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Abstract: To provide tools for image understanding, non-trivial task of image segmentation is now put on a new 
semantic level of object detection. Internal, external and contextual region properties often can adequately 
represent image content but there arises field of view coverings due shape ambiguities on blurred images. 
Truthful image interpretation strictly depends on valid number of regions. The goal is an attempt to solve image 
clustering problem under fuzzy conditions of overlapping classes, more specifically, to find estimation of 
meaningful region number with following refining of fuzzy clustering data in matrix form. Copyright © 2015 
IFSA Publishing, S. L. 
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1. Introduction 

 
The main image segmentation goal is to partition 

the entire image into disjoint connected or 
disconnected regions. Segmented images are formed 
from an input image by gathering its elements into 
sets likely to be associated with meaningful objects in 
the scene. Unfortunately, the effectiveness of their 
direct interpretation heavily depends on the 
application area and characteristics of the acquisition 
system. Possible high-level region-based treatments 
are associated with some a priori information, 
measurable region properties, heuristics, and 
plausibility of computational inference. There exists 
an impressive amount of approaches to image 
segmentation but cardinal question consists in 
evaluation of required regions number to find totally 
correct and complete segmentation when elements of 
obtained partitions uniquely correspond with objects 
in the input image. A valid answer to this question, 

most probably, cannot be given for all possible 
situations. 

Clustering techniques (namely, unsupervised 
classification) occupy a highly important place in the 
general problem of intellectual data analysis [1-2]. 
They find wide use in solving many practical 
problems, including image segmentation problems. 
Here, the most popular method is K -means and its 
further modifications like K -medoids, H -means, 
etc. Their success is easily explainable due to 
computational simplicity, performance and clearness 
of the obtained results. Definitely, image processing 
specificity requires some modification of these 
techniques as initial data to be clustered are a priori 
assumed to be specified in a form of 
multidimensional image pattern vectors. Original 
information is more handy and suitable to be 
presented not in a form of vectors during image 
processing, but as a sequence of regions from these 
images called ‘windows’, (frames, subimages) 
containing several pixels located close to each other.  
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In this case, the initial information for clustering 
(segmentation) problem solving is presented by an 
array of matrices being observations, containing mn  

pixels, X { (1), ..., ( )}x x N= , 
1 2

( ) { ( )} Rm n
i ix k x k ×= ∈ , 

1 1, 2,...,i m= , 2 1, 2,...,i n= ; 1, 2,...,k N= , which is 

needed to be partitioned into p  clusters being 

segments 1C ,...,l C ,...,Cl pl l  described by centroids 

C {C(1),...,=  C( ),..., C( )} Rm nl p ×∈ . In fact, such a 

partitioning is generated by a sequence of alternating 
phases. At the first phase, the existing set of all the 
matrices being observations is partitioned into p  

groups for an arbitrarily specified initial set of 
centroids (1)C ,…, C( )l ,…, C( )p , such that each 

matrix ( )x k  gets registered to the centroid C( )l  that 

is nearest in a sense of spherical norm distance 
 

1
2T( ( ), ( )) ( )kl klD x k C l Tr= α α  

 
(from now on, klα  stands for the difference 

( ) ( )x k C l−  and Tr  denotes trace of a matrix). At the 

second phase, all the centroid coordinates are refined. 
With this, arithmetic average values of coordinates of 
all the observations assigned to the particular cluster 
C ll  are applied as new prototypes. (medians are 

applied when using K -medoids method.) As a result 
of implementing such an approach (as well as  
H - and J -means), the objective function of  
self-learning is minimized 
 

E( ( ), C( ))x k l =  

2

1 1

( ( ), C( )) D ( ( ), C( ))
pN

k l

x k l x k l
= =

= μ =  

T

1 1

( ( ), C( ))
pN

kl kl
k l

x k l Tr
= =

= μ α α , 

 
where ( ( ), C( ))x k lμ  is the membership level of 

belonging of an observation ( )x k  to the cluster lCl , 

such that 
 

1, ( ) C ,
( ( ), ( ))

0, .
lif x k l

x k C l
otherwise

∈μ = 


 

 
Actually, centroid coordinates are defined by the 

following expression 
 

1

( )

1

( ( ), ( )) ( )
1

( ) ( )

( ( ), ( ))l

N

k
N

l x k Cl

k

x k C l x k

C l x k
N

x k C l

=

∈

=

μ
= =

μ





, (1) 

 
where lN  is the number of observations which 

belong to l th cluster. 

