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Abstract: In this paper a distributed model with three possible static modes was presented to investigate the
behavior of the plate subjected to electrostatic force and uniform hydrostatic pressure both before pull in and
beyond pull in. The differential governing equation of the micro circular plate specifically used for numerical
solution of the three modes, in which the singularity at the center of the micro plate did not occur, was presented
based on the classical thin plate theory, Taylor’s series expansion and Saint-Venant’s principle. The numerical
solution to the differential governing equation for the different mode was mainly attributed to solve for one
unknown boundary condition and the applied voltage, which could be obtained by using a two-fold method of
bisection based on the shooting method. The voltage ranges over which the three modes could exist and the
points where transitions occurred between the modes were computed. Incorporating the above numerical
solution to the applied voltage at the normal mode with some constrained optimization method, pull-in voltage
and the corresponding pull-in position can automatically be obtained. In examples, the entire mechanical
behavior of the circular plate over the operational voltage ranges was investigated and the effects of different
parameters on pull-in voltage were studied. The obtained results were compared with the existing results and
good agreement has been achieved. Copyright © 2013 IFSA.
Keywords: Micro circular plate, Pull-in voltage, Electrostatic force, Uniform hydrostatic pressure, Numerical
solution.

1. Introduction
Electrostatically deflected elastic systems are
studied in microelectromechanical systems (MEMS),
such as microswitches and micropumps because of
low power consumption, fast response time and high
efficiency. All such systems exhibit a static
instability phenomenon which is known as the pull-in
instability, and in the design of such systems the
static instability or pull-in phenomenon is of great
practical importance. The static instability analysis of
these systems started in the late 1960s by Nathanson
et al. [1] (it was Nathanson who introduced the name
pull-in instability) and Taylor [2]. Since their
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pioneering work, numerous investigators have
analyzed and developed mathematical models of
electrostatic actuation, such as lumped element
models [3-5], one-dimensional distributed models
[6-9], and three-dimensional finite element models
[10-11] in attempts to understand further and control
the static instability. Simple lumped element models
of MEMS actuators with a single degree of freedom
result in easy calculations but fail to capture details of
the behavior, such as the bending moment and the
shearing force. Three-dimensional finite element
models lead to a detailed and accurate prediction, but
simulations are expensive in time and computation,
particularly for problems involving mechanical
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contacts such as those in microswitches. Onedimensional distributed models can give useful
results with reasonable effort, and the results are in
well agreement with those obtained with threedimensional finite element models. Micro circular
plates are used in many microelectromechanical
devices as micropump [12, 13], micro pressure
sensors [14], microphones [15] and micro resonators
[16]. Soleymani et al. [12] used a distributed model
to investigate the pull-in instability of a circular plate
subjected to nonlinear distributed electrostatic force
with a finite difference method. Nabian et al. [13]
also used the distributed model to investigate the
pull-in instability of a circular plate subjected to
nonlinear non-uniform electrostatic pressure and
uniform hydrostatic pressure, in which in order to
linearize the non-linear governing equation, a step by
step linearization method was used and then the
linear system of equation was solved by finite
difference method. Liao et al. [17] obtained closedform solutions for both the position and the voltage
of the static pull-in event by considering the firstorder deflection mode and using a fifth-order
Taylor’s series expansion of the electrostatic force.
In this paper a distributed model with three
possible static modes (normal mode, transition mode
and touch mode) will be used to investigate both the
pull-in instability and beyond the pull-in instability of
a circular plate subjected to non-uniform electrostatic
pressure and uniform hydrostatic pressure. The entire
mechanical behavior of a micro circular plate under
both non-uniform electrostatic pressure and uniform
hydrostatic pressure is modeled accordance with a
thin Kirchhoff plate theory. Three possible static
modes of the plate along with an intermediate
dielectric layer between electrodes are first
introduced. The non-linear differential governing
equation is then modified for numerical solution of
the first two modes by means of Taylor’s series
expansion and Saint-Venant’s principle. The
modified differential governing equation is without
singularity at the center of the plate, and so it can be
used for numerical solution. Last the modified
differential governing equations for the three
different modes are solved by a numerical method. In
the method the solution to the modified differential
governing equation is mainly attributed to solve for
one unknown boundary condition and the applied
voltage, which can be obtained by using a two-fold
method of bisection based on the shooting method. In
addition, some constrained optimization method, in
which the objective is the pull-in voltage ,the variable
is the deflection at the center of the plate, and the
constraint is that the deflection at the center of the
plate is between 0 and some largest value, may be
used to obtain the pull-in voltage and the
corresponding pull-in position. That is, solution to the
pull-in voltage is to find a value of the deflection at
the center of the circular plate at the normal mode
that maximizes the applied voltage. In examples, the
entire mechanical behavior of the circular plate over
the operational voltage ranges is investigated and the
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effects of different parameters, such as radius and
thickness of the plate, thickness of the dielectric
layer, uniform hydrostatic pressure, uniform residual
stress and initial gap on the pull-in voltage are
studied.

