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Abstract: FEOD (Finite Element Optimization Design) is a design methodology that derives optimal design 
solutions by concurrently considering various mutually dependent design elements from an assortment of 
disciplines. As such, it is applicable to the designing of cars. This paper is concerned with design optimization 
of material reinforcement of car body frame for rigidity improvement. Topology optimization and sizing 
optimization are explored to find out an optimal manufacturing feasible design from multiple optimized designs. 
The application of these methods demonstrates that through innovative utilization of the topology optimization 
technique, an optimal manufacturing feasible design can be obtained. The relationship between the rigidity 
improvement and different configuration of material reinforcement is also investigated. It is concluded that 
through appropriate application of FEOD methods, the overall rigidity of the car body frame can be improved 
substantially in a cost effective manner and provides more convincing evidence for optimization design of the 
car body frame. Copyright © 2014 IFSA Publishing, S. L. 
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1. Introduction 
 

Since each system in an engineering design 
consists of multiple disciplines linked together, a 
design process should consider all of these systems 
concurrently. In addition, to optimize the design 
given the resources and time at hand, design 
optimization should take into account all relevant 
disciplines simultaneously. Finite Element 
Optimization Design (FEOD), which simultaneously 
takes into account mutually dependent design 
elements from various fields, has the advantages of 
reduced time and cost compared to serial design 
approaches. FEOD has been applied to diverse design 
applications, including car engineering. Intense 

global competition in the car industry has driven 
automakers to propel the evolution of optimization 
methods for design applications. The urgent need to 
improve product performance, shorten design cycles, 
reduce cost. The performance of car can be improved 
in a cost-effective manner by integrating FEOD 
techniques in the design process. In the past decade, 
the car industry has extensively used FEOD 
techniques for component design. As a result, almost 
any structural part of car can now be optimized using 
such techniques. Examples of optimization of small 
parts such as mounting brackets, pillars, seat frames, 
trunk reinforcements and suspension rings or large 
parts such as engine blocks and chassis, are abundant 
in the published literature. For instance, R. Das and 
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R. Jones [1] presented the fatigue life enhancement of 
structures using shape optimization. Junzhao Luo et 
al. [2] provided a semi-implicit level set method for 
structural shape and topology optimization. Neeta 
Khare and Pritpal Singh [3] summarized modeling 
and optimization of a hybrid power system for an 
unmanned surface vehicle. Seung Hyun Jeong et al. 
[4] applied topology optimization considering static 
failure theories for ductile and brittle materials. 
Xiaolan Wu et al. [5] utilized the component sizing 
optimization of plug-in hybrid electric vehicles. 

In the early stages of the design optimization 
process, it is necessary to explore various design 
optimization methods to obtain an optimal 
manufacturing feasible design from multiple 
optimized designs by different techniques [4]. In the 
present work, two powerful FEOD techniques, 
structural topology optimization and sizing 
optimization, are utilized to determine the ways one 
can take full advantage of these optimization 
techniques to obtain an optimal manufacturing 
feasible design for reinforcing the car body frame. 

Structural topology optimization design, which 
was introduced by Seonho Cho and Juho Kwak [6], is 
usually used to find the optimal distribution of 
material in a given design region that meets a 
predefined criterion [7], A. Kaveh et al. [7] 
summarized structural topology optimization using 
ant colony methodology. With topology optimization, 
regions of the structure that have the least 
contribution to the overall stiffness or natural 
frequency can be identified. Thus, it enables 
identification of the regions, which should be taken 
out from the structure to minimize the mass with the 
least impact on the performance of a structure. Of the 
various optimization techniques, topology 
optimization has proven to be very efficient, 
especially when used to strengthen existing 
designs [4]. In the present work, a novel 
methodology of its application to reinforce the car 
body is proposed. The method has two main steps. 
The first step consists of adding a second layer of 
shell elements on the car body frame. In the second 
step, topology optimization of the second layer is 
undertaken to find out which areas of the second 
layer should be kept for reinforcement. At the end of 
topology optimization, an optimized design is 
obtained. Furthermore, by using different objective 
functions and mass constraints to study critical areas, 
the relationship between the rigidity increase and 
different distribution of added mass over a certain 
range is determined. 

