8 generations the algorithm has converged to the final solution. 

 

Fig. 9.3. Genetic algorithm convergence to an optimal threshold allocation.  

In each of these generations, the computational cost will mainly depend on the number of 
iterations, the number of individuals, and the cost of evaluating the fitness function. This 
algorithm takes much more FLOPS than the rest of the modeling process, but as 
previously stated, this process is carried out in the adquisition period. 
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9.3. Experimental Results without Optimization 

9.3.1. Experimental Setup 

The test setup used in this section to study both methods (Volterra and CPWL) is shown 
in Fig. 9.4. It consists of a directly-modulated RoF system, as well as the electrical 
segment at the RRH. An arbitrary signal generator (Agilent E4438C) is used to generate a 
signal composed by two LTE downlink signals (OFDM modulation) with QPSK and 
16QAM subcarriers whose bandwidths are 5 and 15 MHz, respectively. The RF carrier 
frequencies are set at 2.6625 and 2.6825 GHz, and are within the Band 7 of the LTE 
standard [17]. The signals feed an electro-absorption modulator (EAM) distributed 
feedback laser (DFB) (Optilab DFB-EAM-1550-12 S/N7075) with an input RF power of 
0 dBm, whose wavelength is 1550 nm. To ensure the EAM-DFB laser is not biased close 
to the lasing threshold level (<10 mA) and the saturation region (>100 mA), the process 
is carried out with a 50 mA bias intensity. The link between BBU and RRH is a single-
mode fiber (SMF) with an attenuation of 0.25 dB/Km, a dispersion of 18 ps/(nmꞏkm) and 
is 10 km-length. The RRH side consists of a photodetector (PD) with a responsivity of  
0.9 A/W. After the optical-electrical conversion, a PA (Minicircuits ZHL-4240) is used, 
with a 1-dB compression point of 26 dBm, and an approximated gain of 41.7 dB at the 
test frequencies. The setup includes a 16 dB attenuator to avoid PA damage. Finally, the 
output signals are captured by means of an oscilloscope (Agilent Infiniium DSO90804A), 
which measures Error Vector Magnitude (EVM) and ACPR. The model coefficients are 
calculated from these captured signals in a PC with Matlab. 

 

Fig. 9.4. Experimental setup for a directly-modulated RoF system. 

9.3.2. RoF Modeling Results  

The parameters for both the CPWL and the Volterra models are set to ensure the 
coefficient number is equal. Hence, for Volterra model the nonlinearity orders are  

7N  , 13  and 19 ; and for CPWL model the number of thresholds are 2K  , 4 and 6. 
The memory depths are set at the same values for both models: 0M  , 1  and 2 .  
Table 9.2 summarizes the performance comparison of both models in terms of Normalized 
Mean Square Error (NMSE) and Adjacent Channel Error Power Ratio (ACEPR) [18]. 
Concerning to the first, Volterra and CPWL models give similar features, being CPWL 
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model results lightly better. Regarding to the ACEPR, when the coefficient number 
increases, the CPWL model performance improves, reducing its value from -35.78 to  
-49.24 dB. 

Table 9.2. RoF modeling comparison between Volterra and CPWL Models in terms of NMSE 
and ACEPR for different nonlinearity orders and memory depths. 

N K M Coeff. 
NMSE (dB) ACEPR (dB) 

Volterra CPWL Volterra CPWL 
7 2 0 7 -21.62 -21.60 -36.82 -37.15 

13 4 0 13 -21.62 -21.62 -36.84 -36.90 
19 6 0 19 -21.62 -21.62 -36.81 -36.87 
7 2 1 14 -29.30 -29.32 -34.25 -40.27 

13 4 1 26 -29.30 -29.47 -34.32 -42.75 
19 6 1 38 -29.30 -29.48 -34.36 -42.47 
7 2 2 21 -31.22 -31.24 -35.63 -45.57 

13 4 2 39 -31.23 -31.51 -35.74 -49.16 
19 6 2 57 -31.23 -31.55 -35.78 -49.24 

 

9.3.3. DPD Identification Results  

NMSE and ACPR measurements are required in order to validate the linearization 
performance of the Volterra and CPWL models. According to Table 9.3, Volterra offers 
lightly better performance than CPWL regarding to NMSE. If the AMAM curves from 
both modeling and predistortion are taken into account, in modeling the nonlinear zone 
can be modeled with several thresholds, whereas in the DPD curve the nonlinear zone has 
to be modeled with only one threshold. However, in terms of ACPR, experimental results 
show that in most tested cases the CPWL DPD offers better features. This improvement 
is especially pronounced with 39 coefficients ( 2M , 13N  and 4K  ) in Band 1, 
reaching an enhancement of 9.38 dB with a value of -37.48 dB. Nevertheless, the best 
result has been obtained for the same measurement conditions in Band 2, with an ACPR 
of -40.02 dB. 

Table 9.3. DPD Experimental Results for both Volterra and CPWL Models in terms of NMSE 
and ACPR for different Nonlinearity Orders and Memory Depths. 

N K M Coeff. 
NMSE (dB) 

ACPR (dB) 
Band 1 Band 2 

Volterra CPWL Volterra CPWL Volterra CPWL 
7 2 0 7 -21.27 -20.95 -33.39 -34.21 -36.87 -36.96 
13 4 0 13 -21.30 -20.99 -22.03 -21.67 -22.30 -21.58 
19 6 0 19 -21.31 -21.29 -20.65 -33.84 -21.73 -37.25 
7 2 1 14 -26.77 -25.71 -32.97 -33.48 -34.93 -35.35 
13 4 1 26 -27.10 -25.99 -27.12 -37.98 -30.46 -39.79 
19 6 1 38 -27.16 -26.85 -19.30 -33.39 -25.06 -35.08 
7 2 2 21 -27.70 -26.43 -37.48 -35.66 -39.79 -37.83 
13 4 2 39 -28.21 -26.92 -28.10 -37.48 -31.23 -40.02 
19 6 2 57 -28.32 -28.03 -18.69 -34.01 -24.83 -35.75 
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The linearization capacity is further confirmed by examining the output signal power 
spectral densities (PSD) with and without linearization process (see Fig. 9.5). Although 
both of the predistorted signals can cancel most of the intermodulation products, CPWL 
model offers better linearization capacity in terms of adjacent channel regrowth reduction. 
It can be seen that in some frequencies the spectral regrowth is higher than without the 
DPD. Due to the models can only reduce the spectral regrowth up to certain order, the rest 
of the terms are involved in produce the increment in the other orders. It can be seen as a 
power redistribution in the spectral domain. 

 

Fig. 9.5. Output signal PSDs without predistortion (blue) and with Volterra (black) and CPWL 
DPD (red) with 26 coefficients (M=1, N=13 and K=4).  

The evaluation of the PA output power in both frequency bands for all predistorter under 
test is required due to the losses introduced by the DPD. Provided a fixed total RF input 
power of 0 dBm, the output power with and without the DPDs in the setup has been 
evaluated. The gain factor in this transmission conditions has been set at   = 1.35 in 
order to compare the different coefficient number in the same conditions. Table 9.4 
summarizes the experimental results, which are similar in all studied cases, with a power 
losses of approximately 3 dB. 

Finally, the EVM has been evaluated in order to analyze the predistorted output signals 
quality related to the in-band interference. Experimental results show that with Volterra 
DPD only nonlinearity orders up to 7 offers good performance (see Fig. 9.6). However, 
with an order from 7 the model suffers instability due to the data matrix is ill-conditioned, 
thus the output signal EVM increases strongly reaching 11.20 % and 16.02 % in Band 1 
and Band 2, respectively, offering worse results than without the DPD (8.37 % in Band 1 
and 8.51 % in Band 2). It is remarkable that in Fig. 9.6 (d), with memory depth 0M  , 
when the order increases, the DPD performance decreases. Although in Volterra model is 
much more noticeable, in CPWL model can also occur that the matrix is ill-conditioned. 
Thus, the pseudoinverse process and the coefficient calculation offers worse performance. 
Moreover, with CPWL model the measured EVM is worse than with Volterra model in 
0.09 percentage points (see Figs. 9.6(c) and 9.6(d) with 0M   and 7 coefficients). Taking 
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into account that the LTE standard limits are 17.5 % for QPSK and 12.5 % for 16QAM 
[17], it is obvious that Volterra DPD does not meet the standard requirements in some 
cases. Concerning to the CPWL model, when a higher order is set, even though the model 
does not suffer from instability, only provides limited performance improvement, whereas 
the computational complexity increases. This conclusion is still valid in the case of the 
memory depth because there are not notable EVM enhancement when its value increases. 
Anyway, in all studied cases, the CPWL model output signals meet the standard EVM 
limits. 

Table 9.4. Transmitted Signal Power at the PA Output in both Bands without Predistortion  
and with Volterra and CPWL DPD for different Nonlinearity Orders and Memory Depths.  

N K M Coeff. 
Powerchannel (dBm) 

Band 1 Band 2 
Volterra CPWL Volterra CPWL 

w/o DPD 16.18 16.18 20.61 20.61 
7 2 0 7 12.68 12.67 17.04 17.05 
13 4 0 13 12.78 12.78 17.19 17.19 
19 6 0 19 13.28 12.81 17.64 17.16 
7 2 1 14 12.90 12.94 16.92 16.95 
13 4 1 26 13.23 13.01 17.15 17.08 
19 6 1 38 11.22 12.83 16.42 16.80 
7 2 2 21 12.82 12.97 16.99 17.09 
13 4 2 39 12.82 12.76 16.97 16.96 
19 6 2 57 12.63 12.82 16.78 17.01 

 

The transmitted signal constellations for both bands, with and without the DPDs are 
showed in Fig. 9.7. The Volterra DPD offers similar performance that without DPD, while 
the CPWL predistorters can improve the transmitted signal linearity. 

9.4. Experimental Results with Threshold Optimization 

9.4.1. Experimental Setup 

In this section, CPWL model is compared with the proposed genetic algorithm threshold 
optimization model (GA-CPWL). In the previous section both methods (Volterra and 
CPWL) have been studied by varying the nonlinearity order and the memory depth in the 
same setup. The model parameters are fixed ( 6K   and 2M ) and the DPD 
performances are evaluated in several scenarios. As the model performance depends 
strongly on the transmission parameters, this can be accomplished by changing the DFB 
bias intensity, the length of the link between the BBU and the RRH or the input signal 
power. Hence, the setup in this section is similar to the previous one (see Fig. 9.4), but 
with theses parameters: optical fiber length (10, 15 and 20 km), DFB bias intensity  
(30, 50, 70 mA) and input signal power (between -8 and 4 dBm). 



Chapter 9. Linearization of a LTE Radio-over-Fiber Fronthaul System based on Optimized Genetic 
Algorithm CPWL Models 

 207 

 

Fig. 9.6. EVM experimental results for different coefficient number and memory depths.  
(a) Band 1 with Volterra model; (b) Band 1 with CPWL model: (c) Band 2 with Volterra model 

and (d) Band 2 with CPWL model. 

 
Fig. 9.7. Output signal constellations with 39 coefficients (N=13, K=4 and M=2). (a) Band 1 

without DPD, (b) with Volterra predistorter and (c) with CPWL DPD; (d) Band 2 without DPD, 
(e) with Volterra predistorter and (f) with CPWL DPD.  
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9.4.2. DPD Identification Results 

It is first necessary to evaluate the threshold influence on the model in order to evaluate 
its linearization performance. According to Section 9.3, the CPWL model uses uniform 
threshold allocation, but it may be unsatisfactory because the DPD AM/AM characteristic 
curve is not uniform, and for modeling non-linear zone will be necessary more thresholds 
than in the linear zone. We use the GA for seeking these optimum threshold values for 
each proposed scenario. Fig. 9.8 shows the comparative overview between CPWL and 
GA-CPWL models over the AM/AM DPD response with an input RF power of 0 dBm, 
10-km fiber length and 50 mA bias intensity. In the linear zone the optimized threshold 
allocation tends to go to non-linear area, whereas the opposite happens in the non-linear 
zone, especially with the sixth threshold.  

 

Fig. 9.8. Threshold allocation with (red) and without (black) optimization for input RF power  
of 0 dBm, Ibias of 50 mA and a fiber length of 10 km.  

In order to analyze their dependence on input RF power, Fig. 9.9 shows the fourth, fifth 
and sixth threshold allocation with and without the optimization process. The optimized 
fourth and fifth threshold values are higher than their respective ones without optimization 
for all input RF powers. On the other hand, the optimized sixth threshold obviously offers 
a lower value than without optimization. 

As far as distortion is concerned, ACPR provides a figure-of-merit for the DPD model 
performance. Fig. 9.10 shows the predistorted signal power spectral densities with an 
input power of 0 dBm and 50 mA bias intensity, as well as the output signal without DPD. 
Although both predistorted signals can mitigate most of the spectral regrowth, GA-CPWL 
model can achieve better results in terms of adjacent channel power reduction. In this case 
the same happens than in Fig. 9.5. In some frequencies the spectral regrowth is higher 
than without the DPD.  

Moreover, ACPR has been evaluated for all proposed transmission conditions and the 
experimental results are summarized in Fig. 9.11. The performance without optimization 
with both 5 and 15 MHz signals are similar. Moreover, with the most unfavorable setup 
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(Figs. 9.11 (e) and 9.11 (f)) the performance gets worse with the CPWL model, as well as 
with GA-CPWL due to the high dispersion produced by the optical fiber, along with the 
high input power levels and 70 mA bias intensity of 70 mA (close to the nonlinear region) 
produce the models do not work properly. It is remarkable that the ACPR improves with 
the GA-CPWL model in all studied cases, being the best outcome for the 5 MHz signal 
with 20L  km, 50biasI   mA and 4RFP   dBm scenario (see Fig. 9.11 (c)) with and 
enhancement of 5.67 dB. 

 

Fig. 9.9. Threshold amplitudes for several input signal powers with and without optimization 
process (L = 10 km and Ibias = 50 mA).  

 

Fig. 9.10. Output signal PSDs without predistortion and with CPWL and GA-CPWL 
predistorters threshold amplitudes for several input signal powers with and without optimization 

process (L = 10 km and Ibias = 50 mA).  
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Fig. 9.11. ACPR experimental measurements for all studied scenarios. (a) 5 MHz  
and Ibias = 30 mA; (b) 15 MHz and Ibias = 30 mA; (c) 5 MHz and Ibias = 50 mA; (d) 15 MHz  

and Ibias = 50 mA; (e) 5 MHz and Ibias = 70 mA and (f) 15 MHz and Ibias = 70 mA. 

EVM experimental results for an input signal power of 4 dBm are summarized in  
Fig. 9.12, where the higher bias intensity and fiber length, the larger EVM values. On the 
one hand, with a high bias intensity the photodetector is more sensitive to nonlinearities. 
On the other hand, with higher fiber lengths the dispersion strongly concerns in the model 
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performance, in addition to increasing the link losses. The EVM reduces its value with 
both models regarding to the case without DPD, being this reduction more significant with 
the proposed model. On the one hand, with the 5 and 15 MHz signals ( 20L  km and 

50biasI   mA) the GA-CPWL model reaches an improvement of 13.56 and  
33.93 percentage points, respectively, regarding to the scenarios without DPD. On the 
other hand, the comparison between CPWL and GA-CPWL offers an enhancement with 
the proposed model of 3.91 and 7.51 percentage points, respectively. In Figs. 9.12 (e) and 
9.12 (f) (bias intensity of 50 mA and fiber length 15 km) the EVM measurements with 
GA-CPWL is worse than with current CPWL. As in Fig. 9.6, it may be produced by the 
noise present in the experimental setup (the increase is only 0.28 percentage points). 
Moreover, GA-CPWL model gives EVM values that meet the standard requirements, 
while CPWL model does not meet the standard EVM limits (see Fig. 9.12 (e)) [17]. 

 

Fig. 9.12. EVM experimental results for an input signal power of 4 dBm. (a) 5 MHz without 
DPD; (b) 5 MHz DPD without optimization; (c) 5 MHz with optimization; (d) 15 MHz without 

DPD; (e) 15 MHz DPD without optimization and (f) 15 MHz with optimization.  

EVM values against the RF input power are illustrated in Fig. 9.13. Given a threshold by 
the GA-CPWL model with an RF input power of 4 dBm, the proposed model is capable 
of improving the RF input power tolerance by greater than 6 dB in both bands. In contrast, 
the enhancement does not reach 5 dB with the CPWL model. 
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Fig. 9.13. EVM performance against input signal power for a length of 20 km and 70 mA bias 
intensity; (a) 5 MHz and (b) 15 MHz bandwidth signals.  

The RoF link gain has been evaluated in all proposed scenarios. In [19] the link gain is 
defined as the relation between the RF output power from the optical-to-electronic 
converter and the RF input power to the electronic-to-optical converter. In this case we 
have to take into account the power amplifier situated at the RRH side as a part of the 
transmission chain. Thus, the overall RoF link gain is mainly dependent on the DFB laser 
conversion efficiency, the photodetector and the PA, as well as the losses introduced by 
the optical fiber: 
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where oP  and iP  are the output and input RF power, respectively.   is the gain factor, 

LD  is the DFB slope efficiency (W/A),   is the photodiode responsivity (A/W), 
optL  is 

the optical link loss, PAG  the power amplifier gain and 16att dBL   the attenuation between the 

PD and the PA. inZ  and outZ  are the input and output impedances, respectively. 

The experimental results in terms of RoF gain are gathered in Table 9.5. The DPD 
performance of the proposed model GA-CPWL allows to set a higher value of the gain 
factor   (for CPWL   = 1.2 and for GA-CPWL   = 1.25). In this case this factor is 
lower than in the previous section because now the transmission parameters change and 
in some cases these are the maximum values that work properly. With a fixed bias 
intensity, the higher RF input power, the lower RoF gain due to the nonlinearities 
produced by the DFB and the PA. When the RF input power is fixed and the bias intensity 
increases the RoF gain raises. However, with 70 mA bias intensity the RoF gain decreases 
due to the photodetector saturation. Furthermore, when the system is nonlinear the power 
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is redistributed in adjacent bands. Thus, the overall output power is high and the power 
into the bands decreases. 

Table 9.5. Experimental gain measured for all studied scenarios with a fiber length of 10 km.  

Ibias Pi (dBm) 
 (dB) 

Band 1 Band 2 
CPWL GA-CPWL CPWL GA-CPWL 

30 mA 
-8 11.93 12.45 15.97 16.50 
-2 7.79 8.86 11.80 12.80 
4 2.43 3.34 6.59 7.37 

50 mA 
-8 13.59 14.17 18.15 18.69 
-2 9.00 9.93 13.04 13.99 
4 3.76 4.71 7.75 8.73 

70 mA 
-8 11.44 12.52 15.91 16.94 
-2 6.78 8.86 10.90 11.68 
4 -1.94 1.43 3.89 5.37 

 

9.5. Conclusions 

In this chapter, a new optimized version of the CPWL model based on the genetic 
algorithm has been presented (GA-CPWL). The main idea is to optimize the threshold 
model with a properly allocation, reaching a better performance in DPD identification. 
The CPWL model has been compared with the traditional model based on a polynomial 
Volterra structure in the same scenario under model parameters variation. After the 
optimization process, the GA-CPWL model has been evaluated and compared with the 
current CPWL, with the model parameters fixed in several transmission conditions 
varying the DFB bias intensity, the RF input power and the optical fiber length. 
Experimental results reveal that the proposed model offers better accuracy, not only 
improves the ACPR and the EVM, but also the RF output signal power in both bands. 
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Chapter 10 
Embedding the Photon with Its Relativistic 
Mass as a Particle into the Electromagnetic 
Wave 

Konrad Altmann1 

10.1. Introduction 

The relation between photon and electromagnetic wave has been considered from many 
aspects [1]; however, no explicit mathematical expression has been derived describing 
how the photon is embedded as a particle into the propagating electromagnetic wave. In 
contrary, David Bohm has argued in his quantum theory book [2] that there is no quantity 
for light equivalent to the electron probability density Pe(x) = |ψ(x)|². In particular, he is 
claiming [2]: "There is, strictly speaking, no function that represents the probability of 
finding a light quantum at a given point". In the following, nevertheless, the attempt is 
made to embed the photon with its relativistic mass as a particle into the electromagnetic 
wave. 

In previous publications of the author [3] and [4] it has been shown that by the use of a 
particle picture the transverse motion of a photon propagating with a Gaussian beam can 
be described by the Schrödinger equation of the 2-dimensional harmonic oscillator. This 
result has been derived by considering a photon reflected back and forth between totally 
reflecting equiphase surfaces of the propagating wave. It could be shown that the pro-
bability density of the photon obtained in this way describes the normalized intensity 
distribution of the propagating wave in full agreement with the result obtained by the use 
of wave optics. In the present chapter, this result is generalized to the case of a wave with 
arbitrary shape of the phase front. Based on a consideration of the relativistic mass density 
propagating with the electromagnetic wave a transverse force acting on the photon is 
derived. The expression obtained for this force makes it possible to show that the photon 
moves within a transverse potential which in combination with a Schrödinger equation 
allows to describe the transverse quantum mechanical motion of the photon by the use of 
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matter wave theory like the motion of the electron, even though the photon has no rest 
mass. The obtained results are verified for the plane, the spherical and the Gaussian wave. 
An additional verification could be provided by the fact that also the mathematical 
equation describing the Guoy phase shift [5] could be derived from the quantum 
mechanical particle picture in full agreement with wave optics. In this way, some wrong 
conclusions drawn in [4] from the results derived in this chapter could be revised. One 
more verification could be obtained by the fact that within the range of validity of paraxial 
wave optics also Snell's law could be derived from this particle picture. 

Numerical validation of the obtained results by the use of a beam propagation code for 
the case of the general wave is under development [6]. 

10.2. Derivation of a Transverse Force Exerted on a Photon Propagating 
with an Electromagnetic Wave 

According to Einstein's energy-mass relation E = mc² the energy propagating with an 
electromagnetic wave simultaneously represents a propagating relativistic mass. How-
ever, as well known from the propagation of laser beams, the energy density, whose 
propagation follows the Poynting vector is usually not propagating along a straight line as 
shown by Fig. 10.1 which visualizes the propagating energy density of a resonant 
Gaussian wave between two spherical mirrors of an optical resonator. Therefore, the 
question arises, what is happening with a particle of mass propagating with the wave. 
Since it simultaneously represents a quantum of energy its propagation direction should 
change in agreement with the changing direction of the Poynting vector as shown by the 
green lines in Fig. 10.1. However, if the quantum of energy is considered to be a particle 
of mass its motion should be controlled by Newton's first law which claims that its motion, 
and therefore, also its propagation direction is remaining unchanged, if no force is exerted 
on it. A solution of this problem could be found, if one assumes that the mass of light does 
not follow the propagating energy. However, since it has been proven by many 
experiments that the direction of propagating light changes under the influence of gravity, 
which according to the theory of general relativity acts on the mass of light, it must be 
assumed that energy and mass are propagating together in the same direction. Therefore, 
the question arises, why does the propagating relativistic mass density follow the pro-
pagating energy density. Which interaction takes place between the propagating mass and 
the propagating energy?  

To investigate this interaction in more detail we consider that a propagating wave can be 
thought to be made up by a bundle of thin bent channels whose walls follow the lines of 
the propagating Poynting vector. In Fig. 10.2 these walls are shown by green lines, and 
the mass propagating within these channels is visualized by blue arrows. Due to the 
momentum change of the mass density propagating along these channels, the mass of the 
light is compressed like a compressible fluid, when the wave propagates from the right 
mirror to the waist, and is expanding again, after the wave has passed through the waist. 
It must therefore be assumed that a force opposite to the change of the momentum of the 
mass density is exerted on the propagating mass density as shown by the red arrows in 
Fig. 10.2. In principle, this force seems to be comparable with the force exerted on the 
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body of a motorcyclist driving along a narrow curve. Therefore, if a small particle of the 
propagating mass is considered, it can be concluded that a force is exerted on this particle 
opposite to the infinitesimal momentum change of this particle during an infinitesimal 
propagation step. Since this momentum change must be proportional to the directional 
change of the propagating energy density, it can furthermore be concluded that the trans- 
verse force exerted on the particle must be proportional to the negative value  
of the directional change of the normalized Poynting vector versus an infinitesimal  
propagation step. 

 

Fig. 10.1. Resonant Gaussian mode between two spherical mirrors. The green lines visualize  
the propagating energy density. 

                            
Fig. 10.2. Subdivision of a wave into a bundle of thin channels whose walls follow the green lines 
of the propagating Poynting vector. The blue arrows symbolize the propagating mass density. The 
red arrows symbolize the force exerted on the mass density. The distance between the red line and 
the topmost green line symbolizes how this force changes along the propagation direction. 

To derive an expression for the infinitesimal directional change of the Poynting vector we 
consider two equiphase surfaces Φi(r, zi) of a propagating wave with infinitesimal distance 
as shown in Fig. 10.3, where for the sake of simplicity rotational symmetry of the wave is 
assumed. The red arrows symbolize the normalized Poynting vectors erected in the points 
ri located on the Φi. The points ri as well as zi are assumed to move into each other in the 
infinitesimal limit. The time, which the phase front Φ1 takes to propagate into Φ2, shall 
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for further use be designated by Δt. Since, according to the above arguments, the direction 
of the Poynting vector must be assumed to be in alignment with the direction of the 
momentum of the propagating mass density, it can be concluded that the change of the 
momentum of a small particle of mass during the time Δt is proportional to the change of 
the normalized Poynting vector during Δt. In this way, it can furthermore be concluded 
that the transverse force exerted on a small particle of mass is proportional to the negative 
value of the differential quotient obtained after dividing the infinitesimal change of the 
normalized Poynting vector by Δt according to the following expression 
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, 0

1
( , ) lim ( ,z ) ( , z )N N
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K r z S r S r

t  
    

 
. (10.1) 

 

Fig. 10.3. Visualization of two phase fronts Φ1 and Φ2 intersecting the z axis at z1 and z2. 

Here SN(ri, zi) designates the normalized Poynting vector erected on Φ(r, zi) in the point ri 

as visualized by the red arrows in Fig. 10.3. Since the particle of mass is propagating with 
the speed of light c, its momentum is given by Mc , if M  is its mass. Since according to 
Newton's second law a momentum change divided by a time interval describes a force, it 
can furthermore be concluded that the force exerted on the particle is given by 
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   .  (10.2) 

In order to derive an expression for Δt, we look for two points ri for which S(r1) and S(r2) 
are in alignment with each other. Under this condition the energy density of the 
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electromagnetic wave propagates exactly perpendicularly to the Φi, according to the 
orientation of the Poynting vector. Therefore, we obtain under this condition 

 2 2 1 1(r ,z ) (r ,z )
t

c

 
  ,   (10.3)  

keeping in mind that this relation is only valid, if the above condition is met. It may be 
argued that Eq. (10.3) may deliver different results for Δt, if the above condition is met 
by more than one pair of points ri. However, this is not the case, since, due to the constant 
speed of light, Eq. (10.3) always delivers the same result for Δt under the above condition. 
Moreover, it be may argued that, assuming that Eq. (10.3) delivers different values for Δt 
dependent on whether or not the above condition is met, is in contradiction with the fact 
that light is propagating with constant speed. However, this is also not the case, since 
according to Eq. (10.2) only the limiting case of an infinitesimal distance between the 
phase fronts is physically relevant. For rotational symmetric waves, the above condition 
is met for r1 = r2 = 0. Therefore, we obtain in this case 

 2 1z z z
t

c c

 
   .  (10.4) 

This delivers for the force exerted on a particle of mass M  
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   .  (10.5) 

So far arguing is based on terms of classical physics combined with the theory of relativi-
ty. Therefore, the question arises what is the physical meaning of a small particle of mass 
propagating with an electromagnetic wave as considered above. To answer this question, 
we take into account that the propagating energy is subdivided into quanta of energy called 
photons. Therefore, since the above argumentation does not require defining the mass of 
the small particle exactly, it can be assumed that of the mass of the small particle is 
represented by the relativistic mass of the photon. In this way, the pressure exerted on the 
walls of the thin channels considered above can be interpreted as a radiation pressure 
exerted by the photons impinging on these walls under a small angle. Therefore, it should 
be possible to assume that the force exerted on the particles of mass can be interpreted as 
a force exerted on the photons, even though it may not be possible to assume that the 
photons exactly propagate within channels with infinitesimal cross section. Thus, after 
replacing the mass M  by the mass M of the photon, we obtain 
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.  (10.6) 

Here Eph is the energy of the photon given by 

 2
ph

hc
E Mc


  ,   (10.7) 
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where λ and c are the wavelength and the speed of light in a vacuum, respectively. M is 
the relativistic mass of the photon given by 

 
h

M
c

 .  (10.8) 

Eq. (10.6) shows that the force K(r, z) exerted on the photon is proportional to its energy 
Eph. Eq. (10.6) can be transformed furthermore, if we take into account that the directional 
change of the normalized Poynting vector SN(r, z) versus the z coordinate is identical with 
the negative value of the change of the tangents to the phase fronts Φ(r, z) versus the r 
coordinate, as visualized by the green arrows in Fig. 10.3. This allows to transform  
Eq. (10.6) into  
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The use of the coordinates r, z in the above equations does not mean that the photon is 
located at r, z, it only means that the force K is exerted on the photon, if the photon can 
be found at the position described by r, z. This is in agreement with the quantum 
mechanical assumption that a Coulomb force is exerted on an electron, if the latter can be 
found at a certain distance from the atomic nucleus. Without this assumption, no quantum 
mechanical potential, and therefore not even the Schrödinger equation describing the 
hydrogen atom could have been derived. 

10.3. Derivation of a Potential and a Schrödinger Equation Describing  
the Transverse Motion of the Photon 

Integration of the negative value of the force K(r, z) given by Eq. (10.9) over r along the 
curvature of the phase front Φ(r, z) shows that the photon is moving within a transverse 
potential given by 
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This equation shows that the transverse motion of the photon is described by a potential 
like the motion of an electron. It can be therefore assumed that its transverse motion is 
also described by a Schrödinger equation like the motion of the electron except for the 
difference that the mass of the electron is replaced by the relativistic mass M of the photon. 
Thus, it seems to be possible to conclude that the transverse motion of the photon is de-
scribed by the following Schrödinger equation 
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where r and z are not the Cartesian coordinates in the usual sense, since z describes the 
point where the phase front Φ(r, z) intersects the optical axis. From Eq. (10.11) it turns 
out that that the Schrödinger equation is not only describing the motion of a particle with 
rest mass, but also describes the motion of the photon which only has a relativistic mass. 
This furthermore shows that the transverse motion of the photon is described by matter 
wave theory as introduced by de Broglie and Schrödinger almost hundred years ago to 
describe the motion of the electron. Therefore, the photon exhibits wave-particle duality 
like the electron, but even more. On the one hand, its motion along propagation direction 
is described by wave optics, and on the other hand, its transverse quantum mechanical 
motion is described by matter wave theory. 

For the general case of an arbitrarily unsymmetric wave the potential describing the 
quantum mechanical transverse motion of the photon can be derived from Eq. (10.6) in a 
similar way. This delivers  
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  ,  (10.12)  

where the integration is done over the equiphase surface of the wave. As in the case of 
rotational symmetry, it is again assumed that the point x1, y1 located on Φ1 moves in the 
limit into the corresponding point x2, y2 located on Φ2. z1 and z2 are the points where the 
Φi intersect the z axis. Therefore, only x and y represent Cartesian coordinates, but not the 
triple x, y, z. To compute Δ║, we look again for a pair of points xi║, yi║ for which  
S1(x1║, y1║, z1) and S2(x2║, y2║, z2) are in alignment with each other. The distance Δ║ 

between these points is given by 

 2 2
|| 2|| 1|| 2|| 1||( ) ( )x x y y     .  (10.13) 

It may be asked, why the integration only starts from one pair x║ and y║, even though Eq. 
(10.12) involves two pairs of corresponding points xi║, yi║. The latter follows from the 
fact that the integration is carried through in Eq. (10.12) after computing the infinitesimal 
quotient. However, since in the case of a general wave, the z axis does not represent a 
physical propagation direction, it can be replaced by any other choice of the z axis without 
limiting generality. A mathematically convenient choice would be to define the direction 
of the z axis in alignment with S1(x1║, y1║, z1) and S2(x2║, y2║, z2). Then Δ|| again can be 
replaced by z2-z1 as shown above for the case of a rotational symmetric wave. This 
delivers 
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This equation provides a general relation between the electromagnetic field and the 
potential V(x, y, z) describing the quantum mechanical transverse motion of the photon. 
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It can be used in combination with the above Schrödinger equation in the same way as 
Eq. (10.10).  

