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Abstract: Due to invisibility and complexity of the underground displacement monitoring, there exit few 
practical monitoring sensors capable of monitoring the underground horizontal and vertical displacements 
simultaneously. A novel electromagnetic underground displacement sensor able to monitor both the horizontal 
and the vertical displacements was proposed in our previous studies and abbreviated as the H-V type sensor. 
Through comprehensive application of Hall sensing mechanism analysis, 3D magnetic field distribution solution 
to the permanent magnet, and multidimensional numerical integration method, a model called the Equivalent 
Magnetic Charge-Numerical Integration Model (EMC-NI) is presented in this paper and serves as the H-V type 
sensor’s Hall voltage measurement model. This model can quantitatively evaluate the complicated relationship 
among the sensor’s Hall voltage output, its measuring parameters (underground horizontal displacement, 
vertical displacement and tilt angle at different depth within the monitored soil rock mass) and morphological 
parameters (geometry, shape and property parameters for the sensor units). Comprehensive studies and 
comparisons have conducted between the experimentally measured and EMC-NI modeled Hall voltage under 
counterpart conditions, through which not only the model’s modeling effectiveness and calculation accuracy are 
objectively evaluated, but also some valuable theoretical support is provided for the sensor’ sensing properties 
evaluation, design optimization, and subsequent study of displacement parameter inversion approach. Copyright 
© 2014 IFSA Publishing, S. L. 
 
Keywords: Computational modeling, Hall effect, Horizontal displacement, Permanent magnet, Underground 
displacement sensor, Vertical displacement. 
 
 
 
1. Introduction 

 

Underground displacement monitoring is an 
important means and research hotspot in geological 
disaster prediction and geotechnical engineering 
project safety evaluation [1-3]. It can go deep into the 
soil and rock mass to conduct dynamic monitoring of 
the geological parameters such as horizontal 
displacement, vertical displacement and tilt direction 
at varied underground depth, thus can quantitatively 

determine the sliding surface (zone) and deformation 
range, study the deformation mechanism, disaster 
situation and development trend, and forecast and 
alleviate the geological disaster. However, due to 
suddenness and invisibility of the monitoring object, 
and terribleness and complexity of the monitoring 
conditions, the underground displacement monitoring 
technology is slowly developed. Up to now there 
exist only a few practicable monitoring instruments 
such as inclinometer, settlement gauge, extensometer 
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and TDR [4-7], with such drawbacks as poor 
accuracy, high cost, low automation or difficulty to 
accurately measure the underground displacement. 

In previous studies [8], we proposed a novel 
electromagnetic horizontal and vertical composite 
underground displacement sensor (abbreviated as the 
H-V type sensor). It can measure the underground 
horizontal displacement, vertical displacement and 
tilt angle simultaneously from ground till the 
underlying fixed rock. It is mainly characterized by 
integration of such sensing mechanisms as the 
electromagnetic induction, Hall effect and gravity-
based inclination measuring. Compared to the 
conventional underground displacement monitoring 
methods such as inclinometer and extensometer, it 
has such advantages as simple principle and structure, 
time and cost saving, relatively high sensitivity, 
remote and automatic monitor capability and is 
applicable for such projects as translational landslide, 
collapse, ground subsidence and soft soil foundation 
that require for underground displacement 
monitoring both in horizontal and vertical  
directions [9-11].  

As Fig. 1 shows, the sensor is mainly composed 
of two adjacent integrated sensing units with 
identical structure, i.e., the outer wall is an air-cored 
solenoid, and the cylindrical inner wall is embedded 
with the underground displacement measuring 
integrated circuit PCB board. During working 
process, the lower sensor unit is functioned as a 
signal excitation unit and called as Solenoid I, and 
the upper sensor unit as a signal receiving unit and 
called as Solenoid II. Along with movement of the 
surrounding rock and soil mass, a relative horizontal 
displacement ΔX, vertical displacement ΔZ and/or 
inclination θ0 are freely occurred between Solenoid I 
and II, making the mutual inductance voltage Uo and 
Hall voltage UH generated on Solenoid II varied 
simultaneously. Meanwhile, the sensor’s built-in tilt 

measuring integrated circuit can directly measure the 
relative axially tilt angle θ0 between these two sensor 
units. So the sensor can reversely derivate the 
measuring underground horizontal displacement ΔX 
and vertical displacement ΔZ according to output 
variations of mutual inductance voltage Uo, Hall 
voltage UH and tilt angle θ0.  