Additional useful optimization method, which has 
been extensively studied and utilized, is structural 
sizing optimization method [8], K. Y. Dai et al. [8] 
applied an n-sided polygonal smoothed finite element 
method (nSFEM) for solid mechanics. In the present 
work, the thickness of each shell element in a car 
body frame model is designated as an independent 
design variable. The sizing optimization is performed 
to iteratively modify the design variables, leading to 
an optimized design. The relationship between the 

rigidity improvement and different placement of 
material reinforcement is also investigated. In the 
following sections, the application of structural 
topology optimization and sizing optimization 
methods for the reinforcement of a car body frame is 
introduced first, then the manufacturing feasibility of 
the multiple optimized designs from these techniques 
is investigated and an optimal manufacturing feasible 
design of reinforcement is obtained. 
 
 

2. Physical Model 
 
2.1. Standard Form 
 

We consider the elastic body Ω  in equilibrium. 
The governing equations in strong form for car body 
frame are 
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where 
ijσ is the symmetric stress tensor, iF  is the 

volume forces, id  is the displacement components, 

in  is the surface normal, p
id  and iT  are the 

prescribed displacement and traction forces, 

respectively, and dΓ  and TΓ  denote the parts of the 

boundaries of Ω  that are controlled by displacement 
or traction boundary conditions, respectively.  

In weak form, the equilibrium conditions (1) can 
be written as 
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which has to hold for all kinematically admissible 
displacement variations 

idδ  and associated strain 

variations ijδε . The strain tensor is defined as 

( ) 2,, ijjiij dd +=ε  and indices run over the 

dimension. 
Considering linear isotropic elasticity the stress 

tensor in terms of bulk modulus B  and shear 
modulus S  depends on the dimension 
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where ijδ  is the Kronecker’s delta. 

In most standard topology optimization 
formulations, the constitutive law (3) is given in 
terms of the Young’s modulus E  and the Poisson’s 
ratio v . For reasons that will become clear later, we 
have here chosen to work with the bulk and shear 
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moduli. The value of the shear modulus in terms of 
E  and v  is independent on 
dimension, ( )vES += 12 , whereas the bulk 

modulus B  depends on dimension and strain 
assumption. For 3D, 2D plane strain and 2D plane 
stress the bulk modulus is given as 

( )vEB 213 −= , ( )( )vvEB 2112 −+=  and 

( )vEB −= 12 , respectively. 
 
 
2.2. Mixed Form 
 

As an alternative to the pure displacement 
formulation discussed above, one may state the 
equilibrium problem in mixed form by introducing a 
pressure variable [9] 
 

 
ijBp ε−= , (4) 

 
Inserting (4) in (3) we get the constitutive law in 

mixed form as 
 

 
ijijij pSe δσ −= 2 , (5) 

 

where ije  is the deviatoric strain tensor which 

depends on dimension 
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In weak form, the equilibrium conditions for the 

mixed formulation can be written as 
 

02 =Γ−Ω−Ω−Ω 
ΓΩΩΩ

dTddFdpddSe
T

iiiiijijijij δδδδεδε , 
(7) 

 
and additionally, we have the weak form of (4) 
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Eqs. (7) and (8) have to hold for all kinematically 

admissible displacement variations 
idδ  and pressure 

variations pδ . 
 
 
2.3. Material Types 
 

Depending on the choices of the bulk and shear 
moduli in (7) and (8), we can model different 
material behaviours 
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We may assign different material types to 
different subregions of the modelling domain Ω . In 
this way, we may model normal elasticity problems 
as well as pressure load and coupled car body frame 
problems by the mixed formulation, all with the same 
equations and requiring no special considerations for 
the boundary interface conditions between the solid 
and void regions. Depending on the material 
types (9), From a topology optimization 
perspective (9) provides the ideal basis for setting up 
an interpolation scheme that relates local material 
types to the design variables. Since there are only two 
different and independent material types, it is straight 
forward to set up a SIMP scheme for phase design as 
will be seen in Section 3. 
 
