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Abstract: Variational method is regarded as one of the best performing optical flow techniques, which 
determine the optical flow field by minimizing a suitable energy function consisting of a data term and a 
regularization term. The brightness constancy assumption has widely been used in the data term, which is 
obviously violated to the real case. To improve the ability of optical flow’s application in outdoor computer 
vision task, a morphologically invariant descriptor called rank transform is introduced and the tolerance to 
illumination changing is analysis in this paper. Due to its good performance under illumination morphological 
change, we embed it into the data term of TV_L1 model to get robust optical flow field. Experiments  
with Middlebury and KITTI benchmark demonstrate the good performance of method proposed.  
Copyright © 2014 IFSA Publishing, S. L. 
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1. Introduction 
 

Optical flow estimation between two consecutive 
frames has widely been applied in a broad range of 
computer vision task, including motion and track [1], 
motion and segmentation [2], and so on. Since Horn 
and Schunck first proposed their dense optical 
estimating method in year 1981, a wide variety of 
approaches during the last three decades have been 
proposed achieving outstanding levels of accuracy at 
some public benchmarks. Among those algorithms, 
variational method is regarded as one of the highest 
precision algorithm, which estimate optical flow field 
by minimizing an energy formulation consisting a 
data term and a regularization term. The data term 
describes the invariance between two consecutive 

frames, and the regularization term implies the 
relationship among flow vectors which are neighbors. 
Brightness consistent assumption is usually applied 
to construct data term which means that the gray or 
color values of two image points in consecutive 
frames are the same. Obviously, this assumption is 
violated to the real case, for example, in some 
outdoor machine vision applications such as vision-
based intelligent vehicles, surveillance and traffic, the 
brightness of a certain point in two consecutive 
images may dramatically change when the camera 
move fast, or when the local illumination changes.  

To deal with this problem, a novel approach to 
optical flow estimation is introduced in this article, in 
which rank transform is introduced and merged into 
TV_L1 mode. Rank transform is a local descriptor 
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based on the grey value order, and invariant against 
any monotonically increasing intensity changes. 
Experiments show the validity of the  
method proposed. 

The remainder of this paper is organized as 
follows: In section 2, methods for robust optical flow 
computation under un-illumination are reviewed. 
Section 3 introduces the rank transform and tolerance 
to illumination changes is analysis. In Section 4, we 
embed rank transform into TV_L1 model followed 
by experimental results given in section 5. 
Conclusions and future work are discussed in  
section 6. 
 
 
2. Work Related 
 

Since illumination-robust optical flow estimating 
is one of prerequisites for optical flow applied in real 
outdoor world, many related algorithms are proposed 
to solve this problem. These methods can be divided 
into three categories. In the first category, brightness 
physical model including some parameters are built 
between two consecutive frames, as described in [3] 
and [4], the author assuming that the brightness at 
time t  is related to that of time t dt+  by a set of 
parameters, and the parameters can be estimated by 
solving a series of equations. The second category 
method is based on the theory that the original image 
is composed by two parts, and one of the parts is 
invariant to illumination. They extract that part from 
the original image and use it to compute optical flow. 
One of the most commonly used decoupling method 
is based on Retinex model, which decouple image 
brightness into separate reflectance and illumination 
components, such that assumptions on reflectance 
and illumination constancy can be enforced 
separately, as described in [5]. The other 
decomposition algorithm is based on structure texture 
decomposition. The structure and texture components 
are linearly combined, with an emphasis on the 
texture component, to obtain the input image for 
optical flow estimation, as shown in [6]. An example 
for structure texture decomposition is shown in 
Fig. 1. As for the third category approach, image 
feather invariant to illumination, such as gradient [7], 
census signatures [8, 9], and Histogram of Oriented 
Gradient (HOG) [10] are used to construct data term 
in the energy formulation. In this category, new data 
term is constructed to get robust optical flow 
estimating. Methods based on HOG and census 
signatures describers are very robust to illumination 
change, but the feather is a multi-dimension vector, 
which means it will be complex when built data term. 
The method proposed in this article belongs to the 
third category, which has merit of simple, low 
computational complexity, effective for 
morphologically illumination changes. We address 
that the algorithm in this paper is not the best for 
computing optical flow; we only focus on robust 

optical flow estimating under illumination  
changes morphologically. 
 