Corresponding to it, the sensor has two theoretical 
modeling goals. First, to establish a mutual 
inductance voltage measuring model suitable for 
SCM hardware implementation with acceptable 
calculation precision and efficiency, to qualitatively 
characterize the functional relationship among the 
said sensor’s mutual inductance voltage output Uo, 
the measuring parameters (i.e., the relative horizontal 
displacement ΔX, relative vertical displacement ΔZ, 
and relative tilt angle θ0 between Solenoid I and II), 
and the geometry parameters of two sensor units 
(e.g., the two solenoids’ diameter d, length h, and coil 
turns w, and the initial vertical distance Z0 and 
horizontal distance X0 between them), that is, to solve 
the general expression (1). Second, to establish a Hall 
voltage measuring model suitable for SCM hardware 
implementation with high calculation precision and 
efficiency, to qualitatively depict the complicated 
relationship among the sensor’s Hall voltage output 
UH, the measuring parameters (i.e., ΔX, ΔZ, and θ0), 
and the geometry and property parameters of two 
sensor units (e.g., the two solenoids’ diameter d, 
length h, and the initial vertical distance Z0 and 
horizontal distance X0 between them, the permanent 
magnet’s diameter D, height H, and sensing property 
parameter R′H ), that is, to evaluate the general 
expression (2) by way of theoretical modeling. 
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Fig. 1. Schematic diagram of the H-V type underground displacement sensor. (a) Initial coaxial arrangement;  
(b) relative horizontal displacement ΔX and relative vertical displacement ΔZ occurred; (c) ΔX, ΔZ and θ0 occurred. 
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In our previous studies on the H-V type sensor 
[8], a mutual inductance voltage measurement model 
called the Numerical Integration-based Equivalent 
Loop Model (NIELA) was advocated and verified to 
be a quite accurate and efficient model in 
characterizing the H-V sensor’s mutual inductance 
properties, thus the theoretical modeling goal 1 has 
well achieved.  

This paper is targeted to further complete the 
theory modeling goal 2 on basis of the above study. 
Therefore, through comprehensive application of 
Hall sensing mechanism analysis, 3D magnetic field 
solution to the permanent magnet, and the 
multidimensional numerical calculation technology, 
a theoretical model named the Equivalent Magnetic 
Charge-Numerical Integration Model (EMC-NI) is 
advocated as the sensor’s Hall voltage measurement 
model, which provides a quantitative description of 
the sophisticated relationship as general expression 
(2) depicted. Furthermore, a series of comparative 
studies are conducted between experimental results 
and modeling simulations to verify the modeling 
efficiency and accuracy of EMC-NI in depicting of 
the sensing properties. On such basis, combination of 
NIELA and EMC-NI models form the H-V type 
sensor’s underground displacement measuring 
theoretical models. 

 
 

2. Hall Voltage Measurement Modeling  
 

As illustrated in Fig. 1, for the H-V type sensor, 
the upper surface center of Solenoid I is fixed with a 
small cylindrical permanent magnet, and the lower 
surface center of Solenoid II is fitted with a high 
sensitivity linear Hall sensor, which is nearby 
equipped with a compact Hall voltage measuring 
integrated circuit and its output Hall voltage is 
denoted by UH. Therefore, in order to quantitatively 
and accurately describe the functional relationship 
concerning the sensor’s Hall voltage output UH 
varied with change of the relative horizontal 
displacement ΔX, vertical displacement ΔZ and tilt 
angle θ0, a series of theoretical studies are required. 
Firstly, the 3D spatial distribution of magnetic field 
generated by the cylindrical permanent magnet need 
be derived. Secondly, the relative geometrical 
position between the Hall sensor and permanent 
magnet and their own geometry should be analyzed. 
Thirdly, the sensing property of Hall sensor SS941A 
and I/O property of Hall voltage measuring circuit 
require to study. After an in-depth theoretical 
exploration to the above influential factors, we have 
proposed a Hall voltage measuring model with quite 
high efficiency and accuracy and suitable for MCU 
hardware realization. Referred to as the Equivalent 
Magnetic Charge-Numerical Integration Model 
(EMC-NI), it is mainly modeled by 3 steps: 

Step 1: Derivation of 3D magnetic field solution 
to the cylindrical permanent magnet by mixing the 
equivalent magnetic charge model with 
multidimensional numerical integral technology. 

