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Abstract: An improved dutch roll approximation for hypersonic vehicle is presented. From the new
approximations, the dutch roll frequency is shown to be a function of the stability axis yaw stability and the
dutch roll damping is mainly effected by the roll damping ratio. In additional, an important parameter called
roll-to-yaw ratio is obtained to describe the dutch roll mode. Solution shows that large-roll-to-yaw ratio is the
generate character of hypersonic vehicle, which results the large error for the practical approximation.
Predictions from the literal approximations derived in this paper are compared with actual numerical values for s
example hypersonic vehicle, results show the approximations work well and the error is below 10 %. Copyright
© 2014 IFSA Publishing, S. L.
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1. Introduction
Dutch roll is an oscillatory interchange between
side slip, roll and yaw that occurs as a statically
stable aircrafts to reestablish lateral and directional
equilibrium [1-3]. It is usually the most complex
mode of an aircraft.
Dutch roll is characterized by the frequency and
damping, which can be easily done by numerically
determining the eigenvalues and eigenvectors
associated with the linearized equations of
motion [4-7]. However, the eigenvalues and
eigenvectors for dutch roll depend on many
parameters, and the nature of this dependence is not
easily observable from a numerical solution. For this
reason, a literal-form approximation is desired to
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evaluate the dutch roll. In addition, a literal-form
solution has always been useful for the optimization
of flight control system.
Literal approximation to the dutch roll has
traditionally been derived by considering simplifying
assumptions [8, 9]. The approximation has been
described in several textbooks and has been widely
used over the past several decades [10-13]. However,
results obtained from the traditional approximation
are not in particularly good agreement with the
numerical solution for hypersonic vehicle, which
flight with high angle of attack and large mach
numbers [14, 15].
In this paper, an improved dutch roll literal
approximation for hypersonic vehicle is presented. In
addition, a parameter called roll-to-yaw ratio is
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obtained to describe the mode, which scaled the
relative amplitudes between roll rate and yaw rate.
Solution shows that most of the hypersonic vehicles
have large roll-to-yaw ratio character, because of the
high angle of attack and slender shape. The paper
also point out that the large roll-to-yaw ratio is the
mainly reason for the poor agreement between
traditional appropriate and numerical solution.
Finally, predictions from the improved literal
approximation are compared with actual numerical
values for an example hypersonic vehicle. The result
indicates the improved approximation works well and
the errors for dutch roll frequency, damping and rollto-yaw ratio are all within 10 %.

2. Lateral-Directional Dynamics for
Hypersonic Vehicle
The lateral-directional equations of motion for
hypersonic vehicle are well defined for the form
Δx = AΔx ,

4.1. Dutch roll Frequency ωDR

(2)

For dutch roll frequency approximation, we
neglect the gravity and damping term, because these
values are little and have little effect on dutch roll
frequency. Hence, the lateral-directional system
matrix can be written as

The lateral-directional system matrix is given
by Eq. (3).
 Yβ

V
A= 0
 Lβ′

 N β′

g
V
0
0
0

Yp
V

+ sin α 0
1
L′p
N ′p


Yr
− cos α 0 
V

tan α 0  ,

Lr′

N r′


(3)

The characteristic equation for this system can be
written as in terms of eigenvalues as
sI − A = ( s − λR )( s − λS ) ( s + 2ξ DRωDR + ω
2

2
DR

),

(4)

where λR is the pole of roll mode, λS is the pole of
spiral mode, ωDR is the dutch roll frequency and ξ DR
is dutch roll damping. Dutch roll is the most
important and complex mode in these three modes
and the traditional dutch roll approximation can be
found in many textbooks on flight dynamics to be
ωd = N β′ + (Yβ V )N r′ , ξ d =

− N r′ − Yβ V
2ωd

The traditional approximation for dutch roll is
obtained by neglecting the rolling rate. The
assumption is reasonable for low speed aircrafts,
which have big wingspan and dutch roll amplitude
for the rolling rate is smaller than that for the yawing
rate. However, for hypersonic vehicles, which usually
have slender body and flight with high angle of
attack, dutch roll amplitude for the rolling rate is
much larger than the yawing rate. In this section, we
develop a parameter called roll-to-yaw ratio, which is
defined as the ratio of the amplitudes of the rolling
rate and yawing rate in dutch roll. Results show that
hypersonic vehicle usually have big roll-to-yaw ratio
and the rolling rate could not be neglected. To
increase the precision for dutch roll, we develop an
improved dutch roll approximation that includes the
effects of rolling rate.