 

  
 

Fig. 1.  An example of structure texture decomposition 
(left: original image, right: texture portion). 

 
 

3. Rank Transform 
 

3.1. The Theory of Rank Transforms 
 

Rank transform is a non-parameters measure of 
local intensity, which is proposed by Zabih and 
Woodfill and has been successfully used in stereo 
matching [11]. Rank transform can be regard as a 
patch-based intensity order descriptors and share the 
property of being morphologically invariant, i.e. 
invariant with respect to any monotonically 
increasing grey value rescaling. The mathematical 
definition of rank transform is as follow, assuming 
that p ( , )x y  is a arbitrary pixel in a image with its 

coordinate ( , )x y , ( )f p  the gray value of p , 

( )N p  the set of pixels in a square neighborhood of 

diameter d  surrounding p ,  the rank transform 

code of p  is defined as formulas (1) and (2). 
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Take Fig. 2 for example, the gray value of center 
pixel is 25, a 3×3 window is chosen as ( )N p , in 

this 3×3 local regions, count the number of pixels 
whose intensity is less than 25, and the number is 5. 
From the above, we can understand that the rank 
transform of a pixel depends up on the comparative 
intensities of p versus the pixels in the 

neighborhood ( )N p . 
 
 

 
 
 

 
 
 

 
Fig. 2. Illustration of rank transformation. 
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3.2. Tolerance of Rank Transform  
for Variable Illumination 

 
The result of rank transform rely solely on the 

comparison gray value of p  and its neighborhoods, 

therefore if the order of gray value between p  and 

( )N p  unchanged, the rank transform code is the 

same as the one when illumination changes. To 
illustrate the tolerance of rank transform under 
variable illumination, consider a three by three region 
of an image, as shown in Fig. 3. Assuming 

(2,2) 4R =  before illumination changes, in order to 

keep (2,2) 4R =  after illumination changes, only the 

number of pixels whose gray value is less than A5 
equal to 4, the rank transform code will keep the 
same. The range of gray value less than A5 is from 0 
to A5-1, and the range of gray value for other four 
pixels may change from A5 to 255, that mean the 
acceptable illumination change tolerance 
is 4 4 4

8 ( 5) (256 5)N C A A= − . Assuming A5=100, 

then 272.45 10N ≈ × . This shows that when the 
center pixel is determined, the surrounding pixel has 
a large illumination fluctuation range to preserve the 
rank transform code. 
 
 

 
Fig. 3.  Brightness unvariation range based  

on Rank transformation. 
 
 
4. TV_L1 Optical Model Based on Rank 

Transform 
 
4.1. Energy Formulation 
 

The computation of optical flow involves 
estimating the displacement of pixels between a 

frame 1(x, y)I  at time 1t  and another frame 

2 (x u, y v)I + +  at time 1 1t + . TV-L1 model 

proposed in [12] is applied to estimate the vector 
optical flow (u, v)w  associated with every pixel 

(x, y)p  belongs to the image domain Ω . The 

energy formulation is as below: 
 

 ( , ) ( , ) ( , )data smoothE u v E u v E u vα= +
, (3)

 

where ( , )dataE u v  is the data term, ( , )smoothE u v  is 

the regularization term, which also called smooth 
term in many other articles, and α  is the weight of 
regularization term. The traditional TV_L1 model 

makes the assumption of brightness constancy [12], 
which holds that the brightness of corresponding 
pixels remains the same between frames. We regard 
that the rank transform code is constancy when 
brightness change, and the new data term is shown in 
formulation (4). 
 