The eigensolutions χ(x, y, z) of the above Schrödinger equation allow to compute the 
probability density |χ(x, y, z)|² of the photons propagating with an electromagnetic wave. 
This result shows how the photon can be assumed to be embedded into the propagating 
electromagnetic wave with its relativistic mass. This seems to be in contradiction with the 
statement of David Bohm mentioned in the introduction.  

In the next section the relations given by the Eqs. (10.9), (10.10) and (10.11) will be 
verified for the plane, the spherical, and the Gaussian wave. 

10.4. Verification of the Eqs. (10.9), (10.10) and (10.11) for the Case  
of the Plane, the Spherical, and the Gaussian Wave 

Since in case of a plane wave dΦ(r, z)/dr vanishes for all values of r and z, the latter 
obviously also holds for the potential V(r, z). Therefore, since for a vanishing potential 
the transverse motion of the photon is not confined, no quantum mechanical 
eigenfunctions with a confined transverse extension exist. This is in agreement with the 
wave optics result that plane waves are not described by eigenmodes with confined 
transverse extension. The same holds for the spherical wave. Since in this case the 
Poynting vectors S(r1, z1) and S(r2.z2) are in alignment with each other for all ri and zi, the 
relation dΦ(r1, z1)/dr = dΦ(r2, z2)/dr holds for all ri, zi with the consequence that also in 
this case the potential vanishes. 

However, the Eqs. (10.9), (10.10) and (10.11) also prove true for the case of a Gaussian 
wave. To shows this, we take into account that the phase of a Gaussian wave is according 
to Eq. (4.7.7) in [7] given by 

 
2

(r,z)
2 ( )

r
z

R z
   .  (10.15) 

This delivers for phase front Φ(r, z) shown in Fig. 10.3  
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Here R(z) is the radius of curvature of the phase front of a Gaussian wave which is 
according to Eq. (17.5) in [8] given by 
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Here zR is the Rayleigh range which, according to Eq. (17.4) in [8], is given by 
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where w0 is the spot size at the beam waist of a Gaussian wave. Therefore, after inserting 
Eq. (10.16) into Eq. (10.9), and carrying through the differentiation versus r we obtain 
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As shown in [4], this expression can be transformed into  
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with 
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To compute Δr/Δz = (r2 – r1)/Δz we take into account that ΔΦ = Φ(r2, z2) - Φ(r1, z1), as 
shown in Fig. 10.4, can be transformed into 
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Here the approximate transformation at the right side of this expression follows from the 
fact that in paraxial approximation the relation Δr << Δz << R holds which allows to 
neglect Δr/R. Therefore, since, as visualized by Fig. 10.4, in the limit the relation 
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holds, we obtain 
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Thus, after inserting the Eqs. (10.21) and (10.24) into Eq. (10.20) we obtain 
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Therefore, after replacing R(z) according to Eq. (10.17), we obtain for the force exerted 
on the photon  
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Fig. 10.4. Visualization of relation Δr/ΔΦ = r/R(z) as used in Eq. (10.23). 

To compute the potential, -K(r, z) has to be integrated along the curvature of the phase 
front. However, in paraxial approximation this integration can be carried through directly 
along r. This delivers 

 2 21
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Here ω┴ is the frequency of the transverse quantum mechanical oscillation of the photon, 
and is according to Eq. (10.26) given by  
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If the potential V(r, z), as given by Eq. (10.27), is inserted into the Schrödinger equation 
given by Eq. (10.11) the following expression 

 2 2 21
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is obtained, where the coordinates x, y and z are used in the same way as r and z in  
Eq. (10.16).  
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Eq. (10.29) is identical with the Schrödinger equation for the 2-dimensional harmonic 
oscillator. As well known, the eigensolutions of this equation are given by 
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with wp
2 given by 
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Here the subscript p refers to particle. According to Eq. (10.30), wp represents the distance 
from the optical axis, where the value of the probability density of a photon in the ground 
level drops to |χ00(x, y, z)|² = exp(-2)|χ00(0, 0, z)|². After inserting of ω┴ according to  
Eq. (10.28) wp

2 transforms into 
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Here the factor at the left side of the square bracket can be replaced by 
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This shows that the expression obtained for wp(0) is identical with the expression obtained 
by the use of paraxial wave optics for the Gaussian spot size w0 at the beam waist as shown 
by Eq. (17.4) in [8]. Therefore, Eq. (10.32) can be transformed into 
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which is according to Eq. (17.5) in [8] identical with the expression for w(z) describing 
the z dependence of the spot size of a Gaussian wave. By the use of the Eqs. (10.33) and 
(10.34) the expression for the force K(r, z) can be transformed as follows 
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Thus, the force exerted on photons propagating at a distance w(z) from the axis is  
given by 
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This expression shows that K(w(z), z) is strongest, when the mass density follows the 
narrow curve near the beam waist, as shown by the red arrows in Fig. 10.2 where the 
distance between the red line and the topmost green line visualizes the force K(w(z)). This 
force is becoming smaller with increasing distance from the waist, and disappears, when 
the beam is going over into a spherical wave. Since in the latter case the mass density 
propagates along straight lines, no transverse force is exerted on the photons, as already 
discussed above. 

Comparison of Eq. (10.30) with Eq. (16.60) in [8] shows that the probability density 
|χnm(x, y, z)|² of the photon is in full agreement with the normalized local intensity 
provided by paraxial wave optics for a Gaussian mode of order n, m. In this way, the  
Eqs. (10.9), (10.10) and (10.11) could be verified for the case of a Gaussian wave. In the 
next section, it will be shown that also the Gouy phase shift [5] can be computed on the 
basis of the above results. This provides an additional verification of the Eqs. (10.10) and 
(10.11). 

10.5. Quantum Mechanical Computation of the Gouy Phase Shift  
for the Case of a Gaussian Wave 

Unfortunately, in [4] wrong conclusions have been drawn from the above results. It has 
been concluded that the above results lead to a contradiction with results obtained by the 
use of wave optics, especially concerning the Gouy phase shift [5]. In this section, it will 
be shown that, in contrary, the Gouy phase shift can be computed in full agreement with 
wave optics by the use of the above described particle picture. 

An interpretation of the Gouy phase shift as a geometrical quantum effect has already 
been given in [9]. However, in this paper only a quantum mechanical interpretation of the 
Gouy effect is given, but not an explicit mathematical computation of the Gouy phase 
shift based on a quantum mechanical model as presented below. Moreover, it has been 
assumed that the photons exactly propagate in z direction, and that therefore their 
transverse momentum vanishes. This assumption seems to be not correct, since it must be 
assumed that the photons, which represent the propagating energy, propagate in the 
direction of the Poynting vector which has a transverse component. In the following, a 
computation of the Gouy phase shift is given based on the above presented quantum 
mechanical particle picture. 

For this purpose, we consider the expression for the quantum mechanical expectation 
value of the square of the momentum in case of a 2-dimensional harmonic oscillator. This 
expression delivers for the expectation value of the square of the photon's transverse 
momentum 

 
2ˆ| ( )| ( )( 1)nm nmp z M z n m       .  (10.37) 

By the use of the Eqs. (10.8), (10.28) and (10.33) the expression Mω┴, used in this 
equation, can be transformed as follows 
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Insertion of this result into Eq. (10.37) delivers 
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For further consideration, we compare the momentum of a freely propagating photon, 
which is given by p = h/λ, with the wave vector of a plane wave, which is given by  
k = 2π/λ. This comparison shows that the expression for the wave vector k is obtained, if 
p is divided by ћ. Therefore, it can be concluded that division of the expectation value 

2ˆ ( )p z  by ћ2 delivers the expectation value 2 2
x yk k      of the transverse part of 

the square of the wave vector k. In this way, we obtain 
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Now we take into account that by the use of wave optics the following expression for the 
Gouy phase shift is obtained 
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as shown by Eq. (4) in [10]. This expression delivers after insertion of Eq. (10.40) 
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Thus, after carrying through the integration, we obtain  

 (n 1) arctan( / )G Rm z z     ,  (10.43) 

in agreement with Eq. (20) in [10]. 

This result shows that the Gouy phase shift can be derived in full agreement with wave 
optics by the use of the quantum mechanical particle picture. Furthermore, it demonstrates 
that the Gouy effect can be equivalently understood as a wave optics as well as a quantum 
mechanical effect, even though the quantum mechanical description seems to provide a 
more straightforward understanding of some features of this effect. For instance the factor 
n+m+1 in Eq. (10.43) immediately follows from the quantum mechanical description of 
the 2-dimensional harmonic oscillator. Also the fact that the Gouy phase shift for a 
cylindrical wave is given by  
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 ( 1 2) arctan( / )G Rn z z    ,  (10.44) 

immediately follows from the fact that in this case the photon is moving within the 
potential of a 1-dimensional harmonic oscillator. Moreover, by the use of the particle 
picture the Gouy phase shift can easily be computed for an elliptic Gaussian beam. In this 
case the potential is given by 
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where ω┴x and ω┴y are the transverse oscillation frequencies of the photon in x and y 
direction. This delivers 
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where wx(z) and wy(z), respectively, describe the z dependence of the spot size in the x-z 
and the y-z plane analogous to Eq. (10.34). For wx = wy Eq. (10.46) transforms into  
Eq. (10.40). 

These results provide, for the case of a Gaussian wave, an additional verification of the 
particle picture of the photon described by the Eqs. (10.10) and (10.11). Moreover, 
numerical evaluation of Eq. (10.14) would make it possible to compute the Gouy shift for 
a wave with arbitrary phase front by the use of 
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where χ(x, y, z) is the eigensolution of the Schrödinger equation with the potential given 
by Eq. (10.14). According to this equation, the Gouy phase shift vanishes for a spherical 
wave in the same way as for a plane wave, since for this type of waves the potential, and 
therefore, also the eigensolutions χ(x, y, z) are vanishing. This is in agreement with the 
mathematical description of the spherical wave for which the distance of the phase fronts 
is independent of z. Therefore, since Eq. (10.43) describes the Guoy phase shift for 
paraxial waves, it may be possible to observe that the Guoy phase shift decreases, when a 
paraxial wave changes into a spherical wave. 

10.6. Ray Optics Confirmation of the Frequency ω┴ Describing the 
Transverse Motion of a Photon Moving with a Gaussian Beam 

A surprising result is obtained, if one considers the transverse motion of a ray bouncing 
between two phase fronts of a Gaussian beam. In Section 4 of [4] it has been shown that 
for an infinitesimal distance between the phase fronts the transverse motion of the ray is 
described by the following expression 
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 cos( ( ) )r A z t ,  (10.48) 

where A is the amplitude of the transverse motion of the ray. This equation shows that the 
ray is oscillating in transverse direction with the same frequency ω┴ as obtained for the 
quantum mechanical transverse motion of the photon. Therefore, between the transverse 
motion of photon and ray the same correspondence relation seems to exist as has been 
described by Schrödinger for the correspondence between quantum mechanical and 
classical oscillator [11]. Differentiation of Eq. (10.48) shows that the transverse motion 
of the ray is periodically accelerating and slowing down. The ray is therefore moving like 
the mass of a classical harmonic oscillator. This provides an alternative aspect concerning 
the force acting on the mass of the photon according to Newton's second law. 

10.7. Snell's Law Derived from a Particle Picture 

In paraxial approximation also Snell's law can be derived from the above described 
particle picture. For this purpose we derive the potential V(r, z) directly from Eq. (10.6). 
This delivers  
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Since in paraxial approximation SN(r2, z2) - SN(r1, z1) can be replaced by SN┴(r2, z2) -  
SN┴(r1, z1), where SN┴ is the normalized transverse component S┴/|S| of the Poynting 
vector S, this expression can be transformed into 
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When the paraxial wave passes from a vacuum into a medium, this expression transforms 
into  
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Here Δz is replaced by Δz/nm = Δt×c/nm according to Eq. (10.4), where nm is the refractive 
index of the medium. If it is taken into account now that for paraxial waves the potential 
V(r, z), which describes the transverse quantum mechanical motion of the photon, must 
remain unchanged, when the wave perpendicularly passes into the medium, it must be 
concluded that also the integrand in Eq. (10.51) must remain unchanged. This can only be 
achieved, if the change of Δz into Δz/nm is compensated by replacing SN┴ by SN┴/nm in  
Eq. (10.51). Thus, if we designate the angle, which the Poynting vector forms with the 
normal to the interface between vacuum and medium before the wave enters the medium 
with θ1, and the angle, which the Poynting vector forms with this normal after the wave 
has entered the medium with θ2, we obtain 
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as shown in Fig. 10.5. In this way, Snell's law could be derived within the range of validity 
of the paraxial approximation.  

  

Fig. 10.5. Refraction at the interface between vacuum and medium. 

The transformation of SN┴ into SN┴/nm demanded above can be validated by the use of 
Gaussian wave theory, if Eq. (10.19) is used to transform Eq. (10.49) into 
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Since the radius R(z), used in this expression, transforms according to the Gaussian mode 
algorithm into nmR(z), when the wave passes from a vacuum into a medium, the 
expression in the square brackets in Eq. (10.53) transforms in the same way as the 
expression in the square brackets in Eq. (10.51). The transformation of R(z) into nmR(z) 
can also easily be shown by the use of the software LASCAD [12].  

10.8. The Schrödinger Equation Describing the Transverse Quantum 
Mechanical Motion of a Photon in a Medium 

If the wave is propagating in a medium, the mass M of the photon, used in the Schrödinger 
equation, has to be replaced by an effective relativistic mass Mm = nmM in agreement with 
the requirement that the momentum of the propagating mass density must remain 
unchanged. The use of Mm in the Schrödinger equation can be verified by the fact that, in 
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case of a Gaussian wave, the eigensolutions of the Schrödinger equation modified in this 
way deliver a probability density of the photon in agreement the normalized intensity 
distribution obtained by the use of paraxial wave optics. The latter follows from the fact 
that in Eq. (10.33) Mc is replaced by Mmc/nm = Mc. The modification of the effective 
relativistic mass of the photon can be explained by the fact that the stream of the 
propagating photons is compressed by a factor nm in propagation direction due to the 
reduced speed of the propagating wave, even though a single photon is still propagating 
with the speed of light in vacuum. This strange behaviour of the photon has been explained 
by Richard Feynman in Section 3 of [13], where he is giving a quantum electrodynamics 
explanation for the refractive index. Due the compression of the stream of the propagating 
photons the propagating mass density is increased by a factor nm. This explains, why the 
increased effective relativistic mass Mm of the photon has to be used in the Schrödinger 
equation. 

10.9. Summary and Conclusions 

In previous publications of the author [3] and [4] it has been shown that by the use of a 
particle picture the transverse motion of a photon propagating with a Gaussian beam can 
be described by the Schrödinger equation of the 2-dimensional harmonic oscillator. This 
particle picture has been generalized to the case of a wave with arbitrary shape of the 
phase front. Based on a consideration of the relativistic mass density propagating with the 
electromagnetic wave a transverse force acting on the photon has been derived. The 
expression obtained for this force makes it possible to show that the photon moves within 
a transverse potential which, in combination with a Schrödinger equation, allows to 
describe the transverse quantum mechanical motion of the photon. The obtained 
Schrödinger equation is identical with the Schrödinger equation describing the motion of 
the electron except for the difference that the mass of the electron is replaced by the re-
lativistic mass of the photon. This shows that the transverse motion of the photon can be 
described by matter wave theory, even though the photon has no rest mass. It shows 
furthermore that the photon exhibits wave-particle duality like the electron, but even more. 
On the one hand, its motion along propagation direction is described by wave optics, and 
on the other hand, its transverse motion is described by matter wave theory.  

The eigensolutions χ(x,y,z) of the obtained Schrödinger equation allow to compute the 
probability density |χ(x,y,z)|² of a photon propagating with an electromagnetic wave which 
seems to be in contradiction with the statement of David Bohm mentioned in the 
introduction.  This result seems to show, how the photon is embedded with its relativistic 
mass as a particle into the electromagnetic wave. This seems to open new perspectives 
concerning the quantum theory of radiation, and explains, how the relativistic mass 
density is forced to follow the propagating energy density. If this force has to be 
considered as a real force, since it allows to compute a quantum mechanical potential, or 
as a virtual force, since it is not comparable with any forces acting between physical 
systems known so far, deserves further consideration. It shall however be mentioned that 
also gravity just exists, and cannot be further explained physically. In addition, the 
obtained relation between the photon and the electromagnetic wave opens another 
perspective, since it makes it possible to interpret the propagating electromagnetic wave 
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as a macroscopic quantum mechanical system described by a Schrödinger equation like a 
microscopic system.  

The obtained results have been verified for the plane, the spherical and the Gaussian wave. 
In the latter case the result obtained for the probability density |χ(x, y, z)nm|² of the photon 
is in full agreement with the normalized local intensity of the Gaussian modes n, m 
obtained by the use of paraxial wave optics. An additional verification has been obtained 
by considering the Guoy phase shift [5]. It could be shown that in case of a Gaussian wave 
a mathematical expression describing the Guoy phase shift can be derived from the 
particle picture which is in full agreement with the expression derived by the use of wave 
optics. In this way, wrong conclusions drawn in [4] from the derived results could be 
revised. The result concerning the Gouy phase shift demonstrates that the Gouy effect can 
be equivalently understood as a wave optics as well as a quantum mechanical effect, 
though the quantum mechanical description seems to provide a more straightforward 
understanding of some features of this effect. Moreover, the quantum mechanical 
description makes it possible to compute the Gouy phase shift for a general wave with 
arbitrary shape of the phase front. One more verification of the particle picture could be 
obtained by the fact that within the range of validity of paraxial wave optics also Snell's 
law could be derived from this particle picture. 

The obtained results provide the physical reason for the analogies between optics and 
quantum mechanics described in previous work such as in [14] and [15]. 

In future work the obtained results shall be confirmed numerically by the use of a wave 
optics beam propagation code [6]. It is expected that application to the case of a wave 
truncated by an aperture may deliver a quantum mechanics interpretation of the diffraction 
of light. Moreover, the obtained result is expected to allow for efficient computation of 
the eigenmodes of an electromagnetic wave. 
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Chapter 11 
Proposal of a Bidirectional Microwave 
Photonic Filter Architecture for Simultaneous 
Transmission of Digital TV Signal  

Ana Gabriela Correa-Mena, Ignacio Enrique Zaldívar-Huerta, 
Alejandro García-Juaréz and Jorge Rodríguez-Asomoza1 

11.1. Introduction 

The use of photonic devices to generate, transmit, process and detect microwave signals 
have given place to the discipline known as microwave photonics [1]. In particular, the 
Microwave Photonic Filters (MPFs) are photonic subsystems designed with the aim of 
carrying equivalent tasks to those of an ordinary microwave filter within a radio frequency 
(RF) system or link, bringing supplementary advantages inherent to photonics such as low 
loss, high bandwidth, immunity to electromagnetic interference (EMI), tunability, and 
reconfigurability [2]. The incorporation of MPFs into the optical fiber network allows 
processing the microwave signals, satisfying in this way the currently requirements of 
high-speed and large-capacity communications. In this regard, literature has been 
reporting photonic filters architectures, for instance in [3] it is proposed the use of a 
distributed feedback laser diode and high reflection fiber Bragg gratings (FBG); a Sagnac 
loop constituted basically by two sections of single mode fiber (SMF) and a phase 
modulator is presented in [4]; then in [5] it is described the MPF frequency response 
behavior due to the fiber chromatic dispersion, the optical fiber length and the free spectral 
range of the multimode laser diode; a tunable microwave photonic notch filter based on 
sliced broadband optical source is reviewed in [6]; an optical delay-line module is 
implemented in [7]; the use of two light waves with a FBG is studied in [8]; and a dual-
drive Mach-Zehnder modulator using a broadband optical source sliced by a delay 
interferometer is showed in [9]. From the MPF schemes above cited, only the topology 
reported in [5] shows a practical application where successfully is transmitted analog TV 
signal coded on the filtered microwave band-pass windows [10, 11]. Based on the results 
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of reference [5], recently we have proposed and demonstrated a bidirectional MPF 
architecture [12, 13].  

On the other hand, the migration of analog to digital television that is currently in progress 
in several regions of the world [14], can be considered as the first significant evolution of 
television technology since the introduction of color television in the 1950s [15]. 
Basically, digital television is based on transmitting audio and video signals processed 
and multiplexed digitally, in contrast to analog television which use separated channels. 
In addition, digital television provides better quality of sound as well as better color 
images. In particular, Advanced Television System Committee (ATSC) is the Digital 
Television Broadcasting (DTB) standard adopted in Mexico [16]. Therefore, in face of 
this new technological challenge, the goal of this chapter is to experimentally describe the 
simultaneous transmission of digital TV signal using the MPF topology proposed in [12]. 
The filtered microwave band-pass windows are obtained considering the free spectral 
range of a multimode laser diode, the length of an optical fiber and its associated chromatic 
dispersion parameter. Thus, the filtered microwave band-pass windows located around 2 
GHz are used to transmit simultaneously digital TV signal in both directions. The RF 
ATSC signals are detected by a pair of commercial antennas in the indoor of our 
laboratory. The originality of this electro-optical system resides in the advantageous use 
of the chromatic dispersion exhibited by the optical fiber to obtain the filtering effect. To 
the best of our knowledge, this is the first time that a bidirectional MPF is used to 
simultaneous transmission of digital TV signal. 

After this introduction, the rest of this work is organized as follows: Section 11.2 is 
devoted to explain the operation principle of the MPF used in this work; Section 11.3 
describes the experimental setup and the results that validate the bidirectional transmission 
of digital TV signal. Finally, Section 11.4 summarizes the main technical limitations, as 
well as the perspectives of future applications for this topology. 

11.2. Operation Principle 

In Fig. 11.1 is depicted the MPF scheme which consists of an optical source that delivers 
a light field es(t), followed by a Mach-Zehnder Intensity Modulator (MZ-IM). In the 
electrical port of the MZ-IM is applied an electrical signal v(t) to modulate the signal es(t). 
The light field ei(t) is launched to a dispersive optical fiber characterized by a propagation 
constant  and a length L. The light field eL(t) is injected to a photo-detector which 
performs the optical-to-electrical conversion.  

In the following, the light field in the time and frequency domain are presented for every 
point of the MPF architecture. Moreover, it is demonstrated that the MPF frequency 
response depends on the electrical signal injected to the intensity modulator, on the 
chromatic dispersion parameter D, on the optical link length and on the Fourier Transform 
(FT) of the spectral density of the optical source used. 
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Fig. 11.1. Basic topology of a microwave photonic filter. 

The stochastic light field es(t) emitted by a continuous source can be modeled by 

  (11.1) 

where e0(t) is the complex envelope and 0 is the optical angular frequency. This equation 
in the frequency domain is 

  (11.2) 

The es(t) field can be externally modulated by an electrical signal v(t) applied to the  
MZ-IM via the RF port. When a voltage 2⁄  (where Vm is the 
electrical signal amplitude, m is the electrical angular frequency, and V is the half-wave 
voltage of the modulator) is applied to the MZ-IM electrodes, the MZ-IM transmittance 
is given by 

  (11.3) 

where x(t) is  

 1  (11.4) 

and m =  (Vm /V) is the modulation index. Thus, the resulting optical signal at the MZ-
IM output is given by 

  (11.5) 

Substituting (11.1) and (11.4) into (11.5), we obtain 

 1  (11.6) 

this equation in the frequency domain can be expressed as 

   (11.7) 
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Considering the optical fiber as a Linear Time Invariant (LTI) system, the light field eL(t) 
at the output of the optical link is given by the convolution (*) of the input ei(t) with the 
impulse-response function h(t) of the system, as eL(t) = ei(t)*h(t). In the frequency domain 
the function h(t) for a given L is defined in [17] as 

  (11.8) 

therefore the optical signal EL(), which is the FT of eL(t), after experiencing the 
dispersive fiber can be expressed as  

  (11.9) 

Replacing (11.7) and (11.8) into (11.9), it can be rewritten as 

 

  (11.10) 

   

This last equation contains three spectral components centered at different frequencies. In 
the presence of the chromatic dispersion each spectral component experiences different 
propagation constant i.e., (-0), (-0-m) and (-0+m). Thus, (11.10) becomes 

																						  

  (11.11) 

   

Taking into account that the autocorrelation function [17] of eL(t) is defined as  

 ∗  (11.12) 

where  is the time delay, and that the Wiener-Khinchin theorem [17] states that the FT 
of the g(t) function is the energy spectral density SL() at the output of the fiber, we have  

 ∗ | |  (11.13) 

where ∗  is the complex conjugate of EL().  

If it is consider that 0 is several orders of magnitude higher than m that is  
(E0 = ( -0) E0 = (-0  m)), that the MZ-IM is operated on its linear region  
(m2  0) and that S0( -0 ) = E0( -0 ) E0

*( -0 ) is the spectral density of the optical 
source; (11.13) reduces to 
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2
 

																		  

																		
2

 

																		  (11.14) 

To simplify the analysis, we assume that  varies only slightly and gradually with , 
therefore, it can be approximated by the first three terms of a Taylor series expansion [18] 
in the neighborhood of 0 as  

  (11.15) 

where 0 = (0) is the linear phase shift, 1 = ´(0) is the fiber-induced group delay 
and 2 = ´´(0) is the second-order dispersion coefficient of the optical fiber. The first 
two terms can be ignored because these do not affect the pulse shape [18], thus (11.15) is 
expressed as  

  (11.16) 

applying (11.16), (-0-m) and (-0+m) become 

  (11.17) 

  (11.18) 

Substituting (11.17) and (11.18) into (11.14) gives 

 2  (11.19) 

The total average intensity IL is obtained using the theorem of Parseval [19], which is the 
integral of the energy spectral density defined as 

  (11.20) 

replacing (11.19) into (11.20) provides 

																																		  

 														 2 cos 	cos   (11.21) 
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In order to reduce (11.21) we define W = -0  with dW = d, m = 2m, Z = m2L as 
well as the 2 parameter, that can be expressed in terms of D as 2 = -D(2/2c). 
Therefore, (11.21) can be rewritten as follows 

 2 2  (11.22) 

Analyzing (11.22), the first integral is the average intensity due to the optical source I0 

and the second integral can be expressed as the FT of the spectral density of the optical 
source, so that 

  (11.23) 

The normalized MPF frequency response H(vm) is determined by the second term of 
(11.23) and it is written as  

  (11.24) 

Taking into account that the optical source has influenced in the MPF frequency response 
behavior, a brief analysis for a multimode laser diode (MLD) is performed below.  

Assuming that the MLD envelope is Gaussian and that the laser modes are centered at an 
angular frequency 0, the power spectrum is written as [20]  

2

∆ √

4
∆

	 

																											
√

∑  (11.25) 

where Smax is the maximum power emission,  is the Full-Width-at-Hall-Maximum 
(FWHM) or line-width of the optical source and  is the FWHM of the laser modes. The 
function ∑  is a Dirac comb function with period . Using 
again the variables W = -0 and Z = m2L, the FT of (11.25) can be reduced to 

 
∆

∗  

 ∗ ∑ 2  (11.26) 

where n is a positive integer (n = 1, 2, …).  

Replacing (11.26) into (11.24), the MPF frequency response is obtained. It consist of a 
series of filtered microwave band-pass windows. The central frequency fn of the n-th 
filtered band-pass windows are determined from the FT of the Dirac comb function. 
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Considering that m = fn and that the factor  can be written in terms of , we equate 
2m2L = 2n/ in order to have 

  (11.27) 

Finally, the bandwidth of the band-pass windows fbp can be determine equating the first 
term of (11.26) to 0.5 that is  

 
∆

0.5 (11.28) 

the parameters 2 and  can be expressed in tems of D and , respectively. Thus (11.28) 
is used to obtain 

 ∆ √

∆
 (11.29) 

11.3. Experimental Setup and Results 

11.3.1. Bidirectional Frequency Response  

First of all, it is necessary to verify that the bidirectional filtering effect generated by the 
10-GHz MPF is evidenced. In this regard, Fig. 11.2 shows the experimental setup scheme 
used to validate this effect. The two Mutimodo Laser Diodes (MLD_1 and MLD_2) are 
optically characterized by an optical spectrum analyzer (Agilent, model 86143B), and 
operated by temperature-controllers to guarantee the stability of its optical parameters to 
thermal fluctuations. MLD_1 (Thorlabs, model LPS-1550-FC, S/N: 110124-56) at an 
optical power of 1.539 mW exhibits: 0 = 1550.7 nm, Δ = 6.628 nm and δ = 1.1 nm, 
whereas MLD_2 (Thorlabs, model LPS-1550-FC, S/N: 151028-61), at an optical power 
of 1.202 mW reveals: 0 = 1548.970 nm, Δ = 5.799 nm and δ = 1.1 nm. Fig. 11.3(a) and 
Fig. 11.3(b) depict the optical spectrum for MLD_1 and MLD_2, respectively. The 
electrical signals applied to the bidirectional MPF are delivered by the Microwave Signal 
Generators (MSG_1 and MSG_2). The bandwidth of the MSG_1 (Anritsu, Model 
MG3692) is 0.01-20.0 GHz, whereas MSG_2 (Rohde & Schwarz) is 9 kHz-6 GHz.  

Once the optical operation conditions and the electrical characteristics are established, the 
experimental procedure to carry out the bidirectional filtering effect of the MPF, is 
detailed below.  

Left-to-Right-Direction: The light issued by MLD_1 is fed into the Optical Isolator (OI) 
and the Polarization Controller (PC) to avoid reflections to the optical source and to 
maximize the modulator output power, respectively. The Mach Zehnder-Intensity 
Modulator MZ-IM_1 (Photline, model MXAN-LN-20, insertion loss of 2.7 dB,  
V = 3.14 V, operating wavelength 1530-1580 nm) is added to the PC output to make the 
external modulation. In the MZ-IM_1 electrical port is applied the continuous electrical 
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signal that modulates the light wave and it is supplied by the MSG_1 (frequency range of 
0.01-10 GHz at 11 dBm).  

 

Fig. 11.2. Scheme of the bidirectional 10-GHz MPF structure. 

 
(a)                                                                  (b) 

Fig. 11.3. Optical spectrum for (a) MLD_1 and (b) MLD_2. 

The modulated signal is connected to Port 1 passing through Port 2 of the Optical 
Circulator OC_1, which separates the signals travelling in opposite directions. The OC_1 
optical specifications are: model 6015-3-FC, S/N: 10135673, 1525-1610, return  
loss = 60 dB, isolation (port 21 = 56 dB and port 32 = 55 dB). The light of Port 2 is 
launched into a Single Mode-Standard Fiber (SM-SF) bobbin with D = 15.81 ps/nm-km 
and attenuation of  = 0.2 dB/km at 0 = 1550 nm.  

Afterward, the light travels through 25.24 km of optical fiber and it is sent to Port 2 passing 
down Port 3 of the OC_2. The OC_2 optical specifications are: model 6015-3-FC,  
S/N: 10135679, 1525-1610, return loss = 60 dB, isolation (port 21 = 56 dB and port  
32 = 52 dB). Port 3 is attached to the photo-detector PD_1 (Miteq, Bandwidth-13GHz, 
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 = 0.9 A/W), which detects the optical signal and performs the optical-to-electrical 
conversion.  

The delivered electrical signal is amplified and connected to the Electrical Spectrum 
Analyzer (ESA_1) (Anritsu, model MS2830A-044) to measure the experimental left-to-
right frequency response illustrated in Fig. 11.4. It is clearly observable a periodicity 
composed of four well-formed band-pass windows centered at f1 = 2.09 GHz,  
f2 = 4.23 GHz, f3 = 6.38 GHz, and f4 = 8.45 GHz. The position of these filtered band-pass 
windows can be theoretically corroborated by using (11.27), obtaining f1 = 2.27 GHz,  
f2 = 4.55 GHz, f3 = 6.83 GHz, and f4 = 9.11 GHz. 

 

Fig. 11.4. MPF frequency response recovered by the PD_1.  

