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Abstract: A modeling approach for a kind of the nonlinear dynamic system is studied in this paper. At first, 
suppose that the original nonlinear dynamic system is expressed by the nonlinear Hammerstein model, the 
transfer function of the model can then be changed into a linear form by using the function expansion, 
accordingly, an intermediate model is generated. Secondly, the parameters of the intermediate model are 
attained based on a fish swarm optimization algorithm. Thirdly, through the parameters relationships of the 
intermediate model and the Hammerstein model, we derive the parameters of the Hammerstein model; 
consequently, the modeling of the original nonlinear dynamic system is achieved. Finally, the feasibility of the 
presented modeling method for the nonlinear dynamic system is illustrated by the numerical simulation 
experiments. Copyright © 2014 IFSA Publishing, S. L. 
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1. Introduction 
 

Mathematical models are the basis of all control 
problems; the movement law of things described by 
equations is the mathematical model. Consequently, 
system modeling is a very active branch of the 
cybernetics at present. The realistic systems are 
almost nonlinear systems, thus it is important to study 
the modeling of the nonlinear systems [1]. Recently, 
the modeling methods of the nonlinear systems have 
been paid attention by many scholars [2-5]. 
Moreover, the modeling of the nonlinear dynamic 
system was one of the main problems for the 
modeling [4, 5]. 

Due to lack of describing uniform mathematical 
model for the dissimilar nonlinear systems, the 
modeling approach of the nonlinear systems is often 
aimed at the specific system [3]. In practical 
application, many nonlinear dynamic systems are 
described by a nonlinear static subunit followed by a 

linear dynamic subunit [3]. The main purpose of this 
paper is to investigate the modeling method for a 
kind of nonlinear dynamic system. Firstly, the model 
of the original nonlinear dynamic system is supposed 
to be expressed by the Hammerstein model, which is 
represented by a nonlinear static subunit followed by 
a linear dynamic subunit. Through the function 
expansion, the nonlinear transfer function of the 
Hammerstein model can be changed into a linear 
form, thus generating an intermediate model. Then, 
the fish swarm algorithm is used to obtain the 
parameters of the intermediate model. Next, through 
the parameter relationships of the intermediate model 
and the Hammerstein model, the modeling of the 
nonlinear dynamic system is realized. Finally, 
simulation results show the rationality and feasibility 
of the presented method. 

The rest of the paper is organized as follows. The 
next section introduces the fish swarm algorithm. In 
section 3, we describe the process of the modeling for 
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a kind of nonlinear dynamic system. Section 4 
presents the numerical simulations to illustrate the 
feasibility of the presented method. Section 5 
summarizes the contribution of this paper and 
conclusions. 

 
 

2. Fish Swarm Algorithm 
 

The fish swarm algorithm (FSA) is a new 
population-based/swarm intelligent evolutionary 
computation technique proposed by Li et al. [6] that 
was inspired by the natural schooling behavior of 
fish. FSA presents a strong ability to avoid local 
minimums in order to achieve global optimization. It 
has been proofed in function optimization [6], 
combinatorial optimization [7], least squares support 
vector machine [8] and geotechnical engineering [9] 
problems, among others. FSA imitates three typical 
behaviors, defined to include “searching for food”, 
“swarming in response to a threat”, and “following to 
increase the chance of achieving a successful result”. 
Three major parameters involved in FSA include 
visual distance (visual), maximum step length (step), 
and a crowd factor. FSA effectiveness seems 
primarily influenced by the former two (visual and 
step). 

A fish is denoted by its D-dimensional position  
Xi = (x1, x2, … , xk, …, xD), and food satisfaction for 
the fish is represented as FSi. This paper targets FS 
minimization. The relationship between two fish is 
denoted by their Euclidean distance dij =||Xi −Xj||. 
Another parameters include: visual (representing the 
visual distances of fish), step (maximum step length), 
and δ (a crowd factor). n is used to represent the size 
of the fish population. All fish try to identify 
locations able to satisfy their food needs using three 
distinct behaviors. These include: 

a) Searching behavior 
Searching is a basic biological behavior adopted 

by fish looking for food. It is based on a random 
search, with a tendency toward food concentration. It 
is expressed mathematically as: 
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where xi
k represents the kth element of fish position 

Xi. We randomly select for fish Xi a new position Xj 
within its visual. If the corresponding FSj is satisfied, 
Eq. (1) is then employed at the next position Xi+1. If 
FSj is not satisfied after try number trials, a random 
position within the step range will be directly adopted 
as Eq. (2). In the above equations, R(S1) and R(S2) 
represent random variables within [0, step] and  
[-step, step], respectively. 

