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Abstract: The gear fault is usually accompanied with signal discontinuity. The gear fault vibration signals are 
mostly unstable, nonlinear and time varying signal, so it is important to choose a suitable signal analysis 
method. The most common method in the analysis of nonlinear time series is the Method of Delays. Many 
techniques have been suggested to choose appropriate parameters, like embedding dimension m and delay time 
τ . In this paper, a unit algorithm of FNN (False Nearest Neighbors) and AD (Average Displacement) methods 
to select m and τ . The algorithm fit to Rössler system and the results are quite identical to empirical choice, 
which confirms our idea. Copyright © 2014 IFSA Publishing, S. L. 
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1. Introduction 
 

For vehicle gear box structure is complex, 
changeable working status, combining with the 
particularity of running gear form, gearbox vibration 
signal detection system is mainly composed of the 
body surface. The measured vibration signals are 
among working parts of the body and the external 
connecting parts together the result of the incentives, 
but also be encouraged by from point to point 
transmission characteristics, the influence of the 
signal component is very complex, especially in the 
condition of the vehicle running. The key of gear 
fault diagnosis is extracted the gear vibration signal 
fault feature. Signal analysis and processing is the 
most commonly used method of extracting fault 
features. The state space reconstruction theory offers 
a good way to do this. 

The state space reconstruction theories focus on 
nonlinear time series. Analysis of nonlinear time 

series becomes hotspot in many fields of science and 
engineering, and the method of delays introduced by 
Takens [1] is always employed as the first step. For a 
time series of scalar observations of a dynamical 
system, one may recreate the underlying dynamics 
according to the time-delay embedding. The 
reconstructed system preserves much dynamic 
properties and is topological equivalence to the 
original one. Comparing with kinds of complicated 
methods for nonlinear dynamical system modeling, 
the method of delays can be implemented much more 
conveniently.  

According to Packard [2] and Takens [1], a time 
series { }ix  can be embedded into an m-dimensional 

space as follows: 
 

 
( 1)( , , , )i i i mx x xτ τ+ + −=ix      mR∈ix , (1)

 

where τ  is the index lag. If sampling interval is st , 

then delay time is d st tτ= × . 
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Takens’ theorem states that if the data set is 
infinite and noise-free embedding dimension should 
be set to m ( 2 1m d≥ + , d is the fractal dimension) 
and the choice of τ is almost arbitrarily. While in 
practice the observation is always finite and noisy, so 
the selection of m and τ is quite important to the 
quality of reconstruction. 

In recent years some people argue that the delay 
time window wτ ( ( 1)w mτ τ= − × ), which is the entire 

time spanned by the components of ix , should be 

determined first [3]instead of individual parameter m 
and τ . In this paper we also carry out an experiment 
on this proposal, and get some heuristic results.  

The question we consider is: When dealing with 
an entirely unknown system how can we collect the 
effective information and realize the time-delay 
embedding efficiently? Which is the most crucial 
parameter in the reconstruction? In section 2, by 
using AD(Average Displacement) algorithm 
proposed by Rosenstein [4] we put forward a 
criterion for selecting suitable sampling interval st  

according to different kinds of systems; In section 3, 
we analyze the result of contrast test and conclude 
that although wτ  will influence the quality of 

reconstruction, the most crucial parameter is 
embedding dimension m; In section 4, we propose a 
joint algorithm of FNN(False Nearest Neighbors) [5] 
and AD to determine m and τ , and get satisfactory 
result. It demonstrates feasibility and effectiveness of 
our method. 
 
 

2. Determining Sampling Interval st  
 

When confronting a totally unknown dynamical 
system, considering reconstructing the system by the 
method of delays, the first work we need to do is 
getting time series of one scalar observation. Existing 
methods rarely consider sampling interval st  as a 

serious parameter, but inversely it will influence the 
entire progress of reconstruction. If st is too large, the 

gotten time series can’t capture enough information 

about oscillations of the system. We may not even 
realize the time-delay embedding successfully. If st is 

too small, the index lag τ  we will choose later may 
be very large, thus we must need a huge number of 
points to be computed. This is very time-consuming. 