 
3. Topology Optimization of Car  

Body Frame 
 

The topology optimization is proposed to 
reinforce the car body frame. The steps of 
reinforcement optimization approach using topology 
optimization can be stated as: a) identify the design 
space for the car body frame, b) create the topology 
optimization model, c) formulate the optimization 
problem based on design requirements, d) perform 
topology optimization for the overlapped beam 
elements, and e) create an optimized design based on 
the optimization results. 
 
 
3.1. Material Model 
 

By employing a material distribution approach 
and discretizing the design domain with finite 
elements, the topology optimization problem consists 
in assigning either solid phase or void phase to each 
element such that the objective function is minimized 
and the constraints are satisfied. The objective of a 
standard topology optimization procedure in linear 
elasticity [10-13] is to find the distribution of solid 
material that minimizes the compliance of the car 
body frame. This goal is obtained by introducing a 
continuous (density) design variable for each element 
in the car body frame, assigning an interpolation 
function that relates the element stiffnesses to the 
element design variables and updating the variables 
by an optimality criteria algorithm or a math 
programming script in an iterative process. A 
standard way of relating element stiffness to the 
element design variable is the SIMP (Solid Isotropic 
Material with Penalization) [14–17] approach. Here, 
the Young’s modulus of an element E  is defined as 
 

 ( ) 0ExxE μ= , (10) 
 

where 0E is the Young’s modulus of solid material, 

the variable x  is the element relative density and μ  

is a penalization parameter.  
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In order to ensure a positive definite stiffness 
matrix, the Young’s modulus ( )xE  in (10) is not 

allowed to become zero. This can be avoided by 
introducing a non-zero lower bound on the design 
variable x  or by redefining the SIMP scheme as 
 

( ) ( ) 00 0, EEEExExE vvv <<−+= μ , (11) 

 
In the present formulation, the SIMP interpolation 

is based on the bulk and shear moduli instead of the 
Young’s modulus. In this way, we can very simply 
interpolate between the different material behaviours 
indicated in (9). Denoting the material constants for 

elastic material 0B  and 0S , the material constants 

for void as vB  and vS , we will consider the 

following five different scenarios: 
1) Standard elasticity problem ( 0=x  (void), 
1=x  (elastic material)) 
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2) Incompressible material and void ( 0=x  

(void), 1=x  (incompressible elastic material)) 
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3) Elastic material with both incompressible fluid 

and void ( 01 =x  (void), 11 =x  and 02 =x  (elastic 

material). For later use, we will also add a mass 
density interpolation for this scenario. 
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Case 3 above is a 2-phase design problem (solid 

/void) and includes two design variables 1x  and 2x . 

The first variable determines whether there is matter 
in the element or not; the second variable determines 
whether the matter is an elastic solid. In fact, cases  
1–2 above may be considered as special cases of case 

3. Case 1 corresponds to case 3 with 12 =x , case 2 

corresponds to case 3 with 02 =x . 

 
 
3.2. Objective Formulation 
 

The objective is to maximize the lowest natural 
frequencies of the car body frame satisfying the mass 
constraint. The topology optimization problem can 
then be formulated as 
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where ( )Xf  is the objective function represented by 

first bending frequency, first torsional frequency or 
their average, the quantity ( )Xm  is added mass, 

um is upper bound of added mass, X  denotes a 
vector of design variables, 

iX  is the i th design 

variable, and N  is the number of design variables. 
The upper bound of the design variable X  equal 

to 1.0 indicates that the element has its normal mass, 
and lower bound 0 indicates that the element has no 
mass. At the onset, the design variables are assigned 
initial values that undergo changes with the progress 
of the optimization process. At the end of 
optimization, the optimal value of a design variable 
helps decide which of the elements are to be 
discarded. Actually, elements with optimal value of 
the design variable closer to 0 are discarded. At the 
same time, the elements with high optimal value of 
design variables are grouped together with 
neighboring elements giving an optimal 
reinforcement design. 
 