2. Three Modes
As Fig. 1 shows, an electrostatic micro actuator
[12, 13] with a pair of parallel circular plates is
considered, and the model for mechanics analysis is
shown in Fig. 2, in which g is the initial gap between
the circular plate and the dielectric layer, t is the
thickness of the circular plate, U is the applied
voltage between the circular plate and the substrate,
q0 is the hydrostatic pressure, t1 is the thickness of

the dielectric layer, a is the radius of the circular
plate, and w is the deflection of the circular plate at
radius r .
The micro circular plate illustrated in Fig. 2 has
three possible modes [18, 19] over the operational
voltage range. These modes differ in the boundary
conditions at the center of the circular micro plate
and are as follows.
(i) Normal mode. The region before the top plate
reaches the dielectric layer above the substrate
is referred as the normal mode operation. At the
mode, the micro circular plate has no contact
with the dielectric layer and is illustrated in Fig.
3(a). The first derivative of w with respect to
r or angle of rotation and the shearing force at
the center of the plate are both equal to zero
because of symmetry.
(ii) Transition mode. The plate touching the
dielectric layer only at the center is said to be
the transition mode operation. At the mode,
only the center of the micro circular plate
touches the dielectric layer and is illustrated in
Fig. 3 (b). At the beginning of the transition
mode, that is at the end of the normal mode, the
second derivative of w with respect to r
reaches a minimum(an absolute maximum), and
at the end of the transition mode, i.e. the
beginning of the touch mode, the second
derivative of w with respect to r at the center
has become to zero.
(iii) Touch mode. When a part of the micro circular
plate is in contact with the dielectric layer, the
electrostatic micro actuator works in touch
mode, as illustrated in Fig. 3(c), and the contact
radius of the micro circular plate  varies with
the applied voltage. The first and the second
derivatives of w with respect to r are both
equal to zero at the points separating the contact
and the non-contact regions of the micro
circular plate.
The first two modes represent boundary value
problems while the third mode represents a free
boundary problem [6].
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Fig. 1. Schematic diagram of an electrostatic.

Fig. 2. The model for mechanics analysis.

Fig.3 (a). Normal mode operation.

Fig. 3 (b). Transition mode operation.

Fig. 3 (c). Touch mode operation.
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3. Modification of Differential Governing
Equation
The differential governing equations and the
related boundary conditions differ at different modes.
They are stated respectively as follows.

The Kirchhoff (classical thin) circular plate theory
with a uniform residual biaxial plane stress
considered can be shown in general by following
differential equation [13, 17]

(1)

Et 3
,
12(1   2 )

(2)

where E is Young’s modulus; and  is Poisson’s
ratio. The hydrostatic-electrostatic pressure applied a
distance r form the center of the micro plate can be
written as

q(r , w, U , q 0 ) 

 0 rU 2
2(G  w(r )) 2

 q0 ,

(3)

where U is the applied voltage;  0 is the vacuum
permittivity;  r is the relative permittivity of air;
G is the equivalent initial gap which can be
written as
G  g  t1 / 1 ,

(4)

where 1 is the relative permittivity of the dielectric
layer.
It can be seen from equation (1) that the
singularity appears at the center r  0 . As a result of
the singularity at the center, equation (1) cannot be
directly used for a numerical solution to a solid
circular plate.
From Taylor’s series expansion of r and under
conditions the angle of rotation and the shearing
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,

