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Abstract: Using the sparsity property in the frequency domain of harmonic signals, this paper gives a harmonic 
extraction algorithm based on multi-resolution blind source separation (BSS) method. After the general and 
detailed definition of the multi-resolution BSS model is given, the wavelet packet decomposition based multi-
resolution BSS algorithm for harmonic signal extraction is constructed in detail. Some simulations of the 
proposed algorithm are exhibited in the simulation part to demonstrate the validity of the method. At last, we 
discuss the impact of multiresolution BSS research and outline potential future research directions and 
applications. Copyright © 2014 IFSA Publishing, S. L. 
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1. Introduction 
 

The harmonic retrieval problem arises in various 
areas such as geophysics and radar, which has been 
an active research area during the past few decades. 
Harmonic retrieval in additive colored noise is an 
important research topic, in this problem, the number 
of harmonics and their frequencies often need to be 
estimated from noisy data, especially when the 
frequency of the harmonic signals are very close in 
spatial and corrupted with additive colored Gaussian 
or non-Gaussian noise. 

The realization of harmonic retrieval in additive 
noise includes traditional approach and modern 
method. Traditional approach can be achieved by the 
FFT approach, which is stability but the resolution of 
the solution is low. In order to increase the resolution 
of the spectral estimation, some modern methods 

have been developed, such as maximum entropy, 
forward and backward LS spectral estimation 
method, SVD based backward prediction method, 
forward and backward prediction method, SVD-TLS 
method and modified Yule-Walker method, but all 
these methods have low SNR. In these harmonic 
retrieval approaches either assumed white noise and 
utilized correlation based methods or assumed 
colored Gaussian noise and employed higher-order 
statistic based methods. Second-order statistics based 
harmonic retrieval methods generally assume that 
either the noise is white or its covariance matrix  
is given. 

Correlation-based techniques include Prony’s 
method, several versions of the Yule-Walker (YW) 
approach, and methods that are based on Pisarenko’s 
procedure, which separates the eigenvectors of an 
estimated autocorrelation matrix into signal and noise 
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eigenvectors. It is known that Prony’s method is 
inconsistent and performs poorly in low signal-to-
noise ratio cases; on the other hand, the Pisarenko 
and YW approaches give consistent estimates. 
Reportedly, the over-determined or high-order YW 
method yields more accurate estimates than the basic 
YW method.  

Even though there has been some work 
addressing colored noise, typically, however, the 
noise is colored and a priori knowledge (or an 
estimate) of the noise covariance matrix is 
unavailable. By exploiting the fact that higher-than-
second order cumulants are zero for Gaussian 
processes, several researchers have demonstrated that 
cumulant-based harmonic retrieval methods to 
suppress the effect of colored Gaussian noise, such as 
ESPRIT and MUSIC-like algorithm.  

In all these methods, it is common assume that the 
additive noise is Gaussian distribution or non-
Gaussian distribution but the model of the noise must 
be restricted as AR, ARMA or something else. 

In this paper, we assume that the additive noise is 
stationary and does not presume the distribution, 
color and models of them. Harmonic retrieval 
realized by using the popular used method called 
blind source separation (BSS). BSS typically based 
on the assumption that the observed signals are linear 
superposition of underlying hidden source signals. 

Standard Blind Source Separation (BSS) model 
and methods have been successfully applied to many 
areas of science [1, 2]. Most of the BSS algorithms 
are based on the independent assumption of the 
source signals which is called Independent 
Component Analysis (ICA). Despite the success of 
using standard ICA in many applications, the basic 
assumptions of ICA may not hold. Among many 
extensions of the basic ICA model, several 
researchers have studied the case where the source 
signals are not statistical independent, we call these 
models Dependent Component Analysis (DCA) 
model as a whole. The first extended DCA model is 
the Multidimensional Independent Component 
Analysis (MICA) model [3]. Based on this basic 
extension of the ICA model, there have emerged lots 
of DCA models and corresponding algorithms, such 
as independent subspace analysis (ISA) [4], variance 
dependent BSS [5], topographic ICA [6], and tree-
dependent component analysis [7], subband 
decomposition ICA [8], maximum non-Gaussianity 
method [9, 10], spectral decomposition method [11], 
time-frequency method [12, 13], and so on.  