Right-to-Left-Direction: The light emitted MLD_2 is injected into the OI, passed 
through the PC and the MZ-IM_2 (JDSU, model AM-150, insertion loss of 5.0 dB, 
operating wavelength 1540-1560 nm, V = 0 V). The continuous electrical signal power 
(frequency range of 0.09-6 GHz) supplied by the MSG_2 is kept constant along the 
experiment equal to 12 dBm. This signal is fed to the MZ-IM_2 electrical port.  

The modulated optical signal at the MZ-IM_2 output is attached to Port 1 passing through 
Port 2 of the OC_2. The optical signal of Port 2 is transmitted over 25.24 km of fiber, and 
at the end of the optical link it is launched to Port 2 passing down Port 3 of the OC_1. Port 
3 light is detected by the PD_2 (Miteq, Bandwidth-13GHz,  = 0.9 A/W), and the output 
electrical signal is amplified and connected to an ESA_2 to measure the MPF frequency 
response. Fig. 11.5 depicts the experimental right-to-left frequency response which is 
composed only by two band-pass windows, due to the limited operation frequency of the 
MSG_2. The central frequency of these filtered band-pass windows are f1 = 2.05 GHz and 
f2 = 4.15 GHz. According (11.27), theoretically, their positions are f1 = 2.27 GHz and  
f2 = 4.55 GHz. 

It is worth noting that the electrical power levels and the central frequency value of the 
filtered microwave band-pass windows are justified by the technological differences 
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among the Mach Zehnder-Intensity Modulators (electrical return loss, insertion loss, 
optical bandwidth) used. 

 

Fig. 11.5. MPF frequency response recovered by the PD_2. 

11.3.2. Bidirectional Digital TV Signal Transmission  

Once the MPF bidirectional filtering effect is corroborated, next step is the simultaneous 
digital TV signal transmission coded on the filtered microwave band-pass windows 
located around 2 GHz. In this regard, Fig. 11.6 shows the experimental setup to carry out 
the bidirectional transmission of the digital TV channels assigned to Puebla-Mexico. 
Notice that the bidirectional digital TV transmission setup is based on the bidirectional  
10 GHz MPF setup (dotted box), with the difference that the additional electronic 
equipment and radio-frequency devices outside the dotted box are used to perform the 
bidirectional digital TV transmission, as described below. 

Left-to-Right-Direction 

The electrical signal of 1.5 GHz at a power of 11 dBm supplied by the MGS_1 is splitted 
by a Power divider 1, part of this electrical signal is mixed (Mixer 1) with the RF ATSC 
signal detected by the indoor commercial Antenna 1 (Steren, UHF/VHF, Ant-9030,  
gain = 20 dB), which is previously amplified by the RF amplifier (Minicircuits,  
ZX60-33LN-S+). The resulting signal is applied to the MZ-IM_1 electrical port in order 
to modulate the optical source light. The rest of the electrical signal coming from the 
MSG_1 is connected to the Mixer 2 (Minicircuits, ZX05-63LH-S+) to demodulate and 
recover the digital TV signal. This digital TV signal can be displayed in a Digital flat 
screen 1 or analyzed by an ESA_1. Fig. 11.7 depicts the electrical spectrum for the six, 
transmitted and recovered, physical channels assigned to Puebla city-Mexico and listed in 
Table 11.1. Nevertheless, only physical channels 21, 29 and 30, with their virtual TV 
channels are correctly detected and decoded by our system due to the RF-ATSC signal’s 
low power level. The frequency range between 600 to 700 MHz is signal “free” that means 
that it is not assigned to any broadcaster.  
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Fig. 11.6. Experimental setup to carry out the bidirectional digital TV transmission. 

 

Fig. 11.7. Electrical spectrum for transmitted and recovered digital signal. 

Right-to-Left-Direction  

The MSG_2 is one of the additional devices used to the bidirectional TV digital signal 
transmission, which issues an electrical signal of 1.5 GHz at 12 dBm of power. This signal 
is splitted by a Power divider 3 to modulate and demodulate the digital TV signal. In the 
Right-to-Left-Direction, the indoor commercial Antenna 2 (Steren, UHF/VHF, Ant-9000, 
gain = 42 dB) is utilized to detected the TV broadcasting, which is amplified and mixed 
(Mixer 3) with the 1.5 GHz electrical signal. At the Mixer 3 output, the electrical signal 
is again amplified and attached to the MZ-IM_2 electrical port to modulate the optical 
signal coming from the MLD_2. In the receiver, the signal used to demodulate the digital 
TV signal is fed into the Mixer 4, the resulting signal can be visualized in another Digital 
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flat screen 2 or in an ESA_2 to evaluate the signal quality. The electrical spectrum for the 
six, transmitted and recovered, physical channels assigned to Puebla city-Mexico are 
illustrated in Fig. 11.8. 

Table 11.1. Digital TV channels in Puebla city-Mexico. 

Station  
(Badge) 

Frequency 
(MHz) 

Power 
(kW) 

Physical  
Channel 

Virtual  
channel 

Channel 
name 

XHCTPU-TDT 512-518 100 21 3.1 Imagen Televisión 

XHPUR-TDT 530-536 53.5 24 
1.1 Azteca Trece  
1.2 and 40 

XHPUE-TDT 542-548 72.8 26 26.1 Puebla TV 

XHTEM-TDT 548-554 53.32 27 
7.1 Azteca 7 
7.2 a+ 

XHP-TDT 560-566 95 29 4.1 
Televisa Puebla-Tu 
Puebla conexion 

XHOPPA-TDT 566-572 31.94 30 

14.1 Una Voz Con Todos 
11.1 Canal Once 
20.1 TV UNAM 
22.1 Canal 22 

 

Fig. 11.8. Electrical spectrum for transmitted and recovered digital TV signal. 

It is important to highlight that the antennas (Antenna 1 and Antenna 2) power levels are 
justified by the technological differences among them (frequency range and gain).  

The bandwidth of the filtered band-pass windows is approximately 400 MHz. According 
to the values listed in Table 11.1 the bandwidth assigned to the transmission of the digital 
channels are 6 MHz. Therefore, the bandwidth of the band-pass windows is enough for 
an appropriate transmission.  
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11.4. Conclusions 

In this chapter, we have described an experimental setup of a bidirectional MPF 
architecture for simultaneous transmission of ATSC signal. The basic scheme was 
supported by the filtering of microwave signals obtained by the appropriate use of the 
chromatic fiber dispersion parameter, the physical length of the optical link, and the free 
spectral range of the multimode laser. The filtering effect was explained in detail in 
Section 11.2 where a complete mathematical analysis corresponding to the MPF was 
given, demonstrating that the frequency response of the MPF is proportional to the Fourier 
transform of the spectrum of the optical source used. In the past, the effect of filtering of 
microwave signals had been demonstrated as well as the use of these microwave signals 
as electrical carriers to transmit analog TV-signal [10-13]. However, to the best of our 
knowledge, this is the first published work where a bidirectional MPF is used in 
simultaneous transmission of ATSC signal. For technical reasons, we performed the 
simultaneous bidirectional digital TV signal transmission only in the first filtered band-
pass window situated around 2 GHz. However, potentially the others band-pass windows 
can be used too. In particular, the ATSC signal used to test our proposed optical 
communication system was the digital TV channels assigned to Puebla city-Mexico 
region. The transmission of ATSC signal was achieved over an optical link of 25.24 km. 
This experimental setup can be substantially improved by using antennas located on the 
roof of the building or optical amplification linear techniques based on the Erbium Doped 
Fiber Amplifier (EDFA) in order to increase the electrical power of the RF-ATSC signal. 
In addition, the authors consider that this bi-directional architecture can be usefully 
exploited to deliver ATSC signal in the optical domain covering wider areas and, also, for 
transmitting digital information. 
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Chapter 12 
Integration of Vertical 1D Photonic Crystals 
and Photovoltaics 

Joel Y. Y. Loh, Paul G. O’Brien and Nazir P. Kherani1 

12.1. Background/Overview 

12.1.1. Photovoltaics 

12.1.1.1. Need for Renewable Energy 

The average temperature of earth’s atmosphere has risen by 0.6 °C over the past 100 years 
(Fig. 12.1 (a)), and is projected to increase by an additional 1.5 °C within the next decade 
to 2030 [1]. A major contributing factor is the rise of anthropogenic CO2 emissions since 
the beginning of the industrial age [2] as shown in Fig. 12.1 (b). The CO2 molecule 
comprises two oxygen atoms connected to a central carbon atom. The atomic bonds 
connecting the oxygen atoms to the carbon atom can be simply represented as springs that 
vibrate symmetrically, asymmetrically and in a bending or rocking modes. The CO2 
molecule strongly absorbs thermal radiation with wavelengths ranging from 5 μm to  
20 μm, which excites these vibrational modes. Consequently, atmospheric CO2 molecules 
absorb thermal radiation emitted from the earth’s surface, thereby decreasing radiative 
cooling and causing the earth’s surface to increase in temperature. Anthropogenic CO2 
emissions are primarily caused by burning fossil fuels which provide the energy 
requirements of human civilization. However, it is expected that increasing temperatures 
caused by rising atmospheric CO2 levels will eventually induce significant changes in 
earth’s ecology. For example, rising sea levels from the melting of polar ice caps threaten 
the existence of land areas at sea level [3]. As an issue that requires a global response, 
there are several international agreements under the framework of the United Nations, 
such as the Kyoto Accords and the recently concluded Paris Agreement that replaces it. 
In the Paris Agreement, the signatory nations acknowledged the need to restrict the rising 
global temperature to below 2 °C above pre-industrial temperatures via fossil fuel 
divestments. However, fossil fuel divestments will not succeed in developing nations that 
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have to satisfy their fast growing industrial and domestic developments without an 
economical alternative to burning fossil fuels. One viable means of addressing this need 
is solar photovoltaics. In order to provide a contextual framework, in the next section we 
present a brief survey of the current state of the solar cell industry. 

 

Fig. 12.1. (a) The average air temperature measured by various groups around the world;  
(b) The CO2 gas emission into the atmosphere from various sources of carbon in solid, liquid  

or gaseous forms. Reproduced with permission from [1]. 

12.1.1.2. Current State of Solar Photovoltaics 

Solar photovoltaics have emerged into the public and commercial mindset as a viable 
alternative to burning fossil fuels for energy needs; for example, solar PV electricity 
generation in the USA is expected to grow by 2.5 times [2] from 2015 to 2020 with an 
average annual growth rate of 40 %. The global PV capacity has risen from 1 to 110 GWp 
(giga watts peak) over the past decade (Fig. 12.2 (a)). However, thin film PV 
manufacturing technologies have increased their market share from 10-15 % in 2008 to 
20 % in 2015 [4] due to its low cost and comparable performance with c-Si modules. 
Indeed, as of 2015, among the top PV manufacturers are First Solar (thin film CdTe), 
Shungfeng-Suntech (c-Si modules) and Yingli (c-Si) with a market share of 5 %, 4 % and 
5 % respectively. Tandem cell manufacturers such as Sharp and Sanyo (c-Si/a-Si thin 
films) also have market shares of 6 % and 3 %, respectively. Furthermore, organic (Dye 
Sensitized Solar Cells (DSSCs)) and perovskite-based thin film solar cells have exhibited 
strong performance power gains from under 5 % photovoltaic conversion efficiency 
(PCE) in 2008 to above 20 % PCE in 2016 [5]. Currently, PV technology costs are at a 
low of 0.5-0.6 USD per watt peak (Fig. 12.2(b)), especially within thin film technologies; 
and in feed-in tariffs (FiT) can lower the costs to 0.4 USD/Wp. For example the German 
FiT in 2010 offered between €0.31-0.39 per kWh for systems up to 100 kW, and the UK 
FiT offered up to €0.54 per kWh, with an additional rate for exported electricity. However, 
these FiT programs are being phased out as PV costs have dropped. Nevertheless, for PV 
technologies to achieve greater competitiveness, a primary goal is to reach a cost threshold 
0.01 USD /Wp, however, as Fig. 12.2 (b) shows, the cost decline has tapered since the 
beginning of 2010. Hence enhancing the performance efficiencies of these  
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PV technologies while keeping manufacturing costs low offers much potential for  
PV modules to enter into the mainstream. 

 

Fig. 12.2. (a) The world-wide growth in PV capacity as measured in giga-Watt-peak  
from 2000-2014; (b) The rapid decline in PV module costs, primarily in the crystalline  

silicon technology. Reproduced with permission from [4]. 

Here we briefly discuss the advantages of thin film PV cells, and to a lesser degree thin 
silicon film (< 3 µm thick) developments, as well as emerging technologies, since thin 
films and integration of organic-inorganic film photovoltaics are striving for high PCE 
and hence seeking to capture a significant share of the market. Generally, these thin film 
materials are comprised of compounds of group III-VI semiconductors, while thin silicon 
films are comprised of a variety of silicon crystallinities developed through various 
growth processes. These materials have band gaps within the range of 1.2 eV to 1.8 eV 
which are optimized for absorbing most of the radiation spectrum of the sun under the 
earth’s atmosphere (Fig. 12.3 (a)). Furthermore, many of these materials have strong 
absorption coefficients [6] (Fig. 12.3 (b. c)), which is an advantage over crystalline silicon. 
For both amorphous and crystalline silicon, there are several advantages in having a thin 
film morphology, namely in reducing manufacturing costs and time and ameliorating the 
effects of light induced defects. DSSC cells have the advantage of low cost, efficient 
charge separation and band gap tuning. Perovskites cells have high carrier mobilities, 
better absorption than dyes and optimal band gaps that can be tuned by changing the metal 
halide ratio, as well as facile deposition due to its soluble organic component [7]. The 
main disadvantages of these emerging technologies are their thermal and atmospheric 
stabilities [8], as well as encapsulation challenges against leakage of harmful chemicals.  

12.1.1.3. Optical Absorption Constraints in Thin Film Technologies 

An overview of materials used to make thin-film PV cells, such as CdTe, InP, GaAs, CIGS 
(CuInxGa1-xSe2 where x = approx. 0.8) and crystalline/amorphous silicon with their 
maximum photocurrent output vis-a-vis the Schockley-Queisser limit is shown in  
Fig. 12.3(d); the current state of the art PV cells made from these materials are performing 
close to the limit without the aid of optical concentrators. As illustrated in Fig. 12.4, the 
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Schockley-Queisser limit [9] arises from major losses due to: 1) Absorbed photons that 
are energetically above the band gap and thermalize or relax rapidly (within a few pico-
seconds) to the conduction band edge; 2) Unabsorbed photons that are energetically below 
the band gap energy; 3) Non-idealization of the Fill Factor (FF) (best device power 
normalized by the maximum power, namely, IscVoc (product of short circuit current and 
open circuit voltage).  

 

 

Fig. 12.3. (a) Solar spectrum at 1.5 STM. c-Si absorbs light in both the red and yellow regions, 
extending from ~ 300 nm to ~ 1100 nm, and has an absorption length of at least 200 µm. Only the 
low wavelength regime (yellow) is absorbed by a-Si which has an absorption length of 1 µm;  
(b) Shows the absorption coefficients of thin films, a-Si and c-Si materials; (c) Shows the 
absorption coefficients of several lead and tin based perovskites and dyes used for DSSC cells;  
(d) The maximum photocurrent achieved by state of the art thin film cells as compared to the 
Shockley-Queisser limit. 

The optical path length (or photon residence time) and electronic mobility/carrier path 
length of the active material in thin-film PV cells play a decisive role in optimizing the 
design of PV devices with maximal spectral-current performance and FF. On one hand, it 
is desirable to increase the thickness of thin-film PV cells in order to increase the optical 
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path length of the active region beyond the absorption depth of the material1 their active 
region is made of. On the other hand, as the thickness of thin-film PV cells is increased 
beyond the mobility/carrier path length, recombination of photo-generated charge carriers 
increases, thereby reducing the FF and output power. Thus, “light-trapping” schemes, 
such as front and rear surface texturization, are integrated into the design of thin-film PV 
cells to increase their optical path length (or photon residence time) without increasing 
their electronic mobility/carrier path length. The design and fabrication of thin-film PV 
cells with increased optical path length is challenging, and prone to fabrication variance, 
usually requiring a combination of high performance deposition methods and detailed 
optical and electrical simulations [10]. Furthermore, for reasons of carrier diffusivity, the 
full solar absorption is not physically realized in many silicon PV modules. For example, 
the absorption length of c-Si at 1000 nm is greater than 100 µm due to its indirect band 
gap and low absorption coefficient (103 cm-1); and the absorption length for a-Si for 
photons of wavelength slightly greater than 700 nm is greater than 500 nm while cell 
thicknesses must be kept smaller than 300 nm to allow for carrier diffusion [11]. CIGS 
cells have high absorption coefficients (105 cm-1) at visible wavelengths, which only 
necessitates a thickness of 2-3 µm to absorb a majority of the solar spectrum [12]. 

 

Fig. 12.4. (a) Performance losses in a crystalline silicon PV module. ~20 % of the available incident 
solar power contained in the spectral range between 400 nm and 4000 nm is not absorbed in c-Si 
since these photons have energy lower than the electronic band gap, ~30 % of the incident solar 
power is lost by thermalization of electrons generated by photons of energy higher than the band 
gap. 10 % of the incident power is also lost due to Voc mismatch against the energy band gap. 
Further losses such as pre-PV and system losses are mainly due to external factors. (b) Carnot 
(current-voltage conversion heat loss), radiative emission, Boltzmann (mismatch of the incident 
photon flux and absorbed photon flux), thermalization, low energy photon pass-through and 
resultant power out as a function of a direct band gap (Eg) plot in a single junction cell that is 
incident to 1 Sun. Reproduced with permission from [9]. 

                                                      

1Absorption depth is defined as the distance into a material at which the probability that a photon has been 
absorbed is 1/e (or ~37 %). 
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In the situation with conventionally manufactured c-Si modules, module losses arising 
from parasitic losses and reflection losses can significantly reduce the efficiency of c-Si 
solar panels [13] For example, the maximum performance ratio (as defined by the 1998 
IEC standard 61724) of a PV module in a sunny location such as Singapore is 85 % [14]. 
In fact, up to one quarter of the solar irradiance that could otherwise be converted to 
electricity in PV modules may never be absorbed by the actual cell due to parasitic 
absorption and reflection [15]. Parasitic absorption refers to solar photons that are 
absorbed in any part of the module other than the active region of the cell; these photons 
do not contribute to the output power generated by the cell. Parasitic absorption may occur 
in various parts of the module including the cover glass, the encapsulant and the metal 
lines and bus-bars [15, 16]. Reflection losses are typically greater than parasitic absorption 
losses and are caused by reflection from the cover glass, the cell surface, bus bars as well 
as the back-sheet of the solar panel. Reducing the role of electrical accessories’ in these 
losses will enhance power gain in c-Si cells, as well as minimizing the need for fabricating 
vias through the encapsulation layer in order to lay down these contacts.  

Given the fundamental device challenges, creative approaches are necessary to identify 
performance deficiencies and increase market acceptance of thin film solar modules. For 
example, the absorption coefficient of CIGS films drops significantly at IR wavelengths 
and CIGS modules generally exhibit a black color, which makes it aesthetically 
unappealing for building integrated photovoltaic (BIPV) applications. Furthermore, the 
drive to ultra-thin CIGS films or solution-based CIGS nanoparticle films, in order to 
reduce the quantity of material required (especially due to Indium scarcity) and deposition 
techniques (vacuum based to non-vacuum based) and associated costs [17], may result in 
solar absorption deficiencies that need to be remedied by an optimized reflector. Similarly, 
thin silicon films, particularly those having a thin i layer in a p-i-n junction that can reduce 
recombination losses will have increased Voc (defined as the ability to generate a potential 
in an unloaded closed circuit), at the expense of absorption inefficiencies.  

12.1.1.4. Enhancing Light Absorption in Thin Films 

The use of 1D Photonic Crystals (PC), also known as Bragg reflectors, and in some cases 
a type of PC known as a Selectively Transparent and Conductive PC (STCPC), offer a 
solution to maximizing the absorption of the solar spectrum by a thin film, tandem cell or 
single/mixed-layer cells while minimizing solar parasitic losses from the presence of 
metallic electrodes (Fig. 12.5). Furthermore, it can be an active layer in acting as an 
electron or hole carrier accepting junction with the light absorptive cell layer. Metallic 
rear reflectors can double the optical path length and are insensitive to polarization and 
angle of incidence, but are unable to enable rear illumination of the solar absorptive 
material, and are not suitable as intermediate rear reflectors between tandem cells, which 
require good electronic mobilities, large scattering areas and good reflectance of weakly 
absorptive wavelengths. Textured metal reflectors can increase the optical path lengths 
but also lead to plasmonic absorption due to the texture size and geometry. A secondary 
but useful functionality would be the ability of the intermediate reflector layer to act as a 
growth layer for the next layer of cell material deposition. In this consideration, metallic 
thin layers are hence not thermally compatible with film growth deposition processes; and 
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the roughness metric can act in a contradictory manner, where rough surfaces enable 
Lambertian scattering [18] but may reduce the electronic performance of the subsequently 
deposited thin silicon or other materials. A way to enable light scattering but also enable 
an effectively smooth surface for subsequent deposition, is to fill the gaps between the 
high features with 10 nm diameter silica nanoparticles as a type of low refractive index 
spacer layer [19].  

 

Fig. 12.5. (a) and (b) present Selectively Transparent and Conductive (STCPC) bragg stacks as 
rear reflectors or intermediate reflectors, respectively. An ideal intermediate Bragg reflector 
reflects the absorption wavelengths of the top cell and transmits longer wavelengths through to the 
bottom cell. 

One cost effective method to enhance Mie scattering (r < λ) is to layer a white pigment 
dye on a smooth rear reflector [20]. In this manner, the light escape cone [21] or Snell’s 
window (Fig. 12.6) can be reduced significantly and bring the optical path length within 
a material of refractive index n closer to the ideal Yablonovitch limit of 4n2 assuming 
weak adsorption over the set of diffracted wavelengths. Another way to think about the 
light absorption limit within a flat slab is to treat it as an optical cavity with an associated 
quality factor Q, hence it can contain a set of optical modes that can reside or escape the 
slab after a period of time. To increase the residence time the Q factor must increase, 
however that would also imply that coupling into that optical cavity or flat slab would be 
difficult and lossy [22]. In thin films, the photonic density of states is proportional to its 
thickness which limits its Q factor, and its Yablonovitch limit is smaller than 4n2.  

12.1.1.5. Improving the Optical Performance of PV Cells with Photonic Crystals 

In view of the need to continue to improve the performance efficiencies of up-and-coming 
low cost thin film technologies, a case can be made for improving the optical absorbance 
of PV cells by integrating vertically stacked photonic crystals into the design of these PV 
cells. As the field of photonic crystal is a large one, and since the cost of application of 
complex photonic crystals can be prohibitive, we confine our discussions to 1D photonic 



  Advances in Optics: Reviews. Book Series, Vol. 2 

 256

crystals or Bragg stacks. A description of the properties of photonic crystals and its 
advantages, development and methods of integrating them into silicon and thin films PV 
cells will be discussed.  

 

Fig. 12.6. (a) The light escape cone presented by any thin film coupled with a rear reflector;  
(b) Light Mie scattering by white pigment dye. 

12.1.2. Photonic Crystals  

12.1.2.1. Historical Background 

Lord Rayleigh was the first [23, 24] to identify the complete reflection of light incident 
onto a layered structure with a periodically alternating index of refraction profile, 
commonly referred to as a Bragg-stack, in 1887. A Bragg-reflector exhibits a one-
dimensional photonic stop-gap which causes the complete reflection of normally incident 
light over a specified spectral range. A century after Lord Rayleigh’s pioneering work, 
both Eli Yablonovitch and Sajeev John, working independently, showed that a full 
photonic band gap that causes complete reflection of electromagnetic waves incident from 
any angle, within a certain frequency range, can be created by periodically structuring the 
index of refraction of a material in three-dimensions [25-27]. A three-dimensional 
photonic crystal, with a “complete photonic band gap” was subsequently demonstrated in 
the microwave regime by drilling a triangular array of holes in a block made of  
stycast-12. Furthermore, it has also been shown that periodically structured slabs can be 
made to exhibit omnidirectional reflection of incident light over a wide range of 
frequencies [28]. In the past few decades significant research efforts have been put forth 
to understand the exceptional phenomena inherent to PCs including the superprism effect 
[29] and “slow-photons” [30, 31]. Moreover, innovative “top-down” and “bottom-up” 
fabrication techniques have been developed to fabricate PCs that are periodically 
structured on the length-scale of a few hundred nanometers such that their unique 
properties can be utilized in the visible spectral region. PCs have also proven to be an 
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interesting subject within the field of biomimetics, as many PCs fabricated in the lab were 
inspired by those recognized in nature, such as the green shimmer of the Brazilian beetle 
Lamprocyphus [32] (Fig. 12.7). In the following section we describe the properties of PCs 
that can be utilized to enhance light absorption in thin-film PV modules. 

 

Fig. 12.7. (a) The scales of the Brazilian beetle; (b) The cross section of the chitin skin showing 
two types of periodic diamond structures; (c) The calculated photonic band gaps based on an 

analysis of the cross section. Reproduced with permission from [32]. 

12.1.2.2. Properties of Photonic Crystals 

A 1D dielectric Bragg Stack is essentially a periodic sequence of dielectric constants or 
refractive index contrast, on a length scale comparable with the incident wavelength 
spectrum that generates a photonic band structure that allows propagation and 
transmittance of specific wavelengths while reflecting other wavelengths. This is 
analogous to the Kronig-Penny model in semiconductor physics, except that electrons as 
fermions have to obey the Pauli Exclusion Principle, whereas photons do not and are able 
to ensemble without these restrictions. The dielectric periodicity generates two standing 
waves at the Brillouin boundary: an electric field that peaks in the high index dielectric 
material, corresponding to a lower field energy and hence is denoted a lower energy 
Dielectric Band; and an electric field that peaks in the low dielectric material such as Air, 
corresponding to a higher field energy and denoted as the upper energy Air Band. Hence 
the propagation of electromagnetic waves of a frequency in between the upper band and 
lower band is forbidden. The refractive index contrast can vary from a smoothly gradual 
transition to an abrupt transition and it determines the width of the photonic stop-gap. One 
metric to define the index contrast is the polarizability per volume of the unit cell as 
defined by the two layers in the periodic medium. Hence, a low index contrast with many 
periods will generate a narrowband reflection spectrum. The width of each layer satisfies 
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the Bragg condition (mλ = 2d cos θ), where constructive interference occurs at the Bragg 
wavelength or spectral peak. When the path length difference between the consecutive 
composite planes is equal to a multiple of the incident wavelength, constructive 
interference occurs, giving rise to a reflection peak. The reflectance peak thus occurs at 
the center of the photonic bandgap. Furthermore, the periodic sequence can range from 
the straight-forward periodic sequence to aperiodic sequences to chirped sequences that 
can broaden the reflectance bandwidth. In all, these factors define the frequency-gap shape 
and width as a function of the incident wave vector. 

In the situation where we are interested in the transmittance of a finite layered photonic 
crystal that is embedded in a medium such as the solar absorbing PV material, the issue 
of coupling can be a disadvantage and an advantage. A disadvantage would be seen in the 
sidelobes in the transmittance spectrum at the edges of the photonic bandgap due to 
reflectance between the embedding medium and the first and last layers of the finite 
periodic stack. A small number of optical states within the frequency stopgap will be 
present and hence a residual amount of light will thus be transmitted. An advantage would 
be the generation of the omnidirectional gap, which excludes every propagation direction, 
including the Brewster’s incident angle, at each wavelength or frequency, if the refractive 
contrast is optimized. An omnidirectional gap would not be possible if the Bragg stack 
was infinitely long. The finite PC in a medium thus acts as a perfect mirror in the given 
wavelength or frequency interval, where electromagnetic waves of both polarizations are 
reflected at all angles. Furthermore, Fabry-Perot resonances due to internal reflection of 
light at the stack-air interface and the stack-cell interface can enhance the density of 
optical states at that resonant frequency. 

When discussing optical density of states, it may be useful to include the Purcell effect 
[33, 34], which relates the decay of an emitter to the local density of states, local electric 
field strength and dipole moment. When an emitter is situated close to an optical cavity, 
the rate of transfer of energy at the emission frequency is determined by the dimensions 
of the cavity (mode volume) and permittivity of the surrounding material. If the emission 
frequency is within the stopgap width of a photonic crystal, the decay rate will be inhibited 
and the population of optical states in the emitter and photonic crystal at that frequency 
may come close to inversion. However, in reality, the finite number of periodicities will 
cause the decay rate to be much greater. The emission loss in a direct band gap and hence 
highly absorptive material can be significant due to the recombination and re-emission 
cycle. Therefore, a slower radiative recombination rate under open circuit condition 
implies higher cell efficiencies. In an indirect band gap material, the absorption and 
emission rate near the band gap is poor. Even so, emissions can happen during 
thermalization when the higher energy (lower wavelength) excited electron relaxes to the 
conduction band minimum and then relaxes radiatively to the valence band maximum.  

In the next section, some preliminaries into the integration of photonic crystals within a 
PV cell are discussed. Material design is an essential element in generating the necessary 
stop band at a wavelength range that is optimized for reducing absorption inefficiencies. 
Furthermore, the addition of a grating to a Bragg stack can increase its absorption near the 
stop band edges, thus giving rise to 1.5D photonic crystal architectures. Lastly, for the use 
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of a PC as an intermediate layer within a tandem cell stack, the PC needs to have high 
electrical conductivity, which was demonstrated in a new sub-class of PCs known as 
Selectively Transparent Photonic Crystals (STCPCs).  

12.2. Designing 1D Photonic Crystal Reflectors for Thin-Film PV Cells 

12.2.1. Fabricating Bragg Reflectors with TCOs and NPs  

12.2.1.1. Material Selection 

As mentioned in the previous section, the compatibility of the optical and material 
properties of the individual layers in order to act as a suitable replacement for metallic 
reflectors and contacts have to be addressed. These constraints can be organized in the 
following Fig. 12.8: 

 
Fig. 12.8. Various materials and physical parameters that couple together to present  

the optical and electronic properties of a Bragg stack.  

The designs for photonic crystals can thus be initialized from TCO (Transparent 
Conductive Oxide) materials, which are widely studied and can be compatible with 
current contact deposition processes; as well as dielectric nanoparticle films which enable 
tuning of its refractive index. A combination of dielectric particles and TCOs can form a 
bilayer with high refractive index contrast and good electrical conductivity in order to 
serve the dual roles of reflector and electrical contact. 

12.2.1.2. Transparent Conductive Oxides 

This section shall give a brief overview of the development of TCOs [35-38]. Historically, 
with the exception of the Cd binary and ternary compounds, which was the first low 
resistivity (10-5 Ω cm) TCO discovered but was also discovered to be a carcinogen, the 
initial development of TCOs was focused on doping binary oxides such as ZnO, In2O3, 
and SnO2: more than 20 types of doped binary TCOs were developed. Antimony doped 
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Tin Oxide (ATO) is considered as an alternative to Indium Tin Oxide (ITO) due to the 
lower cost of dopant material and better thermal stability; nonetheless AZO and GZO 
(gallium doped ZnO) presented low-cost alternatives to ITO. Subsequent development of 
binary-binary compounds such as ZnO-In2O3 films with 25 atomic % Zn have a low 
resistivity of 3 × 10-4  Ω cm, however its overall optical and electronic properties are 
inferior compared to ITO and the high indium content limits its commercial applications.  

Several TCOs and their optical constants and electronic properties are shown in  
Table 12.1. The choice of TCOs can affect the overall effectiveness and costs of the Bragg 
stack PC. For example, many of the transition metal oxides can have their optical 
transmittances and carrier mobilities improved with a small amount of substitutional 
doping, as shown in Fig. 12.9 [39-41]. The band gap of metal binary oxides, which is 
typically larger than 2.5 eV due to the strong repulsion between the oxygen s orbitals and 
the metallic p and d orbitals, experiences greater than band gap optical transitions due to 
the presence of degenerately filled bands above the edge of the conduction band 
minimum, which result from the presence of ionized oxygen vacancies or interstitial 
metallic ions. With doping the degeneracy increases and the optical transition energy or 
optical band gap widens accordingly to the Burstein-Moss shift.  