In order to choose suitable sampling interval st  

we applied the AD (Average Displacement) 
method [4]. This method is a geometric approach to 
solve this problem. By measuring the degree of the 
reconstructed attractor expanding from the diagonal 
in phase space, it depicts the volume of redundancy 
error changing with delay time dt . Even when the 

data set is small and noisy this method can also 
perform well. Average Displacement function 

( , )S m τ  can be expressed as follows: 

 
 1

2

1 1

1
( , ) ( ( ) ( ))

mN m

n lm

S m x n l x n
N

τ τ
−

= =

= + −  , (1)

 
where m is the embedding dimension, τ  is the index 
lag and mN  is the number of reconstructed vectors: 

( 1)mN N m τ= − − . Hereinto, N is the number of 

sampling points. 
As an example, we describe the application of the 

above method to Rössler system. The equations are 
given by 
 

 

( )

x y z

y x ay

z b z x c

− −   
   = +   
   + −   





, (3)

 
where a=0.15, b=0.2, and c=10. For these parameter, 
the data exhibits broadband chaos. For comparison, 
we generate three time series of variable x  with 

1st = , 0.1st = and 0.01st = ( 1000N = ) separately. 

The performance of ( , )S m τ  varying with sampling 

interval is shown in Fig. 1. In practice we generally 
have no idea of the dimension of an unknown system 
at first, so in the experiment we set 2m =  as the 
simplest condition. 

 
 

   
 

(a) 0.01st =                                                  (b) 1st =                                                    (c) 0.1st =  

 
Fig. 1. Relation between ( , )S m τ  and τ  for Rössler system. 
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For 0.01st =  in Fig. 1(a), the increase in function 

( , )S m τ  is basically proportional to delay time. It 

indicates that the pattern of oscillation have not been 
completely described in this case. The range of all the 
sampling points may not cross whole attractor and 
can’t depict stretching and folding in it. For 1st =  in 

Fig. 1(b), the fluctuation of ( , )S m τ  do reflect the 

periodic-like orbits of the original system, but the 
drastic changes in the curve also show that it fails to 
identify the gradual changes of the attractor in detail. 
Further more, the embedding dimension in this 
experiment ( 2m = ) is always much smaller than 
practical requirement. So we need to choose st  which 

can capture the characteristic of dynamic systems 
more precisely. For st  in Fig. 1 (c), there is only one 

extreme value. The trend of curve shows that it 
detects the oscillation of the system, but the gradual 
change also means each point in the time series 
contains same amount of information. Much 
experience tells us that this selection criterion for st  

can get high quality of reconstruction. 
In order to verify our inference we applied this 

criterion in analyzing Lorenz system: 
 

 ( )x a x y

y xz cx y

z xy bz

− −   
   = − + −   
   −   





, (4)

 

where a=10, b=28 and c=8/3. The result was shown 
in Fig. 2 ( 0.01st = ). It is in agreement with empirical 

choice [6] which confirmed our conclusion. 
 
 

   
 

(a) 0.001st =                                            (b) 0.1st =                                          (c) 0.01st =  

 
Fig. 2. Relation between ( , )S m τ  and τ  for Lorenz system. 

 
 
3. Key Parameter in Reconstruction 
 

In common practice, individual parameter m and 
τ  are determined separately by using different 
algorithms. But recently some authors argue that the 
delay time window ( 1)w mτ τ= −  which represents 

the entire time spanned by the components of ix  is 

much more significant. In this case, the index lag τ  
should vary with dimension m. Martinerie [7] has 
examined some methods like autocorrelation function 
or mutual information to select delay time window 
and none of them has given us satisfactory result. 

The main purpose of time-delay embedding is 
reflecting the oscillation and estimating invariants of 
the dynamic system. The dimension estimate can be 
used to infer something about the dynamical structure 
and character the signal’s complexity. Especially 
correlation dimension cd , it has been shown that 

cm d>  is sufficient [8]. The most popular procedure 

for estimating correlation dimension is Grassberger-
Procaccia algorithm [9, 10]. According to this 
algorithm we must calculate the correlation  
integral first: 
 

 

1 1

( ) (1/ ) ( )
m mN N

N p
i k

C r N r
= =

= Θ − − i jx x , (5)

 

where Θ  is the Heaviside function,  is the 

Euclidean distance operator and pN is the number of 

pairs of points ,i jx x  in N-dimensional vector space. 

The function ln ( )NC r  vs. ( )ln r  has a linear region, 

and the slope of the function in the scaling region 
is cd . 

