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Abstract: Dodecahedron-based skew redundant inertial measurement units are one of the favored configurations 
employed in high-reliability inertial navigation applications. In its classical configuration, where the XYZ body 
axes bisect the angles between pairs of sensors, the dodecahedron-based skew redundant inertial measurement 
unit poses disadvantages from a packaging perspective. At least two United States patents that provide mechanical 
packaging solutions to this problem exist, however both solutions suffer from some drawbacks. Alternate body 
frames that favor a more compact mechanical packaging are possible, however they may negatively impact the 
mathematical model and computation of the parity vectors. This paper aims to offer an original solution, based on 
a virtual body frame that allows both an efficient mechanical packaging and ease of computation for the parity 
vectors. Furthermore, the properties of the proposed virtual body frame are studied and compared to those of the 
real body frame with the end goal of assessing the performance of the skew redundant inertial measurement unit 
in its final configuration. 
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1. Introduction 
 
The dodecahedron-based skew redundant 

measurement unit (SRIMU) is one of the favored 
configurations employed in high-reliability inertial 
navigation applications. In its classical configuration, 
the X2Y2Z2 body axes bisect the angles between pairs 
of sensors as shown in Fig. 1. 

As shown in prior art, this configuration poses 
some advantages, such as balanced shape matrix [1] 
resulting in a higher figure of merit [2] than other 
orientations, ease of computation for the parity vectors 
[3] and improved end of life performance [4]. 

However, as noted in [1] and [2] the classical 
configuration is less than optimal from a mechanical 
packaging perspective. Various attempts have been 

made to improve the packaging while retaining the 
classical body frame. 

For example, in [5], the author relies on sensors 
that have specially rotated sensing axes, mounted on a 
rectangular prism block. However, modern, high-
performance gyroscopes and accelerometers, such as 
[6] and [7], have shapes that are not conducive to such 
packaging. Even with the specially oriented sensing 
axes, the packaging is not optimal. 

An improved packaging that relies on the classical 
body frame is addressed in [8]. In this case the 
packaging trades its compactness for the fact that the 
sensing axes of the accelerometers and gyroscopes do 
not intersect in the center of the dodecahedron. 

This paper will explore the usage of a virtual body 
frame in conjunction with a reduced volume SRIMU. 

http://www.sensorsportal.com/HTML/DIGEST/P_2879.htm
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Fig. 1. Classical dodecahedron SRIMU body frame. 
 
 

2. Reduced Volume SRIMU 
 
A reduced volume notional SRIMU was suggested 

in [1] and was included here for reference (see Fig. 2). 
In this concept the dodecahedron was truncated and 
hollowed to reduce its volume and mass, and its body 
frame was rotated such that the XY plane is parallel to 
the truncated SRIMU base. In Fig. 2 the rotated body 
frame XYZ is identified as the real body frame while 
the classical frame X2Y2Z2 is identified as the virtual 
body frame. 

 
 

 
 

Fig. 2. Reduced volume SRIMU concept. 
 
 

In Fig. 2 only six notional sensors are shown, 
however for each such notional sensor there is a 
gyroscope/accelerometer pair which can be mounted 
coaxially, like the mounting used in [8], such that their 
sensing axes are collinear. A suggested such mounting 
for the Emcore EMP-1.2K fiber optic gyroscope [6] 
and the Honeywell Q-Flex® QA-750 accelerometer 

[7] is shown in Fig. 3. These devices were selected for 
illustration only and no representation is attempted 
with regards to the final performance of the resulting 
SRIMU. 

 
 

 
 

Fig. 3. Illustration of coaxial mounting of gyroscopes  
and accelerometers. 

 
 

If the gyroscope/accelerometer pairs are kept in the 
center of the pentagons while the dodecahedron 
truncation and hollowing take place, all sensing axes 
intersect in the center of the dodecahedron. 

If it is acceptable to have more than one inertial 
center for the SRIMU assembly, like in [8], then a 
further reduction of the assembly volume can be 
achieved. Positioning the gyroscope/accelerometer 
pairs off-center on the surfaces of the dodecahedron 
allows a more aggressive dodecahedron truncation and 
hollowing to take place, therefore further reducing the 
resulting volume and mass. 