(1)

where Δx is the perturbed state vector,
Δx = [Δβ , Δφ , Δp, Δr ]T ,
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(5)

This dutch roll approximation has been used in
practical application for the past several decades.
(about UAV supersonic vehicle). However It is quite
apparent from Table 3, that the approximation is
rather inaccurate for both ωDR and ξ DR for hypersonic
vehicle.

 Yβ

V
A= 0
 L′
 β
 N β′

0 sin α 0
0
0
0

1
0
0


− cos α 0 

tan α 0  ,
0 
0 

(6)

The characteristic equation becomes
Y


sI − A = s 2  s 2 − β s + N β′ cos α 0 − Lβ′ sin α 0  ,
V



(7)

Here we have lost two roots, one resulting from the
assumption of no gravity and the other resulting from
the assumption of no dampingterms (the spiral and
rolling modes, respectively).
From Eq. 4 and Eq. 7, the dutch roll frequency is
ωDR = N β′ cos α 0 − Lβ′ sin α 0 ,

(8)

From Eq. 7, the requirements for lateraldirectional static stability is
N β′ cos α 0 − Lβ′ sin α 0 > 0 ,

(9)

If we neglected the product of inertia Ixz, the Eq. 9
can be reduces to the equivalent condition.

Cnβ, dyn > 0 ,

(10)
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where
Cnβ, dyn = Cnβ cos α 0 −

I zz β
Cl sin α 0 ,
I xx

Yp′


Y′
g
− −sinα − r + cosα
s −Yβ′ −
V
V
V


−1
s
0
,
sI − A =  0
 − L′

0
s − L′p
0
β


− N′p
0
s − Nr′ 
 − Nβ′

(11)

Equation 11 indicates that Cnβ, dyn is directly related
to the generalized static stability requirement, and the
traditional lateral-directional stability criterion Cnβ is
only valid when α 0 = 0 .

Δ qi ( s ) and Δ qj ( s ) can be obtained by

Δ 43

p
r

4.2. Roll-to-Yaw Ratio

Table 1. The lateral eigenvectors.

β

Spiral mode
v12

φ
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v 24

p
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v 32
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v 34

r
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v 42

v 43

v 44

− Lβ′ cos α
 p
  =
 r  DR s ( s − L′p ) − Lβ′ sin α

s = −ξω + jω 1 − ξ 2
d
d

Lβ′ cosα
2ξ 2ωd2 − ωd2 + ξωd L′p − Lβ′ sinα − jωd 1 − ξ 2 (2ξωd + L′p )

(18)
The roll-to-yaw ratio is defined by the amplitudes
 p
of   as follows
 r  DR

p
=
r DR

v 34
,
v 44

(17)

Thus,

Dutch roll mode
v13
v14

Thus,

DR

(16)

0 − sinα

s

Δ44 = 0 s
−1 = s(s(s − L′p ) − Lβ′ sinα ) ,
− Lβ′ 0 s − L′p

=

Roll mode
v11

=

0 cos α
s tan α 0 = − sLβ′ cos α ,
0
0

s
=− 0
− Lβ′

and

DR

Roll-to-yaw ratio is defined as the ratio of the
amplitudes of the rolling rate and yawing rate in
dutch roll mode. For aircrafts with low roll-to-yaw
ratio, yawing motion is much larger than rolling
motion and vice versa. Roll-to-yaw ratio is equal to
the ratio of rolling rate and yawing rate in
eigenvector associate with dutch roll mode. The
lateral-directional eigenvectors is given by Table 1.

p
r

(15)
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The ratio of the xi and x j elements in the eigenvector
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(19)

associated with mode k have been denoted by

From Eq. 8 and Eq. 19, the roll-to-yaw ratio is
 xi 
Δ qi ( s )
,
= ( −1)i − j
 
x
Δ
qj ( s )
 j modek
s = λk

(13)

where Δ qi ( s) and Δ qj ( s ) are the minors of the
characteristic determinant of the system. Thus,
Δ
 p
= − 43
 