In the next test we compare the curves of 
ln ( )NC r  vs. ( )ln r  with contrastive parameters for 

Lorenz and Rössler systems. And finally we give an 
opinion to which is the crucial parameter in the 
method of delays. In each calculation 1000 vectors 
were used and the sampling interval was selected as 
section 2. 

The results in Fig. 3(a) and Fig. 4(a) show that 
character of function ( )nC r  with the same delay time 

window wτ are similar to each other, while in Fig. 3(b) 

and Fig. 4(b) with different wτ  the function ( )nC r  

exhibits certain distinction. It indicates that wτ  will 
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influence the quality of our reconstruction definitely. 
But what surprise us most is that embedding 
dimension m has a dramatic effect on ( )nC r . As 

shown in Fig. 3(c) and Fig. 4(c) function ( )nC r  with 

the same m keep almost consistent. The small 
difference between them is that the curve with larger 

τ  is a little flatter than the others. However in 
Fig. 3(d) and Fig. 4(c) function ( )nC r  with equal τ  

are quite unstable, even though the change of wτ  is 

less than those in Fig. 3(c) and Fig. 4(c). 
 

 
 

    
 

(a) The same wτ                                               (b) Different wτ  
 
 

    
 

(c) The same m                                          (d) The sameτ  
 

Fig. 3. Plot of ln ( )NC r  vs. ( )ln r  for Rössler system. 

 
 

 
 

  
 

(a) The same wτ  (b) The same m  (c) The sameτ  

 
Fig. 4. Plot of ln ( )NC r  vs. ( )ln r  for Lorenz system. 
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From the analysis of the results we get a 
conclusion that embedding dimension m rather than 

wτ  is more crucial to time-delay embedding. 

Although the quality of reconstruction is judged by 
using correlation dimension, it is also suitable for the 
estimation of other invariants like Lyapunov 
exponents. 
 
 
4. An Unit Algorithm for Determining  

m and τ  
 

Among different approaches to choose 
embedding dimension the most popular is FNN 
(False Nearest Neighbors) introduced by Kennel et al 
in 1992 [5] and enhanced recently in [11]. The 
fundamental principle behind this method is that 
there must be no self-intersection in the reconstructed 
attractor. Suppose NNx (k)  is the nearest point of 

x(k)  in reconstructed m-dimensional space. If the 

distance between the successively higher dimension 

of the two points ( ( ) ( )NNx k t m x k t m+ × − + × ) is 

greater than the threshold value, then we judge that 
this neighboring point is mendacious. We increase 
embedding dimension until only a negligible number 
of false neighbors can be found. As shown in Fig. 5 
the proportion of false nearest neighbors does not 
need to fall to zero. And we are also conscious that 
inflection point in the curve which will be our 
estimation of m is varying with index lag τ . 
Obviously there are some fluctuations in the results 
and some choices of delay time are totally 
inappropriate. 

We have pointed out in section 3 that so long as 
appropriate embedding dimension has been chosen, 
index lag is not crucial in our method of 
reconstruction. So we don’t need to employ some 

cumbersome techniques, like pseudo-period or 
mutual information to determine τ . We propose to 
adopt AD algorithm which has been introduced in 
section 1 because it’s robust and easy to realize. 
 
 

 
 

Fig. 5. Plot of percentage of false neighbors  
vs. m for Rössler system. 

 
 

So sum up, we put forward a unit algorithm for 
selecting m and τ . Step1: By using FNN method we 
preliminary estimate m, here index lag is set to 1. 
Step2: According to AD method and setting 
embedding dimension as the selected value, we 
choose the first extreme point of function ( , )S m τ  to 

be index lag τ .Step 3: Go back to step 1 and observe 
the performance of FNN (reasonable τ  has been 
chosen). If the result is agreed with step1 it indicates 
that proper m and τ has been chosen. While if it is 
quite different from step 1 we must continue our 
algorithm to step 2 as explained early until a uniform 
result is gotten. 

Applying our algorithm to Rössler systems, the 
results are shown in Fig. 6, which are identical to 
empirical choice [7]. 

 
 

   
(a)                                                        (b)                                                     (c) 

 

  
(d)                                                             (e)  

Fig. 6. Flow chart of unit algorithm applying to Rössler system. 
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5. Conclusion 
 

This paper discusses the principle, research 
advance and some existential problems of the major 
testing process used presently in the field. The 
purpose is to find an advanced testing progress 
method, especially under the strong noise condition, 
for the fault detection of the gear case and driving 
system of the vehicle. 
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