A typical feature of the aforementioned 
techniques is that the amount of clusters (being 
segments) p  is specified a priori which, as a rule, is 

made on empirical implications, and this amount 
does not change during the processing. More 
intuitively, especially for image processing, is not to 
specify p  a priori, but to define it during information 

processing in a range of min max2 1p p p N≤ ≤ ≤ ≤ − . 

This problem can be solved with X -means 
method [3-5] which consists in multiple application 
of standard K -means algorithm with different values 
of p  to the initial data array X  and estimation of the 

obtained results using one or another statistical 
criterion related somehow to Bayesian estimations. 
Though X -means procedure is initially oriented on 
vector observations processing, it can be adapted for 
the case of processing matrices being windows. 
Standard X -means procedure also contains two 
sequential stages known as ‘Parameter improvement’ 
and ‘Structure improvement’. And if the ‘Parameter 
improvement’ stage is followed by the standard  
K -means procedure with fixed p , then the 

‘Structure improvement’ stage implies increase in the 
number of p  starting from minp  and up to some 

threshold value of clustering quality statistical 
criterion. By doing so it is assumed that the data in 
each cluster are ruled by normal distribution law. 

The situation becomes significantly more 
complicated with overlapping clusters formed during 
the information processing. Such a situation arises 
quite often for image processing, when the thresholds 
between separate subimages are fuzzy and blurred. 
Intuitively it is understandable that fuzzy clustering 
procedures [2] lie at the basis of the above problem 
solution. However, all of such algorithms work with 
fixed p  solely. Moreover, there is no ability to speak 

about probability distribution laws for cluster 
observations. Because of this, ‘Structure 
improvement’ stage should also be based on the 
fuzzy approach. This work (being generalization of 
[6-7]) is intended as an attempt to mark segments 
under fuzzy conditions of overlapping clusters. 

 
 

2. Matrix X-means under Overlapping 
Classes 
 

The basis of the proposed approach consists in 
matrix modification of fuzzy C -means (FCM) 
method [8], connected with minimization of the self-
learning objective function 

 

T

1 1

E( ( ), C( )) ( ( ), C( ))
pN

kl kl
k l

x k l x k l Trβ

= =

= μ α α  (2) 

 

under additional constraints 
 

1

( ( ), ( )) 1
p

l

x k C l
=

μ = , (3) 
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1

0 ( ( ), ( )) , 1, 2,...
N

k

x k C l N l p
=

< μ < =  (4) 

 
Here 0 ( ( ), ( )) 1x k C l≤ μ ≤  is the level of matrix 

observation ( )x k  belonging to the cluster lCl , 0β ≥  

is a parameter named ‘fuzzifier’ which sets the level 
of fuzziness or ‘blurriness’ of thresholds between the 
neighboring segments. Therewith, for the most part 
of applied problems the parameter 2β ≥  is 

considered, especially when using Euclidean  
norm (being spherical norm in our case) for  
distance estimation. 

Quadratic programming problem solving, 
connected with optimization of the objective  
Function (2) under the Constraints (3), (4), leads to 
the next result 

 
1

T 1

1
T 1

1

1

1

( )
( ( ), C( )) ,

( )

( ( ), C( )) ( )

C( ) .

( ( ), C( ))

kl kl
p

kl kl
l

N

k
N

k

Tr
x k l

Tr

x k l x k

l

x k l

−β

−β

=

β

=

β

=


α αμ =

 α α



 μ
 =
 μ








 (5) 

 

The Procedure (5) lies at the basis of ‘Parameter 
improvement’ stage and enables solving fuzzy 
clustering problem under the fixed amount of  
clusters as p . 

The ‘Structure improvement’ stage is connected 
with sequential increase in the amount of potential 
clusters, starting from their minimal amount 

2minp p= ≥ . As this takes place, as it was already 

mentioned, any statistical criterion utilization is not 
acceptable for the cluster amount estimation in  
this situation. 

Then the scattering matrix within the clusters is 
calculated for each of the obtained clusters 

 

T

1

( ) ( ( ), ( ))
N

W kl kl
k

S l x k C lβ

=

= μ α α  

 

fuzzy dispersion within the clusters is computed on 
its basis 
 

2 1
( ) ( )Wl p Tr S l

N p
σ =

−
 

 

Then the cluster with maximum fuzzy dispersion 
2 ( )l pσ  within the clusters is divided into two 

segments. Thereby, two observations relatively 
distant from each other in this cluster lCl  are 

considered as their initial centroids. After that, 
clustering Procedure (5) starts again with 

min 1p p= + . 