(5)

where O() is “big oh” notation.
Substituting the above three expressions in
equation (5) into the shearing force Q(r ) at the
center, one has
 d 3 w 1 d 2 w 1 dw 


Q( 0 )   D lim  3 
r 0 dr
r dr 2 r 2 dr 

 1.5 D

where w(r ) is the deflection of the plate a distance r
form the center of the micro circular plate;  is the
uniform residual biaxial plane stress; q(r ) is the sum
of both electrostatic and uniform hydrostatic
pressure q0 ; and D is the flexural rigidity which can
be expressed as

D
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3.1. The Differential Governing Equation
at the Normal Mode

 d 4 w 2 d 3 w 1 d 2 w 1 dw 

D 4 


 dr
r dr 3 r 2 dr 2 r 3 dr 

t d  dw 

0ra
r
  q( r , w,U , q0 )
r dr  dr 

force are both zero at the center by symmetry, one
has

d 3 w( 0 )
dr 3

(6)

0

Therefore, the differential equation (1) can be
modified as
  d 4w 2 d 3w 1 d 2w 1


 D 4 
r dr 3 r 2 dr 2 r 3
  dr

 t d  r dw   q( r , w,U , q )
0
 r dr  dr 

4
 D d w  3 q( 0 , w,U , q )  3t
0

4
8
dr 4



dw 

dr 
0ra

(8)

2

d w( 0 )
dr 2
r 0

The boundary conditions are
dw(0) d 3 w(0)
dw(a )

 w(a ) 
0
3
dr
dr
dr

(9)

Equation (8), which is the fundamentals in the
numerical investigation of deflection for a micro
circular plate in the paper, can now be used for a
numerical solution because of no singularity at r  0 .

3.2. The Differential Governing Equation
at the Transition Mode
Because a concentrated reaction acts at the center
of the circular plate at the transition mode, the
moment and the shearing force at the center of the
circular plate are all singular [20], and therefore
equation (8) cannot be solved by a numerical method.
By using Saint-Venant’s principle [21], the
concentrated force acted at the center of the circular
plate can be replaced by a force distributed over a
small circular area (in fact a concentrated force is a
simplification for a force distributed over a small
region), which is statically equivalent to the
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concentrated force, in order for the singularity to
vanish. Such a replacement of the concentrated force
for a distributed force makes it possible for one to
find the numerical solution to the problem.
As a result of using Saint-Venant’s principle, the
differential equation (8) can be further modified as
  d 4 w 2 d 3 w 1 d 2 w 1 dw  t d  dw 



 D 4 
r

r dr 3 r 2 dr 2 r 3 dr  r dr  dr 
  dr

 ra
 q( r , w,U , q0 )
  d 4 w 2 d 3 w 1 d 2 w 1 dw  t d  dw 



r

 D 4 
r dr 3 r 2 dr 2 r 3 dr  r dr  dr 
  dr

0r 
 q( r , w,U , q0 )  q1(r)

4
2
 D d w  3 q( 0 , g ,U , q0 )  3 q1( 0 )  3t d w( 0 )
 dr 4
8
8
4
dr 2

r 0


(10)

where  is the radius of a small circular area; q1 (r ) is
a force distributed over the area of radius  .
The boundary conditions are
w(0)  g ,

dw(0) d 3 w(0)
dw(a )

 w(a ) 
0
3
dr
dx
dr

(11)

At the touch mode, the differential governing
equation without singularity is

dw( ) d 2 w()
dw(a )

 w(a ) 
0
2
dr
dr
dr

w(0)  w0 ,

dw(0) d 3 w(0)
d 2 w(0)
0
,


 w0
dr
dr 3
dr 2

(14)

where the deflection at the center w0 is given; the

(12)

The boundary conditions for the touch mode can be
written as
w()  g ,

4.1. Solution to Normal Mode
For this mode, the boundary conditions at the
center are

3.3. The Differential Governing Equation
at the Touch Mode


dw( x ) d 2 w( x )