Table 12.1. Typical properties of TCOs and c-Si and a-Si:H materials that can be used  
in a silicon solar cell module. 

TCO Refractive Index 
Typical electron 

Mobilities (cm2/V.s) 
Work function (eV) 

Sn: In2O3 (ITO) 1.8 – 2.0 40 – 60  4.5 – 5.5  
Al: ZnO (AZO) 1.5 – 1.8 20 – 40  3.5 – 4.5 
Sb: SnO2 (ATO) 1.4 – 1.5 10 – 30  4.0 – 5.5  
Nb: TiO2 (NTO) 1.9 – 2.1  20 – 40  4.0 – 5.0  

In,Ga: ZnO (IGZO) 1.5 – 1.55  5 – 20  3.5 – 4.0  
 c-Si 3.8 – 4.0  103 4.0 – 4.1 

 a-Si:H 4.4 – 4.7  1 4.6 – 4.7 
 

However, partly due to the multi-valency of the metallic elements as well as already 
present oxygen vacancies in the oxide’s natural stochiometry, an excessive amount of 
doping may induce additional defects such as oxygen vacancies, interstitial or un-ionized 
dopants and lattice disorder, which will degrade material properties: i.e., increasing the 
plasma frequency into the visible regime; and increased ionic impurity scattering that 
decreases carrier mobility. For example as shown in the third plot of Fig. 12.9 doping 
SnO2 with Sb initially introduces Sb5+ ions that act as donors until additional Sb3+ ions 
begin to replace the Sn4+ ions. The introduction of Sb3+ ions generates an acceptor level 
that compensates the donors and increases its resistivity. For an n-type junction or p-type 
junction, a low or high work function of the TCO contact respectively is desirable, 
otherwise a strong Schottky barrier will be generated which will reduce the open circuit 
voltage and thus the fill factor of the PV cell. The work function generally decreases with 
increasing carrier concentrations among the various types of TCOs. Thus the drive to 
developing compounds with high carrier concentrations has partly led to the interest in  
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p-type TCOs. However the large effective hole mass greater than 2 whereas that of 
electron is approximately 0.1 has hindered the application of these materials. The large 
hole effective mass can be deduced from the flatness of the valence band maximum, which 
arises from the strong localisation of the s and p oxygen orbitals. Nonetheless, an 
intermediate contact between a serially connected p/i/n-p/i/n cell should be able to accept 
electrons from the n-type layer and holes from the p-type layer. In this consideration, two 
different types of TCOs may make up the top and bottom layer of the STCPC and an 
insulating silica layer can be grown or sputtered as one of the layers in the STCPC without 
adversely affecting its optical properties. Ternary compounds, typically developed from a 
combination of In2O3, ZnO and SnO2 (Fig. 12.10) have yielded mainly moderately 
resistive compounds compared to ITO or IZO. However, it is possible that a combination 
of amorphous and crystalline phase mixtures is required to synergize the various 
advantages of each binary-binary compound. Other ternary compounds using Sb2O5 and 
Ga2O3 are also being explored.  

  

 

Fig. 12.9. Electron mobilities (a), % Transmittance (b) and Resistance/resistivity (c) curves for 
sputtered Sn:In2O3 (ITO), Al:ZnO (AZO), Sb:SnO2 (ATO) and Nb:TiO2 as a function of doping 
content as weight % or atomic %. The grey bands highlight the optimal doping range to achieve 
the highest transmittance, electron mobilities and lowest resistivity values. Data reproduced from 
[39-41]. 
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Fig. 12.10. Ternary compounds generated from combinations of ZnO, In2O3, SnO2, Sb2O5  
and Ga2O3. The light shaded, medium and dark grey shaded areas represent low conductivity, 

medium conductivity and high conductivity regions. 

12.2.1.3. TCO/Nanoparticle Bi-Layers 

In this section, the use of dielectric nanoparticles as part of the photonic crystal is 
discussed. One reason to use nanoparticle film is the facile deposition of nanothick layers 
with spin coating or dip coating; furthermore, it is possible to reduce the effective 

refractive index through the packing factor equation  2 2 2
1 21effn f n f n     where f is the 

volume fraction of voids within the film. For example, the use of silica colloidal solutions 
allows natural fractional packing to reduce the overall index of the silica packed film up 
to a void-bulk ratio of 33 % [42], which reduces the effective index to 1.3 - 1.4. Another 
method of incoporating nanoparticles into a Bragg stack is dip coating a mixed solution 
of nanoparticles/polymers leading to self-assembly [43], and pyrolysis of the polymers 
generating alternating layers of porous nanoparticles. 

The refractive index contrast between the bi-layers in a PC defines the width of its stop 
band gap and its Bragg peak. Given that the refractive indices of most TCOs range from 
1.5 to 2.0, an index lower than that of the TCO is required to generate the high index 
contrast bi-layer. SiO2 has an index of 1.5-1.6, but other dielectric materials with low 
indices such as MgF2 and SiN4 are suitable. In the case of an intermediate reflector, the 
pairing of a TCO and low index layer has to be optically compatible with that of the 
bottom and top cell material. For example, a tandem solar cell consisting of amorphous 
and crystalline silicon, where internal reflection between the two incoherent substrates are 
taken into account [44], the refractive indices sequences 3.8, HL.HL, 4.4 where the  
2 substrates have index 3.8 and 4.5; L and H are 1.3 (which can be achieved by silica 
nanoparticle film) and 1.8 (ITO layer), respectively and each layer is 200 nm thick can 
yield several bragg peaks between 550 nm to 700 nm as a function of the number of 
bilayers (Fig. 12.11). However if the TCO layer has a higher index, for example Mg doped 
CuCrO2 with an index of ~2.3, the closer index matching allows fewer side lobes outside 
the reflectance bandwidth using fewer bi-layers (4 versus 6). Furthermore, the low index 
layer can be another TCO, which allows for bandwidth tuning while maximising 
conductivity.  
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Fig. 12.11. The calculated reflectance spectra of a sequence of High-Low index bi-layers within 
two semi-infinite incoherent substrates. With a larger index contrast a broad reflectance peak can 
be generated within the top c-Si layer as shown in (d). The High index layer of index 2.4 can be 
NTO or Mg:CuCrO2 while the low index layer of index 1.3 can be silica nanoparticles. 

12.2.2. The Bragg Stack as Selectively Transparent and Conductive Photonic 
Crystals 

12.2.2.1. The Optical Properties of STCPCs 

This section introduces a new class of Bragg reflectors known as Selectively Transparent 
and Conductive Photonic Crystals (STCPCs) [45, 46]. As mentioned previously, the use 
of TCOs as a layer within a Bragg stack is an advancement over dielectric Bragg reflectors 
as they combine intense wavelength selective broadband reflectance with the transmissive 
and conductive properties of TCOs, thus they can be potentially integrated within 
optoelectronic devices. In functioning as an intermediate reflector in tandem solar cells, a 
properly designed STCPC can split the incident solar irradiance by reflecting lower 
wavelength radiation into the upper cell while transmitting photons of higher wavelengths 
into the bottom cell. Fig. 12.12 shows the cross section of a typical STCPC, where the top 
and bottom layer is a TCO like the commonly used ITO and the other layer within the 
bilayer stack is a dielectric nanoparticle film such as a 10 nm silica close packed film. The 
1D STCPC, comprising of 5 bilayers of ∼90 nm thick sputtered ITO films and silica 
nanoparticle films, which exhibits a Bragg-reflectance peak with a peak value of 95 % at 
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λ=∼610 nm, has a full width at half maximum (FWHM) that is greater than 200 nm and 
an average transmission greater than 80 % over spectral regions outside this Bragg-peak. 
In general, the Bragg-peak λpeak can be determined using the index and physical thickness 

of the Low and High index layers with the simple equation:  2peak L L H Ht n t n    
whereby the reflectance can be maximized by the quarter wavelength condition 

1
4L L H H peakt n t n     . As shown in Fig. 12.12 (e), the presence of band pass ripples 

at the pass band edge can be minimized with the addition of a pair of eighth wavelength 
high index layers each at the ends of the stack. Hence, the 5 bilayer stack of ∼60 nm thick 
ITO and ∼90 nm thick silica nanoparticle films are capped at both ends by 30 nm of ITO 
layers. 

 

Fig. 12.12. SEM cross-sectional images of silica nanoparticle films sandwiched between sputtered 
ITO films within STCPCs. These specific samples were prepared on polished silicon substrates 
and have 4 bilayers of spin-coated SiO2 nanoparticle films and sputtered ITO films. The thicknesses 
of the ITO films are 85 nm (a) and 100 nm (b) when deposited onto a flat substrate such as a 
polished silicon wafer. The reflectance (solid lines) and transmittance (dashed lines) of STCPCs 
with 5 bilayers that were deposited on glass substrates and have ITO film thicknesses of ∼85 nm, 
∼90 nm and ∼100 nm are also shown (c). Fig. (d) shows the Band-pass ripple as indicated 
decreasing with the addition of a pair of eighth wavelength layers at both ends. Reproduced with 
permission from [45].  

12.2.2.2. Electronic Behavior of STCPCs 

The electronic characteristics are important in ensuring the suitability of the photonic 
crystal as an alternative to metallic contacts. The electrical compatibility of the STCPC 
with existing solar cell materials in order to minimize current leakage and unwanted 
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capacitance shunts is also necessary. Hence ITO, which is commonly used as an electrical 
and high optical transmittance contact (optical n and k = 1.858 and 0.058 at 633 nm, up to 
90 % transmittance at 550 nm) is commonly paired with a high resistivity material in 1D 
STCPCs. It was shown that when sputtering a 20 nm thick ITO layer on top of a 10 nm 
diameter silica nanoparticle film that the indium element infiltrates into the 60 nm silica 
layer as an exponentially decreasing concentration profile [47] (Fig. 12.13).  

 

Fig. 12.13. The optical spectra, Sheet resistance values in Ω per cm2, and cross sectional SEM 
images of STCPs of ITO/SiO2 stacks in (a), (b) and (c) respectively. With increasing bi-layers, the 
reflectance peak is generated as shown in (a-i) and the sheet resistance drops significant as shown 
in (b-i). TOFsim measurements indicate elemental Indium build up between the ITO and SiO2 
layers. By changing the widths of ITO and SiO2 layers the Bragg peak can be tuned as shown in 
(a-ii), with little change to the sheet resistance in (b-ii). In (c-ii), an ITO contact (1) is layered on 
an a-Si:H solar active layer (2) with the ITO/SiO2 bragg stack (3) acting as an intermediate reflector 
with the µc-Si layer. Reproduced with permission from [47]. 

However, the silica layer is thin enough that the indium concentration is largely 
continuous throughout the depth of the STCPC. Interestingly, the sheet resistance 
decreases with increasing number of ITO-Silica bilayers, indicating that the overall build-
up of Indium ions within the silica layers increases with an increasing number of 
sputtering steps. It must also be noted that the sputtering power is a relatively gentle  
75 W on a 3 inch diameter In2O3:SnO2 target (90:10 wt %) ceramic target, implying that 
the ionic bombardment energies need not be excessively high in order to burrow sputtered 
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elements through the surface of the substrate. The optical transmittance spectrum of the 
ITO-silica STCPC shows a broadening of the reflectance peak centered at around 300 nm 
wavelength, while maintaining a high transmittance of 90 % at longer wavelengths. The 
charge transport behavior is not clearly understood at the time of writing, given the variety 
of defects present within the bi-layers, such as nano-meter width cracking through the 
silica nanoparticle surface, porosity networks within the silica spherical close packing, as 
well as the type of Indium deposition on the surfaces of the silica particles. Porosity-
ellipsometry measurements of undiluted and diluted packed silica nanoparticle films 
indicate that the average pseudo-spherical radius increases from 3 nm in an undiluted 
maximum close packed silica film, to a distribution of 20 to 40 nm porosity radii with 5:1 
diluted silica particle films [48].This open porosity network can enable Indium diffusivity 
through the silica layer in the same manner of ionic conductivity through a glassy ionic 
solid, where ionic-channels exist throughout the surface.  

12.2.3. Introducing Gratings to 1D Bragg Stacks for 1.5D Architecture  

Since photons can be collected into modes without the same restrictions as electrons, the 
idea of a 1.5D photonic crystal was developed [49, 50], where the first layer of the Bragg 
stack is a diffraction rectangular grating that couples light with the suitable k-matching 
vector into slower propagating modes laterally within the cell material, thus re-distributing 
the density of states of photons to frequencies above the stop-gap and increase the path 
length of the diffracting orders. The higher order modes, even if they are not coupled 
directly into the photonic crystal, will enable a longer path length within the absorbing 
layer on top of the grating. The incident wave vector changes by an integer value n and 
periodicity width Λ of the reciprocal lattice vector 2π/Λ of the grating. If the grating period 
is very small, the grating will behave as a homogeneous medium with an effective index 
determined by the high index (grating peak) and low index (grating valley) medium. The 
periodicities of the Bragg stack and the grating should be off-set in order for light that is 
not reflected by the stack to be effective-index matched with the high index grating. The 
absorption enhancement was calculated to increase from 12.4 % in an 8 layer stack to  
15.4 % with the stack and grating [50]. The index match coupling between the cell 
material and Bragg stack was explored further with pyramidic texturing of the top layer 
of the STCPC [51, 52]. The pyramidic shape also increases the anti-reflection property of 
the grating due to its approximation as an effective graded index layer. If the pyramidic 
depth is comparable to that of the incident wavelength it will strongly scatter the radiation 
laterally into guided Bloch modes.  

A clear example of the generation of guided modes that are confined within the Bragg 
stack is shown in [53] (Fig. 12.14). The thicknesses of the Bragg stack determine the 
intensity and resonant wavelength of the modes that are coupled into by the grating at a 
shallow angle of incidence. The presence of resonant fringes in the reflectance spectrum 
is observed and the modes are strongly confined within the low index SiO2 layers. A 
significant reflectance in the longer wavelength range due to the metallic grating was also 
observed. In this situation, the generation of photonic states at the edges of the Bragg peak 
increases absorption in the top layer of a solar module.  
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Fig. 12.14. (A) The addition of an Au grating on a 7.5 bilayer Bragg stack increases its reflectance 
in the long wavelength region while generating Fabry-Perot like resonance fringes within the Bragg 
peak. The width and period of the Au grating was 150 nm and 292 nm, respectively. The bilayers 
are TiO2 (52 nm) and SiO2 (80 nm) thick. (B) The simulated TE modes at 527 nm, 508 nm,  
487 nm, 467 nm, and 451 nm incident wavelengths are illustrated in (a) to (g), respectively. 
Reproduced with permission from [53]. 

12.3. Integrating 1D Photonic Crystal Reflectors within Thin-Film PV Cells 

12.3.1. Application in Silicon Photovoltaics 

12.3.1.1. Background on Micromorph Tandem Cell 

In general, the core of most silicon cell device architectures is the p/i/n or n/i/p structure 
(Fig. 12.15), where the p type and n typed doped layer is the hole or electron generating 
layer. When photons are absorbed by the intrinsic (i) layer, the electric field generated due 
to band bending between the doped and intrinsic interface excites electrons and holes into 
the n-type and p-type layers, respectively. For amorphous silicon to be a useful solar cell 
material, it should be relatively easy to dope and deposit. This was achieved in 1975 by 
groups that relied on low vacuum methods of decomposing silane (SiH4) using radio-
frequency glow discharge or plasma enhanced chemical vapor deposition (PECVD) 
methods [54]. This was fortuitous as their films had more than 10 % concentration of 
hydrogen, which was found to increase its conductivity by two orders of magnitude. The 
electronic degradation effect under prolonged light exposure was also observed and from 
the subsequent observation that the degradation is less severe when the cells are kept at 
reverse voltage, it was concluded that recombination processes in the material create 
defect states within the band gap. A more recent investigation focused on the 1-2 nm 
micro-voids generated during deposition. The voids' internal surfaces are initially 
saturated with hydrogen atoms so that no defects are present, however light-induced 
charge carriers destabilize atomic bonds and form clusters of defects on the internal wall 
of the micro-voids thus forming recombination centers. 
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Fig. 12.15. Simple p/i/n junction showing electron-hole pair separation and subsequent drift and 
diffusion towards the metal electrodes, typical n/i/p junction for crystalline silicon. Because the 
absorption depth drops exponentially past the surface of the cell, the n doped layer is significantly 
thinner than the p doped layer so that photogeneration can mainly occur within the intrinsic layer 
(Figs. not to scale). The break-lines in the intrinsic layer represents the order of magnitude greater 
thickness of the intrinsic layer in comparison with the n and p doped regions. 

The next major development in a-Si materials was the discovery of micromorph 
(microcrystalline-amorphous) Si phase materials by hydrogen dilution or increasing the 
concentration of hydrogen in SiH4 plasma in a PECVD reactor. Microcrystalline silicon 
material is a phase mixture of nano-crystalline silicon in a host of amorphous silicon  
[55-57] (Fig. 12.16), which offers better absorption in IR than a-Si, better absorption in 
visible than c-Si while maintaining a similar band gap of 1.1 eV, as well as 20-100 X 
greater electron mobilities than a-Si. The combination of an a-Si top cell and a µc-Si 
bottom cell enables broadband absorption in the near-IR and visible while keeping the  
a-Si layer relatively thin, minimizing the previously mentioned Stabler-Wronski effect 
experienced in a-Si (light degradation due to the generation of dangling bonds to 
compensate for under and over coordination of silicon bonds) and maximizing deposition 
areas for cost-efficacy. Generally, µc-Si is grown slowly (0.2-0.5 nm/s) in a PECVD 
process, and it is recommended that the plasma frequencies range above 50 MHz (VHF, 
very high frequency) and a high degree of hydrogen in silane dilution in order to maximize 
the growth and ripening of nucleated c-Si seeds [58]. As single junction micromorph cells 
have low optical absorption, current micromorph PV modules are an integration of an 
a-Si top cell that absorbs in the visible, while the bottom µ-Si cell absorbs in the NIR. 
Other variations of micromorph cells are p-aSi:H/i-cSi/n-aSi:H single crystalline cells 
which employ thin layers of hydrogenated amorphous silicon (a-Si:H), p and n type layers. 
For example, the manufacturer Sanyo developed an Heterojunction with Intrinsic Thin 
layer (HIT) cell where the top and bottom surfaces of an n-type c-Si wafer are deposited 
with p/i a-Si and n/i a-Si layers, respectively, resulting in an efficiency of ~25 % and the 
advantage of better performance at higher temperatures due to the smaller loss of 
conductivity in the a-Si layers in comparison with c-Si.  

12.3.1.2. Selectively Transparent PCs in Micromorph Cells 

A varying number of bilayer 60 nm ITO/100 nm SiO2 STCPCs were introduced between 
cells in a micromorph tandem cell and its short circuit current density under a 100 W solar 
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simulator was measured [59]. The absorption of both materials was increased with the use 
of a 620 nm Bragg peak 6 bilayer intermediate layer (Fig. 12.17). For an isolated layer of 
135 nm or 250 nm a-Si on the STCPC, there was a marked increase in fill factor efficiency 
as compared to a single ITO contact, however, the STCPC did not outperform an Ag/ITO 
contact layer. Current matching between the two layers was a major difficulty, with the 
photocurrent gain in the a-Si compensated by a decrease in photo-current in the µc-Si 
layer. It is to be noted however, that typically the top a-Si:H cell layer is current limiting 
due to its low photo-current density compared to that of the µc-Si cell layer, and hence 
any improvements in the current density in the top cell layer should be counted as an 
overall improvement.  

 

 

Fig. 12.16. (a) Suggested microcrystalline growth structures as grown by CVD. The optimal 
structure where cracking and voids are minimized while the amorphous phase serves as a 
connective host matrix for the crystalline grains; (b) Absorption spectra of increasing volume 
fractions of c-Si:H. The envelope in orange denotes the highest broadband absorption of a tandem 
cell that consists of a-Si:H / µc-Si:H; (c) The measured carrier mobilities as a function of volume 
crystallinity. Reproduced with permission from [55-56]. 
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Fig. 12.17. (a) The use of an ITO-SiO2 STCPC intermediate band-pass filter between a-Si:H and 
µc-Si:H; (b) The measured short circuit current density as a function of peak position, which in 
turn is a function of the number of bi-layer in the stack; (c) The absorption spectra of the a-Si:H 
and µc-Si:H in black and red respectively, and the reflectance spectra of the corresponding 
intermediate reflector. The shaded black and red areas represent the absorption enhancements over 
the base absorption of both Si materials when the reflector is introduced. (D-G) shows the improved 
performance with the different Bragg stacks and different thicknesses of the top a-Si:H cell. 
Reproduced with permission from [59]. 

A simulation study using Fourier Modal Method that resolves Maxwell's equations for 
periodic structures was used to optimize an intermediate Bragg stack sandwiched between 
0.2 μm a-Si:H top cell and 1.5 μm μc-Si bottom cell [60]. The optimized Bragg peak  
(10 bi-layers of ZnO and ITO) was centered at around 600 nm, which matches the 
absorption band edge of the top cell and maximizes the absorption enhancement by 
approximately 25 % when compared to a tandem cell without the intermediate reflector 
(Fig. 12.18). Another optimization parameter is the matching of absorbed photons in both 
the top and bottom cell. At a μc-Si thickness of 1.55 μm current matching was achieved; 
beyond that the top cell would become the current limiting cell. 

One alternative to 1D TCO Bragg stacks is the inverse opal TCO structure [61, 62], for 
example: ZnO inverse opals, which can be fabricated by infiltrating polystyrene opals via 
atomic layer deposition (ALD) and subsequently removing the polystyrene template by 
firing at elevated temperatures. Similarly to opaline photonic crystals, ZnO inverse opals 
also possess a [111] directional stop-gap aligned normal with the substrate surface on 
which the PC is deposited. Furthermore, since ZnO is transparent over the red and near 
infrared spectral regions, and can be doped to lower resistivities, they can serve as an 
intermediate reflector. When considering its reflective properties only, it was determined 
with a 60 nm ZnO layer that the absorption in the 100 nm a-Si:H layer is enhanced while 
the absorption of the µc-Si:H layer decreases between 600 to 700 nm and beyond 900 nm, 
due to the secondary internal reflection in the IR of the ZnO layer (Fig. 12.19). The a-Si:H 
cell had a current increase from 11 to 12.5 mA/cm2 while the µc-Si:H cell had a current 
decrease from 25.5 to 21.5 mA/cm2. 
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Fig. 12.18. (a) The number of absorbed photons in the a-Si:H cell weighted with the solar spectrum 
as a function of the wavelength and varying thickness of the Bragg stack with n1 =1.7 (ZnO) and 
n2= 2.5 (ITO); (b) The total absorption enhancement as a function of layer thickness; (c) shows a 
schematic of the structure of a Bragg stack as an intermediate layer between a-Si:H and µ-Si cells; 
and (d) shows the reflectance/transmittance spectrum of the optimized Bragg stack; (e) shows the 
absorption increase as the bottom cell of µc-Si is increased given the optimized Bragg stack 
intermediate. Reproduced with permission from [60]. 

 

Fig. 12.19. An electrically connective ZnO inverse opal-like structure between intrinsic a-Si:H 
and µc-Si:H layers with a metallic rear reflector. The shaded areas represent the enhancement  

in absorption in the top layer. Reproduced with permission from [61]. 

12.3.1.3. Background on Ultra-Thin Silicon Films 

One of the original motivations for developing ultra-thin c-Si solar cell films was for 
improving the power to mass ratio for space applications [63]. Recently the discovery of 
the flexibility of ultra-thin c-Si [64] has also generated new interest in adapting curved 
and micro-modules [65] in BIPV applications. In c-Si thin films the added advantage is 



  Advances in Optics: Reviews. Book Series, Vol. 2 

 272

that of availing low carrier lifetimes as a result of heavy doping in order to increase Voc, 
for which the optimum thicknesses lie below 50 µm (Fig. 12.20). Secondly, it was 
observed that the Staebler-Wronski effect in a-Si (the creation of carrier trapping defect 
states during prolonged UV radiation) can be mitigated by fabricating thin films of less 
than 500 nm thicknesses. Even in high absorbing a-Si, having ultra-thin films can shorten 
deposition times (~15 nm/min for depositing a-Si:H films) as well as the recuperation of 
energy input into its manufacturing process partly due to its lower process temperature, 
and potentially more environmentally friendly due to lower consumption and output of 
hazardous materials. Furthermore, using less raw silicon can reduce exposure to price 
swings in silicon commodity prices.  

  

Fig. 12.20. (a) The efficiency performance as a function of decreasing carrier lifetimes with 
increasing doping. With heavy doping, the lifetime decreases but at thin thicknesses of less than 
50 µm the performance is optimized. Reproduced with permission from [66]; (b) An example of a 
flexible c-Si ultra-thin PV modules. Reproduced with permission from [67]. 

12.3.1.4. Broadband 1D PCs on Single Layer Ultra-Thin Silicon 

An example of using a 1D Bragg stack as a rear reflector for a thin film a-Si:H cell [68] 
is shown in Fig. 12.21. Quarter wave, half-wave and a mixed quarter-half wavelength 
stacks of ZnO/a-Si were deposited under an ITO electrode, which all outperform an Al 
metal back reflector. It was discovered that the quarter-half wavelength mixed stack had 
a relatively large reflectance broadband from 600-1200 nm and a smaller peak from  
1200-1400 nm wavelength. Both mixed stacks had greater photocurrent than the quarter 
wavelength stack by 10-15 %.  

Due to the maturity and economical cost of silicon fabrication technologies, it would be 
amiss to not include silicon itself as a component of the photonic crystal structure [69, 70] 
in order to maximize the absorption of ultra-thin silicon. It is possible to generate a 1D 
silicon Bragg stack by controlling the density of silicon grains in each layer [71, 72]. 
Simple etching with HF/ethanol and alternating the current density between 5.0 and  
90 mA/cm2, was able to generate a stack of alternating layers of 22.5 % and 55 % 
porosities (Fig. 12.22 (a)). The etching mechanism involves a nucleophilic attack of the 
fluoride ions on silicon atoms, releasing soluble silicon hexafluoride. 20 m thick CVD 
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grown epitaxial silicon was deposited on the stack, and the overall structure showed a  
12 % improvement in photocurrent and the 20 m cell showed the same optical absorption 
as that of a 140 m thick cell. More significantly, a simple quarter wavelength 1.5 layer 
stack that is electrically conductive and amenable to manufacturing process was 
demonstrated for the purpose of enhancing and narrowing the emission profile of GaN 
LEDs [73]. The thickness uniformity extends throughout the wafer substrate and the 
interfacial lattice mismatch was minimized (Fig. 12.22 (c)), thus eliminating grain 
boundary scattering of carrier transport and improving electrical conductivity. This stack 
would be well suited as a conductive photonic crystal.  

 

Fig. 12.21. (a) Quarter wavelength (case 3), and mixed quarter-half wavelength stacks (Case 2 and 
4) of ZnO and a-Si layers as a rear reflector for a-Si:H cell layer. (b) The reflectance spectra of the 
Bragg stacks. (c) The photocurrent of the cell in comparison with the cell with Al rear reflector. 
Reproduced with permission from [68]. 

 

Fig. 12.22. Examples of 3D, 2D and 1D silicon photonic crystals. (a) and (b) are 3D photonic 
crystals made with angled RIE and inverse silicon opals respectively; (d) and (e) are 1D Bragg 
stacks made with alternating layers of silicon, and SiC and Al-GaN layers respectively. The optical 
spectra are shown in (ii). Reproduced with permission from [69-73]. 
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12.4. Photonic Crystals for Building Integrated PV Applications 

12.4.1. The Need for Energy Self-Sufficiency in Buildings 

As noted in the Tracking Clean Energy Progress Report of 2017 (Fig. 12.23), while 
countries such as India have instituted mandatory building energy codes for new buildings 
from 2025, cooling and lighting demand grew by 2 % (5 % for non-OECDi countries) per 
year since 2005. While efforts to meet building energy requirements consist of retrofitting 
insulation, upgrading heating systems, and installing rooftop PV modules, it was noted 
that most buildings still do not meet power consumption targets. Building Integrated PV 
modules, which can be categorized [74] into tiles, foils and solar cell glazing products, 
offer a promising path to reaching the goal of a building with net zero energy consumption. 
Already there are examples where PV installation was considered within the architecture 
design process and not as an ad-hoc process such as the Kulturhaus Milbertshofen in 
Germany (Fig. 12.24).  

 

Fig. 12.23. (a) shows the growth in billion square meters of floor space that meets the nation’s or 
state’s building energy codes; (b) shows the various factors to consider in integrating a PV module 
as a part of the building. (c) A roll to roll process showing photonic crystal colloidal solutions on 
polymeric substrates. (d) Bragg stack with DSSC cell. Reproduced with permission from [75, 77]. 
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Fig. 12.24. Left- Kulturhaus Milbertshofen (2008): example of a BIPV application. The orange 
facades are PV modules. Right- Intercultural Center, Georgetown University in Washington, DC. 

The angled roofs are PV modules. 

12.4.2. The Use of 1D PCs in PV Cells Suitable for BIPV Applications 

The factors [75] deciding a PV integration within an individual building as a form are 
shown in Fig. 12.23 (b). For the PV module to be considered as part of a building’s 
architecture, it should have similar color aesthetic, durability and costs with a 
conventional wall. In order for photonic crystals to be incorporated into BIPV 
applications, it was necessary to show that uniform Bragg stack structures can be 
deposited on curved surfaces. One example was achieved by simple dip coating, dry 
blowing, annealing and shock cooling (Fig. 12.25) of sol-gel layers of silica and 
titania/Pluronic-P123 [76]. It was discovered that pre-heating the furnace before adding 
the film and very fast cooling rates minimizes interfacial stresses and prevent cracking 
from a result of film shrinkage during drying and annealing and cooling. Very uniform 
12-bilayer films were fabricated on a curved surface with a noticeable absence of micro-
cracks (Fig. 12.2). In addition to dip coating, it is relatively trivial to generate a reflective 
blue color due to a packed SiO2 nano-sphere film on PET substrates produced through a 
roll to roll [77] process (Fig. 12.22 (c)); a reflective red color SIO2/ITO Bragg stack on a 
DSSC cell can be fabricated through a combination of spin coating and sputtering [78]. 
Recently MoO3/LiF bi-layer stacks on a DSSC PTB7:PC71BM on flexible PEDOT 
substrates were shown to exhibit blue to pink colors by tuning the thickness of the stack 
while maintaining 6 % power efficiency [79]. Even more recently, an effort [80] was made 
to widen the range of colors (Fig. 12.26) that can be exhibited by a perovskite cell, to 
encourage acceptance as a BIPV application. The colors range from dark blue to light 
green and orange. However, the light reflectance does not necessarily match the 
CH3NH3PbI3-xClx pervoskite’s absorption range, which leads to a range of power 
conversion efficiencies that range from 4.4 % (red) to 8 % (blue).  
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Fig. 12.25. Dip coating of a silica and titania/polymer solution to form 12 bi-layers. With dry 
blowing during the dip coating stage and shock-cooling after annealing, shown in (a) and (c), the 
microcracks typically seen without these steps are eliminated; (e) shows the PC coating on a curved 
PET substrate; (f) shows the reflection spectrum of the dip coated Bragg stack. Reproduced with 
permission from [76]. 

 

Fig. 12.26. (a) Schematic of the Bragg stack integrated with a perovskite cell; (b) The cross section; 
(c) The various colors of the cells by tuning the thickness of the Bragg stack; (d) The cell colors 
shown on the RGB scale and the possible colors that can be exhibited by the Bragg stack. 
Reproduced with permission from [80]. 

12.5. Conclusion and Future Potentialities 

In this chapter, we have presented the case of coupling a photonic crystal to optically weak 
and strong absorptive photovoltaics cells. In the early years efforts were focused on 
developing the latest and greatest photonic crystal structures optimized for the various cell 
materials and configurations. In recent years efforts have been focused on integrating 
photonic crystal structures as a part of the general cell manufacturing process, which 
speaks to the maturity and progress of this technology. Toward that end, fabrication 
techniques using established and well understood base materials such as Silicon, TiO2 and 
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ITO to generate photonic structures amenable to industrial manufacturing have been 
developed.  