 
1 2| ( , ) ( , ) |dataE R x y R x u y v dxdy

Ω

= − + + , (4)

 
 ( )smoothE u v dxdy

Ω

= ∇ + ∇ , (5)

 

where 1( , )R x y , 2 ( , )R x u y v+ +  are the rank 

transform code. The data term is in L1 and penalizes 
differences between the rank transform code at 
position ( , , )x y t  in the first frame at time t and its 

corresponding one at ( , , 1)x u y v t+ + +  in the 

second frame. The regularization term represents the 
isotropic total variation of optical flow field [13], in 
another words, it propagates the flow in all directions 
with the same weight regardless of local properties. 
When the scene surface is flat or near to flat and there 
is no occlusion, it will perform well. But in most 
case, this is not true, especially when it comes to 
occlusion, boundaries etc. In this paper, an 
anisotropic diffusion filter is involved which first 
pioneered by Perona and Malik [14]. The diffusion 
function is shown in formulation (6). 
 

 ( , ) exp( )L x y I K
β= − ∇

, 
(6)

 

where I∇ is the image gradient, K  is the constant 
and controls the sensitivity to edges and usually 
chosen experimentally, β  controls diffusion 

intensity. The final regularization term is shown in 
formulation (7), and the final energy formulation is 
shown in formulation (8). Minimizing formulation 
(8), the optical flow field (u, v) can be computed. 
 

 ' ( , )( ) ,smoothE L x y u v dxdy
Ω

= ∇ + ∇  (7)
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4.2. Minimizing Energy Formulation 
 

The energy formulation can be decomposed into 
three parts shown in formulation (9-11), where 
u vˆ ˆ( , ) are auxiliary vector flow. 
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21

2TV u
E u u L x y u−

Ω

= − + ⋅∇ θ
ˆ( ( ) ( , ) ), (10)

 
 

21

2TV v
E v v L x y v−

Ω

= − + ⋅ ∇ θ
ˆ( ( ) ( , ) ) , (11)

 

When solving '
1TV LE − , ( , )u v  are considered 

fixed and u vˆ ˆ( , )  are the unknowns. A point-wise 

minimization can be used to solve the  
function. Details of solving ( , )u v  are described  

in [10,13, 15]. 
 
 

5. Experiments 
 

Two sets of experiments are presented to 
demonstrate the validity of the proposed method. The 
datasets used are from Middlebury [16] and  
KITTI [17]. Both of the datasets provide ground truth 
of optical flow. Average angular error (AAE) and 
endpoint error (EPE) are applied to represent optical 
flow estimating precision. The mathematics 
definition of AAE and EPE are as follows, where 
( , )u v  is the computed optical flow field and 

( , )GT GTu v  is the ground truth. 

 
 1

2 2 2 2

1.0
cos ( )

1.0 1.0
GT GT

GT GT

u u v v
AAE

u v u v

− + × + ×=
+ + + +

,
(12)

 
 2 2( ) ( )GT GTEPE u u v v= − + − , (13)

 

The performance of the proposed method is 
evaluated by comparing the results with respect to the 
illumination invariant optical flow described in [6] 
and [8]. In [6] a structure texture decomposition 

(STD) method is used as preprocessing the input 
sequences, and in [8], the census transform (CT) is 
used to construct data term. We also give the results 
of brightness constant model (BCM) used in  
data term. 

In the first experiment, we use frames from 
Middlebury datasets to test our proposed method. 
These images are under uniform lighting, to test 
robustness against illumination variation, we change 
the illumination of the first frame as formulation (14), 

where ( , )if x y  and ( , )of x y are the input and 

output frames respectively. 
 

(x, y) 30 ( (x, y) 30 255)
(x, y)

255 ( (x, y) 30 255)
i i

o
i

f if f
f

if f

+ + ≤
=  + >

, (14)

 
Due to limited space, only five group results are 

illustrated. The frames with variant illumination are 
illustrated in Fig. 4. From Fig. 4, we can see that the 
brightness in the first frames is higher than that of the 
second frames.  