b) Swarming behavior 
Fish assemble in several swarms to minimize 

danger. Objectives common to all swarms include 

satisfying food intake needs, entertaining swarm 
members and attracting new swarm members. 
Mathematically, xi+1

k = xi
k + R(S1) ( xc

k- xi
k) / ||Xc-Xi||, 

FSc < FSi and (ns / n) < δ. A fish located at Xi has 
neighbors within its visual. Xc identifies the center 
position of those neighbors and is used to describe 
the attributes of the entire neighboring swarm. If the 
swarm center has a greater concentration of food than 
is available at the fish’s current position  
Xi (i.e., FSc < FSi), and if the swarm (Xc) is not overly 
crowded (ns/n < δ), the fish will move from Xi to next 
Xi+1, toward Xc. Here, ns represents number of 
individuals within the Xc’s visual. Swarming 
behavior is executed for a fish based on its associated 
Xc; otherwise, searching behavior guarantees a next 
position for the fish. 

c) Following behavior 
When a fish locates food, neighboring individuals 

follow. Mathematically, xi+1
k = xi

k + R(S1) ( xmin
k- xi

k) 
/ ||Xmin-Xi||, FSmin< FSi and (nf  / n) < δ. Within a fish’s 
visual, certain fish will be perceived as finding a 
greater amount of food than others, and this fish will 
naturally try to follow the best one (Xmin) in order to 
increase satisfaction (i.e., gain relatively more food 
[FSmin < FSi] and less crowding [nf / n < δ]). nf 
represents number of fish within the visual of Xmin. 
Searching behavior commences if following behavior 
is unable to determine a fish’s next position. 

Besides, FSA should provide a bulletin that 
records the optimal state and current performance of 
fish during iterations. To execute the aforementioned 
behaviors, FSA mechanism must follow the process 
shown in Fig. 1. 
 
 

 
 

Fig. 1. Flow chart of FSA. 
 
 
3.  Modeling of Nonlinear Dynamic 

System 
 

Suppose that the original nonlinear dynamic 
system is expressed by the nonlinear Hammerstein 
model as shown in Fig. 2. Let u(t)，y(t) and v(t) be a 
measurement input, the system output and a noise 
respectively, x(t) be an intermediate input signal. 
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Fig. 2. Structure of Hammerstein model. 

 
 
The nonlinear static gain can be approximately 

expressed by the following p-order polynomial. 
 

 
)()())(()( T

1

tURturtuftx
p

i

i
i === 

=

. (3) 

 
The following form of the transfer function can 

express the linear dynamic system. 
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where m, n are the polynomial’s order, and m ≤ n 
generally. 

The linear transfer function of Eq. (4) can be 
described by the following difference equation. 

 
 )()()()()( 11 tetxzBtyzA += −− , (5) 

 
where e(t)=A(z-1)v(t) can be interpreted as a random 
fitting error. 

It follows from Eq. (3) and (5) that 
 

 
)()()()(

0 1

1 tetuztyzA
m

j

p

i

ij
ij +=

= =

−− α , (6) 

 
where αij = ribj, i = 1, 2,   , p, j = 0, 1,   , m. 

From Eq. (6), we have the following formula. 
 

 
)()()()(

0 11

tejtuityaty
m

j

p

i

i
ij

n

i
i +−+−−= 

= ==

α , (7) 

 
And Eq. (7) can be expressed by following vectors 
form. 
 

 )()()( tetty += θϕ , (8) 
 
where θ = (-a1, -a2, …, -an, a10, a11, …, a1m, a20, a21, 
…, a2m, …, ap0, ap1, …, apm), φ(t) = (y(t-1), y(t-2), …, 
y(t-n), u(t), u(t-1), …, u(t-m), u2(t), u2(t-1), …, u2(t-
m), …, up(t), up(t-1), …, up(t-m))T. Obviously, y(t) is 
a function of the power of u(t), and is called an 
intermediate model throughout this paper. Here θ is a 
parameter vector of intermediate model.  

It is assumed that the assessment value of the 
parameter vector θ in the intermediate model is 
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Thus the deviation of the assessment can be judged 
by the following criterion function [1]. 
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where h is the window width of identification, ŷ(k) 
are the input values of the obtained assessment 
model. 

One can solve the minimum of Eq. (10) and 
obtain the corresponding parameter vector θ of the 
intermediate model using the above mentioned FSA, 
because solving the minimum of Eq. (10) is an 
optimization problem. 

The parameters of Hammerstein model are 
obtained by these intermediate parameters as follows. 
In order to simplify problem, without loss of 
generality, suppose that the final gain of the linear 
dynamic subsystem of Hammerstein model is 1, and 
then we have 
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Thereby, Eq. (11) can be expressed by the following 
matrix form. 
 

 ACBC TT = , (12) 
 
where C = (1, 1, …, 1)T, A = (1, a1, …, an)T,  
B = (b0, b1, …, bm)T. Thus it follows from αij = ribj 
that: 
 

 TRBH = , (13) 
 
where R = (r1, r2, …, rp)T, and 
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Right-multiplying C in each side of Eq. (13) gives 

 
 CRBHC T= . (15) 

 
Consequently, it follows from Eq. (15), BTC=CTB 
and Eq. (12) that 
 

 
AC
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R

T
= . (16) 

 

Transposing each side of Eq. (13) yields 
 

 TT BRH = . (17) 
 

Right-multiplying C in each side of Eq. (17) gives 
 

 CBRCH TT = . (18) 
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Thereby, by Eq. (18), RTC=CTR and Eq. (16), we 
have 
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To sum up, the main steps of the proposed 

identification algorithm can be briefly summarized as 
follows. 