0
 w( x )  g ,
dr
dr 2


0x
  4
3
2
 t d  dw 
d
w
2
d
w
1
d
w
1
dw
 D




r

  dr 4 r dr 3 r 2 dr 2 r 3 dr  r dr  dr 

ra
 q( r , w,U , q0 )

the deflection and its first three derivatives, at the
center of the circular micro plate are known, the
deflection and the first three derivatives at any point
then can easily be obtained numerically from the
differential governing equations (8), (10) or (12) by
using some numerical technique such as the adaptive
Runge-Kutta-Fehlberg algorithm [23] which can
automatically adjust the step size and stop the
calculations when a certain prescribed error criterion,
such as 10-6, is met. Due to the three different
configurations and therefore different boundary
conditions, the unknowns at the center or at r   of
the micro circular plate are also different. The
procedure of the numerical solution to equations (8),
(10) or (12) for the three modes is stated respectively
as follows. In the procedure, it is assumed that the
uniform hydrostatic pressure is a constant and the
applied voltage varies. Of course, it is possible that
the applied voltage is given and the uniform
hydrostatic pressure varies, as will be seen in section
6 below.

(13)

As soon as a non-zero  is given, equation (12)
can be solved numerically under the above boundary
conditions much more easily than the first two
modes.
Touch mode capacitive pressure sensor has
several advantages over normal mode sensor, such as
good linearity, large operating pressure range, large
overload protection and zero suppression possibility
[22].

second derivative at the center w0 and the applied
voltage U are unknown (before pull-in phenomenon,
it is possible that the applied voltage is given and the
deflection at the center w0 and the second derivative
at the center w0 are unknown). These two unknowns
can be obtained with a two-fold method of bisection
based on the shooting method from the conditions
that both the deflection and the slope at the clamped
edge of the circular micro plate are zero (the detail
can be seen in [9], although the model in [9] is for a
direct metal-metal contact type MEMS switch and
the differential governing equation is also different).
Obtaining the second derivative at the center w0 and
the applied voltage U, one can numerically calculate
the deflection w(r) and its first three derivatives at
any point with some numerical technique easily from
equation (8). One can also calculate the volume
change percentage VP [24] between the circular
flexible plate and the dielectric layer or the ratio of
the capacitance CR [25] between two electrodes
numerically as follows

4. Numerical Solutions
In generally, if the applied voltage, the uniform
hydrostatic pressure and four boundary conditions,

a

VP 

 2w(r )rdr
0

a g
2

a



2 w(r )rdr


0

(15)

2

a g
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0
CR 


0
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dr
G  w(r )

  0a 2 


 G 

a

2G



0

r
dr
G  w(r )
a2

w()  g ,

(16)

The differential
singularity is

Incorporating the above numerical solution to the
applied voltage with some constrained optimization
method, such as Powell’s method [26], the pull-in
voltage and the corresponding pull-in position can
automatically be obtained on a computer with less
manual intervention.

4.2. Solution to Transition Mode
For this mode, the boundary conditions at the
center are
w(0)  g ,

dw(0) d 3 w(0)
d 2 w(0)


0
,
 w0
dr
dr 3
dr 2

3P
 2  r2
2 3

governing

5. Examples
5.1. Entire Deformation Analysis of a Micro
Circular Plate
In this example, an entire analysis for the three
different modes will be performed. The material and
geometrical parameters in the example are listed in
Table 1. All parameters except the relative
permittivity and the thickness of the dielectric layer
come from [13], in which these two parameters are
useless because the normal mode before the pull-in
phenomenon was only analyzed.
Table 1. Material and geometrical parameters.
Quantity
Modulus of elasticity
Poisson’s ratio

(19)

ε0

Vacuum permittivity

where P is the total force over the contact surface,
and  is given in practice.
At this mode, the applied voltage U and the total
force P are unknown. Similar to the normal mode,
these two unknowns can also be obtained with the
two-fold method of bisection from the conditions that
both the deflection and the slope at the clamped edge
of the micro circular plate are zero.