In these methods, the subband decomposition 
ICA [8] method can be naturally extended and 
generalized to multi-resolution BSS which relaxes 
considerably the assumption regarding mutual 
independence of primarily sources. The more 
powerful assumption is non-independent of the 
sources decomposition coefficients, when the signals 
are properly represented or transformed. Multi-
resolution analysis (MRA) will show how discrete 
signals are synthesized by beginning with a very low 
resolution signal and successively adding on details 

to create higher resolution versions, ending with a 
complete synthesis of the signal at the finest 
resolution. In these transformed fields, the 
coefficients do not necessarily have to be linearly 
independent and, instead, may form an overcomplete 
set (or dictionary), for example, wavelet packets, 
stationary wavelets, time-frequency transformations. 
The key idea in this approach is the assumption that 
the wide-band source signals or their transformations 
are dependent, however some narrow band 
subcomponents are independent. In other words, we 
assume that each unknown source can be modeled or 
represented as a sum of narrow-band sub-signals 
(sub-components) [2]: 
 

 
,1 ,2 ,( ) ( ) ( ) ( )i i i i Ks t s t s t s t    , (1.1) 

 
In one of the simplest cases, source signals can be 

modeled or decomposed into their low- and high- 
frequency sub-components:  
 

 
, ,( ) ( ) ( )i i H i Ls t s t s t  , (1.2) 

 
In practice, the high-frequency sub-components 

, ( )i Hs t  are often found to be mutually independent. 

In such a case in order to separate the original 
sources ( )is t , we can use a High Pass Filter (HPF) to 

extract high frequency sub-components and then 
apply any standard ICA algorithm to such 
preprocessed sensor (observed) signals.  
 
 

2. Multi-resolution BSS Model 
 

Let us denote the N  source signals by the vector 

1( ) ( ( ), , ( ))T
Nt s t s ts  , and the observed signals by 

1( ) ( ( ), , ( ))T
Mt x t x tx  . Now the mixing can be 

expressed as  
 

 ( ) ( ) ( )t t t x As n , (2.1) 
 
where the matrix [ ] M N

ija R  A  collects the 

mixing coefficients. No particular assumptions on the 
mixing coefficients are made.  

The task of BSS is to recover the original signals 
from the observations ( )tx  without the knowledge of 

A  nor ( )ts . Let us consider a linear feed forward 

memoryless neural network which maps  
the observation ( )tx  to ( )ty  by the following  

linear transform 
 

( ) ( ) ( )t t t y Wx WAs , 

 
where [ ] n m

ijw R  W  is the separating matrix, 

1( ) ( ( ), , ( ))T
nt y t y ty   is the estimate of the 

possibly scaled and permutated vector of ( )ts  and 

also the network output signals whose elements are 
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statistically mutually independent, so that the output 
signals ( )ty  are possibly scaled estimation of source 

signals ( )ts . 

To cope with ill-conditioned cases and to make 
algorithms simpler and faster, a linear transformation 
called prewhitening is often used to transform the 
observed signals x to x Vx  such that [ ]TE xx I , 

where V is a prewhitening matrix.  
The assumption of statistical independence of the 

source components ( )is t  leads itself to ICA and 

justified by the physics of many practical 
applications. A more powerful assumption is non-
independent of the decomposition coefficients when 
the signals are properly represented [14-17]. Suppose 
that each ( )is t  have a transformed representation of 

its decomposition coefficients ikc  obtained by means 

of the set of representation functions 

 ( ), 1, ,k t k K   : 

 
 

1

( ) ( )
K

i ik k
k

s t c t


  , (2.2) 

 
The functions ( )k t  are called atoms or elements 

of the representation space that may constitute a basis 
or a framework. These elements  ( ), 1, ,k t k K    

do not have to be linearly independent and, instead, 
may be mutually dependent and form an 
overcomplete set (or dictionary), for example, 
wavelet-related dictionaries: wavelet packets, 
stationary wavelets, etc. [18, 19]. The corresponding 
representation of the mixtures ( )tx , according to the 

same signal dictionary, is: 
 

 

1

( ) ( )
K

i ik k
k

x t d t


  , (2.3) 

 
 

1

( ) ( )
K

i ik k
k

n t e t


  , (2.4) 

 
where ikd  and ike  are the decomposition coefficients 

of the mixtures and noises. 
Let us consider the case wherein the subset of 

functions  ( ),k t k   is constructed from the 

mutually orthogonal elements of the dictionary. This 
subset can be either complete or undercomplete.  

Define vectors { , }l ld , { , }l lc  and 

{ , }l le  to be constructed from the k-th 

coefficients of mixtures, sources and noises, 
respectively. From (2.1), (2.2)-(2.4), and using the 
orthogonality of the subset of functions 

 ( ),k t k  , the relation between the 

decomposition coefficients of the mixtures and of the 
sources is 
 

 
l l l d Ac n , (1) 

Note that the relation between decomposition 
coefficients of the mixtures and the sources is exactly 
the same relation as in the original domain of signals. 
Then, estimation of the mixing matrix and of sources 
is performed using the decomposition coefficients of 
the mixtures ld  instead of the mixtures ( )tx . 