 
3.3. Topology Optimization Model  
 

Fig. 1 shows the topology optimization model of 
a car body frame (XW6123C). This model has  
7,696 elements (7,630 are beam elements and 66 are 
bar elements), these elements constitute the design 
space. Table 1 shows the results of eigenvalue 
analysis of the original design and the topology  
optimization model.  

It is interesting to note that the first torsional 
frequency and the first bending frequency have 
decreased slightly after addition of the beam 
elements. This indicates that distributing the extra 
material evenly may not increase the rigidity of the 
car body frame relative to the amount of  
added material. The car body frame model used here 
did not include the engine mass, the glass and other 
structural components. 
 
 

 
 

Fig. 1. Topology optimization model of a car body frame. 
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Table 1. Lowest natural frequency (Hz)  
of eigenvalue analysis. 

 

Model 
First 

torsional 
frequency 

First 
bending 

frequency 
Original model 
Topology 
optimization model 

7.935 
 

7.930 

20.121 
 

19.916 
 
 
3.4. Minutia of Topology Optimization 
 

Three different cases of objective function are 
considered. The first objective is to maximize the 
first torsional frequency of the car, the second 
objective is to maximize the first bending frequency 
of the car, and, finally, the third objective is to 
maximize the average of the first torsional and first 
bending frequencies. Corresponding to each objective 
function, three different mass constraints are used to 
study the relationship between the frequency increase 
and the amount of added mass. Mass constraint 1 
requires no more than 2.0 % of second layer to be 
retained. Mass constraint 2 requires no more than 
5.0 % of second layer to be retained. Mass constraint 
3 requires no more than 10.0 % of second layer to  
be retained.  

The feasibility of improving the first torsional 
frequency of the car through topology optimization is 
investigated. The objective function maximizes the 
first torsional frequency of the car using the three 
different mass constraints stated earlier. Table 2 
shows the optimal results. It is noted that the first 
torsional frequency increases noticeably as more 
mass is added. For example, adding a mass of 
46.73 kg (or 10 %) causes the first torsional 
frequency to increase by 0.525 Hz (or 6.62 %). Fig. 2 
shows the optimized design corresponding to the 
mass constraint case when the reinforcement mass is 
9.78 kg (or 5.0 %). It is observed that this optimized 
design is manufacturing feasible. The changed color 
areas in the figure represent the optimal locations of 
car body frame reinforcement elevating the first 
torsional frequency. 
 
 

 
 

Fig. 2. First torsional frequency maximization results. 
 
 

The first bending frequency of the car is increased 
using topology optimization method for the same 

three mass constraints as considered in the last case. 
The results of topology optimization are shown in 
Table 3. It is observed that there is an appreciable 
improvement in the first bending frequency. For 
example, adding a mass of 46.73 kg (or 10 %) results 
in the increase of the first bending frequency by 
1.479 Hz (7.35 %). The optimized manufacturing 
feasible design with 5.0 % added mass is shown in 
Fig. 3, in which the changed color areas represent 
elements with final large density and require to  
be reinforced. 
 
 

Table 2. First torsional frequency (Hz) of topology 
optimization results. 

 

Mass 
constraint 

Added 
Mass(kg) 

Optimized 
design 

First 
bending 

frequency 
1 
2 
3 

9.32 
23.32 
46.73 

8.213 
8.236 
8.455 

0.116 
0.221 
0.525 

 
 

Table 3. First bending frequency (Hz) of topology 
optimization results. 

 

Mass 
constraint 

Added 
Mass (kg) 

Optimized 
design 

First 
bending 

frequency 
1 
2 
3 

9.32 
23.32 
46.73 

19.052 
19.961 
21.396 

0.370 
0.739 
1.479 

 
 

 
 

Fig. 3. First bending frequency maximization results. 
 
 

The topology optimization is used to improve the 
overall rigidity of the car by maximizing the average 
of the first torsional frequency and the first bending 
frequency. Table 4 shows that this choice of objective 
function increases the rigidity of the car appreciably. 
For instance, adding a mass of 46.73 kg (or 10 %) 
causes the average of the first torsional and the first 
bending frequencies to increase by 1.175 Hz (or 
8.62 %). Fig. 4 shows the optimized design with 
5.0 % added mass, which is manufacturing feasible. 
The changed color areas in the figure represent the 
optimal reinforcement locations. 
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Table 4. Average of first torsional and first bending 
frequencies (Hz) of topology optimization results. 