ε1

P

4.3. Solution to Touch Mode
Because of w(r )  g in the range [0, ] at this
mode, we should only calculate the deformations in
the range [, a ] , and boundary conditions at
r   are
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(21)

At this mode, the applied voltage U and the third
derivative w are unknown with  being given.
Similar to the first two modes, these two unknowns
can be obtained with the two-fold method of
bisection from the conditions that both the deflection
and the slope at the clamped edge of the circular
micro plate are zero.

Symbol
E
μ

 2

without

 d 4 w 2 d 3 w 1 d 2 w 1 dw 

D 4 


r dr 3 r 2 dr 2 r 3 dr 
 dr
t d  dw 
ra

r
  q(r , w, U , q 0 )
r dr  dr 

(18)

or, for simplicity, the distribution of pressure over the
contact surface is assumed as
q1 (r ) 

equation

(20)

(17)

At this mode, the differential governing equation
is (10), the second derivative at the center w0 is
given, and the applied voltage U and the force
q1 (r ) distributed over the area of radius  are
unknown. In the paper, the force q1 (r ) is considered
the distribution of pressure over the contact surface
between the two bodies(one is the micro circular
plate, and another is the substrate with the dielectric
layer as shown in Fig. 1 ) and assumed, using the
contact theory [27], as follows
q1 (r ) 

dw() d 2 w()
d 3 w()

 0,
 w
2
dr
dr
dr 3

εr
a
t
t1
g
τ
q0

Relative permittivity of the
dielectric layer
Relative permittivity of air
Radius of the circular plate
Thickness of the circular plate
Thickness of the dielectric layer*
Initial gap
residual biaxial plane stress
Hydrostatic pressure

Value
169 GPa
0.3
8.854
×10-12
F·m-1
8.36
1.0
250 μm
20 μm
1.0 μm
1.0 μm
0
0

*Note: the breakdown voltage is in a range from 6 MV/cm to 12
MV/cm from an inspection to the breakdown histogram for siliconnitride film [28].

Fig. 4 shows the applied voltage versus the center
deflection of the micro circular plate at the normal
mode. The second derivative at the center of the
micro circular plate versus the center deflection of
the micro circular plate is shown in Fig. 5. The
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corresponding figures to demonstrate the volume
change percentage or the ratio of the capacitance
versus the center deflection of the micro circular
plate at the normal mode are presented in Fig. 6 and
Fig. 7. The pull-in voltage U PI is about 373.62 V, and
the related center deflection, the volume change
percentage and the ratio of the capacitance are about
0.52 μm, 16.5 %, and 1.21 respectively. The applied
voltage and the minimum second derivative at the
center w0 are about 225.37 V and -1.0017×10-4 at the
end of the mode, respectively.
Fig. 7. Ratio of the capacitance versus center deflection.

At the transition mode, a numerical analysis of
the solid circular plate is complicated by the fact that
a concentrated reaction acts at the center of the
circular plate. In this work, the concentrated force is
replaced by a force distributed over a small circular
area as shown in equation (18) or in equation (19)
with a radius  . Some computed results for the
different radiuses  are listed in Table 2 and Table 3
for two different distributions of pressure.
Fig. 4. Applied voltage versus center deflection.

Table 2. Some applied voltages and the total forces
obtained with the second derivative w0  0.0 and some
different radiuses in Eqn. (18).
Radius  (μm)
6.5
5.0
3.0
1.0
1.0×10-2
1.0×10-4
1.0×10-6
1.0×10-8

Fig. 5. Second derivative w0 versus center deflection.

Total force
P (μN)
6.8349×104
6.1409×104
5.1216×104
3.7682×104
1.7842×104
1.1684×104
8.6120×104
6.7086×103

Table 3. Some applied voltages and the total forces
obtained with the second derivative w0  0.0 and some
different radiuses in Eqn.(19).
Radius  (μm)
6.5
5.0
3.0
1.0
1.0×10-2
1.0×10-4
1.0×10-6
1.0×10-8

Fig. 6. Volume change percent versus center deflection.