Table 1 shows a qualitative comparison of EPE 
and AEE between the flow field obtained with the 
proposed method and other methods. The 
corresponding color coding of optical flow fields are 
shown in Fig. 5. As shown in Table 1 and Fig. 5, the 
optical flow fields estimated based on BCM are 
totally wrong, the result of STD method are slight 
better than that of BCM, but the precision are  
very low.  

The results of census transform are better than 
that of BCM and STD method, and most of the 
optical flow field can be estimated correctly, but it 
failed at the boundaries. The proposed method has 
the lowest EPE comparing to other method, and the 
details can be estimated. Only in frames of Venus, 
the AAE of the proposed method is a slight higher 
than CT. In other test frames, the proposed method 
yields the lowest AAE. 

 
 

     

 
 

Fig. 4. Frames from Middlebury benchmark processed under formulation (14) (the name of the frames  
from left to right are Venus, Dimetrodon, RubberWhale, Hydarangea, Grove2, and images in the top row  

are the first frames, while the bottom are the second frames). 
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Table 1. Test results with Middlebury benchmark. 
 

 BCM STD CT Proposed 

 AAE EPE AAE EPE AAE EPE AAE EPE 

Venus 74.571 45.434 13.894 2.807 4.540 0.375 5.250 0.372 

Dimetrodon 82.251 68.556 54.405 27.608 7.057 0.331 4.089 0.206 

RubberWhale 112.148 59.890 52.098 12.586 3.278 0.268 2.228 0.191 

Hydarangea 81.206 45.537 38.837 11.356 6.229 0.212 4.739 0.160 

Grove2 85.807 44.301 8.917 0.720 5.377 0.400 3.342 0.235 
 
 

BCM                         STD                                  CT                  proposed method            ground truth 

 

 

 

 

 
 

Fig. 5. Test results with Middlebury benchmark (color coding) (the name of the frames from left to right are Venus, 
 Dimetrodon, RubberWhale, Hydarangea, Grove2). 

 
 

For the sake of completeness, we also evaluated 
our method on KITTI Vision Benchmark Suite. This 
benchmark is a real-world datasets consists of 194 
training image pairs and 195 test image pairs to test 
optical flow algorithms.  

The ground truth is provided by a velodyne laser 
scanner and a GPS localization system, and it 
considers the bad flow vectors at all pixels that are 
above a spatial distance of 3 pixels from the ground 
truth, we define the percentage of bad flow is KITTI 
error in this paper. 

Fig. 6. shows the test results of sequence 16. The 
first row is the two original frames, the second and 
third row show the error histograms, the horizontal 
axis represents the EPE, and the vertical axis 
represents the percentage of number whose EPE is in 
the range of corresponding abscissa. The percentage 
figure in brackets means the KITTI error. In addition, 
Fig. 7 shows the same information for sequence 67 
From Fig. 6. and Fig. 7, it also shows that the 
proposed method has best results comparing the 
BCM, STD and CT methods. 
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(a) Two original images 
 

 

 (b) BCM (99.76 %) (c) STD (95.73 %) 

 

(d) CT (49.78 %) (e) Proposed method (44.62 %) 

 

Fig. 6. Test results for sequence 16 of KITTI datasets. 
 
 

 
 

(a) Two original images 
 

 

(b) BCM (99.92 %) (c) TSD (79.11 %) 

 

(d) CT (64.77 %) (e) Proposed method (41.68 %) 

 

Fig. 7.  Test results for sequence 67 of KITTI datasets. 
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6. Conclusion 
 

Robust optical flow estimating under strong 
illumination changes is a key problem for its 
application in real world. High accuracy optical flow 
is usually difficult to compute based on brightness 
constancy. In this article, an approach based on rank 
transform which is robust to illumination 
monotonically changes is presented. The rank 
transform is morphologically invariant descriptors for 
local images; we embed it to TV-L1 mode to 
compute optical flow. The experiments show that the 
proposed approach yields the most accurate flow 
fields comparing to BCM, STD, and CT method. Our 
on-going work aims at merging other robust feature 
descriptors into the data term to deal with invariant 
not only morphologically illumination changes. 
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