The number of published articles that have referenced reflective photonic crystals and 
electrically conductive structures have accumulated to more than a few hundred in the 
past two decades (Fig. 12.27). However, the number of references have dropped in recent 
years – at the time of writing, which implies that a fresh invigoration of the field is 
required. What is the next step? One intriguing possibility is the fabrication of periodic 
super-lattices of TCO/SiO2 [81]. If the layers are of low nanometer thicknesses, and if the 
atomic interfaces are clean enough, the effective refractive index can be decoupled from 
the individual material’s index contrast, while maintaining a high reflectance at the 
tunable Bragg peak as well as retain most of the TCO’s electronic properties. Future 
improvements to TCOs can yield potential paths. One such structure proposes alternating 
layers of 5 nm of different TCO materials with high carrier concentration and high 
mobilities, respectively [82], in order to de-couple impurity scattering with dopant 
content. While a Bragg stack is not easily realized with such thin layers, a large number 
of bilayers of 10 nm thicknesses and moderate index contrast can still produce a 
reasonably high reflective mirror, while retaining high carrier mobilities. In conclusion, 
the field of Bragg stack thin films still hold great scientific and commercial opportunities.  

 

Fig. 12.27. Number of citations referencing the use of Photonic crystals that are also electrically 
conductive from 2000 to 2016. This technology remains a field of opportunity. 
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Chapter 13 
Crystal and Quasicrystal Lattice Solitons  
in NLSM Equation 

İlkay Bakırtaş and Mahmut Bağcı1 

13.1. Introduction 

Some of the most remarkable progress in nonlinear science is observed in wave 
propagation phenomena. Nonlinear waves are of a significant physical and mathematical 
interest and arise in a variety of scientific fields such as applied mathematics, plasma 
physics, chemistry and biology. The nonlinear wave solutions of the model equations 
admit waves with different properties such as stable localized waves (e.g., solitons) or 
self-similar structures and wave collapse (i.e., blowup) where the solution tends to infinity 
in finite time or finite propagation distance [1-11]. 

The soliton theory is an interdisciplinary topic, where many ideas from mathematical 
physics, nonlinear optics, solid-state physics and quantum theory are mutually benefited 
from each other. Solitons are localized nonlinear waves and their properties have provided 
a deep and fundamental understanding of complex non- linear systems. In particular, 
interest in soliton-type solutions arises in nonlinear optics such as fiber optic 
communication systems continues to grow. 

13.1.1. Definitions 

A crystal or crystalline solid is a solid material, whose constituent atoms, molecules, or 
ions are arranged in an orderly repeating pattern extending in all three spatial dimensions. 
Crystals have periodicity and translational symmetry that introduces interesting selection 
rules, which can be applied usefully in the interpretation of experiments as well as 
theoretical modeling [12]. 
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In practice, the atomic arrangement in condensed matter is never perfect, but this aspect 
is neglected in crystallography and, crystals are described by reference to perfect infinite 
arrays of geometrical points called lattices [12]. 

An optical lattice is formed by the interference of counter-propagating laser beams, 
creating a spatially periodic polarization pattern. 

Crystals have periodicity and translational symmetry. However, there exist a certain class 
of structures called quasicrystals that do not possess periodicity nor translational 
symmetry, but have long-range order and rotational symmetry. 

A Penrose tiling is a nonperiodic (i.e., it lacks any translational symmetry) tiling generated 
by an aperiodic set of tile-types (or prototiles), it is a type of quasicrystal. Penrose lattices 
exhibit rotational symmetry which is inhibited in periodic crystals [13]. 

13.1.2. Solitons in Lattices 

In periodic lattices, solitons can form when their propagation constant, or eigenvalue, lies 
within certain regions, often called gaps. However, the external potential of complex 
systems can be much more general and physically richer than a periodic lattice. For 
example, atomic crystals can possess various irregularities, such as defects, and edge 
dislocations, as well as quasicrystal structures, which have long-range oriental order but 
no translational symmetry [14, 15]. 

In general, when the lattice’s periodicity is slightly perturbed, the band gap structure and 
soliton properties become slightly perturbed as well, but otherwise solitons are expected 
to exist in much the same way as in the perfectly periodic case [16, 17]. Without the lattice 
potential, solitons would suffer collapse under small perturbations [18]. 

13.1.3. NLS and NLSM Models with External Potentials 

It is known that a large number of the nonlinear evolution equations (models) admit 
soliton solutions as numerical methods (calculations) and theoretical analysis confirm. In 
this subsection, we will briefly explain the NLS and NLSM models with an external 
potential (lattice). 

NLS Model with an External Potential 

The nonlinear Schrödinger equation (NLS) governs the evolution of a laser beam 
propagating in a self- focusing, nonlinear, inhomogeneous Kerr medium. (1+1)D NLS 

 
2

    0,z xxiU U U U     (13.1) 

arises in many physical problems, including nonlinear water waves and ocean waves, 
waves in plasmas, propagation of heat pulses in a solid, self trapping phenomena in 
nonlinear optics, nonlinear waves in a fluid filled elastic (viscoelastic) tube and various 
nonlinear instability phenomena in fluids and plasmas. 
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In isotropic (Kerr) media, where the nonlinear response of the material depends cubically 
on the applied field, the dynamics of a quasi-monochromatic optical pulse is governed by 
the (2+1)D NLS equation 

   2
        0.z xx yyiU U U U U       (13.2) 

In this model, U(x,y,z) is the amplitude of the envelope of the optical beam, z is the 
distance in the direction of propagation, and x and y are transverse spatial coordinates. 

(1+1)D version of the NLS equation (13.1), is an integrable model and possesses both 
single soliton and multisoliton solutions [19]. 

On the contrary, the higher dimensional NLS models are no longer integrable. Maybe the 
most fascinating issue related to the higher dimensional NLS is that, for a wide range of 
initial conditions, the system evolution shows collapse [20]. Wave collapse occurs where 
the solution tends to infinity in finite time (distance) and it was theoretically predicted for 
the (2+1)D NLS equation back in the 1960s ([18]). 

It is known that there exist solutions of Eq. (13.2) which have a singularity in finite time 
and extremely sensitive to the addition of small perturbations to the equation and there 
has been much interest in the determination of the structure of this singularity [21, 22]. 

Therefore, an important challenge in nonlinear science is to find out mechanisms arresting 
wave collapse in NLS models. 

One way of arresting collapse is adding a defocusing term to the classical (2+1)D NLS 
Eq. (13.2). Then by setting λ = 1/2 and γ = 1 and adding the defocusing potential term, 
the model equation becomes 

    21
 , 0.

2z xx yyiU U U U U V x y U      (13.3) 

In optics, U(x,y,z) corresponds to the complex-valued, slowly varying amplitude of the 
electric field in the xy plane propagating in the z direction and the cubic term in U 
originates from the nonlinear change of the refractive index, and the potential V(x,y) 
corresponds to a modulation of the linear refractive index of the medium ad acts as a 
defocusing mechanism. 

Eq. (13.3) doesn’t belong to a class of integrable nonlinear evolution equations even in 
(1+1)D. Thus, no linear techniques are available for solving this equation. Numerical 
solution to Eq. (13.3) is available by Fourier iteration methods ([23, 24]). 

For nonlinear optics problems, V(x,y) appears in Eq. (13.3) is an optical potential or lattice 
which serves as an inhomogeneous environment for the propagating beam. Such an optical 
lattice can be created by interfering two laser beams or instead real crystals might be used. 

Photonic crystals are periodic optical nanostructures that are designed to affect the motion 
of photons in a similar way that periodicity of a semiconductor crystal affects the motion 
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of electrons. For example, opal is a well-known photonic crystal. Photonic crystals occur 
in nature with various forms and they have been studied scientifically for the last century. 

One dimensional photonic crystals are used in the form of thin-film optics with 
applications ranging from low and high reflection coatings on lenses and mirrors to color 
changing paints and inks. Higher dimensional photonic crystals are of great interest for 
both fundamental and applied research, and the two dimensional ones are beginning to 
find commercial applications. The first commercial products involving two-dimensionally 
periodic photonic crystals are already available in the form of photonic-crystal fibers, 
which use a micro-scale structure to confine light with radically different characteristics 
compared to conventional optical fiber for applications in nonlinear devices and guiding 
exotic wavelengths. 

In this chapter, we consider potentials that can be written as the intensity of a sum of N 
phase-modulated plane waves [25] 

    
21

0
2

0

, ,
n n
x y

N
i k x k y

n

V
V x y e

N






   (13.4) 

where 
0 0V   is the constant and corresponds to the peak depth of the potential, i.e., 

 0 ,max ,x yV V x y ,      ,  2 / ,  2 /n n
x yk k Kcos n N Ksin n N     , is the wave vector. 

The potentials for N = 2, 3, 4, 6 yield periodic lattices that correspond to standard 2D 
crystal structures, whereas N = 5, 7 correspond to quasicrystals. 

NLSM Model with an External Potential 

In recent years, there has been considerable interest in the study of solitons in systems 
with various types of lattices, in particular those that can be generated in nonlinear optical 
materials [25, 26]. Ablowitz et al. investigated fundamental, dipole and vortex soliton 
solutions of the focusing cubic (2+1)-dimensional NLS equation with periodic (crystal) 
and quasicrystal (e.g., Penrose) potentials [27, 28]. More recently, in [29], the existence 
of dipole and vortex structures are computationally demonstrated in focusing (2+1)D 
saturable NLS equation with periodic and quasicrystal potentials. 

The properties of crystal and quasicrystal materials’ surface are not necessarily the same 
as those of the bulk material. In the other words, although a material is centro-symmetric 
and the dynamics in this material can be described by the cubic nonlinear Schrödinger 
equation, there are quadratic polarization effects at surface of the material. 

The nonlinear wave dynamics in quadratic (
 2 ) materials can be described by 

generalized NLS equation with coupling to a mean term (NLSM system) [30-36]. The 
NLSM system is physically derived from an expansion of the slowly-varying wave 
amplitude in the first and second harmonics of the fundamental frequency and a mean 
term. This system describes the nonlocal-nonlinear coupling between a dynamic field that 
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is related with the first harmonic and a static field that is related with the mean term [37]. 
The NLSM system with an external potential is given by 

 
 

 

2

2

1
, ,

2

,

0z

xx yy
xx

iu u u u u V x y u

u



 

     

 
 (13.5) 

where ( , , )u x y z  is the normalized amplitude of the envelope of the electric field (which 

is associated with the first-harmonic),  , , x y z  is the normalized static field,  is a 

coupling constant that comes from the combined optical rectification and electro-optic 
effects, and v is the coefficient that comes from the anisotropy of the material (see [31, 
32, 38]). 

Here, by setting 0  , the NLS equation with an external potential can be obtained. 

In this chapter, we have investigated the quadratic nonlinearity effects on the quasicrystal 
(Penrose-type) lattice solitons by the use of NLSM system as model. 

Setting N = 5 in Eq. (13.4), we get Penrose-5 potential and similarly by setting N = 7, we 
get Penrose-7 potential, where . The contour images and diagonal cross-

sections of lattices are shown in Fig. 13.1 and Fig. 13.2 for N = 4, N = 5 and N = 7, 
respectively.  

As can be seen from Fig. 13.1, Penrose-5 and Penrose-7 lattices are non-periodic and there 
is one global maximum and many local minima for both non-periodic lattices (see  
Fig. 13.2). 

Using a fixed numerical scheme, we numerically obtained the soliton solutions of the 
NLSM systems with Penrose type lattices. The linear and nonlinear (in)stabilities of these 
solitons have been examined by direct computations of the NLSM systems. 

 

Fig. 13.1. Contour images of lattices with 
0 1 2 .5V   and 2x yk k     

(a) for N = 4; (b) N = 5; (c) N = 7. 

2x yk k  
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Fig. 13.2. Diagonal cross-section of lattices with 
0 1 2 .5V   and 2x yk k     

(a) for N = 4; (b) N = 5, (c) N = 7. 

13.2. Numerical Methods 

13.2.1. Spectral Renormalization Method 

In order to compute localized solutions (i.e., soliton solutions) to nonlinear evolution 
equations, various techniques have been used. Ablowitz and Musslimani [23] proposed a 
generalized numerical scheme for computing solitons in nonlinear wave guides called 
Spectral Renormalization (SR). The essence of the method is to transform the governing 
equation into Fourier space and find a nonlinear nonlocal integral equation coupled to an 
algebraic equation. The coupling prevents the numerical scheme from diverging. The 
optical mode is then obtained from an iteration scheme, which converges rapidly. This 
method can efficiently be applied to a large class of problems including higher order 
nonlinear terms with different homogeneities. 

In this chapter, we use a modification of the spectral renormalization method with which 
we can compute localized solutions in the NLSM system. The NLSM system with an 
external potential is given by 

 
 
 

2

2

 , 0,

   .

z

xx yy
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iu u u u u V x y u

u

  

 

     

 
 (13.6) 

We seek a soliton solution of system (13.6) in the form    , , , i zu x y z f x y e   where 

 ,  f x y  is the complex-valued function and   is the propagation constant (or 

eigenvalue). Substituting this form of solution into system (13.6), the following nonlinear 
Eigen equation for f is obtained  

 
 

 2

2
, 0,

,

i z i z i z i z i z

xx yy
xx

fe fe f fe fe V x y fe

f

       

 

         

 
 (13.7) 

simplifying these equations we obtain 
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 (13.8) 

Applying Fourier Transform to system (13.8), we get 

 
   

  2

22 2

2 2 2

ˆ ˆ , 0,
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f k k f f f f V x y f
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 (13.9) 

where   denotes Fourier transformation   ˆf f  and  ,x yk k k


 are Fourier 

variables. 

Let us to define  2
2 2  x yk k k 


 for simplicity. Add and subtract a term ˆrf  to the 

system (13.9), where 0r   and used to avoid a possible singularity in the denominator. 
This procedure leads us to the following equations 
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 (13.10) 

This system can be written as 
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 (13.11) 

In order to apply Fourier iteration method, we introduce a new field variable 

   , , ,f x y w x y  where 0   is the real valued constant to be determined. The 

system with the new variable and indices given by 
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 (13.12) 
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After obtaining , the system is normalized to calculate parameter 
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Let 
2   , then 
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  (13.14) 

Solving 
2 , the system takes the form 
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 (13.15) 

We define two scalar quantities SL and SR as follows 

 

   
2 2 *

2 2

ˆ ˆ ,

ˆ .

SL k w Vw w dk

SR w w w w dk





 

 

 

 

     

    

 

 






 (13.16) 
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It has been found that this method often prevents the numerical scheme from diverging. 
Thus, the soliton is obtained from a convergent iterative scheme. These quantities can be 
efficiently calculated by using Fast-Fourier Transforms in MATLAB, when external 
potential V  and initial condition w  are given. Since SL SR  when w  is solution of 

the system, the iteration continues until the relative error 1 1m m     reaches 810 . 

Convergence is usually obtained in 20−40 steps (number of iteration). To obtain 
fundamental and dipole solitons, we use multi-humped Gaussian as initial condition which 
given by 

      
1

2 2

0
0

, , 0 ,
M

A
n n n

n

w x y e x x y y i






        (13.17) 

where ,n nx y  represent the location of the solitons, n  is the phase difference, M  

corresponds to the number of humps and A  is the positive integer.  

13.2.2. Stability Analysis 

The question of solitons’ evolutions under perturbations is very important for applications. 
In this chapter, we consider the (linear and nonlinear) stability properties of the (2+1)D 
NLSM system with an external potential which given in Eq. (13.6). 

Linear Stability Analysis 

To examine the linear evolution of the solitons, we linearized the system (13.6) around 
the fundamental soliton (which computed by SR method). By denoting 

   = , , ,i z
ou e u x y u x y z     and    0 , ,x y x y     , where  0 ,u x y  is the 

fundamental soliton and , 1u    is the infinitesimal perturbation, the linearized system 

for u  is 
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 (13.18)  

where *2
.u uu   

Starting from a white-noise initial condition, we simulated this linearized equation over a 

long distance (using finite differences on xxu  and yyu  and the fourth-order Runge-Kutta 

method to advance in z ). 

If the peak amplitude of the perturbed soliton grows significantly in a finite distance (or 
time) then the fundamental soliton is considered to be linearly unstable. Otherwise, it is 
linearly stable. 
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The soliton power   2
( ):P P u u dxdy





     plays an important role in determining the 

stability properties of the solitons. 

An important analytic result on soliton stability was obtained by Vakhitov and Kolokolov 
([39]). They proved, by use of the linearized perturbation equation that is a necessary 
condition for stability of the soliton  ;u x   is 

 0,
dP

d
  (13.19) 

i.e., the soliton is stable only if its power decreases with increasing propagation constant
 . This condition is called the slope condition. 

Nonlinear Stability Analysis 

In order to investigate the nonlinear stability of solitons, we directly compute Eq. (13.6) 

over a long distance, (finite difference method was used for calculation of derivatives xxu  

and yyu , and fourth-order Runge-Kutta method to advance in z ). The initial conditions 

were taken to be a fundamental soliton or a dipole with 1 % random noise in amplitude 
and phase. 

Key analytic results on soliton stability were obtained in [40, 41]. They proved that the 
necessary condition for orbital (nonlinear) stability is the slope condition (13.19). 

A necessary condition for collapse in the 2D cubic NLS equation ( 1   and 0   in 

the NLSM system) is that the power of the beam exceeds the critical power 11 .7cP   

[42]. 

Solitons can become unstable in two ways: Focusing instability or drift instability [43]. 

(a) If the slope condition is not satisfied, this leads to a focusing instability. 

(b) The spectral condition is associated with the eigenvalue problem. If the spectral 
condition is violated it leads to a drift instability, i.e., the fundamental soliton moves 
from the potential maximum towards a nearby lattice minimum. 

13.3. Crystal Lattice Solitons and Stability Analysis 

Herein, we investigate the fundamental and dipole solitons in lattice free medium 

 0 0V   and in a periodic external lattice  0 12.5V   for (2+1)-dimensional NLSM 

system. We use the NLSM system with a periodic external potential (which obtained by 
setting N = 4 in Eq. (13.4)) as model. 
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13.3.1. Numerical Existence of Fundamental Solitons 

We use the spectral renormalization method to calculate solutions of NLSM system. 
Linear and nonlinear stability properties of these solitons are also analyzed. 

Hereafter, if different values are not specifically defined, we set 1,  1    and  

1   . Fundamental solitons are found numerically (by SR method) with the initial 
condition 

      2
0

2
0

0 , .
A x x y y

w x y e
    

    (13.20) 

Here 0x  and 0y  represent the location of fundamental soliton on the lattice and, A  is the 

positive integer which is set to 1 for fundamental solitons. The origin is a local maximum 
of the periodic lattice and, to locate the initial condition on the lattice minima (generally 
taken to be one of the closest minima to the central maximum), we determine the location 
of the picked local minimum of the lattice and calculate those values. The point 

0 0,  0x y   is a local minimum of the lattice close to the origin. 

In Fig. 13.3, the fundamental soliton in the NLSM system is plotted for the lattice free 
medium. 

 

Fig. 13.3. Fundamental soliton in the lattice free medium with 
0 0x   and 

0 0y  . (a) 3D view  

of the soliton; (b) Contour image of the soliton. 

Similarly, in Fig. 13.4, we obtain a fundamental soliton located at local minimum of the 
periodic lattice for the potential depth 

0 12.5.V    

Solitons can form when their propagation constant, or eigenvalue   , is within certain 

region, often called gaps, a concept that is borrowed from the Floquet-Bloch theory for 
linear propagation. To determine the first nonlinear band-gap formation, we set the 
potential depth 

0V  to a fixed value. For each value of 
0V , by increasing the   values, 

we check both the convergence and the localization of the mode by SR method. When the 
mode becomes more extended, usually the convergence is slower and after a certain value 
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of  , typically both the convergence can not be reached and the localization of the mode 
is lost. 

 

Fig. 13.4. Fundamental soliton located at minimum of the periodic lattice with 
0 0,  0x y   

and 
0 1 2 .5V  . (a) 3D view of the soliton; (b) Contour image of the soliton. 

The fundamental solitons are shown to exist in a semi-infinite gap 1.6   for 
0 12 .5V   

(in the periodic lattice), and 0   for 
0 0V   (in the lattice free medium) when 1   and

1  . 

Also, the existence (or gap) domain of the fundamental solitons on the plane  ,  is 

investigated in Fig. 13.5 for 
0 0V   and 

0 12.5.V    

 

Fig. 13.5. Domain of existence on the plane  ,   for the fundamental solitons in the lattice free 

medium  0 0V   and in the periodic lattice  0 1 2 .5V   when 1   . 
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As can be seen from the Fig. 13.5, the bound of the gaps are close to each other and, the 
domain of existence is extended by the increasing values of ν in both cases (

0 0V   and 

0 12 .5V  ). 

13.3.2. Stability Analysis of Fundamental Solitons 

Here, we investigate the linear and nonlinear stability properties of fundamental solitons 
that were previously obtained by SR method. 

Before examining the stability of fundamental solitons, we investigate the power of 
fundamental solitons for various   and v values in Fig. 13.6 and Fig. 13.7, respectively. 

 

Fig. 13.6. Soliton power in the lattice free medium and in the periodic lattice as a function  
of the eigenvalue  within the semi-infinite band gap for 1  . 

 

Fig. 13.7. Soliton power in the lattice free medium and in the periodic lattice as a function  
of the eigenvalue    within the semi-infinite band gap for 1  . 
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As can be seen from Fig. 13.6 and Fig. 13.7, powers of the fundamental solitons in the 

lattice free medium  0 0V   are greater than that of fundamental solitons in the periodic 

lattice  0 12.5V   and, the periodic lattice solitons meet slope condition (13.19) for each

   and v values. Also, the power investigations show that, powers of the fundamental 

solitons increase as   increases whereas powers of the solitons decrease as v increases. 

To examine the linear stability of the fundamental solitons (see Fig. 13.3 and Fig. 13.4), 
we plot linear evolution of the peak amplitude for these solitons from 0z  to 

m axz z  

(see Fig. 13.8). 

 

Fig. 13.8. Linear evolution of the fundamental soliton located in (a) The lattice free medium;  
(b) The periodic lattice minimum. 

If the peak amplitude of the perturbed soliton grows significantly in a finite distance (or 
time) then the fundamental soliton is considered to be linearly unstable. Otherwise, it is 
linearly stable. The peak amplitude of the fundamental solitons blow-up in a finite 
distance in both cases and, the solitons in the lattice free medium blows up earlier than 
the soliton in the periodic lattice minimum. 

In order to investigate the nonlinear stability, we plot contour image and the maximum 
amplitude versus the propagation distance of the solitons during the evolution (from 0z  
to 

m axz z ). A stable soliton should nearly preserve: 

1. Its contour image (its position on the lattice), i.e., be drift-stable; 

2. Its peak amplitude, as opposed undergoing self-focusing and / or finite-distance 
collapse. 

If these conditions are met then the soliton will be considered nonlinearly stable. 

Evolution of the fundamental soliton (see Fig. 13.3) in the lattice free medium is plotted 
in Fig. 13.9. 
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Fig. 13.9. Collapse of the fundamental soliton in the lattice free medium; (a) Contour image  
of the soliton; (b) Peak amplitude as a function of the propagation distance. 

As can be seen from Fig. 13.9, the contour image of the fundamental soliton shrinks and, 
peak amplitude of the fundamental soliton increases during the evolution. This indicates 
that the fundamental soliton in the lattice free medium is nonlinearly unstable in this 
parameter regime. 

Similarly, evolution of the fundamental soliton (see Fig. 13.4) located at periodic lattice 
minimum is plotted in Fig. 13.10. 

 

Fig. 13.10. Nonlinear evolution of the fundamental soliton located at minimum of the periodic 
lattice with 

0 12 .5 .V   (a) Contour image of the soliton; (b) Peak amplitude as a function of the 

propagation distance. 
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Contour image of the lattice soliton is preserved (not shrinks or extends) and, peak 
amplitude of the fundamental soliton oscillates relatively small amplitude during the 
evolution (see Fig. 13.10). Therefore, the fundamental soliton located at minimum of the 
periodic lattice is nonlinearly stable for these parameters. 

13.3.3. Numerical Existence of Dipole Solitons 

Here, we numerically demonstrate the existence of dipole solitons in the lattice free 
medium and in the periodic lattice. The linear and nonlinear (in)stability of these dipoles 
are also examined. 

For the spectral renormalization, the following initial condition is used, 

 
     

   

0 0 0

1 1

2

2 2
1

2

0 ,

,





    

  

 




 

 
  







A x x y y i

A x x y y i

w x y e

e
 (13.21) 

where 
0 1 0 1, , ,x x y y  represent the locations of dipole solitons, 

0 1,   are the phase 

differences of dipole solitons and, A is a positive integer. 

A dipole or two-phased localized vortex found numerically with 

 1,  ,  ,n n n nA x rcos y rsin     (13.22) 

r  is adjusted to locate dipole soliton on the lattice minima and, numerical convergence of 
the mode can be quite sensitive to the value of r. Here, we set / 2n n     and r  . 

A dipole profile, its contour image and its phase structure in the lattice free medium is 
plotted in Fig. 13.11. Similarly, dipole humps located at the periodic lattice minima is 
plotted in Fig. 13.12. 

 

Fig. 13.11. (a) A dipole profile in the lattice free medium; (b) Contour image of the dipole;  
(c) Phase structure of the dipole. 



Chapter 13. Crystal and Quasicrystal Lattice Solitons in NLSM Equation 

 299 

 

Fig. 13.12. (a) A dipole profile located at periodic lattice minima with 
0 12 .5;V   (b) Contour 

image of the dipole; (c) Phase structure of the dipole. 

13.3.4. Stability Analysis of Dipole Solitons 

The linear and nonlinear stability properties of the dipole solitons (that obtained above) 
are studied. 

Linear evolutions of the dipole solitons in the lattice free medium (see Fig. 13.11) and in 
the periodic lattice (see Fig. 13.12) are investigated in Fig. 13.13.  

 

Fig. 13.13. Linear evolution of the dipole solitons in (a) The lattice free medium  0 0 ;V    

(b) The periodic lattice  0 1 2 .5 .V    

The peak amplitudes of the dipole solitons blow up in finite distance in both cases and, 
similar to the fundamental solitons, the dipole in the lattice free medium blows up faster 
than the dipole in the periodic lattice minimum. 

The nonlinear stability properties of dipole solitons (see Fig. 13.11) in the lattice free 
medium are showed in Fig. 13.14. 

Contour image of the dipole shrinks and, peak amplitude of the dipole increases during 
the evolution (see Fig. 13.14). Thus, the dipole structure in the lattice free medium is 
nonlinearly unstable. 
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Fig. 13.14. Collapse of a dipole in the lattice free medium; (a) Contour image of the dipole;  
(b) Peak amplitude as a function of the propagation distance. 

On the other hand, contour image of the dipole (see Fig. 13.12) is preserved in the periodic 
lattice minima and, peak amplitude of the dipole oscillates with relatively small amplitude 
during the evolution (see Fig. 13.15). This suggests that the dipole that located at minima 
of the periodic lattice is nonlinearly stable in this parameter regime. 

 

Fig. 13.15. Nonlinear evolution of the dipole solitons located at minima of the periodic lattice 

with 0
12.5.V   (a) Contour image of the dipole; (b) Peak amplitude as a function  

of the propagation distance. 
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13.4. Quasicrystal Lattice Solitons and Stability Analysis 

The fundamental and dipole solitons are obtained in Penrose-5 and Penrose-7 lattices for 
the (2+1)-dimensional NLSM system. Linear and nonlinear stability properties of these 
solitons are also examined. 

13.4.1. Numerical Existence of Fundamental Solitons 

Here, we show the existence of fundamental solitons in the Penrose type lattices with 
depth 

0 12 .5V   for the NLSM system. The origin is the global maximum of the Penrose-
5 and Penrose-7 lattices and, to locate the initial condition on the lattice minima (generally 
taken to be one of the closest minima to the central maximum), we determine the location 
of the picked local minimum of the lattice and calculate those values. Based on the 
previously obtained results about lattice solitons ([27, 28]), we picked a lattice minima to 
locate the initial condition since lattice solitons on maxima tend to be unstable due to 
either collapse or drift instability. 

The fundamental solitons which are located at minimum of the Penrose-5 and Penrose-7 
lattices are shown in Fig. 13.16 and Fig. 13.17, respectively. 

 

Fig. 13.16. (Color online) Fundamental soliton in Penrose-5 lattice at 0
0x   and 0

2.3918y  . 

(a) 3D view of the soliton; (b) Contour image of the soliton; (c) Contour plot of the soliton 
superimposed on the underlying Penrose-5 potential. 

13.4.2. Stability Analysis of Fundamental Solitons 

Herein, we investigate the linear and nonlinear (in) stability properties of fundamental 
solitons that were previously obtained by SR method. 

Before examining the stability of fundamental solitons, we investigate soliton power (P) 
vs. eigenvalue    graphs for Penrose-5 and Penrose-7 lattices for 0   and 1    
(see Fig. 13.18). 
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As can be seen from the power analysis, the slope condition (13.19) is met in all cases and 
the power of the soliton for 1   is greater than that of 0  . This fact indicates that the 

power of the solitons are increased by the existence of quadratic term (or mean term). 

Linear evolution of the fundamental solitons (see Fig. 13.16 and Fig. 13.17) are showed 
in Fig. 13.19. Also, linear evolution of the fundamental solitons that are located at 
minimum of Penrose-5 and Penrose-7 lattices are plotted in Fig. 13.19. 

 

Fig. 13.18. (Color online) Soliton power vs. eigenvalue graph for 0   and 1    

in (a) Penrose-5 lattice minimum; (b) Penrose-7 lattice minimum. 

 

Fig. 13.19. (Color online) Linear evolution of the fundamental soliton that is located at minimum 
of (a) Penrose-5 lattice; (b) Penrose-7 lattice for 0   and 1  . 

Although, linear evolution of the fundamental solitons in Penrose-5 and Penrose-7 lattices 
shows similar properties for 0   and 1  , fundamental solitons that are obtained for 

0   (without quadratic nonlinearity or mean term) blow up early than the solitons with 

quadratic nonlinearity ( 1  ). 

The nonlinear stability of solitons are examined by plotting the contour images and peak 
amplitude of the solitons during the evolution. 
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In Fig. 13.20, the nonlinear evolution of the fundamental soliton (see Fig. 13.16) in the 
Penrose-5 lattice minimum is showed. As can be seen from Fig. 13.20, during the 
evolution, the contour image of the fundamental soliton stays nearly same and the peak 
amplitude oscillates mildly. This indicates that the fundamental soliton at Penrose-5 lattice 
minimum is nonlinearly stable for this parameter regime. 

The nonlinear evolution of the fundamental soliton (see Fig. 13.17) located on Penrose-7 
lattice minimum is plotted in Fig. 13.21. 

 

Fig. 13.20. (Color online) Nonlinear evolution of the fundamental soliton located at minimum  
of the Penrose-5 lattice: (a) Snapshots of contour image of the soliton for various z  values;  

(b) Peak amplitude as a function of the propagation distance. 

 

Fig. 13.21. (Color online) Nonlinear evolution of the fundamental soliton located at minimum  
of the Penrose-7 lattice: (a) Snapshots of contour image of the soliton for various z  values;  

(b) Peak amplitude as a function of the propagation distance. 
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As can be seen from Fig. 13.21, contour image of the lattice soliton is preserved (neither 
shrinks nor extends) and the peak amplitude of the fundamental soliton oscillates with 
relatively small amplitude during the evolution. Therefore, the fundamental soliton 
located at minimum of the Penrose-7 lattice is found to be nonlinearly stable for these 
parameters. 

Furthermore, nonlinear evolution of the fundamental solitons in Penrose-5 and Penrose-7 
lattices are compared for 0   and 1   in Fig. 13.22. 

 

Fig. 13.22. (Color online) Nonlinear evolution of the fundamental soliton located at minimum  
of (a) Penrose-5 lattice; (b) Penrose-7 lattice for 0   and 1  . 

The comparison which is given in Fig. 13.22 shows that the nonlinear evolution of the 
fundamental solitons have similar behavior for 0   and 1   in Penrose-5 and 

Penrose-7 lattices. 