Step 2: Calculation of the effective component of 
magnetic field that exerted by the permanent magnet 
on the Hall sensor. 

Step 3: Establishment of a complete Hall voltage 
measuring model by further incorporating analysis of 
the sensing characteristics of Hall sensor and I/O 
properties of Hall voltage measuring circuit. 

 
 

2.1. 3D Magnetic Field of Permanent Magnet 
 
With the wide application of permanent magnetic 

materials and development of magnet preparation 
technology, computation of magnetic field produced 
by the permanent magnet is more widely studied both 
at home and abroad. At present, apart from the direct 
formula derivation method starting from the basic 
electromagnetic field theory to deduce the magnetic 
field distribution of permanent magnets, there are 
mainly three models for the magnetic field 
evaluation: the magnetic dipole model, the equivalent 
magnetic model, and the equivalent current  
model [12-14]. 

In the magnetic dipole mode, the permanent 
magnet is modeled as a magnetic dipole, ignoring its 
shape and size. So this model is effective only when 
the permanent magnet size is far smaller than the 
distance from the source point to the detect point. In 
case of our proposed sensor, to make sure that the 
Hall voltage signal is detectable even when quite a 
large relative horizontal or/and vertical displacement 
has occurred between Solenoid I and II, the initial 
vertical distance Z0 between them cannot be too large 
(generally Z0≤45 mm is required) while the 
permanent magnet size cannot be too small. For the 
experiments conducted below the material and size of 
the permanent magnet are shown in Table 1. Under 
such conditions, it’s hard to guarantee the distance 
from the detect point (Hall sensor) to the source point 
(permanent magnet) is much larger than the size of 
permanent magnet. So the magnetic dipole model is 
unsuitable for establishment of 3D permanent 
magnetic field in this paper. 

 
 

Table 1. Geometry and Material of Permanent Magnet. 
 

Magnet 
type 

Diameter
(mm) 

Height 
(mm) 

Rema- 
nence 

(T) 

Coercive 
force 

(kA/m)
NdFeBN35 5.6 18 1.21 907 

 
 
The equivalent current model and equivalent 

magnetic charge model are two equivalent physical 
models. Both starting from the basic electromagnetic 
field equations - Maxwell equations and exploring 
deep into the electromagnetic constitutive relations 
and magnetic media interface conditions, these two 
models have modeled the permanent magnet to 
distributions of the equivalent electric currents and 
equivalent magnetic charges respectively following 
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certain electromagnetic rules, and indirectly obtained 
their 3D magnetic field solutions by superposition of 
these equivalent currents and magnetic charges 
generated in the surrounding space respectively. 

Generally speaking, starting from the view of 
magnetized electric charge, the equivalent current 
mode hypothesizes that there are magnetized currents 
existing both inside and on the boundary of 
permanent magnet with current density of Jm and Jsm 
respectively, and superposition of these equivalent 
currents forms the spatial magnetic field of 
permanent magnet. Meanwhile, the equivalent 
magnetic charge mode assumes the permanent 
magnet to be a collection of equivalent magnetic 
charges with the magnetic charge surface density ρm  

and volume density ρsm respectively, and 
superposition of these equivalent magnetic charges 
through surface integral and volume integral 
reproduces the magnet’s magnetic field. 

By comparison, the magnetic charge volume 
density ρm and surface density ρsm hypothesized in 
the equivalent magnetic charge model are scalars, 
and the current volume density Jm and surface density 
Jsm assumed in the equivalent current model are 
vectors composing of three components. So applying 
the equivalent current model to evaluate the 3D 
magnetic field might be more complex and time 
consuming compared to the equivalent magnetic 
charge mode under the same shape, size and solving 
domain for the permanent magnet.  

After a comprehensive comparison among these 
three models, a semi-analytic calculation approach 
combing the equivalent magnetic charge model with 
double numerical integration has been proposed in 
this paper to model the 3D magnetic field distribution 
produced by the H-V type sensor’s built-in 
cylindrical permanent magnet. 