Applied voltage
U (V)
258.83
256.56
252.96
247.46
237.27
233.49
231.53
230.34

Applied voltage
U (V)
260.14
257.70
253.85
248.04
237.45
233.57
231.56
230.38

Total force
P (μN)
7.2728×104
6.4947×104
5.3672×104
3.9002×104
1.8132×104
1.1785×104
1.0277×104
6.0441×103

It can be seen from Table 2 that there is few
change in the applied voltage for both two different
distributions of pressure when   1.0  10 4 ,
although the total forces quite differ for different
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radiuses or different distributions. We will not
concern ourselves unduly with the effect of the
radius  , because the transition mode is only a
temporary, uncontrollable state, as it is expressed by
the term “transition mode”.   1.0  10 6 μm ,
which is much smaller than   0.325t  6.5 μm
suggested in [29] and can at least give the first two
correct digitals of the applied voltage (the relative
error is less than 1.0 %), and the distribution of
pressure in equation (18) are used to obtain the
below results.
Fig. 8 shows the applied voltage versus the
second derivative at the center of the micro circular
plate at the transition mode. Fig. 9 shows the total
force over the circular area of radius
  1.0  10 6 μm versus the second derivative at the
center.

The corresponding figures to demonstrate the
volume change percentage or the ratio of the
capacitance versus the second derivative at the center
are presented in Fig. 10 and Fig. 11. The applied
voltage is about 231.53 V at the end of the mode.
Fig. 12 shows the applied voltage versus the
contact radius at the touch mode. Because the change
range of the third derivative at r   during the
touch mode is too large to observe its behavior
clearly in one figure, three figures over three different
ranges for contact radius (from 0.0001 μm to 0.01
μm, from 0.01 μm to 1.0 μm, and from 1.0 μm to 100
μm) are used to describe its behavior shown in Fig.
13(a)-Fig. 13(c). The corresponding figures to
demonstrate the volume change percentage or the
ratio of the capacitance versus contact radius at the
touch mode are presented in Fig. 14 and Fig. 15.

Fig. 8. Applied voltage versus second derivative.

Fig. 9. Total force versus second derivative.

Fig. 10. Volume change percent versus second derivative.

Fig. 11. Ratio of the capacitance versus second derivative.

Fig. 12. Applied voltage versus contact radius.

Fig. 13 (a). The third derivative versus contact radius.
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Fig. 13 (b). The third derivative versus contact radius.

Fig. 13 (c). The third derivative versus contact radius.

Fig. 14. Volume change percent versus contact radius.

Fig. 15. Ratio of the capacitance versus contact radius.

5.2. Effect of Some Parameters
on the Pull-in Voltage
In this example, the effect of some geometry
dimensions, the radius and the thickness of the micro
circular plate, the thickness of the dielectric layer, the
initial gap, the uniform hydrostatic pressure, and the
residual stress on the pull-in voltage will be analyzed.
Note please that in the example, all parameters are
the same as the Table 1 except for the parameter
under discussion.
The relation between the radius of the plate and
the pull-in voltage is shown in Fig. 16. The relation
between the thickness of the plate and the pull-in
voltage is shown in Fig. 17. The relation between the
thickness of the dielectric layer and the pull-in
voltage is shown in Fig. 18. The relation between the

Fig. 16. Radius of the plate versus pull-in voltage.

initial gap between the plate and the dielectric and the
pull-in voltage is shown in Fig. 19. The relation
between the uniform hydrostatic pressure and the
pull-in voltage is shown in Fig. 20. The relation
between the residual stress and the pull-in voltage is
shown in Fig. 21.
Figs. 16 - 21 show how the pull-in voltage varies
with a parameter.

6. Comparison with Some Other Results
Some obtained pull-in voltages without the
dielectric layer for only electrostatic actuation are
compared with some existing results as presented in
Table 4-6.

Fig. 17. Thickness of the plate versus pull-in voltage.
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Fig. 18. Thickness the dielectric layer versus pull-in voltage.

Fig. 19. Initial gap versus pull-in voltage.

Fig. 20. Uniform hydrostatic pressure versus pull-in voltage.

Fig. 21. Residual stress versus pull-in voltage.