13.4.3. Numerical Existence of Dipole Solitons 

Here, the numerical existence of dipole solitons are demonstrated in Penrose-5 and 
Penrose-7 lattices for the (2+1)-dimensional NLSM system. Similar to the fundamental 
solitons, linear and nonlinear stability properties of these solitons are investigated. 

For the spectral renormalization, the following initial condition is used, 

 
         2 2 2

0 0 0 1 1
2

1

0 , ,
A x x y y i A x x y y i

w x y e e
       

     
     

 
 (13.23) 

where  0 0,x y  and  1 1,x y  represent the locations of dipole solitons; 0 1,   are the phase 

differences of dipole solitons and A is a positive integer. 



Chapter 13. Crystal and Quasicrystal Lattice Solitons in NLSM Equation 

 305 

A dipole or two-phased localized vortex found numerically by 

 ,  ,  ,n n n nA x rcos y rsin      (13.24) 

where r  is adjusted to locate dipole soliton on the lattice minima and numerical 
convergence of the mode can be quite sensitive to the value of r . Here, we set 

/ 2n n    . r  is set to be 2.3918 for Penrose-5 and 1.7188 for Penrose-7 lattices. 

A dipole profile, its contour image and its phase structure in the Penrose-5 lattice minima 
is plotted in Fig. 13.23. 

Similarly, dipole humps located at the Penrose-7 lattice minima is plotted in Fig. 13.24. 

 

Fig. 13.23. (Color online) (a) A dipole profile located at Penrose-5 lattice minima; (b) Contour 
plot of the dipole solitons superimposed on the underlying Penrose-5 lattice; (c) Phase structure 

of the dipole. 

 

Fig. 13.24. (a) A dipole profile located at periodic lattice minima for 0
12.5;V   (b) Contour plot 

of the dipole solitons superimposed on the underlying Penrose-7 lattice; (c) Phase structure  
of the dipole. 

13.4.4. Stability Analysis of Dipole Solitons 

The linear and nonlinear stability properties of the dipole solitons (that obtained above) 
are studied. 

Linear evolutions of the dipole solitons in the Penrose-5 lattice minima (see Fig. 13.23) 
and in the Penrose-7 lattice minima (see Fig. 13.24) are investigated in Fig. 13.25. 
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Fig. 13.25. Linear evolution of the dipole solitons in (a) Penrose-5 lattice;  
(b) Penrose-7 lattice for 0   and 1  . 

The peak amplitudes of the dipole solitons blow up in finite distance in both cases and, 
similar to the fundamental solitons, the dipole solitons that obtained without quadratic 
nonlinearity  0   blow up faster than the dipole with quadratic nonlinearity  1  .  

The nonlinear stability properties of dipole solitons (see Fig. 13.23) that located at minima 
of Penrose-5 lattice are shown in Fig. 13.26. 

 

Fig. 13.26. (Color online) The nonlinear evolution of a dipole in the Penrose-5 lattice minima;  
(a) Contour image of the dipole; (b) Peak amplitude as a function of the propagation distance. 

As can be seen from Fig. 13.26, the contour image of the dipole stays nearly same and the 
peak amplitude oscillates gently in Penrose-5 lattice during the evolution. Therefore, the 
dipole solitons at Penrose-5 lattice minima are nonlinearly stable for this parameter 
regime. 
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Similarly, contour image of the dipole (see Fig. 13.24) is preserved in the Penrose-7 lattice 
minima and peak amplitude of the dipole oscillates with relatively small amplitude during 
the evolution (see Fig. 13.27). This suggests that the dipole that located at minima of the 
Penrose-7 lattice is nonlinearly stable. 

 

Fig. 13.27. (Color online) The nonlinear evolution of a dipole in the Penrose-7 lattice minima;  
(a) Contour image of the dipole; (b) Peak amplitude as a function of the propagation distance. 

In order to see the effect of quadratic nonlinearity (or mean term), we compare the 
nonlinear evolution of the peak amplitude for 0   and  1   in Penrose-5 and  
Penrose-7 lattices in Fig. 13.28. 

 

Fig. 13.28. (Color online) Nonlinear evolution of the dipole solitons located at minima  
of (a) Penrose-5 lattice; (b) Penrose-7 lattice for 0   and 1  . 
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The comparison shows that the nonlinear evolution of the dipole solitons have similar 
properties for 0   and 1   in Penrose-5 and Penrose-7 lattices. 

13.5. Conclusion 

Numerical existence of fundamental and dipole solitons in the lattice free medium, in the 
crystal (periodic) and quasicrystal (Penrose-5 and Penrose-7) external lattices have been 
demonstrated for the NLSM system. The linear and nonlinear stability of these solitons 
are also examined. 

The power analysis have shown that the fundamental solitons with quadratic nonlinearity 

 1   have greater power values than the solitons without quadratic nonlinearity  0 . 

The linear evolution of the solitons showed that the solitons in the lattice free medium and 
in the considered lattices are linearly unstable due to blow-up in finite distance. In 
addition, it has shown that solitons in the periodic lattice have a longer propagation 
distance than solitons in the lattice free medium. 

The nonlinear stability properties of the solitons have been examined by direct simulations 
and, the results showed that: 

i. The fundamental and dipole solitons are found to be nonlinearly unstable in the lattice 
free medium due to collapse in finite distance; 

ii. The fundamental and dipole solitons are found to be nonlinearly stable on periodic 
lattice minima. 

It’s shown that the solitons in the Penrose-5 and Penrose-7 lattices are linearly unstable 
and the solitons that obtained for 0   (without quadratic nonlinearity) blow up earlier 
than the solitons with quadratic nonlinearity  1  . 

The fundamental and dipole solitons are nonlinearly stable in the Penrose type lattices and 
the nonlinear stability properties of the solitons are similar in each cases (for 0   and 

1  ). 

In the light of stability analysis, one can certainly state that the blow-up (or collapse) of 
the NLSM solitons can be arrested by adding an external lattice to the governing equation 
and the existence of quadratic nonlinearity  1   in the model delays the blow-up of the 

solitons. 
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Chapter 14 
Effect of Oxygen Substitution on the 
Optoelectronic Properties of the Ternary 
ZnSe1-xOx Alloys  

I. Sekkiou, H. Benoudnine, A. Boukortt and Y. Zidi1 

14.1. Introduction 

The main feature of the solid is the size of its energy gap. It affects the optical properties, 
especially, the energy of the photon that can interact with the valence electrons which 
influences the application of solids in the spectral domain. The temperature dependence 
of the population of electrons in the conduction band is also affected. This population 
should be kept low in photodetectors so that the effect of photo excited electrons is large. 
Consequently, solid with small band gap can be used only under low temperatures and the 
wide-band-gap semiconductors E 2	 can support higher electric field. These allow 
to wide-band-gap semiconductors to be used for high-power electronic devices in visible 
and ultraviolet light domains. They are often used in the fabrication process of the optical 
components such as the electroluminescent diodes (LED), photovoltaic cells, different 
optoelectronic devices for optical communication.  

The semiconductor belonging to the family of elements II-VI arouse an important interest 
by researchers and industrial because of their features mainly the energy of the forbidden 
band ranging between visible and ultraviolet light domains. They are formed by the 
association of an element of column II and one element of column VI  of the periodic 
classification of Mendeleev. Among this class of semiconductors, the mono zinc 
chalcogenides is an attractive material for many optoelectronic applications [1-3]. Its 
variants such as the Zinc Selenide (ZnSe) and the Zinc Oxide (ZnO) have gap energy of 
about	3.37 and 2.68	 	at room temperature, respectively [4]. However, the ZnSe is a 
light-yellow solid compound while the ZnO is aninorganic compound. The interest of 
these compounds is still reinforced by the possibility of carrying out alloys by the 
combination of elements II-VI. This allows obtaining ternary alloys such as ZnSe1-xOx . 

                                                      

I. Sekkiou  

(ECP3M) Laboratory, Electrical Engineering Department, Faculty of Sciences and Technology, Abdelhamid 
Ibn Badis University of Mostaganem, Algeria 
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These components become very attractive because of their particular optical properties 
and possible applications within devices of light transmitting  [4, 6-7, 31]. Thus, it is 
possible to carry out materials whose prohibited bandwidth and the optical properties vary 
in very broad range of wavelengths. In this alloy, oxygen and selenium are isoelectronic, 
but the difference in significant size and electronegativity between these two elements 
involves a strong reduction of the bandwidth [4, 7-8]. In the ternary ZnSe1-xOx, new alloys 
are obtained allowing diversifying the physical properties such as the forbidden band, in 
order to answer the large needs of new generation of devices used for the photovoltaic 
detectors and electroluminescent diodes.  

This work deals with the choice of component of fabrication of LED in order to be used 
as transmitter / receiver in Visible Light Communication (VLC). In fact, this choice 
depends on the wavelength of desired emission which is related to the gap value of the 
material and its nature in order to obtain high output. 

In this chapter, the influence of oxygen substitution to the zinc sphalerite material will be 
discussed according to the research work presented in [31]. The structural, electronic, and 
optics properties of the ternary ZnSe1-xOx material with a fraction x	of oxygen which 
varies from 0 to 1 (0, 0.25, 0.50, 0.75, 1) will be presented. The effect of oxygen has been 
studied on both band structure and optical proprieties.  

14.2. Computational Details  

Within the framework of the density functional theory  (DFT), the computation of the 
electronic structure is made using the Full Potential Linearized Augmented Plane Wave 
(FP-LAPW)[9] method where the FP-LAPW is based on two approximations namely 
LDA (Local Density Approximation) [10-15] and GGA (Generalized Gradient 
Approximation), which is parameterized in [16]. In the LDA approximation, the electronic 
density varies slowly inside the system, where in the GGA approximation the energy of 
the exchange- correlation depends on the gradient.  

The binary compounds ZnSe, ZnO and ternary ZnSe1-xOx crystallize in the cubic structure 
(Zinc Sphalerite) and they belong to the space group of F43m. In this chapter, the structure 
is chosen to be cubic. The atomic positions in this structure are Zn (0,0,0) and Se/O 
(1/4,1/4,1/4). 

14.3. Results and Discussions 

The variation in total energy according to the volume of the component is computed for 
different values of oxygen concentration (x  ranging from x 0	(ZnSe) to x 1	(ZnO), 
using both LDA and GGA approximations. This allows us to determine the lattice 
constant. The results are shown in Fig. 14.1. 

It can be observed from Fig. 14.1, that the lattice constant decreases monotonically with 
the augmentation of the oxygen concentration even if using the DFT-LDA, the DFT-GGA 
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or the law of Vegard. Classically, the constants of crystal lattice of ternary semiconductor 
alloys obey to the law of Vegard which gives to the constant of network of an alloy a 
linear interpolation of the composition of those elements of extremities. It can be shown 
that the change of the constant of network does not follow the law of Vegard (violation of 
Vegard law), this result is demonstrated previously for semiconductor alloys both 
experimentally and theoretically [17-18].  

 

Fig. 14.1. Lattice constant versus oxygen concentration in ZnSe1-xOx. 

The lattice constants found using LDA approximation for binary ZnSe and ZnO are 
5.5652 and 4.48	Å, respectively. According to Adachi [19], this parameter is equal to 
5.6692	Å for ZnSe and 4.47	Å for ZnO. However, using the GGA approximation, we 
have found 5.7270	Å and 4.6116	Å for ZnSe and ZnO, respectively. It should be noticed 
that our results obtained using the LDA approximation for the binary components for 
various concentrations are higher than those presented in [3], and those of the ZnO cope 
well with the results of [19].  

Another parameter which represents the volume of compressibility of the material named 
the bulk modulus was calculated for different values of oxygen concentrations from  
x 0	(ZnSe) to x 1	(ZnO) based on the LDA and GGA approximations (Fig. 14.2). 

From Fig. 14.2, it can be observed that the volume of compressibility increases with the 
fraction 	x, therefore one can say that ZnO is more rigid than ZnSe, and the ternary 
compound ZnSe1-xOx becomes less compressible for both LDA and GGA approximations. 
It should be noticed that the obtained values of the bulk modulus for ZnSe and ZnO are 
close to those reported by Khenata and Al [20] and Serrano and Al [21]. The main results 
of the parameters network found using LDA and GGA approximations are listed in  
Table 14.1.  

Thereby, the results presented in Table 14.1 are in approval with experimental 
measurements and theoretical calculations for ZnSe1-xOx presented in reference [3]. 
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Fig. 14.2. Bulk modulus versus oxygen concentration in ZnSe1−x Ox. 

Table 14.1. The computed lattice constant a0 (Å) and the bulk modulus B0 (GPa) of ZnSe1-xOx 
based on the LDA and GGA approximations. 

Component Method a0(Å) B0 (GPa) 
ZnSe LDA 

GGA 
Exp 

5.5652 
5.7270 
5.66819 

76.3947 
56.2925 
62.3727 

ZnSe0.75O0.25 LDA 
GGA 
Exp 

5.3718 
5.5475 
-- 

79.9138 
63.4536 
-- 

ZnSe0.5O0.5 LDA 
GGA 
Exp 

5.1347 
5.2985 
-- 

93.8532 
74.3201 
-- 

ZnSe0.25O0.75 LDA 
GGA 
Exp 

4.85 
4.9845 
-- 

120.6015 
97.1124 
-- 

ZnO 
 

LDA 
GGA 
Exp 

4.48 
4.6116 
4.5019 

161.2755 
129.6919 
162.7327 

14.3.1. Electronic Properties 

The importance of the electronic properties of a material lies in the fact that they enable 
us to analyze the nature of the connections which are formed between the various elements 
of material. These properties include the structures of bands, the densities of loads, and 
the densities of states. 

The computed electronic band structures for the ZnSe1-xOx based on the LDA and GGA 
approximations along the directions of high symmetry point in the Brillouin zone are 
displayed in Figs. 14.3.  
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(a)                                                                           (b) 

 

(c)                                                                          (d) 

 
(e) 

Fig. 14.3. The band structures made up the ZnSe1-xOx with LDA and GGA approximations. 

Energies of the gap versus oxygen concentrations computed for the ZnSe1-xOxcompound 
based on the LDA and GGA approximations are presented in Fig. 14.4. 
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Fig. 14.4. Energy of gap versus oxygen concentration in ZnSe1-xOx. 

According to the results presented in Fig. 14.3, the ZnSe1-xOx material is a direct 
semiconductor wide gap at the point Γ. Also, the total and partial Density Of Electronics 
States (DOS) results corroborate those of Fig. 14.3 for the ZnSe1-xOx material. 

However, it can be observed from Figs. 14.3 and 14.4 that the ZnSe1-xOx alloys have a 
significant band-gap reduction, the corresponding wavelengths at these energies are in the 
Infrared field, also, the oxygen induced in ZnSe modifies the conduction band structure. 
These results cope well with those presented in [3].  

14.3.2. Optical Properties 

In this section, a review of the main optical properties for the ternary compounds  
ZnSe1-xOx will be studied. The optical features of the semiconductors are very valuable 
for the quantitative evaluation of the electronic band structure. Thereby, the optical 
reflectivity, transmission and refraction, contribute to determine the dielectric function of 
the solid. 

14.3.2.1. The Dielectric Function 

The dielectric function is related to the optical conductivity which can be represented by 
the electrical conductivity in the presence of an alternating electric field. Hence, we 
suppose that the electric field can be formulated by: 

 E t E ω . e , (14.1) 

where ω is the angular frequency. 

Therefore, the dielectric function ω 	can be formulated as follow: 

 ω 	 ω i	 ω , (14.2) 
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where ω and ω are the real and imaginary parts of the dielectric function, 
respectively. 

The real part is computed by the Kramers- Kronig relation and related to the 
polarization of the medium [29, 30]. The imaginary part represents the absorption of 
the material and depends on the joint density of state and the momentum matrix elements. 
To determine the optical properties of the ternary compounds ZnSe1-xOx and their binary 
compounds ZnSe and ZnO, we used the parameter of the optimized network obtained in 
the calculations of the structural properties. Also, the number of special points in the first 
zone of Brillouin is increased in order to detect all possible optical transitions. Then, the 
LDA and GGA approximations are applied to identify the potential of exchange and 
correlation. 

The results of the real and imaginary parts of the dielectric function under a lower 
radiation of 30	 	for ZnSe1-xOx compounds to the zinc sphalerite are shown in Fig. 14.5 
based on the LDA and GGA approximations. 

According to the results obtained in Fig. 14.5, we can observe that the behavior of the real 
part of the dielectric function	 ω stills the same for all the ZnSe1-xOx compounds. It 
reaches its maximum peaks of about 4.8	  for ZnSe (Fig. 14.5(a)), 3.73	 	for ZnO  
(Fig. 14.5(b)), 3.07	  for ZnSe0.75O0.25 (Fig. 14.5(c)), 3.34	  for ZnSe0.5O0.5 

(Fig. 14.5(d)) and 	2.65	 	for ZnSe0.25O0.75 for both LDA and GGA approximations, 
then, the curve (a) made a steep decrease between 7	ev and 7.5	ev for ZnSe, when the 
curve (b) of ZnO starts decreasing from 4.99	  till 17.5	 , those of the ZnSe0.75O0.25, 

ZnSe0.5O0.5 and ZnSe0.25O0.75 decrease from around 5	  till 7	 , 10	  and 11	  for 
both LDA and GGA approximations. Here, the dielectric constant reaches its minimums 
negative values. After this energies ranges, the dielectric function increases to reach zero 
energies level. 

From the imaginary part of the dielectric function ω , we can easily deduce the 
fundamental gap at equilibrium which corresponds to threshold energy. As shown in  
Fig. 14.5, the first onset of the direct transition is around 0.93	  for ZnSe0.75O0.25, 

0.88	  for ZnSe0.5O0.5 and 0.814	  for ZnSe0.25O0.75 using both LDA and GGA 
approximations. It can be observed from the curves that the number of the sharp peaks on 
energies depends on the oxygen concentration in the ternary allows.  

14.3.2.2. Refraction Index  

The dielectric function can be computed using another important optical feature namely 
the complex index of refraction which is related to the microscopic atomic interactions. 
Its equation can be formulated as: 

 ω ω i	 ω , (14.3) 

where  is the index of refraction and  is the coefficient of extinction and, 

 , (14.4) 
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  (a)  (b) 

 

  (c)  (d) 

 

(e) 

Fig. 14.5. The real and imaginary parts of the dielectric function of ZnSe1- xOx compound  
to the structure Zinc Sphalerite (from (a) to (e)) based on LDA and GGA approximations. 
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From equations (14.2), (14.3) and (14.4), the real and imaginary parts of the dielectric 
function can be written as follow: 

 	 	 , (14.5) 

 . . . (14.6) 

Then, ω  and ω  can be represented by the following equations: 

 ω 	 , (14.7) 

 ω 	 , (14.8) 

Under the same conditions of simulation, the refractive index for ZnSe1-xOx compounds 
to the zinc sphalerite are presented in Fig. 14.6 based on the LDA and GGA 
approximations. 

In Fig. 14.6, the evolution of the index of refraction of the ternary compounds ZnSe1-xOx 

is presented. For ZnSe, the maximum of energies are reached for around 6	 	and 4	  
using LDA and GGA approximations, respectively, however, for ZnO and ZnSe1-xOx the 
values are around 3.7	  and 4	  for both approximations. 

14.3.2.3. Absorption Coefficient  

The absorption coefficient is a valuable parameter of each optoelectronic material. The 
spectrum of adsorption represented in Fig. 14.7 demonstrates that the energy of the 
threshold, for both the two approximations is around 2.5	  for ZnSe, 3	  for ZnO, and 
1	  for ZnSe1-xOx with x  varies from 0 to 1. This energy is called the threshold of 
absorption. Each peak corresponds to an electronic transition; the first transition 
corresponds to the optical gap. The maximum of all peaks in the absorption curve is 
located, for LDA approximation, at 6.86	  for ZnSe, 15.81	 , surroundings 7.7	  for 
both ZnSe0.25O0.25, and ZnSe0.5O0.5, and 15.81	 for ZnSe0.25O0.75, for GGA 
approximation, at 6.87	  for ZnSe, 15.47	  for ZnO, surroundings 7.5	  for both 
ZnSe0.25O0.25 and ZnSe0.5O0.5, and 8.43	  for ZnSe0.25O0.75. According to the 
corresponding wavelength of these energies, we can observe that these materials are good 
candidates to work into Infrared and visible fields; also, the absorption curve becomes 
larger according to the oxygen induction; it reaches its maximum in the Ultraviolet field. 
This leads us to deduce that these components can operate as absorption components of 
the Ultraviolet waves.  

The indexes of refractions and the dielectric constant are summarized in Table14.2. It can 
be observed from the results that the oxygen substitution proportion influences the optical 
properties of the material. This allows us to choose components according to their desired 
optical properties. 
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  (a)  (b) 

 

  (c)  (d) 

 

(e) 

Fig. 14.6.The real (n) and imaginary parts (k) of the index of refraction of the ternary  
compound ZnSe1-xOx for the structures zinc sphalerite based on LDA 

and GGA approximation LDA and GGA. 
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  (a)  (b) 

 

  (c)  (d) 

 

(e) 

Fig. 14.7. Absorption coefficient according to the energy ZnSe1-x Ox for the structure zinc 
sphalerite with LDA and GGA. 
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Table 14.2. Index of refraction and static permittivity’s of ZnSe1-xOx  
for the structures zinc sphalerite. 

Composed Method   

ZnSe 
LDA 
GGA 
Exp 

2.5 
2.5 
-- 

6 
6 
-- 

ZnSe0.75O0.25 
LDA 
GGA 
Exp 

2.7 
2.6 
-- 

6.9 
6.8 
-- 

ZnSe0.5O0.5 
LDA 
GGA 
Exp 

2.5 
2.5 
-- 

6.1 
6 
-- 

ZnSe0.25O0.75 
LDA 
GGA 
Exp 

2.25 
2.3 
-- 

5.4 
5.4 
-- 

ZnO 
LDA 
GGA 
Exp 

1.9 
1.8 
-- 

3.6 
3.5 
-- 

 

14.4. Conclusion 

The effect of oxygen substitution to the zinc sphalerite material is studied and presented. 
The electronic and optical proprieties of the ternary system ZnSe1-xOx and binary relative 
(ZnSe and ZnO) are discussed. It has been shown that: 

 The ternary ZnSe1-xOx and binary relative (ZnSe and ZnO) are direct band gap; 
 The lattice parameters decrease with oxygen concentration; 
 The volume of compressibility increases oxygen concentration; 
 The number of electronic transition depends on the oxygen concentration; 
 The width of the absorption curve increases according to the oxygen concentration. 

Consequently, the variation of oxygen concentration leads to obtain several 
optoelectronics devices with different properties which can be useful as robust solid-state 
lighting such as LED’s and solar cells. 
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Chapter 15 
Characteristic Features of CuInS2 Thin Film 
Deposited by Various Methods/Post 
Deposition Treatments: A Review 

J. Tamil Illakkiya, P. Usha Rajalakshmi and Rachel Oommen1 

15.1. Introduction 

Solar energy has the potential to meet the energy requirements of the world as a single 
source but the problem of ‘efficient capture and conversion’ prohibits the realisation of its 
fullest potential. Efforts are being undertaken along various directions so as to make use 
of the energy radiated from the sun, which can be broadly categorised into solar thermal 
conversion, solar photovoltaic conversion and solar photoelectrochemical conversion 
(including fuel cells). In the search of low-cost and high efficiency solar cell absorbers, 
the semiconductor CuInS2 have drawn much interest in last few decades due to their 
potential applications as photovoltaic solar cell applications [1-4], LED devices [5], 
optoelectronic devices[6], non-linear optics [7], etc. CuInS2 (CIS) is characterized by its 
direct bandgap energy of 1.5 eV covering most part of the solar spectrum, high absorption 
co-efficient ( ~ 10 5 cm-1) when compared to other photovoltaic materials [8]. CuInS2 based 
solar cells with high conversion efficiencies and excellent stability has been achieved [9]. 
CuInS2 thin film is a chalcopyrite material belongs to the ternary group of ABX2 (I42d) 
with tetragonal unit cell comprising of copper and Indium atoms assembled in distinct 
lattice sites. CuInS2 film can also exist in meta-stable Cu-Au (CA) crystalline ordering 
(P4m2). CuInS2 thin film has been deposited by various techniques such as aerosol jet 
deposition [10], chemical bath deposition [11], co-evaporation [12-18], chemical vapour 
deposition [19], dip coating [20], doctor blade technique [21, 22], electrodeposition  
[23-32], Ion gas layer reaction method [33], laser ablation technique [34], metal organic 
decomposition[35], molecular beam epitaxy [36-39], photochemical deposition [8], 
successive ionic layer adsorption and reaction method [40, 41], spray pyrolysis (including 
ultrasonic spray) [42-69], sputtering [70-72], Solvothermal synthesis [73-76], stacked 
elemental layer (SEL) method [77], thermal evaporation[78]. A thorough review of the 
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reports available makes us to understand the versatility of the material, the dependence of 
characteristics upon method of deposition and post deposition treatments. Great efforts 
have been put into the development of relatively high efficient CuInS2 thin film using 
various deposition techniques. The stoichiometry, crystal structure, morphology of 
CuInS2 are strongly influenced by the method of deposition. Hence it is essential to make 
a careful choice of method of deposition, post deposition treatment, etc., to obtain CuInS2 

thin film with desired composition and optoelectronic characteristics. Hence a background 
knowledge on the above aspect is demanded every time when it happens to work with the 
material and to acquire the same, an effort has been made by the authors to collect, 
categorize and put forth the various methods of deposition, post deposition treatments and 
effect on the characteristics of material (with respect to solar cell applications) from the 
significant, reliable sources of knowledge and to present it as a single document to give 
an comprehensive idea of the material in a nutshell. 

15.2. Characteristics of CuInS2 Deposited by Various Methods and 
Subjected to Post Deposition Treatments 

Method of 
deposition 

Deposition Parameters Properties References 

Aerosol jet 
deposition 

CuCl2, InCl3 and CS (NH2)2 
are used as precursors. N2 
gas was used as the carrier 
gas. 
 
[Cu]/[In] molar ratio in the 
solution was varied between 
0.8 and 1.4 and [S]/[In] 
ratio was fixed at 3. 
 
Substrate temperature was 
varied from 350 °C to  
400 °C. 
 
Post-deposition heat 
treatment was performed in 
a H2S atmosphere at 525 °C 
for 1 to 2 h. 

The film obtained at [Cu]/[In] ratio of 
1.2 were more crystalline when 
compared to other ratios. XPS spectra 
revealed that the films obtained at a 
Cu/In ratio of 1.2 and S/Cu of 3 are 
stoichiometric nature. The [Cu]/[In] 
ratio has a strong influence on the 
microstructure and surface morphology 
of the films. In particular, Cu-rich films 
had well developed crystallites, 
whereas In-rich films contained poorly 
grown crystallites (FESEM). The band 
gap energy was 1.35 eV for the films 
with [Cu]/[In] ratio of 1.2. 
 
Resistivity and carrier concentration of 
CuInS2 films were found to be in range 
of 105-103 Ω cm and 5.134 × 1012 to 
1.286 × 1012 cm-3 respectively for the 
film with [Cu]/[In] ratio of 0.8-1.4. 

[10] 

Chemical bath 
deposition 

CuCl2.2H2O (0.4 M  
1.11 ml), InCl3 (0.4 M,  
1.11 ml), thioacetamide  
(7.4 M, 0.56 ml) and 0.4 M 
GaCl3 were used as 
precursors. 
 
 
Triethanolamine (7.4 M) + 
ammonium nitrate (0.4 M) 
were served as complexing 
agents. Concentrated H2SO4 

When pH was in the range of 3.41-1.44, 
the cubic Cu2S phase was formed. At a 
pH of 1.36, tetragonal CuInS2 phase 
was obtained. With the increase in the 
‘Ga’ concentration, the intensities of the 
tetragonal CuInS2 phase were found to 
decrease and the predominant peak of 
CuInS2 shifts to higher angles. The 
atomic ratios of [Cu]:[In]:[S] of CIS 
and Ga incorporated CIS samples was 
in the range of 1:1.26-1.38: 1.91-1.98 
and 1:0.81-1.66:1.94-1.34:0-0.03 [Ga]. 

[11] 
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was added to maintain pH 
of the solution in the range 
of 4 to 1.35. 

The band gap of 1.46 eV was obtained 
for CuInS2 thin film and blue shift in 
the bandgap was observed upon ‘Ga’ 
incorporation. 
 
Type of conductivity of the films was 
found to be dependent on elemental 
compositions and bath parameters. 
Undoped CuInS2 and films with 
Cu/In/S/Ga ratio as 1:1:14:0-0.2 was n 
type while p-type films were obtained 
for ‘Ga’ content is increased from  
0.3-0.5. 

Co-
Evaporation 

Ingots were prepared using 
elemental Cu, In, S, Zn and 
Sb. The crushed powders 
were slowly heated at 
(20˚C/h) at a pressure of  
10-6 torr. The deposited 
films were vacuum 
annealed at 400˚C.  

Incorporation of Zinc has led to 
increased lattice disorder. 
The bandgap energy is in the range of 
1.472-1.589 eV and 1.396-1.510 eV for 
Zn doped and Sb doped CuInS2 films 
respectively. 
 
Undoped CuInS2 thin film has higher 
electrical resistivity. For the Zn doped 
CIS film, resistivity decreases with an 
increase of Zn content and the lowest 
electrical resistivity observed is  
8 × 10-1 Ω cm with high P-type 
conductivity for 3 % Zn doping. All the 
films presented low electrical resistivity 
(1.32 Ω cm to 0.22 Ω cm) with P-type 
conductivity in case of Sb doped CIS 
film. 

[12] 

Cu (99.999 % purity) and In 
(99.999 % purity) were 
simultaneously evaporated 
from crucibles onto glass 
substrates. 
 
Annealing temperature:  
350 ˚C and 600 ˚C.  

Samples annealed at 350 ˚C and 600 ˚C 
were of chalcopyrite phase. 
 
Photoluminescence (PL) spectrum of 
the films annealed at 400˚C exhibited 
an exciton emission at 1.52 eV and a 
broader peak at 1.38 eV due to donor 
(sulphur vacancy) and acceptor (In 
vacancy) transition. PL peak at 1.44 eV, 
typical for In –rich material is attributed 
to donor Sv and acceptor Cuv transition.  

[13] 

Cu (99.999 %), In  
(99.999 %), and NaF  
(99 %) are used as 
precursors. 
 
Base pressure: 1.5 × 10−8 Pa 
substrate: Mo coated quartz 
Cu/In ratio: 1.8 Na 
concentration: 0.133 to 
0.254 M. 
Annealing temperature: Ar 
diluted H2S atmosphere at 
500 °C for 1 hour. 
 

Polycrystalline thin film having a 
preferred (112) orientation with 
chalcopyrite structure were obtained. 
Presence of CuxS and Mo were also 
detected in the as-sulfurized film. The 
intensity of diffraction peak increases 
with increase in ‘Na’ concentration. 
The incorporation of ‘Na’ was reported 
to annihilate InCu donor defects and thus 
leading to a better ordering of the 
cations. 
The doping of Na was also found to 
reduce the film resistivity and increase 
the hole concentration of the film. 

[14] 
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Sulfurization pressure:  
6 × 10−2 Pa (8.0 torr). 
Elemental Cu, In, S are 
used as precursors. 
 
Substrate used: Bare, Mo-
coated soda lime glass. 

The acceptor and donor concentrations 
were found to be NA = 0.82 × 1017 cm-3 
and ND = 0.38 × 1017 cm-3 respectively. 
The activation energy (EA) was 
calculated to be 16.50 meV. 

[15] 

Elemental Cu, In and S are 
used as precursors. 
Substrate: Mo coated soda-
lime glass slide. 
 
KCN etching has been 
made to remove CuS phase. 
 
Growth Temperature: 520, 
470, 420 and 370 ˚C. 

Cu poor polycrystalline CuInS2 films 
were characterised by an additional 
mode around 306 cm-1, in addition to 
A1 characteristic mode of the 
chalcopyrite structure. The presence of 
the mode was strongly affected by the 
growth temperature and its contribution 
was higher for the film grown at low 
temperature. Increasing the temperature 
increases the structural quality of the 
film. 

[16] 

InxSy layer was deposited at 
substrate temperature 
300˚C. The rate of In 
deposition is kept around 
3Å/s and the evaporation 
temperature of S (Ts) is 
kept at 130 ˚C. 
 