Fig. 2 shows the studied cylindrical permanent 
magnet with radius R, height D, and uniform 
magnetization intensity Mc along its axial direction. 
Choose the magnet’s lower surface center as the 
origin and the symmetry axis as z-axis to establish 
the Cartesian coordinate and cylindrical coordinate 
simultaneously. It is noted that according to the 
equivalent magnetic charge model theory [14], when 
the magnet is considered to be uniformly magnetized, 
the magnet’s magnetic charge volume density ρm is 
equivalent to zero and the magnetic surface charges 
exist only on the magnet’s boundary with magnetic 
charge surface density ρsm, so the magnetic field 
produced by the magnet at detect point P can be 
solved by  

 
0

2

1

4
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S
dS

R

ρ
π
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where R0 is the unit direction vector from the source 
point to detect point and R is the distance between 
them, S is the closed integration surface enclosed by 
the permanent magnet. 
 

1 1P( ,0, )X Z

x

y

r

o

z

 
 

Fig. 2. Schematic diagram of Hall voltage  
measurement model. 

 
 

Furthermore, due to the axial magnetization, the 
magnetic surface charges exist only on the upper and 
lower surface of the cylindrical magnet with the same 
magnetic charge density σsm and the opposite polarity. 
So expression (3) can be simplified as 
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where B+ and B- are the magnetic flux density 
induced by the positive and negative magnetic 
charges respectively, S+ and S- are the source 
integration domains for the positive and negative 
magnetic charges respectively, R+ and R- are the 
distance vector from the source point regarding the 
positive and negative magnetic charges respectively 
to the field point, R+ and R- are their  
corresponding distances. 

As shown in Fig. 2, under the cylindrical 
coordinate an arbitrary source point on the upper 
surface and lower surface can be represented as 
Q ( ', ', )Hρ ϕ+  and Q ( ', ',0)ρ ϕ−  respectively. An 

arbitrary field point above the magnet can be denoted 
as P( , , )zρ ϕ  that satisfies z H> , analysis of the 

geometric relationship between the source and field 
points gives 
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substitute (5)-(8) into (4) with simplification, we get  
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More specifically,  
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At this time, it’s very difficult to further obtain 

the analytical expressions for Eqs. (11)-(13). The 
application of electromagnetic numerical calculation 
methods [15, 16] for further solution is more reliable 
and less complex.  

As one part of the underground displacement 
sensor, the Hall voltage measurement model needs to 
convert into a functional module of executable 
program and transplant into SCM by programming, 
so the executive algorithm for the Hall voltage 
measurement model requires relatively simple 
operation, high calculation speed and qualified 
precision. The two-dimensional (2-D) Newton-Cotes 
integral algorithm is selected to further evaluation of 
(11)-(13). This algorithm has relatively simple 
calculation process and high measuring precision and 
is suitable for hardware implement. Some related 2-D 
Newton-Cotes integral formula is given as follows.  

Assume that the 2-D integral function ( , )f x y  
has a rectangular integral domain expressed as 
D2=[X1, X2] × [Y1, Y2] and exits 6-order continuous 

partial derivatives 
6

6

f

x

∂
∂

 and
6

6

f

y

∂
∂

, then the integral 

area [X1, X2] and [Y1, Y2] can be divided into 4m and 
4n uniform intervals respectively with the following 
interval steps  
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The corresponding uniform interval nodes for area 

[X1, X2] and [Y1, Y2] can be expressed as  
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After a series of derivation and simplification, the 

2-D composite Newton-Cotes numerical integration 
formula can be finally written as 
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where Ci and Cj are so called as the Cotes 
coefficients. 

Substitute (16) into (11)-(13) yields the composite 
solutions for B+x, B+y, and B+z by the combination of 
numerical integration and analytic derivation method. 
In a similar way, the mixed solutions for B-x, B-y, and 
B-z can be evaluated. Thus, the complete semi-
analytic expressions for the three components of 
magnetic flux density B at field point P produced by 
the axially-polarized cylindrical permanent magnet 
have been derived. 

 
 

2.2. Output Voltage of Hall Sensor  
 
According to Hall effect, the output voltage of a 

Hall sensor under magnetic field satisfies  
 

'H c
H H

R I
U B R B

d
= =  (17) 

 
where RH, d and Ic are the Hall coefficient, thickness 
of the semiconductor slice, and the current flowed 
through Hall sensor, respectively; B is the effective 
magnetic flux density component applied on the Hall 
sensor. The B is shown in Fig. 1 and Fig. 2 referred to 
the perpendicular component of magnetic flux density 
B produced by the above mentioned permanent 
magnet.  