Step 1. Solve Eq. (10) to get the parameter vector 
θ of the intermediate model using the FSA, 

Step 2. Assessments of A and H can be realized 
according to Eqs. (12) and (13).  

Step 3. Assessments of R and B are fulfilled from 
Eqs. (16) and (19).  

Sequentially, the parameter estimates of the 
Hammerstein model are obtained. That is to say, the 
modeling for the nonlinear dynamic system is 
completed. 
 
 
5. Simulations 
 

To demonstrate the validity of the presented 
method for a nonlinear dynamic system, now, we 
consider Hammerstein model with 2-order nonlinear 
subsystem and 3-order linear dynamic subsystem. 
The mathematical model is 
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Because an impulse signal is often applied to 

calibrating experiments of dynamic system, this 
example also adopts it as an input signal, u(t), and the 
response of the simulated nonlinear dynamic system 
is plotted against time, as shown in Fig. 3 and Fig. 5. 

The set of training samples is constituted 
according to the input and output response signal. 
The intermediate parameter vector, θ, could be solved 
by the FSA. In this example, the initial values of the 
simulated model are y(t)=0, t=1, 2,3. The parameter 
values of the modeling algorithm are set as follows. 
Let window width of estimation: h=50, some 
parameters in FSA are set: the number of artificial 
fish is 30, the maximum iterative steps are 150, step 
is 4.5, visual is 5, try number is 10, δ is 0.618, and 
system model parameters’ initial values are all picked 
out randomly from [-0.7, 1.0]. 

The parameter vector θ of the intermediate model 
can be obtained using the FSA as follows. 

 
 

)5563.0,3478.0,2107.0,7990.0

,4995.0,3027.0,4955.0,3067.0,9978.0(

−
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Then, the following parameter matrices H, A are 

formed according to Eqs. (13) and (12). 
 

 








−
−

=
5563.03478.02107.0

7990.04995.03027.0
H ,   

 
 T)4955.03067.09978.01( −=A .   

 
Subsequently, the parameter vector R can be obtained 
on the basis of Eq. (16). 
 

 T)6975.00019.1(=R .   
 
Finally, according to Eq. (18) the parameter vector B 
gives 
 

 T)7975.04986.03021.0( −=B .   
 

So far, we have implemented the estimation of 
Hammerstein model based on the proposed method. 
The outputs of the estimated model using the 
proposed method are plotted against time in Fig. 3. 
Note that Fig. 3 also includes the response of the 
simulated nonlinear dynamic system. And the 
corresponding estimation error is shown in Fig. 4. 
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Fig. 3. Comparison the response of simulated system  
with those for estimated models. 
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Fig. 4. Error curve. 
 
 

Obviously, in the absence of noise, the estimates 
imply that the result of modeling is very good. The 
curve of simulated nonlinear dynamic response and 
that of the estimated model output nearly coincide, as 
shown in Fig. 3 and Fig. 4. To further illustrate the 
anti-disturbance ability of the proposed method, we 
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now compare the result of the estimated in the 
presence of noise. A Gaussian noise with zero mean 
and deviation, σ2=0.04, is added to the nonlinear 
dynamic response signal y(t). The Hammerstein 
model is estimated by the same method and 
parameter values as mentioned above, and the 
following results are obtained. 
 

 
)5598.0,3517.0,2137.0,7754.0

,4871.0,2959.0,4929.0,2916.0,0084.1(
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H ,  

 
 T)4929.02916.00084.11( −=A ,  

 
 T)7053.09769.0(=R ,  

 
 T)7937.04986.03030.0( −=B .  

 
The parameter values of the Hammerstein model 

can still be well estimated using the proposed 
algorithm. The outputs of the estimated model are 
plotted against time in Fig. 5. Note that the Fig. 5 
also includes the response of the simulated nonlinear 
dynamic system. And the corresponding estimation 
error is shown in Fig. 6. Fig. 5 and Fig. 6 show that 
the curve of the estimated model is in agreement with 
that of the simulated nonlinear dynamic response. 
Thereby, the proposed modeling method has a strong 
anti-disturbance ability. 
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Fig. 5. Comparison the response of simulated with noise 
with those for the estimated models. 
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Fig. 6. Error curve. 

And the corresponding estimation error is shown 
in Fig. 6. Fig. 5 and Fig. 6 show that the curve of the 
estimated model is in agreement with that of the 
simulated nonlinear dynamic response. Thereby, the 
proposed modeling method has a strong anti-
disturbance ability. 
 
 
6. Conclusions 
 

This paper presents a method of modeling for a 
kind of nonlinear dynamic system, which is 
expressed by the Hammerstein model. The approach 
is as follows. The Hammerstein model is castled to 
be a linear form based the function expansion. Then, 
the parameters of the intermediate model are solved 
using the FSA. The relationship of the parameters of 
the intermediate model and those of the Hammerstein 
model is formulated to realize modeling for nonlinear 
dynamic systems. The results of the numerical 
simulations have illustrated that the proposed method 
is feasible.  
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