Cu is evaporated with a rate 
of about 3 Å /s in S 
environment at substrate 
temperature of 500 ˚C. 
Working pressure:  
10-6 Torr. 

The film grown in two stage co-
evaporation method was homogeneous 
in chemical composition and also Cu-
rich near the film surface as a 
consequence of the formation of a Cu2S 
surface layer, whereas the 
stoichiometry CIS film was grown in 
three stage co-evaporation method.  

[17] 

Ingots of Cu, In, and S are 
used as precursors. 
 
Substrate: soda lime glass. 
Growth temperature: 457˚C. 
Growth rate: 8 Å S-1. 
 
Working pressure:  
2 × 10-4 Torr. 

It was observed that for In/(In + Cu)  
> 0.5, conductivity (σ) is about 5 orders 
of magnitude smaller than In/(In + Cu) 
< 0.5.  

[18] 

Chemical 
Vapour 
deposition 

150 ml of 0.01 M of (PPh3)2 

CuIn(Set)4 in toluene are 
used as precursors. 
 
Substrate used: Ti, Mo and 
Ni foils, SiO2 and Mo 
coated glass. 
 
Deposition time:  
70-90 minutes. 
 
Carrier gas: Argon  
(4 l/min). 
 

 Sphalerite as well as chalcopyrite 
structure were observed on Mo 
substrate. 
 
Films deposited on various substrates 
(Ti, Mo, SiO2 and Mo coated glass) 
except nickel showed no evidence of 
phosphorous or carbon which was 
observed by SEM-EDS indicating that 
the precursor molecules was 
decomposed cleanly. 
 
The as-deposited films have large 
reverse bias currents and nearly ohmic 
response which was indicative of 

[19] 
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Temperature of evaporation 
and deposition zone:  
128 ± 1 ˚C and 390 ± 1 ˚C 
respectively. 
 
Post annealing treatments: 
600 ± 1˚C for 4 minutes. 

degeneracy of the semiconductor due to 
high carrier density resulting from 
native defects.  

Dip Coating 

Precursors: Indium (III) 
nitrate hydrate, copper (III) 
nitrate and thiourea. 
 
Cu/In ratio: 0.75, 1, 1.25, 
S/Cu ratio: 6. 
 
pH was adjusted by adding 
triethanolamine. 
 
Stirring time: 12 hours. 
 
Substrates were dipped in 
the final solution and 
withdrawn at a rate of  
5 cm min-1. 
 
Annealing temperature:  
380 ˚C, 420 ˚C and 460 ˚C 
for 30 min in argon 
environment. 

Crystalline nature of the film has found 
to be dependent in Cu/In ratio. The 
presence of additional phase of In2O3 

was observed for Cu/In ratios of 0.75,  
1 and 1.25. 
 
Bandgap of 1.43 eV, 1.32 eV and 1.30 
eV for was obtained Cu/In=0.75, 1 and 
1.25 respectively. As the copper content 
of the film increased from 0.75 to 1.25, 
the band gap was observed to be 
decreased from 1.43 eV to 1.30 eV. 

[20] 

Doctor blade 
method 

Precursors: Cu(NO3)2. 
3H2O, In(NO3)3.5H2O and 
NH4HCO3. 
 
The precursors were 
allowed to mix for 20 
minutes and then baked for 
half an hour at 380 °C. The 
obtained CuO, In2O3 
powder was stirred evenly 
in alcohol. 
 
The thin films were 
prepared and sulfurized in 
S2 atmosphere. 
 
Substrate temperature:  
450 to 680 °C for 30 min. 

All deposited films show (112) 
preferential orientation. No secondary 
phase was observed. 
 
Raman spectrum revealed the presence 
of In2O3 impurity phase and CA-
ordering. CIS secondary phases are 
removed effectively by high-
temperature sulfurization. 
 
The bandgap are found to be  
1.36-1.41 eV for the deposited film. 

[21] 

Doctor blade 
method 

Precursor: Cu2S powder and 
In2S3 powder was added in 
the ratio of 1:1 M and the 
resultant mixture was 
diluted in hydrazine 
solution for 7 days. 
 
The viscosity of the solution 
was adjusted by adding  
ɑ-Terpineol and ethyl-

The as-deposited film exhibited the 
presence of In2S3 phase. The 
enhancement in the intensity of CIS 
peak and the disappearance of In2S3 
phase was observed owing to increase 
in annealing time from 10 min to  
20 min. When the film was kept in 
annealing for 30 min, the disappearance 
of CIS peak was observed. Hence, the 

[22] 
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cellulose in precursor 
solution. 
 
The solution was deposited 
on the substrate and it was 
allowed to dried at 125 °C 
for 5 min. 
 
Annealing temperature:  
550 °C in nitrogen 
atmosphere.  

optimized annealing time for the CIS 
absorber was found to be 20 min. 
 
The calculated band gap of the samples 
annealed at 0, 10, 20 and 30 min are 
1.42, 1.16, 1.34 and 1.41 eV, 
respectively. 

Electrodepo-
sition 

Precursors: CuCl2.2H2O, 
InCl3.4H2O, Na2S2O3.5H2O. 
Complexing and buffering 
agent: C8H5KO4 (0-24mM). 
Supporting electrolyte: 
LiCl. H2O. 
 
Bath composition: 
[CuCl2]/[InCl3]/[Na2S2O3]/ 
[LiCl]=1.25/1/4/10. 
 
pH about 2.5 by using HCl 
working electrode: Ni foil 
reference electrode: SCE. 
 
Counter electrode: Pt sheet. 
Deposition time:  
30 minutes. 
 
Deposition temperature: 
30˚C. 
 
The films are annealed at 
350˚C for 60 min in an Ar 
atmosphere.  

The crystalline phase of the deposited 
material was found to be influenced by 
the concentration of the complexing 
agent. Single phase CuInS2 film was 
obtained when the concentration of 
complexing agent was 23 mM and  
24 mM. The films deposited with a 
lower concentration of complexing 
agent contained additional, Cu2S phase. 
The film with a complexing agent 
concentration of 23mM was In rich. 
 
The thin film prepared without any 
complexing agent exhibited a bandgap 
of 1.42 eV and 1.55 eV where Eg of  
1.42 eV was attributed to Cu2S phase. 
The film prepared at higher 
concentration of complexing agent 
yielded an Eg of 1.54 eV with single 
CuInS2 phase. 
 
The single-phase CuInS2 film prepared 
with 23 mM of complexing agent has  
n-type conductivity, with resistivity of 
9.6x10-5 Ω cm, carrier concentration of 
2.9x1021 cm-3 and carrier mobility of 
22.2 cm2 V-1s-1.  

[23] 

 
 
 
 
 
 
Electrodeposit
ion 
 
 
 
 
 
 
 
 
 
 

3-15 mM of Copper (II) 
nitrate, 15 mM of indium 
Nitrate, 15 mM potassium 
sulphate, 5 mM 
ethylenediamine tetra acetic 
acid disodium salt, 300 mM 
sodium thiosulfate were 
used as precursors. 
 
pH ~ 1 adjusted using 
H2SO4 deposition time:  
20 minutes at room 
temperature. 
 
The films are annealed at 
400 ˚C for 1 hour. 

All the annealed films were 
polycrystalline in nature. With an 
increase in the [Cu]/[Cu + In] ratio in 
the bath, the peak intensity of the  
(1 1 2) plane of chalcopyrite phase 
(JCPDS card No. 75-0106) increased. 
When [Cu]/[Cu + In] ratio in the bath is 
less than 0.23, a weak peak at 2θ =  
= 47.9˚ was observed, which indicated 
the formation β-In2S3. 

[24] 

CuCl2 (5 mM) and InCl3  

(5 mM ) solution were used 
As the cathodic potential was increased, 
the film became In rich. The film 

[25] 
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Electrodepo-
sition 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

as precursors for Cu-In 
alloy. 
 
Complexing agent: (TEA, 
0.2 M). 
 
Sodium citrate (0.01 M) – 
buffer, pH: 4.0 by the 
addition of sulphuric acid. 
 
After electrodeposition, the 
Cu-In alloy was annealed 
with 2 g sublimed sulphur 
powder at the entrance of a 
tube furnace in the nitrogen 
atmosphere at 400 ˚C for  
90 min. 

obtained at a potential of -1000 mV are 
well crystallized in chalcopyrite 
structure. 
 
The bandgap of the films annealed at 
350, 400 and 450 ˚C were found to be 
1.59, 1.49 and 1.48 eV respectively. 
The flatband potential of CuInS2/0.1 M 
Na2SO4 was -0.30 V. 

Precursor for Cu film:  
0.1 M sodium acetate and 
0.01 M cupric acetate. 
 
Deposition time:  
20 minutes; Substrate: Ti. 
Applied potential: -800 mV. 
Temperature of electrolyte: 
55 ˚C. 
 
Precursor for In film:  
25 mM Indium chloride. 
Deposition time:  
30 minutes. 
 
Applied potential: -1.5 V. 
Annealing temperature:  
130 ˚C for 4 h. 
 
Sulfurization of Cu–In 
alloy: 550 ˚C for 30 min in 
100 % H2S gas.  

Polycrystalline films were of 
chalcopyrite structure and presence of 
CuIn11S17 was also noted. 
 
PL emissions at 1.40 eV and 1.53 eV 
were observed and relative intensity of 
latter was found to increase with 
increase in excitation energy (515 nm-
488 nm). 

[26] 

0.01 M CuSO4ꞏ5H2O,  
0.01 M In2(SO4)3 and 0.2 M 
Na2S2O3 was adjusted to  
pH = 2.0 ± 1 by the addition 
of dilute sulfuric acid. 
 
Applied potential: -0.8 V vs 
SCE. 
 
Working electrode: 
Stainless steel. 
 
The deposited films are 
annealed at 400 ˚C. 

The thin film was crystallized in 
chalcopyrite phase. 
 
Elemental composition of film varied 
with aging of the bath solution. 
 
Bandgap of the film was found to be 
1.45 eV. 

[27] 

Precursor: CuCl2 and InCl3 
(Cu:In = 1:1-2.5). 
 

The crystallinity of the films was 
improved by decreasing the In/Cu ratio. 
Cu-rich film exhibited single-phase 

[28] 
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Electrodepo-
sition 

pH: 3.22-1.74 by adding 
dilute HCl. 
 
Applied potential: -0.8 to  
-1.0 V. 
 
Substrate: Titanium. 
 
Annealed in sulphur vapor: 
Cu-In precursor films were 
annealed at 500˚C for 1 h. 

CuInS2 while the In-rich and 
stoichiometric films exhibited 
secondary phases of In2O3. 

Precursors: CuCl2  

(0.008 M), InCl3 (0.02 M), 
Sulphur powder (5 g), citric 
acid (1.142 M), TEA  
(0.4 M). 
 
pH: 1.5 to 2 (adjusted by 
using HCl). 
 
Substrate used: ITO. 
 
Annealing treatment: 500, 
550 and 600 °C for 2 hours. 

The excess amount of sulphur powder 
might twist and damage the CuInS2 
phase. As annealing temperature 
increased from 500 °C to 600 °C, the 
CuInS2 peaks strengthened with 
increase in grain cluster and the CuS 
peaks decreased. [29] 

Precursor: CuC12, InCl3 and 
Na2S203. In/Cu ratio:  
0.5-1.3. 
 
Deposition potential: -1.75 
to -1.00 V solution 
temperature: 20 °C to  
70 °C. 
pH: 2.0-2.5 (adjusted by 
using HCl). 
 
Substrate: Ti sheet. 

The films deposited using Na2S2O3 
have a flat and smooth surface. The 
HCl and sulphur content in the solution 
were found to be the predominant 
factors to control the S/(Cu + In) and 
ln/Cu ratios in the film.  

[30] 

Precursor: CuSO4 (0.02 M), 
In2S3O12 (0.0075 M), 
Na2S2O3 (0.075 M) and 
Na3C6H5O7 (0.0085 M). 
pH: 2 adjusted by using 
HCl. 
 
Substrate: FTO. 
 
Annealing temperature:  
300 °C for 1 hour. 
 

From XRD analysis, it was revealed 
that film exhibited better crystallinity. 
The band gap of the film was found to 
be 1.42 eV. 
 
SEM analysis shows that the surface of 
the film becomes uniform and dense 
after annealing treatment.  

[31] 

Electrodepo-
sition 

Precursor: CuCl2ꞏ2H2O 
(0.01 M), InCl3 (0.01 M), 
Na2S2O3ꞏ5H2O (0.1 M) and 
C6H5Na3O7ꞏ2H2O  
(0.00125 M). 
 

XRD analysis revealed that the film 
sulfurized at 350 ºC for 6 h, was found 
to be favourable to obtain good 
crystalline CuInS2 film. 
 
The copper, indium and sulphur 
elements were found to be present in 
sulfurized film and the content of 

[32] 
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Deposition potential and 
deposition time: -1 V and  
30 min. 
 
Substrate: SnO2 coated 
glass. 
 
The precursor films were 
sulfurized in a sealed tube 
furnace for 3 to 9 hours at 
250 to 400 ºC respectively 
to obtain CuInS2 films. 

sulphur is obviously increased after 
sulfurizing treatment. Many lumps with 
uniform size and little holes distribute 
on the surface after heat treatment. 

Ion layer gas 
reaction 

0.258 g of copper acetate 
and 0.356 g of indium 
chloride were used as 
precursors. 
 
Solvent: 30 ml of ethanol. 
Cu/In molar ratio in the 
solution: 0.8. 
 
Substrate withdrawal speed: 
4 cm min-1. After each 
deposition, the films were 
heated in air for 10 min at 
80 ˚C. 
 
Post-deposition annealing: 
250, 300, 350, 400 and  
450 ˚C in H2S atmosphere 
for 1 hour. 

Amorphous films were obtained when 
annealed below 250 ˚C. The films 
annealed below 400 ˚C were 
polycrystalline and consist of secondary 
phases (InS, In6S7) but the films 
annealed at 400 and 450 ˚C were phase 
pure. Film surface roughness was found 
to increase with increasing annealing 
temperature. 
 
Raman peak observed at 292 cm-1 was 
attributed to A1 mode of chalcopyrite 
phase. 
 
Band gap of a film for Cu/In = 0.8 
varied from 1.48-1.56 eV as the 
annealing temperature was decreased 
from 450 to 250 ˚C. 

[33] 

Laser ablation 
technique 

Substrate: Si. 
The laser beam was incident 
at 45º on the target surface. 
Irradiation area: 1 mm2. 
 
Deposition is carried in 
stainless steel vacuum 
chamber which was 
evacuated down to residual 
pressure of 10-4 Torr. 

XRD analysis revealed that deviation 
from the stoichiometry by sulphur 
deficiency was attributed to evaporation 
loss occurred during deposition or 
annealing in vacuum. 
 
The obtained SEM results indicated that 
the suitability of this method for 
deposition of nanostructured CIS films 
on a random substrate with minimum 
surface roughness. 

[34] 

Metal Organic 
decomposition 

Cu- naphthenates and In- 
naphthenates were used as 
precursors. 
 
Cu/In ratio range from  
0.75-2.0. 
Films were spin coated at 
speed: 1500 rpm, spin time: 
25 seconds. 
Annealing temperature:  
450 ˚C in O2 for oxidation 
and in N2 + H2 (10 %) for 
subsequent reduction of the 
oxidized Cu-In precursors. 

Films obtained with Cu/In of  
1.5 exhibited better crystallinity. 
Crystalline quality of the films 
degraded when Cu/In ratio deviated 
from 1.5. 
 
Absorption co-efficient was of the order 
of 106 cm-1. The bandgap of film  
(Cu/In = 1.5) was estimated to be  
1.53 eV. 

[35] 
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Cu-In film were sulfurized 
at 550 ˚C in N2CH2S (10 %) 
for 60 min. 

Molecular 
beam epitaxy 

Precursor: elemental source 
of Cu (99.999 %), In 
(99.9999 %) and sulphur 
(99.99995 %). 
 
Vapour pressure: 3 × 10-4 to 
2 × 10-2 hPa. 
 
Evaporation temperature: 
1200-1310 ˚C for Cu, 820-
920 ˚C for In, 60-120 ˚C for 
sulphur. 
 
Annealing temperature: 
600˚C in vacuum. 

Films deposited at room temperature 
were planar but their microstructure 
was close to the amorphous state. 
Annealing the film resulted in an 
improved crystal quality with 
chalcopyrite phase. 

[36] 

Precursors: elemental 
source of Cu, In and S. 
 
Substrates: single 
crystalline silicon wafer. 
 
Growth temperature: 520 ˚C 
for 30 minutes. 
 
Working pressure: 10-5 hPa. 

Cu-rich CuInS2 films are mainly 
orientated independent to the substrate 
orientation. Whereas In-rich CuInS2 
films, corresponding planes of CIS are 
formed with additional formation of  
{1 1 2} facets on Si(1 1 0) and  
Si(1 0 0). The near stoichiometric range 
displays the transition from the Cu rich 
to the In-rich side showing. 
 
CuInS2 surface on a Si (1 1 1) substrate. 

[37] 

Elemental Cu, In and S 
were used as precursors 
where Si is used as 
substrate. 
 
Growth temperature: 350˚C. 
film thickness: 1000 Å, 
deposition time: 45 minutes. 

Random distribution of the cations on 
their sublattice leads to the cubic 
sphalerite structure which is known to 
be high-temperature phases of CuInS2 
above 980 ˚C with substrate orientation 
of (001) promote the formation of 
CuAu ordering. The film showed the 
complete absence of chalcopyrite 
ordering. 

[38] 

Precursors: elemental 
source of copper and 
Indium (purity 99.9999 %) 
and sulphur  
(purity 99.9995 %). 
 
Substrate: Si (100) wafer. 
 
Substrate temperature:  
597 ˚C. 

Photoluminescence study revealed the 
donor–acceptor (DA) pair 
recombination (from 1.034 to 1.439 eV) 
and two free-to-bound (FB) transitions 
(at 1.436 eV and 1.485 eV) was 
observed at low temperature (5 to  
100 K). PL of KCN-etched 
polycrystalline thin films was 
dominated by excitonic luminescence at 
1.527 eV followed by donor-to-valence 
band transition (BF) at 1.465 eV and 
DA recombination (1.435 eV) were 
observed. 

[39] 
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Photochemica
l deposition 

InS thin film was deposited 
using 0.002 M In2(SO4)3 
and 0.1 M Na2S2O3 
solution. 
 
Substrate: ITO glass. 
 
pH  ~ 4.2, Irradiation time: 
2-3.5 hours. 
 
CuxS thin film was 
deposited on InS film from 
a bath containing 0.001 M 
CuSO4 and 0.025 M 
Na2S2O3 solution. 
 
pH ~ 3.0, Irradiation time: 
15 or 30 minutes. Post 
annealing: 300 ˚C for  
30 minutes in N2. 

Polycrystalline films with chalcopyrite 
phase were obtained. 
 
Significantly larger bandgap of  
2.2-2.3 eV was observed. The larger 
bandgap was attributed to the presence 
of oxygen impurities and 
nanocrystalline nature of the film.  

[8] 

Successive 
Ionic Layer 
Adsorption 
and Reaction 

Cationic precursors: 
CuCl2.2H2O, InCl3. 

 

Anionic precursor: Na2S.  
pH: 5.5, adjusted using 
hydrochloric acid. 
 
Immersion time: 30 
seconds. 
Rinsing time: 50 seconds. 
No of SILAR cycles: 75. 
The as-deposited film was 
annealed at 100, 200, 300, 
400 and 500 ˚C for 30 min 
in Nitrogen atmosphere. 

Both as-deposited and annealed  
(100 ˚C) films were amorphous. As the 
annealing temperature increases, the 
intensity of the peak increases. The 
peaks of In2S3 completely disappeared 
after annealing at 500 ˚C. 
 
The bandgap was found to be 2.48 eV 
for the thin film annealed at 200 ˚C. 
Increase in annealing temperature 
resulted in increase in the band-gap up 
to 2.69 eV which was the bandgap 
energy of CuS film. The higher 
bandgap values were attributed to poor 
crystallinity or deviations from 
stoichiometry that gave rise to defect 
states, which in-turn increases the band 
gap energy. 

[40] 

Cationic precursor: cupric 
chloride (0.06 mol/L) and 
indium chloride  
(0.05 mol/L). 
 
pH: 2 by adding 
hydrochloric acid. 
Anionic precursor:  
0.05 mol/l of Na2S. 
 
Deposition temperature:  
60 ˚C. 
Immersion/rinsing time:  
30 seconds. 
 
Annealing temperature:  
200 ˚C. 
 

Films annealed for less than 2 hours 
contained Cu2S phase while film 
annealed at 200 ˚C for 2 hours 
contained only chalcopyrite phase. 
 
The optical band gap (Eg) varied from 
1.32 to 1.58 eV as the annealing time 
was increased from 30 minutes to  
120 minutes. Increase in Eg with 
annealing time was related to the 
improved crystalline state of the film. 

[41] 
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Annealing time: 30 minutes, 
60 min, 90 minutes and  
120 minutes. 

Spray 
pyrolysis 

An aqueous salt of CuCl2, 

InCl3, [(NH2)2CS] were used 
as precursor. 
 
Substrate temperature: 350 
and 430˚C. 
 
The molar ratios of 
[Cu]/[In] changed from 0.8 
to 1.4 and [S]/[Cu] from 
2.75 to 4.5. 
 
The spray flux was  
1.5 ml/min while the carrier 
gas (nitrogen) flux was  
1 l/min. 

An increase in film crystallinity was 
observed as the substrate temperature is 
increased. The substrate temperature is 
found to have no influence on the 
crystalline phase but it strongly affected 
the crystallinity of the deposited films. 
Eg decreases from 1.53 to 1.45 eV when 
the [Cu]/[In] ratio was increased from 
0.8 to 1.2. It was reported to assume 
that the CuIn and VIn defect densities to 
increase when [Cu]/[In] ratio increases, 
so that the material may become p-type 
degenerate. 
 
The film resistivity showed big 
decrease of around six orders of 
magnitude when [Cu]/[In] ratio 
increased from 0.7 to 1.2. The very high 
resistivity (103-104 Ω cm) associated 
with film with indium excess (0.7 < 
[Cu]/[In] < 1) was attributed to poor 
crystallinity. 

[42] 

Spray 
pyrolysis 

Substrate temperature:  
300 ˚C ± 5 ˚C. 
 
Aqueous solution of CuCl2, 
InCl3 and (CS (NH2)2) were 
used as precursors. 
 
Carrier gas: compressed air. 
Air flow rate:  
0-2×104 kg/m2. 
 

Solution flow rate:  
1 ml/min-8 ml/min. 
 
X movement - 100 mm/sec, 
Y movement - 50 mm/sec. 
 
Fixing the spray rate at  
1 ml/min, 2 ml/min,  
4 ml/min, Cu rich, 
stoichiometric and In rich 
samples were prepared at 
Cu/In ratio 1.5, 1 and  
0.5 respectively, S/Cu ratio 
is maintained at 5. 
 
To study the effect of 
variation of chalcogen 
concentration in the film, 
S/Cu ratio were changed as 

Smaller spray rates favoured formation 
of uniform films devoid of pinholes or 
cracks. Increasing the spray rate beyond 
4 ml/min resulted in powdery, 
discontinuous deposits. The RMS 
roughness (28 nm to 40 nm) increased 
with increase in spray rate from  
1 ml/min to 4 ml/min. 
 
AFM studies revealed the formation of 
sharp edged crystallites in Cu rich 
samples. While indium rich samples 
promoted formation of smoother film 
surface. 
 
Band gap increased from 1.3 eV to  
1.4 eV as flow rate was varied from  
1 ml/min to 4 ml/min. Bandgap value 
decreased as Cu/In ratio increased from 
0.5 to 1.5 and S/Cu ratio 2. When S/Cu 
ratio increased to 5, Eg increased to  
1.44 eV. No change in band gap was 
observed when the sulfur concentration 
was further increased to 10. 
 
Resistivity of the samples was found to 
increase from 0.023 to 0.420 Ω cm, 
which was explained in terms of 
smaller grain size and higher band gap. 
N-type conductivity was found for 
Cu/In = 0.5, S/Cu = 5. P type 

[43] 
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2, 5 and 10 with Cu/In ratio 
is maintained as 1.  

conductivity was observed for  
Cu/In = 1.0 and 1.5,  
S/Cu = 5.  

Spray 
pyrolysis 

Substrate temperature:  
350 °C. The molar ratio of 
the Cu/In/S in solution was 
1/1/3 spray rate: 1.5 ml/min. 

From EDAX analysis, all the sprayed 
films were found to be sulfur rich. The 
film deposited using 10 ml was In rich 
CuInS2. The films deposited by solution 
(5 ml, 20 ml, 30 ml, 40 ml) were Cu 
rich. 
 
It was found that band gap of CuInS2 
films decreased from 2.85 to 1.40 as the 
volume of spray solution was increased 
(5-40 ml). 

[44] 

Composition: CuCl2:  
0.033 M; InCl3: 0.03 M; 
SC(NH2)2: 0.012 M;. 
pH = 1.5. 
 
Substrate temperature: 
375˚C. After deposition, the 
thin films were introduced 
with sulphur powder  
(99.999 % purity). The tube 
was sealed under vacuum 
(10-3 Pa). The films were 
heat-treated for one hour at 
350 K. 

The crystallinity of CuInS2 film 
increased upon annealing. 
The band gap of CuInS2 was found to 
be 1.46 eV. 
 
The conductivity of the films after the 
heat treatment was one to two orders of 
magnitude lower compared to as-
deposited film. The conductivity of 
these films did not follow Arrhenius 
dependence. The observed slopes were 
increasing with temperature which 
reported to be compatible with grain 
boundary scattering mechanisms. 

[45] 

Airless spray deposition for 
20 minutes. 
 
Substrate temperature:  
340 °C. 
 
Precursors: 0.03 M of InCl3, 
0.033 M of CuCl and  
0.012 M of SC(NH2)2. 

Secondary phase of In6S7 was in 
addition with chalcopyrite CuInS2. 
 
The optical gap of CuInS2 films grown 
on In2S3/ZnO/SnO2/Glass and 
ZnO/SnO2/Glass was 1.50 and 1.52 eV 
respectively. 
 
The Series resistance (Rs) of 
CuInS2/ZnO/SnO2/Glass and 
CuInS2/In2S3/ZnO/SnO2/Glass were  
148 Ω and 3.64 Ω and shunt resistance 
(Rsh) was found to be 10876 Ω, 322 Ω. 

[46] 

CuCl2. 2H2O, InCl3 and 
CS(NH2)2 were used as 
precursors. 
 
Solution concentration: 
0.005 M. 
 
Substrate temperature:  
350 ˚C. Substrate to nozzle 
distance: 35 mm. 
 
Spray rate = 50 ml/min. 
Spray solution 
(Cu:In:S=1:1:3-6). 

All the deposited films (Cu:In:S = 
1:1:4-6) were chalcopyrite phase 
whereas (Cu:In:S = 1:1:3) exhibited 
sphalerite structure. 
 
The bandgap was found to be 1.4 eV. 
All of the obtained films were p-type 
semiconductors. The films had 
relatively small grain sizes, the 
electrical properties were reported to be 
dominated by the barrier scattering 
mechanism. 

[47] 
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Precursor: copper (II) 
sulphate (0.02 M), Indium 
chloride and thiourea. 
 
Carrier gas: compressed air. 
Cu/In molar ratio in the 
solution was varied between 
0.9 and 1.1 and S/Cu was 
fixed at 3. 
 
Substrate temperature:  
375 and 400 ˚C. 
 
Spray rate: 2 ml/min. 

Amorphous films were obtained when 
substrate temperature less than 375 ˚C. 
Polycrystalline (chalcopyrite) phase 
was obtained when Tsub = 375 ˚C. 
Crystallinity was affected by Cu/In/S 
ratio. Film with Cu/In/S ratio of 
0.9:1:1.3 were chalcopyrite phase and 
those obtained with 1.1:1:3 were 
amorphous in nature, even though the 
film was deposited at 400 ˚C. 
 
Bandgap varied from 1.53 eV to  
1.55 eV for composition 0.9-1-3 and 
1.1:1:3 (Tsub = 375 ˚C) respectively. 
Bandgap edges observed at 1.61 and 
2.16 eV was observed for Cu/In/S ratio 
of 1.1:1:3 (Tsub = 400 ˚C) was ascribed 
to the presence of two different 
materials whereas no pronounced 
change has been found in the bandgap 
of 0.9:1:3 for Tsub = 400 ˚C. 

[48] 

Precursor: CuCl2, InCl3 and 
SC(NH2)2. 
 
Al inclusion rate ([Al]/[In]): 
0 %, 1 %, 2 %. 
 
Substrate temperature:  
340 ˚C. 
 
Spray rate: 5 ml/min. 
 
Substrate nozzle distance: 
25 cm. 
 
Carrier gas: nitrogen. 
 
Substrate used: glass, 
In2S3/glass, ZnO/glass, 
SnO2/glass. 

CuInS2 thin films grown on glass 
substrate exhibited chalcopyrite 
structure. 
 
When the aluminium inclusion rate was 
increased from 1 % to 2 % on glass 
substrate, the intrinsic absorption edge 
was found to increase. Bandgap of 
[Al]/[In] = 1 % doped CIS on 
In2S3/glass, SnO2/glass, Glass, 
ZnO/glass were 1.40, 1.45, 1.44, 1.43 
respectively. 

[49] 

Precursors: 0.01 M of 
CuCl2. 2H2O, 0.025 M of 
InCl3 and 0.05 M CS(NH2)2 
in a 1:1:2 (by volume). 
 
Substrate temperature:  
300 ˚C. 
 
Spray rate:2.5 ml/min. 
nozzle to substrate distance: 
29 cm. 

Films were polycrystalline in nature 
and contained chalcopyrite phase. 
 
Direct bandgap of 1.65 eV, 1.57 eV and 
1.5 eV were obtained for film of 
thickness 0.40, 0.49 and 0.50 μm 
respectively. The decrease of optical 
band gap could be attributed to the 
presence of unsaturated defects which 
increase the density of localized states 
in the band gap and consequently 
decrease the optical energy gap. 
 
 

[50] 
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Precursors: CuCl2.2H2O, 
InCl3.4H2O and SC(NH2)2. 
Cu/In ratio1.4-1.1 and S/Cu 
ratio: 2-3. 
 
Substrate to nozzle 
distance: 28 cm. 
 
Substrate temperature:  
225 ± 5 ˚C. 

Crystallinity was affected by elemental 
composition. 
 
Films with Cu:In:S ratio as 1.4:1:4.2 
and 1.4:1:2.8 indicate good crystallinity 
whereas films with Cu:In:S ratio as 
1.3:1:2.6 and 1.1:1:2.2 were poorly 
crystalline. 
 
Bandgap of film was found to be 
independent of sulphur content in the 
film and a bandgap of 1.48 eV is 
obtained for films with Cu:In:S ratio as 
1.4:1:4.2 and 1.4:1:2.8. 

[51] 

Precursors: CuCl2.2H2O, 
InCl3 and CS(NH2)2. 
Cu/In = 0.85-1.25, while 
S/Cu ratio fixed at 3.6. 
 
Nozzle to substrate 
distance: 40 cm. 
 
Substrate temperature:  
320 to 410 °C. 

Optimum substrate temperature range 
was 340 to 380 °C to obtain tetragonal 
chalcopyrite phase of CuInS2 film. 
Copper excess in the solution was 
found to strongly affect on the 
formation of tetragonal structure. Poor 
crystallinity was observed for CuInS2 
film with Cu/In ≤ 1. The crystallinity 
was improved for CuInS2 film with 
Cu/In ratio ≥ 1.25 which may be due to 
Cu ions mobility. This result indicated 
that copper excess in the solution 
strongly effects on the formation 
tetragonal structure. 
 
Transparency of the films increased 
with increase in substrate temperature 
and decrease in Cu/In ratio. 

[52] 

Precursor used: CuCl2, 
InCl3 and SC(NH2)2. 

 

Substrate temperature:  
320-380 ˚C. 
 
Carrier gas: Nitrogen. 
 
Cu/In = 0.8-1.2, S/Cu = 3 
and 6. 
 
Annealing temperature: 
400-500 ˚C. 