As shown in Fig. 1 and Fig. 2, when a relative 
horizontal displacement ΔX, vertical displacement ΔZ 
and/or tilt angle θ0 take place between Solenoid I and 
II, the relative geometrical position between the 
permanent magnet on the upper surface of Solenoid I 
and the Hall sensor on the lower surface of Solenoid 
II is changed, causing the effective magnetic flux 
density B applied on the Hall sensor and the Hall 
voltage generated on the studied Hall sensor to vary 
accordingly.  
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For the Hall voltage measuring circuit in the  
H-V type sensor, a high performance micro linear 
Hall sensor SS94A1 from the Honeywell Company is 
applied. The power supply voltage Vs for Hall sensor 
SS94A1 is 10 VDC. The output voltage of Hall 
sensor is connected to the A/D input pin of main 
control chip MSP430F155. According to the 
transmission performance of SS94A1, the zero 
voltage will reach 5 V when the supply voltage is 
10 V, and the output Hall voltage will linearly 
change from 1.875 V to 8.125 V when the externally 
imposed magnetic field varies from -50 mT to 50 mT.  

Denoting the effective magnetic flux density 
produced by the permanent magnet on the Hall 
sensing surface as Be, which has a specific functional 
relationship with the magnet geometry and the 
relative geometrical position between Solenoid I  
and II. As shown in Fig. 1 and Fig. 2, when the 
horizontal distance X1 and vertical distance Z1 

between the center of the Hall sensing surface and 
that of the magnet lower surface is fixed with 
relations X1=ΔX and Z1=Z0+ΔZ, the cylindrical 
coordinate of sensing surface’s center point P′ can be 
expressed as P'(ρ,φ,z)=P'(X1,0,Z1), which is then used 
for coordinate substitution for the field point P in the 
above presented Hall voltage measurement model, 
and after further execution of the semi-analytic 
solving approach characterized by mixing the 
equivalent magnetic charge model with  
the 2-D numerical integral method, Be can be  
calculated quantitatively. 

Eqs. (4)-(13) show that the magnetic flux density 
B at the observation point P′ outside the cylindrical 
magnet has three directional components, Bx, By, and 
Bz. However, according to working principle of the 
hall sensor, only the component normal to the Hall 
magnetic surface can effectively excite Hall effect, 
which is denoted as Be. As shown in Fig. 1, when 
Solenoid I and II are arranged in coaxial or parallel-
axial state, Be=Bz. When these two solenoids are in 
cross-axial state with a axial tilt angle θ0, Be is  
given by 

 

0 0cos sine z xB B Bθ θ= −  (18) 
 
 

2.3. Setup of Hall Voltage Measuring Model  
 

The relationship between Be and UH is varied with 
performance of the Hall sensor and gain of the 
amplifying module. After analysis on the I/O 
characteristic of our proposed Hall voltage measuring 
circuit and the sensing feature of Hall sensor SS94A1, 
the sensitivity of Hall voltage can be deduced by 

 
6.25
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So there is a linear relationship between Be and 
UH as follows, 

 

H H eU S B=  (20) 

3. Experiments and Model Verifications 
 

3.1. Experiment Setup and Procedure 
 

For an objective and credible evaluation of Hall 
sensing characters of the proposed H-V type sensor 
and of performance of EMC-NI model in 
characterizing the complex functional relationship 
among the sensor’s Hall voltage output UH, the 
parameters to be measured including the relative 
horizontal displacement ΔX, vertical displacement ΔZ 
and tilt angle θ0, and its geometry and shape 
parameters, a series of Hall voltage measuring 
experiments are conducted and the measuring results 
are carefully studied and compared with the 
simulation results based on EMC-NI model. 
Experiments were conducted on the underground 
displacement measurement test platform built at the 
Geological Disaster Monitoring Equipment Research 
center in China Jiliang University [8]. As shown in 
Fig. 3, the experiment setup mainly consists of three 
parts:  

1) Prototype of the H-V type sensor, mainly 
composing of two adjacent integrated sensor units 
named as Solenoid I and Solenoid II respectively;  

2) 4-axis joint drive unit and controller for 
underground displacement measurement that can 
continuously adjust the relative horizontal 
displacement ΔX, vertical displacement ΔZ and tilt 
angle θ0 between Solenoid I and II; 3) SCM control 
system which can achieve an automatic measurement 
and recording of such measuring parameters as ΔX, 
ΔZ and θ0 between these two solenoids and the Hall 
voltage UH output by the Hall voltage measuring 
circuit. 