Δ 44
 r  DR

Yp

,
2
s = −ξ DRω DR + jωd a −ξ DR

(14)

Y
， r and Lr′ , characteristic
V
V
determinant of the system becomes

Neglect the terms

30

Lβ′
p
=
r d N β′

1
1+

L′p2
N β′ cos α

−

Lβ′ sin αL′p2

,
(20)

N β2 cos 2 α

The roll-to-yaw ratio is mainly effected by the
ratio of lateral static stability and directional static
stability in stability axes. Directional static stability
of hypersonic vehicles is usually weak, for the
vertical stabilizer being shaded by the body at high
angle of attack. In addition, the hypersonic vehicle
most has a slender shape. Hence, the roll-to-yaw ratio
is very large. Results from Table 2 indicate that the
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roll-to-yaw ratio of a hypersonic vehicle reaches as
large as 15 when the AOA reaches 30. This also
points out why the traditional approximation is not
satisfactory for hypersonic vehicle.

feeding back yawing rate to rudder, which increases
N r′ as given by Eq. 6. However, for a hypersonic
vehicle, it will be more effective to feed back rolling
rate to aileron, which to increase L′ as given
by Eq. 25.

4.3. Dutch roll Damping ξ DR
For the large roll-to-yaw ratio, dutch roll of a
hypersonic vehicle consists mainly of sideslipling
and rolling, and the yawing contributes little to the
dutch roll. With neglecting the yawing rate, we lead
to a three-degrees-of-freedom dutch approximation.
The simplified third-order system matrix is as
follows.
 Yβ

V
A= 0
 L′
 β


g
V
0
0


sin α 0 

1 ,
L′p 


(21)

(22)

(23)

From Eq. 22 and Eq. 23, we obtain
Yβ

2ξ DRω DR + d = − L′p −
V ,

g
2

ω DR ⋅ d = − Lβ′

V

(24)

According to Eq. 8 and Eq. 24, the dutch roll
frequency and damping is given by
ω DR = N β′ cos α − Lβ′ sin α

L′p
Yβ
Lβ′ g ,

 ξ DR = − 2ω − 2ω V +
3
2ωDR
V
DR
DR


L p = 5.6 × 10−3 , Lr = 1.39 × 10−3 , N p = −4.45 × 10−4
N β = −5.6 × 10−4 , Yβ = 2.83 × 10−4 , Yp = 0.64
Yβ = −0.76

This polynomial has a root correspond to the roll
subsidence pole and two quadratic roots correspond
to the dutch roll poles. Hence, the polynomial could
be written as
2
sI − A = ( s 2 + 2ξ DRωDR s + ωDR
)( s − λR ) ,

As an illustration, predictions from the dutch roll
approximation in this paper are now compared with
exact numerical values for an example hypersonic
vehicle. Consider the aircraft at α = 30 and H = 70km
having
V = 7000 , Lβ = −9.63 , N β = −0.12

The characteristic polynomial is now obtained
very easily by the system matrix
Y
Y
g
sI − A = s3 − s2 (L′p + β ) + s(L′p β + Lβ′ sinα0) − Lβ′ ,
V
V
V

5. Numerical Illustration

(25)

The expression indicates that the dutch roll
damping is dominated by the derivative L′ ( V is very
large for hypersonic vehicle), which is the behavior
of aircrafts with large roll-to-yaw ratio. The damping
formula tends to be more accurate than traditional
approximation. This will be illustrated later, by
example.
The damping formula is helpful for stability
argument of dutch roll. For a conventional aircraft, it
is effective to increase the dutch roll damping by

For this aircraft and flight condition, the exact
numerical solution obtained numerically from the
linearized equation of motion gives
p
r

= 14.3 , ωDR = 1.16 , ξ DR = −9.7 × 10−4
DR

The approximate solution obtain by using Eq. 20
and Eq. 25 results in
p
r

= 14.5 , ωDR = 1.16 , ξ DR = −1.0 × 10−3
DR

From the above results, the roll-to-yaw ratio,
frequency and damping predicted by the improved
dutch roll approximation agree very closely with the
exact solution. The roll-to-yaw error is by 2 %, the
frequency error is by 2 % and the damping error
is by 5 %.
Table 2 and Table 3 give the compared results
between the improved approximation and the
traditional approximation, with the angle of attack
varying between 17 and 30 degrees, the altitude
varying between 85 and 55 km and the mach
numbers varying between 22 and 17.