Chalcopyrite phase was obtained in the 
temperature range 300-380 ˚C for  
Cu/In = 1, S/Cu = 3. 
 
The high conductivity of as-sprayed 
films produced from Cu-rich solutions 
(Cu/In = 1) was attributed to the 
presence of Cu2-xS phase. In the case of 
Cu/In = 1.2,the as-deposited films 
showed resistivity close to 1 Ω cm 
independent of growth temperature. 
The annealed films have p-type 
conductivity with resistivity of 1-10 Ω 
cm. 

[53] 

CuCl2, InCl3 and (NH2)2CS 
were used as precursors 
with molar concentration: 
0.1 M. 
 
Substrate temperature:  
300 °C. 
 
Post annealing treatment:  
30 minutes. 

Chalcopyrite phase of CuInS2 was 
deposited. 
 
Activated variable range hopping 
(VRH) in the localized states near the 
Fermi level was reported. Density of 
states at the Fermi level was reported as 
2.09 × 1027 eV−1 m−3 for CuInS2 
nanocrystal. 

[54] 
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Spray volume: 50 ml. 
 
Solution flow rate: 5 
ml/min. 
carrier gas (nitrogen) 
pressure: 4.5 × 103 Pa, 
nozzle to substrate distance: 
20 cm.  
Precursor: CuCl2, InCl3 and 
SC(NH2)2 with molar ratios 
of Cu:In:S = (0.8-1.6):1:5. 
 
Substrate temperature:  
460 °C. 
 
Spray rate: 1.5 ml/min. 
 
Carrier gas: nitrogen. 
 
Sulfurization was carried 
out for sprayed CIS films to 
improve crystal quality. 

Raman scattering measurement showed 
that sprayed films were grown with 
mixture of CH- and CA-ordering. The 
sprayed-films with Cu/In ratio more 
than 1 exhibit better crystallinity 
compared with Cu/In ratio less than 1. 
The CA ordering was found to 
correspond to the sulphur deficiency. 

[55] 

CuCl2, InCl3 and SC(NH2)2 
were used as precursors 
with Cu/In ratio: 0.8-2.0 
and S/Cu ratio: 3-6. 
 
Substrate temperature:  
260-400 ˚C. 
 
Carrier gas: nitrogen. 
Post-deposition treatment: 
etching in 10 % KCN 
solution. 

The Cu-rich solutions lead to larger 
crystallites and lower impurity 
concentration. The post-deposition 
treatment in flowing hydrogen 
atmosphere was found to be effective to 
improve the crystallinity and purity of 
sprayed CuInS2 film than H2S 
treatment. 

[56] 

CuCl2, InCl3, SC(NH2)2 
were used as precursors 
with Cu/In ratio: 0.8-1.1. 
 
Substrate temperature:  
370 ˚C. 
 
Flow rate: 5 ml/min with N2 
as carrier gas. 
 

Sprayed volume: 50 ml. 
 
As-deposited films were 
etched in 5 % KCN solution 
for 5 min at room 
temperature to remove CuxS 
phase. 
 
Post-deposition treatment: 
H2S at 450 and 525 ˚C for  
1 and 2 hours. 

The as-deposited CIS films with Cu/In 
ratio: 0.8-1.0 indicate poor crystallinity. 
The Raman spectrum showed the 
presence of chalcopyrite and Cu-Au 
ordering for CIS film. Treatment in H2S 
atmosphere at 500 ˚C leads to 
chalcopyrite phase of CuInS2 film for 
Cu/In = 1.0. In addition to CIS modes, 
In rich film exhibited secondary phase 
belongs to CuIn5S8 for Cu/In = 0.8. The 
post deposition heat treatment in H2S 
atmosphere at 500 ˚C resulted in 
disappearance of Cu-Au ordering of 
Raman mode for In rich CIS films.  

[57] 
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Precursor: CuCl2, InCl3 and 
SC(NH2)2. 
 
Molar ratio of Cu:In:S 
precursors =1:1:3. 
 
Substrate used: commercial 
metal oxide such as ITO, 
TCO and sprayed flat metal 
oxide such as ZnO, ZnO:In, 
TiO2. 

 

 

Growth temperature: 430˚C. 
Carrier gas: Nitrogen. 

CIS films prepared on metal oxide 
electrodes such as ZnO, ZnO:In and 
TiO2 show similar dense structure, good 
adhesion and flat surface than the film 
prepared on commercial metal oxides. 
Doped large band gap oxides were 
found to be appropriate conductive 
electrodes for the deposition of CIS 
film in spray process. 

[58] 

CuCl2, InCl3 and SC(NH2)2 
were used as precursors 
with molar ratio of  
Cu:In:S = 1:1:3. 
 
Substrate temperature:  
250 °C. 
 
Spray solution volume:  
50 ml. 
 
Spray flow rate:1 ml/min. 
 
Post-deposition heat 
treatments: N2 + H2S 
atmosphere heated to  
530 °C within 5 min. 

The as-deposited films were exposed in 
flowing N2 + H2S atmosphere at 530 °C 
effectively exhibited well-crystallized, 
chalcopyrite phase of CuInS2 films with 
nearly stoichiometric composition.  

[59] 

Precursor: CuCl2, InCl3 and 
SC(NH2)2 with Cu/In ratio: 
0.66-1.5. pH: 4. 
 
Substrate: glass. 
 
Substrate temperature:  
300 ˚C-380 ˚C. 
 
Carrier gas: Nitrogen. 

CuInS2 chalcopyrite film was deposited 
at growth temperature of 380 ˚C for 
Cu/In ratio of 1.0-1.25. At temperature 
of 320 ˚C, CuInS2 films with 
chalcopyrite structure was deposited 
from copper-rich solutions (Cu/In > 1). 
Equimolar concentration of copper and 
indium (Cu/In = 1.0) as well as indium-
rich solutions (Cu/In < 1) deposited a 
multiphase film. 

[60] 

Precursor: CuCl2, InCl3, 
SC(NH2)2 with Cu/In ratio 
of 1.0-4.0; glass as a 
substrate. 
 
Substrate temperature:  
360 ˚C. 
 
Annealing temperature:  
500 ˚C for 20 minute. 

The thermal treatment at 500 ˚C was 
found to decrease the amount of the 
secondary phase and improve the 
crystallinity of the CIS layer. 

[61] 

Precursor: CuCl2, InCl3, 
SC(NH2)2 with Cu/In ratio 
of 1.1. 
 

Both as-deposited and annealed films 
consist of crystalline CuInS2 phase. 
Thermal treatment in hydrogen sulfide 
atmosphere significantly improves the 

[62] 
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Substrate: ITO, growth 
temperature: 350 °C. 
 
Spray volume: 100 ml. 
 
Post deposition treatments: 
60 min at 530 °C in flowing 
H2S atmosphere. 

crystallinity and chalcopyrite ordering 
of the sprayed films. 

Precursor: 0.1 M of 
[Cu(NO3)2.3H2O], 0.1 M of 
[In(NO3)3] and 0.1 M of 
[CS(NH2)2]. 
 
Cu/In ratio = 0.5, 0.8, 1.0, 
1.2, 1.4. 
 
Substrate temperature:  
300 ˚C. 
 
Carrier gas: filtered air; 
flow rate: 3 ml/min. 
 
Substrate to nozzle 
distance: 50 cm. 

As Cu/In ratio increases from 0.5 to 1.4, 
the bandgap Eg value decreased from 
1.55 eV to 1.30 eV respectively. The 
reason for this phenomenon is carrier 
degeneracy in CuInS2 due to continuous 
distribution of defect state. 

[63] 

Precursor: CuCl2, InCl3 and 
SC(NH2)2. 
 
Substrate used: ITO coated 
glass. 
 
Substrate temperature: 
370 ˚C. 
 
Cu/In ratio: 0.9-1.1 and 
S/Cu ratio = 3. 

The carrier concentrations in sprayed 
CIS film are in the level of 1017 cm-3 
and 1016 cm-3 for Cu/In ratio: 0.9-1.0 
and 1.1 respectively. 

[64] 

Precursor: CuCl2 (0.03 M), 
InCl3 and SC(NH2)2. 

 

Cu/In ratio = 1 and  
(Cu + In)/S fixed to 1. 
 
Carrier gas: compressed air. 
Substrate: glass. 
 
Substrate to nozzle 
distance: 28 cm. 
 
Precursor solution: 80 ml. 
Spray rate: 3 ml/min. 
 
Substrate temperature:  
350 ˚C. 
 
The resulting solution was 
doped with (2, 4, 6,  

XRD analysis revealed that no 
secondary phases (In2S3, CdS and 
Cu2S) were detected even after the 
incorporation of Cd species. 
 
From XPS analysis, the peaks observed 
at binding energy (BE) 412.2 eV and 
405.8 eV were due to Cd 3d which 
confirmed the presence of Cd2+ ions in 
the Cd doped CIS film. From Raman 
spectrum, it was concluded that 
cadmium inclusion may improve the 
structural quality of the chalcopyrite 
phase in CIS film. 
 
The absorption spectra of all the Cd-
doped CIS films extended red shift 
compared to pristine CIS films. The red 
shift in the absorption edge in the Cd 
doped CIS film was attributed to the 
charge-transfer transition between the 

[65] 
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8 wt % ) of cadmium 
acetate. 

Cd ion 5S-electrons and the CIS 
conduction or valence band. The 
photoluminescence quenching is more 
pronounced in the higher wt % of Cd 
dopant. 
 
When inclusion of Cd in the CIS films 
indicating that the semi-conducting 
property of the films changed from  
p-type to n-type. 

Precursor: CuCl2 (0.05 M), 
InCl3 (0.05 M) and 
SC(NH2)2(0.01 M). 
 
Cu:In:S ratios: 4:1:5, 1:1:2 
and 1:4:5. 
 
Spray volume: 100 ml. 
substrate temperature:  
300 °C. 
 
Flow rate: 5 ml/min. 
carrier gas: nitrogen. 
carrier gas pressure:  
0.2 kg cm−2. 

The XRD results suggested that the 
CuInS2 films exhibited polycrystalline 
structure. The crystallinity of the films 
was deteriorated by increasing In 
content in the precursor solution. 
 
The Raman studies revealed that the 
chalcopyrite phase of CuInS2 was 
observed (peak around 296 cm−1) for all 
the deposited films. 
 
All the films have relatively high 
absorption coefficients (104 and  
105 cm−1) in the visible and near IR 
spectral range. The absorption 
coefficients was found to be larger for 
CuInS2: 1:4:5 film compared to 
CuInS2:4:1:5 and CuInS2: 1:1:2 films. 

[66] 

Precursor: CuCl2, InCl3 and 
SC(NH2)2 with molar ratio 
of Cu:In:S=1:1.25:4.5. 
 
Substrate used: ITO coated 
glass. 
 
Substrate temperature:  
250 to 350 ˚C. 
 
Carrier gas: compressed 
ambient air. 
 
Pressure: 2 bar. 

The XRD study showed that 
crystallinity of the films increases with 
substrate temperature up to 300 °C. 
 
Optical studies showed that the 
absorbance of the films decreases and 
the bandgap energy increases from 1.50 
to 1.70 eV while increasing the 
substrate temperature. 
 
The electrical measurements confirmed 
that the substrate temperature of 300 °C 
represents the optimal deposition 
temperature, as the films showed 
improved electrical conductivity. 

[67] 

Spray 
pyrolysis 

Precursor: CuCl2 (0.01 M), 
InCl3 (0.01 M) and 
SC(NH2)2 (0.03 M). 
 
Substrate to nozzle 
distance: 30 cm. 
 
Spray rate: 1 ml/min. 
 
Substrate temperature: 350, 
375, 400 °C. 

All the deposited film exhibited 
chalcopyrite CuInS2 structure as 
observed from Raman analysis. 
 
The bandgap are found to be 1.53 eV, 
1.54 eV, 1.50 eV for the films with 
substrate temperature of 350, 375 and 
400 °C respectively. 
 
Electrical studies revealed that film 
deposited at substrate temperature of 
350 °C was found to be less resistive 
compared to other films. 

[68] 
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Precursor: CuCl2, InCl3, 
SC(NH2)2 with the molar 
ratio of 1:1:4. 
 
Spray volume: 50 ml. 
 
Substrate temperature: 250, 
300, 350 and 400 °C. 
 
Spray rate: 0.75 ml/min,  
deposition time: 40 minutes. 

All the deposited films are found to be 
tetragonal structure with preferential 
orientation of (1 1 2) plane as observed 
from XRD analysis. The maximum 
crystallite size with low dislocation 
density and strain was observed for the 
film deposited at 300 °C. The broad 
Raman peaks at  
298 cm−1 show that CIS thin films are 
formed with the mixture of both CH- 
and CA-ordering. A small peak near 
239 and 339 cm−1 represents CH-
ordering. 
 
SEM analysis showed that the presence 
of nanorod structured morphology for 
the film deposited at 300 °C. High 
absorbance is observed for the film 
deposited at 300 °C and further increase 
in substrate temperature resulted in 
decrease of absorbance value. The 
optical band gap of the deposited CIS 
thin films are found to be (1.19, 1.13, 
1.35 and 1.28) eV for substrate 
temperature of 250, 300, 350 and  
400 °C respectively. The CIS thin films 
deposited at 300 °C exhibits better 
semiconducting nature compared to 
other films. 

[69] 

Sputtering 

Precursors: elemental 
source of Cu, In, S. 
 
Substrate: Mo coated glass. 
  

For ion sputtering, the 
energy of Ar+ beam was  
2 kV and the current about 
50 µA. 
 
Vacuum: < 10-7 Pa; 
 
Sulfurization treatment:  
500 ˚C for 30, 60 and  
120 seconds. 

Improved crystallinity with 
chalcopyrite phase was obtained for 
CIS film treated at 500 ˚C for  
120 seconds. The formation of CuS 
phase was detected after 30 s and 60 s 
of sulphurisation. 

[70] 

Precursor: Cu2In2O5 powder 
in an Ar atmosphere 
containing 5 % O2. 
 
Sulfurization of Cu-In-O 
films was carried at 550 ˚C 
for 1 hour in H2S + Ar gas 
and H2S + H2 atmosphere. 

The CulnS2 films sulfurized in H2S + 
Ar and H2S + H2 atmospheres exhibited 
chalcopyrite phase. In2O3 phase 
remains in the CulnS2 film sulfurized in 
the H2S + Ar gas whereas no secondary 
phases were observed for the film 
sulfurized in H2S + H2 gas. 

[71] 

Precursor: Cu–In alloy 
(Cu/In: 9/11). 
 

Sharp planes of CIS were observed 
along with diffraction peaks of sapphire 
exhibited chalcopyrite phase indicating 

[72] 
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Substrate: sapphire. 
 
Annealing temperature:  
500 ˚C. 
 
Sputtering time: 30 min. 

orientation of film was with respect to 
the substrate.  

Solvothermal 
method 

Precursors: CuCl2, 
In(NO3)3, different 
CS(NH2)2 concentrations, 
C2H2O4, CTAB and 
ethanol. 
 
Substrate: FTO coated 
glass. 
 
The Teflon liner was loaded 
into a stainless steel 
autoclave. The autoclave 
was sealed and heated at 
200 °C for 20 h and 
autoclave was cooled down 
to room temperature 
naturally. 

When the precursor concentration is 
relatively low, nucleation occurs and 
leads to the growth of CIS nanosheet 
array films. With increase in precursor 
concentrations, flower-like 
microspheres pre-form in the solution 
was observed and then they are 
adsorbed onto the substrate surface to 
further, form the nanosheet microsphere 
films. All the CIS films exhibit well-
crystallized single crystals with a 
chalcopyrite phase structure. 
 
The bandgap of the CIS thin films was 
between 1.49 and 1.53 eV. 

[73] 

Solvothermal 
method 

Precursor: CuCl2.2H2O 
(0.025 M), InCl3.4H2O 
(0.025 M) and CH4N2S 
(0.05–0.5 M) were 
dissolved in 15 ml of 
ethanol. 
 
The mixture was stirred at 
ambient conditions for  
40 min at room 
temperature. 
The FTO substrates were 
placed in the Teflon liner 
and the FTO surface 
pointing downwards. 
 
The autoclave was sealed, 
maintained at 180 °C for  
16 h, as followed to cooling 
down to room temperature 
naturally. 

XRD analysis revealed that all the 
samples are in chalcopyrite phase. The 
CuS phase exists in the sample with TU 
concentration 0.05 M. The average 
crystallite size increases with increase 
of TU concentration and then decreases 
when TU concentration is up to 0.5 M. 
 
The CuInS2 thin films deposited on 
FTO substrates are composed of 
nanoplates and to form sphere like 
nanoparticles. 
The optical bandgap of the CuInS2 thin 
films range from 1.52 eV to1.90 eV, 
and found to be optimum for films 
deposited at TU concentration of 0.1 M, 
0.2 M and 0.3 M. 
 
The optimum condition for depositing 
CuInS2 thin films with TU 
concentration of 0.3 M, which is more 
suitable for the deposition of CuInS2 
thin films used for an absorber material. 

[74] 

Precursors: CuCl2.2H2O, 
In(NO3)3, different 
concentrations of H2C2O4, 
CTAB were dissolved in  
40 ml of ethanol. 
 
Substrate: FTO coated 
glass. 
 

All the CIS films exhibit well-
crystallized chalcopyrite phase structure 
as revealed from XRD analysis. 
 
By adjusting the concentration of oxalic 
acid, the morphology of CuInS2 can be 
tailored as observed from SEM 
analysis. By increasing the 
concentration of oxalic acid, the Cu 

[75] 
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The mixture was stirred at 
ambient conditions for  
20 min followed by addition 
of thiourea. 
The solution was moved to 
Teflon-lined stainless steel 
autoclave where FTO glass 
was placed diagonally. 
 
The autoclave was sealed 
and heated at 200 °C for  
20 h. 

content decrease while the contents of 
In and S increases. 
Raman spectra of the CIS thin films 
exhibited characteristic peaks at 260, 
299 and 339 cm-1 which were assigned 
to the B2, A1 and ELO vibration modes 
respectively of the chalcopyrite phase 
CIS. 

Precursor: CuSO4.5H2O, 
InCl3.4H2O were dissolved 
in 10 ml ethanol. 
 
Complexing agent:  
L-cysteine. 
 
Solution was stirred for  
5 min. 
 
pH around 5. 
 
Substrate used: FTO. 
 
The sealed stainless-steel 
autoclave was heated to  
150 °C for 18 h. 
 
Three films (A, B and C) 
were prepared using 
different concentrations. 
 
Film A: Cu:In:S 0.03 M: 
0.03 M: 0.12 M. 
 
Film B: Cu:In:S 0.02 M: 
0.02 M: 0.05 M. 
 
Film C: Cu:In:S 0.01 M: 
0.01 M: 0.03 M 

The microstructural investigations 
revealed that all the deposited film 
exhibited polycrystalline nature, except 
for the film with excess of sulphur 
content. EDX measurements shows 
nearly stoichiometric composition of 
the films except for the film observed 
with nanoflake layer. 
 
X-ray diffraction analysis revealed that 
the compact films exhibited 
chalcopyrite structure. 
 
All deposited films showed a 
significant optical absorption over the 
visible spectrum and hence, suggest a 
suitable band gap for solar energy 
applications. 

[76] 

Stacked-
Elemental-
Layer (SEL) 

Substrate: soda lime glass 
slide. 
 
Substrate temperature:  
70 ˚C. S/In/Cu stacked 
layers were prepared by 
sequential electron beam 
evaporation of S, In, Cu 
with thickness of 7,500 Å, 
5,500 Å and 2,400 Å 
respectively. 
 

Chalcopyrite phase of CuInS2 thin film 
was formed at 250 ˚C annealed for  
60 minutes which was found to be 
optimum rather than annealing at  
200 and 300 ˚C. 
 
p-type was found for film with Cu/In 
ratio > 0.99 and their resistivity was 
around 0.05 to 0.99 Ω cm. When the 
Cu/In ratio < 0.96, CuInS2 thin film was 
found to be n-type and their resistivity 
was around 80 to 100 Ω cm. CuInS2 
films annealed in S ambience were all  

[77] 



Chapter 15. Characteristic Features of CuInS2 Thin Film Deposited by Various Methods/Post Deposition 
Treatments: A Review 

 347 

Annealing temperature:  
50 ˚C to 350 ˚C for 1 hour 
in vacuum or in s ambience. 

p-conduction type with resistivity of 
around 10-1 Ω Cm. 

Thermal 
evaporation 

Sodium glass, quartz and 
platinum sheet were used as 
substrates and copper  
(100-130 nm) and indium 
(170-200 nm) bilayer films 
were deposited. 
 
Cu/In ratio in film is 1-2.1. 
Bilayer film was 
sulphurized in argon 
containing H2S atmosphere 
(5 % V/V) at 550 °C for  
4 h. 

 Cu-rich film with Cu/In ratio up to 2.1 
was reported to contain no secondary 
phases in the samples. The Cu/In ratio 
was observed to decrease by the KCN 
treatment. 
 
After etching the resistivity was 
increased by two orders of magnitude. 
This behaviour was attributed to the 
decrease in the carrier concentration 
from 1019to 1016 cm-3. The resistivity 
and hall mobility of etched and 
unetched CIS films were 0.4 to  
58 Ω.cm and 0.1 to  
0.5 cm2/Vs respectively. 

[78] 

 

15.3. Conclusion 

Significant work has been carried out on the progress of CuInS2 thin films in view of 
various applications. It can be expected that interest in copper indium disulfide will 
continue to grow and it offers flexibility in tailoring its characteristics as needed to suit 
various applications. A comprehensive review on preparation, processing and properties 
of CuInS2 thin film is presented. CIS material has some unique properties over other 
chalcopyrite group of materials which is widely used today for solar cell applications. In 
short, this review provides critical treaties of science and technology of CIS film. 
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    TV, 235, 236, 244-247 
Dirac  
    comb function, 240 
    equation, 146 
dissociation, 69, 78, 81, 84, 85 
Doping, 260 
DPD, 193-198, 204-208, 211-213 
Drude model, 115, 116 
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efficiency of the coherent beam combining, 
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Electric field poling, 179 
Electrical  
    conductivity, 316 
    signal, 236, 237, 241-245 
    Spectrum Analyzer (ESA), 243, 244, 246 
Electromagnetic Interference (EMI), 235 
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electromagnetic wave, 215 
Electronic properties 

Band gap, 311 
Conduction band, 311 
Electric field, 311 
Electric field., 316 
Energy gap, 311 

Electronic properties 
Valence electrons, 311 
Structures of bands, 314 
Densities of loads, 314 
Densities of states, 314 
Energies of the gap, 315 
Density of Electronics States (DOS), 316 

Electro-optic effects, 287 
Energy spectrum, 164–166 
Energy-angular distribution, 166–169 
Erbium Doped Fiber Amplifier (EDFA), 

247 
EVM, 203, 205, 207, 210-213 
Experimental setup, 236, 241, 244, 245, 247 

F 

far-field combining, 54 
FDTD method, 113, 116 
Ferroelectric domain, 178 
filling factor, 58 
Filtering effect, 236, 241, 244, 247 
Forces 

drag force, 137 
gradient force, 134-137 
gravity force, 134-137 
scattering force, 134, 135, 137 

Fourier Transform (FT), 236, 238, 240, 289 
Frequency  
    domain, 236-238 

range, 242, 243, 244, 246 
    response, 235, 236, 240, 243, 244, 247 
Frequency 

carrier, 156 
fundamental, 147 

Fresh slice, 69 
Full Potential Linearized Augmented Plane 

Wave (FP-LAPW), 312 

G 

GA, 194, 197, 198, 202, 206, 208, 209, 211-
213 

GA-CPWL, 206, 208, 209, 211-213 
Gaussian  
    beam, 228 
    laser beam, 120, 121 
    wave, 216, 222 
Genetic Algorithm, 32 
GGA (Generalized Gradient 

Approximation), 312 
Global Warming 

building energy codes, 274 
carbon dioxide emission, 250 

Gouy  
    effect, 226 
    phase shift, 216, 226 

I 

Initial condition, 291, 293, 298, 301, 304 
Ionization potential, 148, 161 

K 

KB 
mirror, 69, 70 

KE, 75-77, 79-85 
Keldysh-Faisal-Reiss theory. See Strong-

field approximation 
Kerr medium, 284 

L 

Laser beam 
diameter, 130, 132, 134, 135, 140 
waist, 130, 132, 134, 140, 142 
continuous wave, 140 
focal length, 130, 132, 134, 135, 137, 

140, 141 
Fresnel reflectance, 134 
Gaussian, 130 
propagation direction, 131, 134, 137, 

141, 142 
Laser Beams, 113 
Laser bending, 19, 21, 22 
Laser Bending, 20 
laser forming, 22 
Laser incremental bending, 42 
laser material processing, 19 
laser output power, 28 
Laser Preloaded Bending, 37 
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Laser pulse, 146, 147, 155, 156 
laser surface treatment, 22 
Laser-dressed four-momentum, 149 
Lattice, 284, 285, 287, 292-308 
LDA (Local Density Approximation), 312 
Left-to-Right, 241, 243, 244 
Light, 235-238, 241-244 

field, 236-238 
wave, 235, 242 

    cone variables, 149 
Light-assisted poling, 180 
linear  
    combining scheme, 54 
    evolution, 291, 296, 302, 308 
    Time Invariant (LTI), 238 
LTE, 193, 194, 203, 206 

M 

Mach-Zehnder Intensity Modulator (MZ-
IM), 236-238, 241, 243-245 

Maclaurin series expansion, 117 
Mean term, 286, 287, 302, 307 
Microwave  
    Photonic Filter (MPF), 235, 236, 240-

244, 247 
photonics, 235 
signals, 235, 247 

Model 
NLS, NLSM, 283, 285, 287, 292, 308 

    coefficients, 194, 195, 203 
Momentum spiral. See Spiral of ionization 
Multimode Laser Diode (MLD), 235, 236, 

240-243, 245 
Multiphoton peaks, 154 
mutual coherence, 56 

N 

near-field combining, 54 
NLS equation 

nonlinear Schrödinger, 285-287, 292 
NLSM system, 286-288, 291-293, 301, 304, 

308 
NMSE, 203, 204 
non-collinear nonlinear interaction, 92 
Nonlinear 
    evolution, 284, 285, 288, 303, 304, 306-

308 
    optical process, 89 

    optics, 283-285 
    photonic crystals, 178, 180 
    random domains, 90 
    waves, 283, 284 
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Optical 
circulator, 242, 243 
fiber, 235, 236, 238, 239, 242 
isolator, 241, 243 
link, 236, 238, 243, 247 
power, 241 
signal, 237, 238, 243, 245 
source, 235, 236, 238, 240, 241, 244, 247 
spectrum, 241, 242 
Optical-to-electrical conversion, 236, 

243 
Optical communication, 311 

Optoelectronic applications, 311 
Visible Light Communication (VLC)., 

312 
Optical component 

Light transmitting, 311. 312 
Optical Components, 311 

Electroluminescent diodes (LED), 311 
Photovoltaic cells, 311 

Optical conductivity 
Angular frequency, 316 
dielectric constant, 317 
dielectric function, 316 
Dielectric function, 317 

Optical conductivity, 316 
Optical constants, 252, 260 
Optical properties 

Absorption Coefficient, 319 
Optical gap, 319 
optical transitions, 317 
Spectrum of adsorption, 319 

Optical properties, 311 
Energy of the photon, 311 
Optical reflectivity, 316 
Refraction, 316 
Transmission, 316 

Optical properties 
Refraction Index, 317 

Optical Properties, 316 
Oxygen Substitution, 311 
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PAPR, 193 
paraxial wave optics, 216 
Particle properties 

extinction coefficient, 130, 135 
optical data, 137 
refractive index, 130, 132, 135, 137 

Particle transport and separation 
experimental apparatus, 140 
particle feeder, 140 
separation distances, 137 
separation glass cell, 140 
trajectories, 137 
travel distances, 137 

passive stabilization, 60 
Penrose 

Penrose-5, Penrose-7, 284, 286, 287, 
301-308 

Periodic classification of Mendeleev 
element of column II, 311 
element of column VI, 311 
family of elements II-VI, 311 

Phase matching, 177, 178 
Photo-detector (PD), 236, 242-244 
Photon, 215 
Photon particle interaction 

energy transfer, 129 
levitation, 130 
manipulations, 130 
momentum transfer, 129 
particle transport, 135 
photophoretic force, 129 
pressure force, 130, 136 
ray optics, 130 
refraction and reflection, 129 
separation, 129, 130, 135, 137, 140-142 
wave optics, 130 

Photonic Crystal 
1.5 Dimension, 266 
bandwidth, 262 
Bandwidth, 257 
bi-layer, 262, 265 
intermediate, 269 
Mie scattering, 255 
natural, 257 
Selectively Transparent and Conductive, 

263 
silicon, 271, 272 
sol gel, 275 

tunable index, 262 
Plane-wave-fronted pulse approximation, 

147 
Plasma, 113, 114 
pointing, 58 
Polarization Controller (PC), 241, 243 
Ponderomotive energy, 156, 158-160 
ponderomotive force, 115 
Potential 

external, 284-288, 291-293, 301 
Poynting vector, 217 
Probability amplitude of ionization, 146 

in the RSFA, 148–151 
saddle-point approximation of, 152, 153 

Probability distribution of photoelectrons, 
152 
saddle-point approximation of, 154 
space-time, 170–172 
spin independent, 152 

Propagation 
constant, distance, 283-285, 288, 292, 

293, 296, 297, 300, 303, 306-308 
pump and probe experiments, 174 

Q 

QPM. see Quasi-phase matching 
Quadratic  
    nonlinearity, 287, 302, 306-308 
    polarization, 286 
Quasicrystals, 284, 286 
Quasi-phase matching, 177, 178 

R 

Radiation pressure, 151, 159 
Radio Frequency (RF), 235-237, 244, 247 
Refractive index, 285 
relative phase stability, 57 
Relativistic Mass, 215 
resonance frequency, 116 
RoF, 193-195, 203, 204, 212 
RRH, 193, 198, 203, 206, 212 
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Saddle points 
analysis of, 160, 161, 163, 164 
and the probability distribution, 154 
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Saddle-point equation, 153, 157 
Sauter-Schwinger critical field, 156 
Schrödinger equation, 220 
second harmonic generation (SHG), 89 
Simultaneous Transmission, 235, 236, 247 
Single Mode-Standard Fiber (SM-SF), 242 
Single-electron wave packets, 146, 169–173 
Solar cell 

building integrated, 275 
cost, 250 
efficiencies, 252 
micromorph, 268 
perovskites, 251 
p-n junction, 268 
ultra-thin, 271 

Soliton power, 292, 301 
Solitons 

fundamental, dipole, vortex, 291, 292, 
298-301, 304-308 

Solution 
numerical, 283, 285, 288, 291 

Spectral  
 
density, 236, 238-240 
Spectral  
    range, 235, 236, 247 
    renormalization method, 288, 293 
    synthesis, 56 
Spiral of ionization, 146, 159–164, 173 
Stability 

Linear, Nonlinear, 291-293, 295, 296, 
298, 299, 301, 302, 304-306, 308 

stochastic parallel gradient descent (SPGD) 
algorithm, 61 

Strong-field approximation, 145 
relativistic, 145, 146–152 

Supercontinuum in photoionization, 154, 
164, 165 
and single-electron wave packets, 169, 

171–173, 173 

T 

Taylor series expansion, 239 
temporal jitter, 58 
The Density Functional Theory (DFT  

DFT-GGA, 313 
DFT-LDA, 312 
GGA approximation, 313 
LDA approximation, 313 

Theorem of Parseval, 239 
Threshold Optimization, 197, 206 
Transparent Conductive Oxide, 259 
transverse autocorrelation trace, 97 
tree combining scheme, 54 

U 

Ultrafast electron microscopy, 145 
ultrashort laser pulse  
    characterization, 90 
    laser pulse measurements, 89 
UV light poling, 180 

V 

Volkov state, 147 
Volterra, 193-196, 199-207, 213 
Volume of compressibility, 313 

Bulk modulus, 313 
Vortex Laguerre-Gaussian Laser Beam, 124 

W 

wave optics, 216 
Wiener-Khinchin theorem, 238 
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XRSD, 68-75, 85, 86 
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