The property of coefficients in the transform 
domain often yields much better source separation 
than standard BSS methods, and can work well even 
with more sources than mixtures. In many cases there 
are distinct groups of coefficients, wherein sources 
have different statistical properties. The proposed 
multiresolution, or multiscale, approach to the BSS is 
based on selecting only a subband or subset of 
features, or coefficients, { , }l l D d , which is 

best suited for separation, with respect  
to the coefficients and to the separability of  
sources’ features.  

So, for multi-resolution BSS model, in order to 
estimating the source signals, it is very important to 
choose the form of the transformation and the 
approach to select the optimal subband or subset of 
the coefficients. 
 
 

3. Multiresolution BSS Algorithm for 
Harmonic Signal Extraction 

 
Different approaches to transformations of the 

source signals and various methods to choose the 
optimal subset of the coefficients can result in a set of 
multiresolution BSS algorithms. 
 
 
3.1. Learning Algorithm 
 

As the basic BSS model (2.1), assumptions can be 
made about the nature of the sources. A common 
assumption is the sparse property. A signal is said to 
be sparse when it is zero or nearly zero more than 
might be expected from its variance. Such a signal 
has a probability density function or distribution of 
values with a sharp peak at zero and fat tails. This 
shape can be contrasted with a Gaussian distribution, 
which would have a smaller peak and tails that taper 
quite rapidly. A standard sparse distribution is the 
Laplacian distribution. The advantage of a sparse 
signal representation is that the probability of two or 
more sources being simultaneously active is low. 
This statistical property of the sources results in a 
nicely defined structure being imposed by the mixing 
process on the resultant mixtures, which can be 
exploited to make estimating the mixing process 
much easier. Additionally, sparsity can be used in 
many instances to perform source separation in the 
case when there are more sources than sensors [20]. 

Sparse sources can be separated by each one of 
several techniques, for example, by approaches based 
on the maximum likelihood (ML) 
considerations [21], or by approaches based on 
geometric considerations [22]. In the former case, the 
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algorithm estimates the unmixing matrix 1W A , 
while in the later case the output is the estimated 
mixing matrix [23]. Here, we only consider the 
former case. 

Now, we discuss the ML solution of the BSS 
problem, based on the data in the domain of 
decomposition coefficients. Let D  be the new 
coefficient matrix of dimension N T , or called 
features, where T  is the number of data points, and 
the coefficients id  form the columns of D . Note 

that, in general, the rows of D  can be formed from 
either the samples of mixtures, or from their 
decomposition coefficients. In the latter case, 

{ : }i i D d , where   are the subsets indexed on 

the transformation. We are interested in the 
maximum likelihood estimate of A  given the  
data D . 

It is assumed that that the coefficients of the 
source signals ikc  are i.i.d. random variables with the 

joint probability density function(PDF): 

,

( ) ( )ik
i k

p p cC , where ( )ikp c  is of an exponential 

type: ( ) exp{ ( , )}ik q ikp c N v c q  . Where qN  is the 

normalization constant which will be omitted in the 
further calculations, since it has no effect on the 
maximization of the log-likelihood function. In a 
particular case wherein 
 

 | |
( , )

q
ik

ik

c
v c q

q
 , (3.1) 

 

and 1q < , the above distribution is widely used for 

modeling sparsity. 
Let 1W A-º  be the unmixing matrix to be 

estimated. Taking into account that  D AC N . If 
we neglect the effect of the noise, we arrive at the 
standard expression of the ICA log-likelihood, but 
with respect to the decomposition coefficients: 
 

 

 
1 1

( , ) log ( )

log | det( ) |

[ ] ,
M K

ik
i k

L p

K

v q
 






D W D

W

WD

, 
(3.2) 

 

The second term in the above log-likelihood 
function (3.2) is not convex for 1q < , and non-

differentiable, therefore it is difficult to optimize. 
Furthermore, the parameter q of the true PDF is 
usually unknown in practice, and estimation of this 
parameter along with the estimation of the unmixing 
matrix is a difficult optimization problem. Therefore, 
it is convenient to replace the actual (.)v  with its 

hypothetical substitute, a smooth, convex 
approximation of the absolute value function, for 

example 2( )ik ikv c c z= + , with z  being a 

smoothing parameter. This approximation has a 
minor effect on the separation performance, as 

indicated by our numerical results. The 
corresponding quasi log-likelihood function is 
 

 

 
1 1

( , ) log | det( ) |

[ ]
M K

ik
i k

L K

v
 





D W W

WD




, (3.3) 

 

Maximization of ( , )L D W  with respect to W  can 

be solved efficiently by several methods, for 
example, the Natural Gradient (NG) algorithm or, 
equivalently, by the Relative Gradient, as 
implemented in the BSS Matlab toolbox. 