 

Mass 
constraint 

Added 
Mass(kg) 

Optimized 
design 

First 
bending 

frequency 
1 
2 
3 

9.32 
23.32 
46.73 

17.026 
17.812 
18.155 

0.213 
0.561 
1.175 

 
 

 
 

Fig. 4. Average of first torsional and first bending 
frequencies maximization results. 

 
 

The optimal results give the best placements of 
added mass to obtain the highest rigidity above. It 
can be seen that adding more mass according to these 
distributions leads to further improvement of rigidity. 
These results will allow the designer to select the best 
design through trade-off between the amount of 
added mass and the desired level of rigidity. Based 
on these results can be summarized as follows.   

a) The rigidity of a car improves appreciably with 
reinforcement based on topology optimization. This 
shows that topology optimization can effectively give 
insight on where to add material and how much to 
add in order to improve the performance of the car 
body frame to a desired degree. 

b) The optimal reinforcement design of topology 
optimization is manufacturing feasible. Car body 
frame can be reinforced according to the optimal 
results of topology optimization. 

c) Different placement of added mass leads to 
different results. Correct placement can lead to the 
highest rigidity. As more material is added at the 
right spots, there is a corresponding improvement  
in rigidity. 
 
 
4. Sizing Optimization of Car Body Frame 
 

The sizing optimization method is applied for 
designing the reinforcement of the car body frame. 
All the elements in the areas where it is possible to 
reinforce constitute the design space. The thickness 
of each element in the design space is designated as 
an independent design variable. The sizing 
optimization is performed to iteratively modify the 

design variables. At the end of sizing optimization, 
an optimized reinforcement design is obtained. 
 
 
4.1. Objective Formulation 
 

The reinforcement design optimization problem 
using sizing optimization may be stated as 
 

 ( )
( )
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(16) 

 
where ( )Xf  is the objective function represented by 

the first torsional frequency, first bending frequency 
or their average. The quantity m(x) is the overall 
mass of the car body frame, um  is the upper bound 
of the overall mass, X  denotes a vector of design 
variables, uX is the vector of upper bound of design 
variables, and 

0X  is the vector of original thickness 

of bar elements. Given initial value of all design 
variables, the iterative design cycles of sizing 
optimization modify the design variables and lead to 
the search of optimal value. After sizing 
optimization, the elements with high optimal value 
are grouped together to get the optimized location  
of reinforcements. 
 
 
4.2. Sizing Optimization Model 
 

The same original design of a car body frame as 
in the previous section is used to illustrate the 
application of this technique to design car body frame 
reinforcement. The original model of the car body 
frame includes 7,696 finite elements, of which 7,630 
are beam elements and 66 are bar elements. In the 
sizing optimization model of the car body frame, all 
elements in the original model constitute the design 
space, and the thickness of each beam element is 
designated as an independent design variable. So, the 
sizing optimization model has 7,630 design variables. 
 
 
4.3. Minutia of Sizing Optimization 
 

Three objective functions, same as in the case of 
topology optimization, are used here to optimize the 
original design: a) maximizing the first torsional 
frequency, b) maximizing the first bending 
frequency, and c) maximizing the average of the first 
torsional frequency and the first bending frequency. 
The same three different mass constraints as in the 
previous section were used with each objective 
function. Table 5 shows the optimal results of the 
first torsional frequency with three different mass 
constraints after sizing optimization. It is observed 
that the first torsional frequency increases 
significantly as compared to the original design. For 
instance, adding a total mass of 44.86 kg (or 9.6 %) 
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leads to the increase of the first torsional frequency 
by 2.389 Hz (or 30.11 %). Table 6 shows the optimal 
results from sizing optimization. Here also it is 
evident that by sizing optimization the first bending 
frequency can be increased appreciably. For example, 
adding a mass of 44.86 kg (or 9.6 %) results in the 
increase of the first bending frequency by 2.079 Hz 
(or 26.21 %). Table 7 shows that the average of the 
first torsional frequency and the first bending 
frequency increases significantly after sizing 
optimization. For instance, adding a mass of 44.86 kg 
(or 9.6 %) could cause the average of the first 
torsional frequency and the first bending frequency to 
increase by 5.357 Hz (or 31.51 %). 
 