Table 2. Comparing of roll-to-yaw ratio to numerical
values.
H ,α , M a

(85,30,22)
(77,30,21)
(70,30,20)
(65,25,19)
(60,25,18)
(55,20,17)

Numerical
solution
17.7
16.4
14.3
9.0
7.6
5.5

Approximate
solution
17.5
16.5
14.2
9.1
7.5
5.5

Error

1.2 %
0.6 %
0.7 %
1.1 %
1.3 %
0.0 %
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Table 3. Comparing of dutch roll to numerical values.

Flight
Condition
H ,α , M a
(85,30,22)
(77,30,21)
(70,30,20)
(65,25,19)
(60,25,18)
(55,20,17)

Numerical
solution
value
0.66
1.16
1.56
1.86
2.50
2.76

Dutch Roll Frequency
Improve
Traditional
Approximation Approximation
value
error
value
error
0.66
0.0
0.21
67.9
1.16
0.0
0.38
66.8
1.56
0.0
0.55
64.7
1.86
0.0
0.85
54.0
2.50
0.0
1.22
50.8
2.76
0.0
1.64
40.5

Table 2 shows how the roll-to-yaw ratio given by
Eq. 20 compares with the exact numerical solution
for a broad range of flight condition. It indicates that
the approximate roll-to-yaw ratio given by Eq. 20 is
in good agreement with the exact solution. In
addition, as the angle of alpha grows, the roll-to-yaw
ratio becomes more and more large. This is because
the vertical stabilizer is shaded by the body and the
directional static stability is low as the alpha
increases.
A comparison of the improved dutch roll
approximation with the exact numerical values is
shown in Table 3, which also contains a comparison
of the traditional approximation. Clearly, the
improved approximation seems to predict the actual
values well, and is definitely superior to the
traditional approximation. The frequency error is by
2 % and the damping error is by 6 %.
Note that, with the decrease in angle of attack, the
damping error for the improved dutch roll
approximation increases. This is because the roll-toyaw ratio decreases as the angle of attack decreases.
As the roll-to-yaw ratio is lower, the improved
approximation becomes worse, which base on a large
roll-to-yaw ratio. For example, if we decuple the N β′
in the earlier example, the aircraft becomes a small
roll-to-yaw ratio type. In this case, the exact
numerical values is

ξ DR = −1.0 × 10−3
The approximate values by Eq. 25 is

ξ DR = −1.0 × 10−3
We found that, the error will increase to 50 %
when the roll-to-yaw ratio is less than 2.0.
Nevertheless, nearly all hypersonic vehicles have
roll-to-yaw ratio more than 2.0.

6. Conclusions
An improved dutch roll approximation for
hypersonic vehicles has been developed. The
traditional dutch roll approximation neglects the
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Numerical
solution
value
-1.75*10-3
-9.7*10-4
-7.0*10-4
-5.8*10-4
-3.4*10-4
-3.3*10-4

Dutch Roll Damping
Improve
Traditional
Approximation
Approximation
value
error
value
error
-1.8*10-3
2.8
-7.7*10-5 95.6
-1.0*10-3
3.1
-1.3*10-4 86.5
-7.3*10-4
4.3
-1.7*10-4 76.1
-4
-6.1*10
5.2
-5.3*10-5 90.1
-4
-3.2*10
5.5
-5.6*10-5 83.7
-4
-3.1*10
6.2
-1.0*10-4 68.9

rolling rate, which is valid only for aircrafts with
small roll-to-yaw ratio. However, hypersonic vehicles
are a classical type of aircrafts with large roll-to-yaw,
for which the traditional approximation is invalid.
The improved dutch roll approximation considers the
effect of rolling rate, and has higher accuracy as the
roll-to-yaw ratio increases. Results show that the
improved dutch roll approximation works well under
a wide range of flight conditions.
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