The derivative of the quasi log-likelihood 
function with respect to the matrix parameter W  is:    
 

   1( , ( ))
[ ( ( )) ( ) ] ( )

( )
T TL k

K k k k
k




 

D W

I c c W
W


, (3.4) 

 

where c  is the ’column stack’ version of C, and  
 

 1( ) ( ), , ( )
T

NKc c  c  , 
 

where  
( )

( ) log ( )
( )

ik ik
ik ik ik ik

ik ik ik

p cd
c p c

dc p c



     

 

are the so-called score functions. Note, that, in this 
case, ( ) ( )ik ik ikc v c   . The learning rule of the 

Natural Gradient algorithm is given by 
 

  ( , ( ))
( 1) ( ) ( ) ( )

( )

( )[ ( ( )) ( ) ] ( )

T

T

L k
k k k k

k

k K k k k 


  



 

D W
W W W W

W

I c c W


, (3.5) 

 

where ( ) 0k   is the learning rate. 

In order to adapt the algorithm to purposes, we use 

hypothetical density with 2( )ik ikv c c z= +  and the 

corresponding score function is [23]: 
 

2
( ) ik

ik

ik

c
c

c






. 

 

The estimated unmixing matrix 1W Âˆ -=  can be 
obtained by the quasi-ML approach, implemented 
along with the Natural Gradient, or by other 
algorithms, which are applied to either the complete 
data set, or to some subsets of data. In any case, this 
matrix and, therefore, the sources, can be estimated 
only up to a column permutation and a scaling factor. 
The sources are recovered in their original domain by 

 

t t t y Wx WAsˆ ˆ( ) ( ) ( ) . 
 
 

3.2. Decomposition Method 
 

The next question is how to choose the proper 
transformation to dispose the mixtures. In this paper, 
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Wavelet Packet (WP) transform is used to reveal the 
structure of signals, wherein several subsets of the 
WP coefficients have significantly better sparsity and 
separability than others as shown in Fig. 1. 

In particular case of WP, we express each  
source signal and noise in terms of its  
decomposition coefficients: 
 

 ( ) ( )j j
ki kil jl

l

s t c t , (3.6) 

 

 ( ) ( )j j
ki kil jl

l

n t e t , (3.7) 

 

where j  represents scale level, k  represents sub-

band index, i  represents source index and l  
represents shift index. ( )jl t  is the chosen wavelet 

also called atom or element of the representation 
space and j

kilc  are decomposition coefficients. In our 

implementation of the described SDICA algorithm, 
we have used 1D WP for separation the mixed 
signals. If we choose the same representation space 
as for the source signals, we express each component 
of the observed data x  as 
 

 ( ) ( )j j
ki kil jl

l

x t d t , (3.8) 

 

where i  represents sensor index.  
 
 

 
 

Fig. 1. Wavelet packets tree of subsets of coefficients, 
indexed by scale (first index) and frequency-like (second 

index) parameters pair. 
 
 

Let vectors ld , lc  and le  be the constructed from 

the l th coefficients of the mixtures, sources and 
noises, respectively. From (2.1) and (3.8) using the 
orthogonality property of the functions ( )jl t   

we obtain 
 

 
l l l d Ac n , (3.9) 

 

Thus, when the noise is not present,  
Eq. (3.9) becomes 
 

 
l ld Ac  (3.10) 

 

Note that the relation between decomposition 
coefficients of the mixtures and the sources is exactly 
the same relation as in the original domain of signals. 
Then, estimation of the mixing matrix and of sources 
is performed using the decomposition coefficients of 
the mixtures ld  instead of the mixtures x . 

From (2.1) and (3.10) we see the same relation 
between signals in the original domain and WP 
representation domain. Inserting (3.10) into (3.8) and 
using (3.7) we obtain: 
 

 ( ) ( )j j
k kt tx As , (3.11) 

 

as it was announced by (3.8) where no assumption of 
multiscale decomposition has been made. For each 
component ix  of the observed data vector x , the WP 

transform creates a tree with the nodes that 
correspond to the sub-bands of the appropriate scale.  

As noted, the choice of a particular wavelet basis 
and of the sparsest subset of coefficients is very 
important with block signals. In particular, in the case 
of the WP representation, the best basis is  
chosen from the library of bases, and is used for 
decomposition, providing a complete set of  
features (coefficients).  