 
 

 
 

Fig. 3. Schematic diagram of the experimental setup.  
1-4 axial joint drive controller; 2-4 axial joint drive unit;  
3-Solenoid I and sensing integrated circuit embedded in its 
inner wall; 4-Solenoid II and sensing integrated circuit 
embedded in its inner wall; 5-Permanent magnet;  
6-Hall sensor; 7-Hall voltage measuring circuit;  
8-SCM control system. 

 
 
The scheme for Hall voltage measuring 

experiments and modeling simulations are illustrated 
in Fig. 4. Before the experiment, we arrange the 
center of permanent magnet lower surface and center 
of Hall sensor sensing surface in the same vertical 



Sensors & Transducers, Vol. 176, Issue 8, August 2014, pp. 27-37 

 33

line, namely the initial horizontal distance X0 equal to 
zero, and set their initial vertical distance Z0 to some 
fixed value. During the experiment, we move the 
Hall sensor in x or z direction to change its relative 
horizontal displacement ΔX or vertical displacement 
ΔZ, and rotate its magnetic sensing surface to change 
the relative axial tilt angle θ0. Under such conditions, 
the corresponding output values of Hall voltage are 
recorded and compared with the EMC-NI theoretical 
simulation results so as to test the sensor’s Hall 
property and EMC-NI modeling accuracy on the 
counterpart geometry and material characteristic 
configuration for the H-V type sensor as listed in 
Table 1 and Table 2. The initial vertical distance Z0 
between the magnet and Hall sensor is selected as 
33 mm, and the variation ranges of ΔX and ΔZ are 
both 30 mm. 

 
 

 
(a) 

 
(b) 

 
Fig. 4. Experiment and simulation scheme for Hall voltage 

measurement with tilt angle (a) θ0=0 and (b) θ0≠0. 
 
 
Table 2. Geometrical Parameters of Solenoid I and II. 
 

Parameter Unit Value Comment 
Diameter (d) mm 70  
Length (a) mm 75  
Coil turns (w) turn 400 divided by 3 layers 
Initial Z0 mm 33  

 
 

3.2. Experiments and Model Validations 
 
Fig. 5 plots 3-D graphs of the experimentally 

measured and EMC-NI modeled Hall voltage versus 
the simultaneous variations of ΔX and ΔZ under 
some fixed tilt angles θ0. It can be seen, whenever θ0 

is 0° or 20°, the EMC-NI modeled 3-D graphs show 
quite high shape and value consistency to the 
measured 3-D graphs, thus initially proves the 
reliability and accuracy of EMC-NI model in 
formulation of Hall sensing properties of the H-V 
type sensor. 

In order to directly display and compare point by 
point the measured and simulated results of Hall 
voltage when the horizontal displacement, vertical 
displacement and tilt angle are simultaneously 
changed, from Fig. 5 we can further extract some  
2-D graphs by specifying the value of ΔX or ΔZ.  

 
 

 
 

(a) 
 

 
 

 
 

(b) 
 

Fig. 5. 3-D graphs of measured Hall voltage and EMC-NI 
predicted Hall voltage versus variations of ΔX and ΔZ.  

(a) θ0=0°, (b) θ0=20°. 
 
 

Fig. 6 and Fig. 7 show the corresponding 2-D 
graphs of the measured and predicted Hall voltage 
varied with ΔX when specifying the axial tilt angle as 
0° and 20° respectively, and Fig. 8 and Fig. 9 are the 



Sensors & Transducers, Vol. 176, Issue 8, August 2014, pp. 27-37 

 34 

normalized curves based on Fig. 6 and Fig. 7 for 
further close-up analysis. It can be seen that, whether 
θ0 equals 0° or 20°, and ΔZ equals 0 mm, 5 mm, 
10 mm or 15 mm, the predicted Hall voltage and the 
measured one always display the same variation 
trend with good curve fitness with respect of the 

continuous variations of ΔX. It is shown that even 
under such a stringent point to point spatial 
comparison, the modeled Hall voltage still shows good 
tracking of the measured Hall voltage with a small 
overall voltage amplitude deviation. And their 
normalized curves are almost overlapped. 

 
 

 
(a) 

 
(b) 

 
Fig. 6. 2-D graphs of (a) measured and (b) EMC-NI predicted Hall voltage varied with ΔX when θ0=0°. 