 
 

3. Body Frames 
 
The SRIMU shape matrix H for the real body 

frame selected in [1] and illustrated as XYZ in Fig. 1 is 
shown below: 

 

 

(1) 

 
This matrix reflects the orientation of the Z axis 

pointing out of the vertex defined by the dodecahedron 
faces 1, 2, and 3. No special consideration was given 
up to this point to the orientation of axes X, and Y other 
that their plane is parallel to the base of the SRIMU. 

By contrast, the shape matrix H2 for the body 
frame illustrated as X2Y2Z2 in Fig. 1 is shown in (2). 

This matrix is widely used in literature and reflects 
the general acceptance of the classical body frame 
X2Y2Z2 in the vast majority of dodecahedron-based 
SRIMU studies. 
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(2) 

 
 

4. Fault Detection and Isolation 
 
Fault detection and isolation in SRIMUs often 

relies on parity vectors. Various techniques for 
determining parity vectors have been developed, 
however they generally rely on invariants that are 
violated when sensor faults occur. 

For example, in [9] and [10], parity vectors are 
determined using null spaces, called left null spaces in 
[9] and parity matrices in [10]. 

In [11] the authors use an algorithm based on the 
singular value decomposition (SVD) while in [12] and 
[13] the authors rely on simple arithmetic expressions. 

The approach used in [12] and [13] is attractive due 
to its small computational burden, and motivated the 
idea of using a virtual body frame. Therefore, this 
approach is explored in the following paragraphs. 

From Fig. 4 it can be observed that axis X2 is 
coplanar with the sensing axes of Sensors 2 and 4, axis 
Y2 is coplanar with the sensing axes of Sensors 1 and 
6, and axis Z2 is coplanar with the sensing axes of 
Sensors 3 and 5. 

 
 

 
 

Fig. 4. Relation between sensing axes  
and virtual body frame. 

 
 

Furthermore, each body frame axis gets 
contributions from four different sensors, as it can be 
seen in (2). This property of the dodecahedron 
configuration guarantees the redundancy for this type 
of SRIMU. 

The dodecahedron dihedral angle is: 
 

 
(3) 

 

Therefore, the angle between each one of the 
sensors in a pair and the corresponding axis is: 

 

(4) 

 
The relevant trigonometric functions of α are: 
 

 
(5) 

 

 
(6) 

 

These values also appear repeated in various 
positions in (2). 

Fig. 4 shows the relation between the sensing  
axis 2 and the X2 and Z2 virtual body frame axes. 
Similar relations exist between other sensor sensing 
axes and the virtual body frame axes. These relations 
are captured in analytical form in (7) for the 
accelerations with the mention that the same relations 
exist for the rates as well. 

 

, 

(7) 

 

where ãi represent the nominal outputs of sensors  
i = 1…6; aX2, aY2 and aZ2 represent the accelerations (or 
rates) in the virtual body frame axes X2, Y2 and Z2; and 
sinα and cosα are the trigonometric functions defined 
in (5) and (6), respectively. 

In [10], the author explains that the linear 
dependence of the sensors in a redundant 
configuration allows the output of any sensor to be 
reconstructed from the outputs of other sensors. This 
property allows the construction of expressions that 
should evaluate to zero or, more realistically, almost 
zero, when all sensors are working properly. 

Starting from the observation stated above and 
using (7), we can derive the 6C4 = 15 relations in (8a) 
and (8b) that can be used as parity vectors: 

 

 
(8a) 
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,

(8b) 

 
where pijkl represent the parity equations; ãi represent 
the ideal outputs of sensors i = 1…6; and sinα and cosα 
are the trigonometric functions defined in (5) and (6), 
respectively. 

However, in a real application the values ã1-ã6 are 
not known. Instead, the corrected sensor outputs â1-â6, 
are used in equation (8a) and (8b) to compute the 
parity vectors. The corrected sensor outputs can be 
obtained as shown further in this section. 

Since α is fixed and known, the parity vectors (8a) 
and (8b) can be computed using just elementary 
mathematical operations (addition, subtraction,  
and multiplication). 