Alternatively, the following iterative approach 
can be used. First, one can apply the Wavelet 
Transform to original data, and apply a standard 
separation technique to these data in the transform 
domain. As such separation technique, one can use 
the NG approach, or simply apply some optimization 
algorithm to minimize the corresponding log-
likelihood function. This provides us with an initial 
estimate of the unmixing matrix W  and with the 
estimated source signals. Then, at each iterations of 
the algorithm, we apply a multinode representation 
(for example, WP, or trigonometric library of 
functions) to the estimated sources, and calculate a 
measure of sparsity for each subset of coefficients. 
For example, one can consider the 1l  norm of the 

coefficients 
,

| |iki k
c , its modification 

,
log | |iki k

c , 

or some other entropy-related measures. Finally, one 
can combine a new data set from the subsets with the 
highest sparsity (in particular, we can take for 
example, the best 10 % of coefficients), and apply 
some separation algorithm to the new data. The 
iteration of the algorithm is completed. This process 
can be repeated till convergence is achieved [29]. 
 
 

4. Simulation Results 
 

In order to confirm the validity and performance 
of the proposed harmonic signal extraction algorithm, 
simulations using Matlab were given below with two 
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harmonic source signals which have different 
waveforms and contaminated with additive noise.  

The four source signals are generated as follows: 
 

1 1

2 2

( ) 0.5cos(2 /1024 1.9);

( ) 0.9cos(2 /1024 0.8);

s t tN

s t tN




 
 

, 

 

where 1 80N  , 2 260N  . The source signals were 

contaminated with additive moving average (MA) (2) 
noise, and the signal-to-noise ratio (SNR) is -40 db. 
The noise model is  
 

( ) ( ) 0.5 ( 1) 1.08 ( 2)n t e t e t e t     , 
 

where ( ) ~ (0,1)e t N . The data length is 1024. 

The statistical performance, or accuracy, was 
measured using a performance index called Amari 
performance index C defined as [1] 

 

1 1

1 1

1
1

( 1) max

1
1

( 1) max

n n
ij

i j k ik

n n
ij

j i k kj

p
C

n n p

p

n n p

 

 

 
  
   
 
  
   

 

 

, 

where { }ijp  are the entries of P WA  is the 

performance matrix. 
The mixed harmonic signals in noise is generated 

by the ICA based harmonic retrieval models [28] and 

1 2l  , 1 4l  , 1 6l  , 1 8l  . The signal to noise ratio 

(SNR) is defined as 2 2
10SNR=10log min{ }

ks n
k

 
 
 
 

. 

The source harmonic signals, mixtures with noise 
(the SNR is set to -20 dB) and their FFT are 
displayed in Fig. 2(a), Fig. 2(b) and Fig. 2(c), 
respectively. In order to compare with the state-of-art 
BSS algorithm, we use the popular fastICA to 
separate the harmonic signals, the result are shown in 
Fig. 2(c). Fig. 2(d) gives the separation results of the 
proposed algorithm using the WP transformation  
based method.  

From the simulation results, we can see the 
proposed harmonic signal extraction algorithm can 
get ideal separation result even in the very low SNR, 
but the fastICA algorithm can not get the right 
harmonic signals. After 200 hundred simulations, the 
Amari performance index C is 0.0021 for proposed 
method, 0.875 for fastICA method. 
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Fig. 2 (a). The source signals and their FFT; The data length is 1024. 
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Fig. 2 (b). Observed signals using the proposed model in [28] and their FFT with additive -20 dB MA(2) noise;  
The data length is 1024. 
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Fig. 2 (c). The simulation results using fastICA algorithm; The data length is 1024. 
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Fig. 2 (d). The simulation results using sparsity based multiresolution ICA method based on the WP transformation  

with noise -20 dB MA(2) noise; The data length is 1024. 
 
 

5. Conclusions 
 

In this paper, we considered the problem of 
multiresolution BSS for harmonic signal extraction 
problem. After the perspective of the multiresolution 
BSS is briefly presented, the general and detailed 
definition of the multiresolution BSS model is given, 
the relationships among BSS, ICA and 
multiresolution BSS method is discussed. Taking the 
advantage of the properties of multiresolution 
transforms, such as wavelet packets, to decompose 
signals into sets of local features with various degrees 
of sparsity by the traditional NG method. Some 
simulations of these algorithms have been given to 
illustrate the performance of the proposed methods. 
The proposed methods can improves the separation 
quality by utilizing the structure of signals projected 
onto a proper space, wherein certain subsets of the 
transformation coefficients depict significantly better 
sparsity or other characteristics and, therefore, 
contribute to better separability than others. 
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