 
 

 
(a) 

 
(b) 

 
Fig. 7. 2-D graphs of (a) measured and (b) EMC-NI predicted Hall voltage varied with ΔX whenθ0=20°. 

 
 

 
(a) 

 
(b) 

 
Fig. 8 (a, b). Normalized curves for measured and EMC-NI predicted Hall voltage varied with ΔX when θ0=0°.  

(a) ΔZ=0 mm; (b) ΔZ=5 mm. 
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(c) 

 
(d) 

 
Fig. 8 (c, d). Normalized curves for measured and EMC-NI predicted Hall voltage varied with ΔX when θ0=0°.  

(c) ΔZ=10 mm; (d) ΔZ=15 mm. 
 
 

 
(a) 

 

 
(b) 

 

 
(c) 

 
(d) 

 
Fig. 9. Normalized curves for measured and EMC-NI predicted Hall voltage varied with ΔX when θ0=20°. 

(a) ΔZ=0 mm; (b) ΔZ=5 mm; (c) ΔZ=10 mm; (d) ΔZ=15 mm. 
 
 
In the same way, 2-D graphs of the measured and 

modeled Hall voltage versus vertical displacement 
ΔZ under different values of θ0 and ΔX are plotted 
and studied. Some similar conclusions can be draw 
as follows: good shape consistency and amplitude 
approximation have achieved between the measured 
and simulated results along with variation of ΔZ 
whatever θ0 is selected as 0° or 20°, and ΔX as 0 mm, 

5 mm, 10 mm or 15 mm. Furthermore, in most cases 
their normalized curves are almost overlapped, thus 
displaying quite high change consistency between the 
measured and EMC-NI predicted Hall voltage. 

In all, for our proposed H-V type underground 
displacement sensor, after a series of comprehensive 
studies between the experimentally measured Hall 
voltage and the theoretically calculated Hall voltage 
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based on EMC-NI model under different parameter 
variation conditions, some general conclusions can 
be drawn: No matter what relative tilt angle θ0 
between two solenoids in the H-V type sensor is 
selected, whether the 3-D graphs of the measured and 
EMC-NI predicted Hall voltage with respect to a 
simultaneous variations of ΔZ and ΔX, or the 2-D 
graphs and the related normalized curves of the 
measured Hall voltage and modeled Hall voltage 
varied only with ΔZ or ΔX, quite good shape 
similarity and value consistency have demonstrated, 
thereby, EMC-NI model is validated to be a quite 
accurate and reliable Hall voltage measuring model 
in characterizing the sensing property for the novel 
H-V type underground displacement sensor. 

 
 

4. Conclusions 
 
Underground displacement monitoring is an 

important means and research focus for the 
prediction and prevention of geological hazards and 
quality safety evaluation of geotechnical engineering 
projects. In our previous studies, a novel Horizontal-
vertical composite type underground displacement 
sensor, i.e., the H-V type sensor, has been designed 
and a quite accurate and efficient mutual inductance 
measuring model (NIELA) was presented to depict 
quantitatively the functional relationship between the 
mutual inductance voltage output and the measuring 
parameters including the underground horizontal 
displacement, vertical displacement, and  
tilted angle. 

Through integrated application of Hall sensing 
mechanism analysis, permanent magnet 3D magnetic 
field solution, and the multidimensional numerical 
calculation method, this paper presents a Hall voltage 
measurement model called the Equivalent Magnetic 
Charge-Numerical Integration Model (EMC-NI). It 
can quantitatively describe the relationship among 
the sensor’s measuring underground horizontal 
displacement, vertical displacement and tilt angle, its 
Hall voltage output, the geometrical and shape 
parameter of the sensor units and permanent magnet. 
It has greatly reduced model calculation complexity 
by introducing the equivalent magnetic charge 
modeling idea and multidimensional numerical 
integration solution technology. Furthermore, the 
permanent magnet magnetic field calculation is 
mainly formed on the magnetic field analytic 
expression through rigorous formula derivation, 
which has safeguard the model’s overall theoretical 
reliability and computing accuracy. A series of 
theoretical modeling simulations and comparative 
studies with the experimental output have been 
conducted, which fully verify the effectiveness and 
accuracy of EMC-NI in characterizing the Hall 
sensing properties for the H-V type underground 
displacement sensor. The couples of NIELA and 
EMC-NI models constitute the H-V type sensor’s 
underground displacement measuring models. 
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