This process continues until the required 
segmentation quality is reached. To estimate this 
quality, entropy of fuzzy partitioning [9] may come 
in hand for our case 

 

1 1

1
( ) ( ( ), C( ))log ( ( ), C( ))

pN

k l

PE p x k l x k l
N γ

= =

= − μ μ , 

 

where 1< γ < ∞ , and the entropy itself may lie at the 

range of 0 (p) log ( )PE pγ≤ ≤ . Based upon that the 

minimum value is reached in case of crisp data 
partitioning, and the maximum value is reached when 
each observation belongs to all the clusters with 
equal membership level. 

It should be pointed out here that the entropy 
value (according to Bezdek) depends on the specified 
amount of clusters p  [10]. To overcome this 

influence, normalized entropy of the partitioning [2] 
is reasonable to be utilized 

 

2
2 1 1

1
( ) log

log

pN

kl kl
k l

NPE p
N p = =

= − μ μ , (6) 

 

where ( ( ), C( ))kl x k lμ = μ . 

Consequently, the increase in the amount of 
clusters continues until minimum value of  
Function (6) is reached or until the condition 

maxp p=  is fulfilled. It should be emphasized that 

under obtained estimation of covering cardinality p  

as a rule it is necessary to refine image segmentation. 
Based on FCM the fuzzy modification of J-means 
clustering [11] is sufficiently promising for valid 
image segmentation with given number of regions.  
 
 

3. Matrix Form of Fuzzy J-means 
 

In connection with fuzzy image segmentation, 
fuzzy J-means (FJM) method is reasonable to be 
extended to the matrix case. Moreover, it turns out 
that J-means significantly outperforms previously 
observed centroid based methods when many clusters 
and observations are present. Fuzzy J-means method 
consists in random movement of intermediary 
centroid (trapped into local extremum during 
optimization procedure) into empty points (that are 
not centroids) located in vicinity until reaching more 
‘deep’ extremum being a centroid. Then, the obtained 
crisp solution is recalculated into fuzzy one by 
determining membership levels and refining all the 
cluster centroids. 

FJM method is implemented in two main stages: 
finding local optimums using standard FCM with 
consecutive finding more ‘deep’ minimums via  
FJM-heuristic. 

The first stage assumes the following  
sequence of steps. 

1). Assignment of initial quite random  
partition 1 2{ , ,..., }p pP Cl Cl Cl=  with centroids (1)C , 
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(2),...C , (p)C ; fuzzifier β  and threshold 0ε >  that 

determines condition of algorithm termination. 
2). Calculation of membership values 

( ( ), ( ))x k C lμ  using the first relation from (5) with 

centroids that are got from the previous step. 
3). Recalculation of centroids (1)C , (2),...C , 

(p)C  using the second relation from (5) with 

membership values got from the previous step. 
4). Estimation of spherical norm of difference 

between the previously obtained centroids and those 
calculated at the third step. 

5). Check for termination conditions. If the 
obtained norm is less than ε , the algorithm is 
terminated; if the obtained norm is greater than ε , 
return to 2) with centroids located as after  
applying 3). 

The algorithm proceeds iteratively until 
termination condition is reached, and the solution 
will be presented by coordinates of local optimum in 
linear programming problem for (2) – (4). 

The second stage is a phase of ‘jumps’ when 
random moves are performed in vicinity to the 
obtained local minimum in order to reach more 
‘deep’ extremum. 

It was shown in [12] that the general optimization 
problem (2) with Constraints (3), (4) can be reduced 
to unconstrained optimization with a specific 
presentation of objective function which can be 
written in matrix form for arbitrary values  
of fuzzifier β  

 

T 1 1

1 1

( ( ), ( )) ( ( ( ) )
N p

kl kl
k l

E E x k C l Tr −β −β

= =

= = α α   (7) 

 

Then, jumps are performed from any of the 
obtained centroids ( )C l , 1, 2...l = , p . In other 

words, the chosen centroid is replaced with any 
sample ( )x r , and after that, the value of objective 

Function (7) is recalculated with certain 
{1,2,..., }i p∈  and ( ) ( )C i x r= . 