It can be seen in (8a) and (8b) that each corrected 
sensor reading is employed in ten different 
expressions. Therefore, if a sensor fails it will cause all 
those expressions to yield values above the threshold, 
signaling the failure condition. 

Discriminating which sensor has failed can be 
performed using the bitwise AND function over the 
binary masks shown in Table 1. 

 
 

Table 1. Suggested binary masks for fault isolation. 
 

Parity 
Vector pijkl 

Mask for 
|pijkl| < ε 

Mask for 
|pijkl| > ε 

p1234 FF16 * 0F16 
p1235 FF16 1716 
p1236 FF16 2716 
p1245 FF16 * 1B16 
p1246 FF16 * 2B16 
p1256 FF16 3316 
p1345 FF16 * 1D16 
p1346 FF16 * 2D16 
p1356 FF16 3516 
p1456 FF16 * 3916 
p2345 FF16 * 1E16 
p2346 FF16 * 2E16 
p2356 FF16 3616 
p2456 FF16 * 3A16 
p3456 FF16 * 3C16 

 
 

For example, if Sensor 4 fails, it will cause the 
parity vectors using â 4 to be greater than the threshold 
ε. The corresponding masks are marked with * 
(asterisk) in Table 1. Therefore, the bitwise AND of 
all these masks will yield 0816: 

 

, 
(9) 

 

where pq16, with p, q = 1…F represent hexadecimal 
digits; and  is the bitwise AND operator. 

Per Table 2, the right-hand side value from (9) 
identifies Sensor 4 as being faulty. 

 
 

Table 2. Binary masks for sensor identification. 
 

Sensor Sensor Mask 
1 0116 
2 0216 
3 0416 
4 0816 
5 1016 
6 2016 

 
 

The corrected sensor outputs â1–â6, can be 
obtained from the raw sensor outputs by performing 
sensor frame corrections, for example using the sensor 
frame correction method described in [1]: 

 

, 
(10) 

 

where ÂSX (11) is the extended vector of corrected 
sensor readings; HSX (12) is the extended sensor frame 
shape matrix; and ASX (13) is the extended vector of 
raw sensor readings. 
 

,
 

(11) 

 

where âi, i = 1…6, are the corrected sensor readings. 
 

,

 

(12) 

 

where hij, i, j = 1…6, are the sensor frame correction 
coefficients; and bi, i = 1…6 are the sensor biases. 
 

 
(13) 

 

where ai, i = 1…6, are the raw sensor readings. 
The accelerations or rates in the virtual body frame 

are obtained with the following equation: 
 

,
 

(14) 
 

where AB2 (15) is the vector with the virtual body 
frame accelerations or rates ai2, i = X, Y, Z; H2 (2) is 
the virtual body frame shape matrix; Se (16) is a 
steering diagonal matrix with elements si = 1 for a 
good sensor and si = 0 for a faulty sensor, and with 
index e = 1, 2, …, 6 denoting a one-sensor fault,  
e = 12, 13, …, 56 denoting a two-sensor fault, and  
e = 123, 124, …, 456 denoting a three-sensor fault; and 
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ÂS is the subset of ÂSX (13) containing just the 
corrected sensor readings. 
 

 (15) 
 

 

(16) 

 

Similarly, the accelerations or rates in the real body 
frame are obtained with: 

 

, (17) 
 

where AB (18) is the vector with the real body frame 
accelerations or rates ai, i = X, Y, Z; H (1) is the virtual 
body frame shape matrix; Se (16) is a steering diagonal 
matrix; and ÂS is the subset of ÂSX (13) containing just 
the corrected sensor readings. 
 

 (18) 
 
 

5. Performance Factors 
 

In [2] and [4] the authors mention the determinant 
of the information matrix as being one of the 
performance factors that can be used for evaluating the 
performance of SRIMUs. The information matrix for 
the virtual body frame is shown below: 

 

, (19) 
 

where H2 is defined in (2). 
Similarly, the information matrix for the real body 

frame is shown in (20). 
 