Table 4. Pull-in voltages obtained with two different methods for some radiuses of the plate.
Pull-in
Pull-in
voltage
Relative
voltage
error*(%)
UPI(V) in
UPI(V)in
[12]
this paper
-0.041
240
342.34
342.20
250
315.51
315.34
-0.054
260
291.70
291.58
-0.041
*The relative error is calculated with (result in this paper-result
in reference)×100/result in this paper.
Radius
a(μm)

Table 5. Pull-in voltages obtained with two different methods for some thicknesses of the plate.
Thickness
t(μm)
19
20
21

Pull-in
voltage
UPI(V)in
[12]
292.14
315.51
339.46

Pull-in
voltage
UPI(V) in
this paper
292.03
315.34
339.32

Relative
error
(%)
-0.038
-0.054
-0.041

Table 6. Pull-in voltages obtained with two different methods for some initial gap.
Initial
gap g (μm)
0.9
1.0
1.1
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Pull-in
voltage
UPI(V)in
[12]
269.39
315.51
363.99

Pull-in
voltage
UPI(V) in
this paper
269.26
315.34
363.82

Relative
error
(%)
-0.048
-0.054
-0.047
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Some deflections at the center of the plate for
several different hydrostatic pressures for a constant
applied voltage 100 V are listed in Table 7, and some
deflections at the center of the plate for several
different applied voltages for a constant hydrostatic
pressure 200 kPa are listed in Table 8. The
deflections listed in Table 7 and Table 8 are all
values before pull-in phenomenon.
Table 7. Deflections at the center obtained
with two different methods for U=100 V.
Deflection
Hydrostatic
pressure q0 (kPa) w0(μm) in
[13]
0
0.02367
200
0.12862
700
0.39804
1200
0.71870

Deflection
w0(μm) in
this paper
0.02248
0.12444
0.38535
0.68017

Relative
error
(%)
-5.29
-3.36
-3.29
-5.66

Table 8. Deflections at the center obtained with two
different methods for q0=200 kPa.
Applied
Deflection
Deflection
Relative
voltage
w0(μm) in
w0(μm) in this
error
U(V)
[13]
paper
(%)
0*
0.10184
0.09858
-3.31
100
0.12862
0.12444
-3.36
200
0.22639
0.21752
-4.08
280
0.64154
0.47685
-34.54
* Note: the theoretical deflection at the center [20] for the
applied voltage U  0 is w0 

q0 a 4
 0.098595 μm .
64 D

It can be seen from Table 4-Table 8 that good
agreement except for one case of the applied voltage
280 V in Table 8 has been achieved.
Another comparison is also made. The pull-in
voltages obtained in this paper and in [17] are
19.2194 V and 20.1792 V respectively with
parameter values of a  250 μm , t  3.01 μm ,
g  1.014 μm , E  150.6 Gpa ,   0.0435 , and
  7.8 Mpa . The relative error is -4.99 %.

7. Conclusions
A distributed model with three possible static
modes was presented to investigate the behavior of
the plate subjected to electrostatic force and uniform
hydrostatic pressure both before pull in and beyond
pull in. The differential governing equation of the
micro circular plate specifically used for numerical
solution of the three modes without singularity was
presented based on the classical thin plate theory,
Taylor’s series expansion and Saint-Venant’s
principle.
The numerical solution to the differential
governing equation for the different mode was

mainly attributed to solve for one unknown boundary
condition and the applied voltage, which could be
obtained by using a two-fold method of bisection
based on the shooting method. Because the deflection
at the center was given, which avoided the numerical
interpenetration between the circular plate and the
dielectric layer due to the computation error, and
solution to the differential governing equation could
be directly obtained without accumulated error for
both before pull-in and after pull-in phenomenon,
some constrained optimization method can be
incorporated to the solution to obtain pull-in voltage
automatically on a computer with less manual
intervention.
The control to the error in this method is very
simple, and the method can be carried to any degree
of accuracy desired with little try at the expense of
time and computer costs.
In examples, the entire mechanical behavior of
the circular plate over the operational voltage ranges
was investigated and the effects of different
parameters, such as radius and thickness of the plate,
thickness of the dielectric layer, uniform hydrostatic
pressure, uniform residual stress and initial gap on
pull-in voltage were studied. From comparison with
some other obtained results, good agreement is
achieved.
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