If the computed value (for selected ( )x r ) turn out 

to be less than (7), the decision is made that a better 
centroid is found for cluster lCl . Then, all the 

membership values are recalculated using the first 
relation from (5). Such jumps are performed in 
vicinity of each centroid got at the first step. If it 
turns out that jumps in vicinity of all the centroids do 
not perfect the value of objective Function (7) with 

( ) ( )C i x r= , then decision is made concerning 

termination of optimization process or jumps are 
performed again in vicinity of greater radius. 
Practically, this process may continue until empty 
points run to an end. The latest found local extremum 
is considered to be global one. Despite of seemingly 
bulky description, optimization process is quite 
simple from computational point of view. Thereby, 
matrix modification of fuzzy J-means is based on 
matrix modification of fuzzy С-means clustering with 

the mechanism of random jumps, which provide 
finding global extremum of the objective function. 
Computational simplicity ensures its application for 
large-scale multidimensional data and guarantees 
resolving wide range of fuzzy clustering problems in 
matrix spaces. 
 
 

4. Discussion and Conclusion 
 

One way for partial solving a semantic gap 
between low-level visual features and high-level 
human concept is to analyze spatial properties of 
image parts induced by segmentation. Fuzzy 
modification of X -means clustering has been 
proposed in application to the problem of image 
segmentation. The specificity of the proposed 
modification consists in ability to process matrix 
signals under overlapping classes and absence of a 
priori information about the amount of clusters which 
are automatically defined during information 
processing. Finally, fuzzy J-means provides desirable 
covering but by virtue of the use of some heuristics it 
is necessary to find consensus covering or partitions.  

Tremendous growth of image understanding 
techniques including content-based image and video 
retrieval with queries ‘ad exemplum’ often requires 
analysis of partitions instead of obtained above 
coverings. Defuzzification may provide organization 
of image contents according to categories that are 
meaningful to humans. Nested partitions (image 
segmentation, representing pairwise disjoint family 
of non-empty subsets whose union is the image at 
each stratum) may comply with construction of a 
hierarchy either the top-down or the bottom-up 
approaches and one can explain wholes by 
decomposing them into smaller and smaller parts or 
alternatively one can construct wholes from  
small parts.  

Using the knowledge as information about 
collective structure of region families in a field of 
view (spatial content) may provide well-equipped 
tools for dealing with segmented images. 
Nevertheless, it is clear that obtained results may be 
very different and there is no agreement about which 
is the correct one and how can one evaluate the 
results? In clustering analysis, the evaluation of 
results usually is associated to the use of cluster 
validity indexes or metrical properties of partitions.  

Among the most promising metrics which 
particularly have desirable properties of one can 
name the Earth Mover’s Distance [13], Region 
Matching Distance [14], variation of information 
[15], Mirkin metric [16] and partition metric 
introduced in [17] for finite-dimensional case and 
extended in [18] for arbitrary measurable sets. For 
under study data the partition metric can be presented 
as follows. 

Remember X { (1), ..., ( )},x x N=
1 2

( ) { ( )}i ix k x k= , 

1 1, ,i m=  2 1,i n= , 1, 2,...,k N= . Let X  have a 

measure (X)g < ∞ , i.e. for any A X⊆  exists some 
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number (A)g  which is the measure (length, area, 

mass distribution, probability distribution, 
cardinality, etc.). Let also X2  be a power set in 
which all subsets are measurable. Introduce the set 

X
X 2Π ⊂  of finite (regarding the number of cosets) 

partitions of set X  such that Xα∈Π , 1{A }s
i i=α = , 

1X As
ii==  , , {1,2,…,s}: A Ai ji j i j∀ ∈ ≠  = ∅ . 

The metric on Cartesian square X XΠ × Π  is  
 

1 1

( , ) g(A B )g(A B )
s t

i j i j
i j= =

ρ α β = Δ  , 

 

where X1{B }t
j j=β = ⊆ Π , A Bi jΔ  is a symmetrical 

difference. This result was initially proved by weak 
induction [17] for the case (A) Ag card=  and then 

for arbitrary measurable set [18].  
It should be emphasized that as additional 

stopping criterion under X-means procedure, 
evaluation of difference clustering may be used. 
Furthermore, during stages ‘Parameter improvement’ 
and ‘Structure improvement’ nested clusters may 
appear. Metrics on partial ordered quotient sets [19] 
are underlying. Using the properties of metric on 
nested partitions provides search of families of the 
cosets corresponding to the searched objects not 
depending on the background. 

Although all these above metrics have their 
specifics and all succeed to solve various tasks of 
measuring the clustered visual information there are 
still many requirements for the image recognition 
application which arise the need to have a tool for 
managing the refining in the presence of fuzziness. 
Possibility to operate with image as a dynamic 
hierarchical structure of spatial content will allow to 
solve many tasks of image processing including 
image retrieval even object detection more 
effectively and also approach to many new problems 
on a higher intelligence level. So, future research  
has to concern metrical properties of arbitrary  
set coverings. 
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