, (20) 
 

where H is defined in (1). 
The information matrices are deemed to contain 

more information if their determinants have higher 
values. As faults are introduced, the determinant 
values are expected to become smaller. 

To evaluate the determinant of the information 
matrix in the presence of faults, we need to find the 
equivalent information matrix for (14) and (17) when 
Se has one or more diagonal elements equal to 0. 

For this, we introduce two helper matrices: 
 

 
(21) 

 

,
 

(22) 

 
where he and h2e are the helper matrices, with  
e = 1, 2, …, 6 for one-sensor faults, e = 12, 13, …, 56 
for two-sensor faults, and e = 123, 124, …, 456 for 
three-sensor faults; Se is the steering matrix with the e 
diagonal element(s) zeroed out; and H (1) and  
H2 (2) are the shape matrices. 

Using the he and h2e helper matrices, we define the 
equivalents of H and H2 in the presence of  
sensor faults: 

 

 
(23) 

 

 
(24) 

 
Having He and H2e, we can compute the equivalent 

information matrices in the presence  
of faults: 

 
 (25) 

 
 (26) 

 
The worst case determinant values for the 

equivalent information matrices M2e and Me are listed 
in Table 3. Based on these values, no performance 
degradation occurs in the real body frame versus the 
virtual body frame. 

In [4] the authors suggest that another method of 
measuring the performance of the SRIMU in the 
presence of faults is by observing the minimum 
eigenvalue of the information matrix. The worst case 
minimum eigenvalues are listed in Table 4. No 
performance degradation is observed in the real body 
frame with this performance evaluation either. 

 
 

Table 3. Worst case determinant values  
of information matrices. 

 
Sensor Faults det(M2e) det(Me) 

0 8 8 
1 4 4 
2 1.6 1.6 
3 0.221115 0.221115 

 
 

Table 4. Worst case eigenvalues of information matrices. 
 

Sensor Faults min(spec(M2e)) min(spec(Me)) 
0 2 2 
1 1 1 
2 0.552786 0.552786 
3 0.105573 0.105573 

 
 

6. Future Work 
 
The fault isolation approach described in 

Section 5, is not analyzed in depth in this paper. 
Therefore, one topic for future work would be a study 
of its suitability for multiple sensor failures and for 
real-life applications (i.e. selection criteria for ε). 

In Section 2, the real body frame was selected such 
that the XY plane was parallel to the base of the 
truncated SRIMU. However, no consideration was 
given to the orientation of X and Y with regards to the 
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sensor frame. It is possible that a more balanced H 
shape matrix can be achieved by inducing a further 
rotation about the Z axis. However, the study on 
finding the optimal rotation angle, if such an angle axis 
exists, is also left for future work. 

 
 

9. Conclusions 
 

Dodecahedron-based SRIMUs have properties that 
make them attractive in high-reliability inertial 
navigation environments. However, the classical body 
reference frame (herein referenced as the virtual body 
frame) imposes packaging challenges, primarily 
because Sensors 1 and 4 are located below the X2Y2 
plane (see Fig. 4). This generally causes the SRIMU 
assembly to be raised and to result in a higher volume 
and mass. 

The possibility of using a flattened assembly 
structure, obtained by rotating the original body frame, 
and the usage of an associated virtual body frame were 
introduced in [1], however the analysis of these 
concepts was left for future work. 

The first original contribution of this paper is that 
the virtual body frame was leveraged to perform the 
low-burden computations of the parity vector used in 
fault detection. A transformation from the virtual body 
frame to the real body frame was also provided for 
convenience. 

A second original contribution consisted in a novel 
low-computational burden method of performing the 
fault isolation by means of bitwise AND operations. 
This method supplements the low-computational 
burden fault detection mentioned above. The proposed 
fault isolation method is appropriate for the isolation 
of single faults in the current embodiment with further 
expansion to the isolation of multiple faults left for 
future work. 

Finally, the performance of the real body frame 
was compared against the performance of the virtual 
body frame by means of two accepted methods: the 
determinant of the information matrix and the 
eigenvalues of the information matrix. No 
performance degradation was found using these two 
methods and it was left to future work to determine if 
other metrics are more appropriate and whether an 
optimal body frame can be found. 
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