 

Table 5. First torsional frequency (Hz) of sizing 
optimization results. 

 

Mass 
constraint 

Added 
Mass(kg) 

Optimized 
design 

First 
bending 

frequency 
1 
2 
3 

8.95 
22.39 
44.86 

15.015 
16.525 
17.321 

1.019 
1.151 
2.389 

 
 

Table 6. First bending frequency (Hz) of sizing 
optimization results. 

 

Mass 
constraint 

Added 
Mass(kg) 

Optimized 
design 

First 
bending 

frequency 
1 
2 
3 

8.95 
22.39 
44.86 

20.615 
21.713 
25.155 

1.007 
1.012 
2.079 

 
 

Table 7. Average of first torsional and first bending 
frequencies (Hz) of sizing optimization results. 

 

Mass 
constraint 

Added 
Mass(kg) 

Optimized 
design 

First 
bending 

frequency 
1 
2 
3 

8.95 
22.39 
44.86 

19.231 
20.126 
22.383 

1.131 
2.673 
5.357 

 
 

The optimized reinforcement designs of all 
studies were obtained by sizing optimization. Fig. 5 
shows the optimized reinforcement design for 
22.39 kg (or 4.6 %) increase in mass on maximizing 
the average of the first torsional frequency and the 
first bending frequency of the car. The redden areas 
in the figure represent the optimal locations of the 
reinforcement. It is noted that in some regions the 
optimized reinforcement designs have undesirable 
regions of alternating solid and void elements, 
referred to as checkerboard patterns, and are not 
suitable for manufacturing. It can then be observed 
that the optimized reinforcement designs by  
sizing optimization may not lead to manufacturing 
feasible solution. 

 
 

Fig. 5. Average of first torsional and first bending 
frequencies maximization results of sizing optimization. 

 
 

From above results of topology optimization and 
sizing optimization, it is noted that the rigidity of the 
car body frame can be improved substantially after 
reinforcement through applications of FEOD 
methods. However, the manufacturing feasibility of 
the optimized designs from two optimization 
methods is different. The optimized designs from 
topology optimization are manufacturing feasible, 
while those from sizing optimization does not lead to 
optimally manufacturable designs due to reticulation 
configuration of added mass. This shows that through 
innovative utilization of topology optimization, an 
optimal manufacturing feasible design for the 
reinforcement of the car body frame can be obtained. 
The car body frame can best be reinforced according 
to the optimal results of topology optimization, 
leading to increased rigidity and associated cost 
savings. After topology optimization, sizing 
optimization and or shape optimization can, however, 
be undertaken to refine the optimal design. If 
reticulation control techniques can be integrated into 
the sizing optimization method, acceptable 
manufacturing feasible designs can be obtained from 
sizing optimization. It should, however, be noted that 
unlike the present case, there are instances in which 
sizing optimization may lead to a feasible solution. In 
addition, as sizing optimization leads to upper bounds 
on stiffness rigidity gains, it gives valuable 
information for setting realistic goals for 
improvements in existing designs.  
 
 

5. Conclusions 
 

In this paper, the ADVISOR is a mathematical 
modeling tool that is useful for HEV design. This 
application demonstrates the utility of ADVISOR 
when applied to a HEV tailored to the City Hybrid 
bus design guidelines. To determine the optimal HEV 
configuration for the City Hybrid bus design. 
Simulation results indicate that a series-parallel HEV 
system, consisting of an electric motor to drive the 
front wheels and an internal combustion engine to 
power the rear, is the best for this application. 
Transmission gearing is sufficient, future testing on 
the energy storage system is recommended. The 
favorable simulation results for the series-parallel 
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HEV configuration as the technology matures. 
Computer simulations for optimization of HEV 
design, as described in this study, can potentially be 
applied to other areas of academics and industry. 
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