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Abstract: In this paper, the design of linear active disturbance rejection control (LADRC) for high order 
systems is presented and the frequency response is analyzed. First, the LADRC for minimum-phase processes is 
introduced, and the parameterization of tuning paramters, which reduces the tuning parameters to controller 
bandwidth and observer bandwidth, is given. With the transfer function of the LADRC, the closed-loop transfer 
function, disturbance channel as well as sensitivity transfer function are derived, followed by the frequency 
response analysis. An illustrative example for an eighth order process is given to demonstrate the effectiveness 
of LADRC. Copyright © 2013 IFSA. 
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1. Introduction 
 

Due to the simple structure and easy tuning 
feature of PID control, it remains the prevailing 
control approach in practical industrial applications 
[1]. In order to meet the increasing need of higher 
control accuracy and better performance, a great 
number of sophisticated control strategies have been 
developed in the past several decades. However, 
most of them depend on the model accuracy of the 
controlled processes, or they are difficult to be 
implemented in practical applications. To build a 
bridge between them, one feasible solution to this 
problem is the new idea – active disturbance 
rejection control (ADRC) proposed by Han [2]. The 
basic idea of ADRC is to design an extended state 
observer (short for ESO hereinafter) to estimate and 

cancel the total disturbance in real time [3], which 
includes the internal dynamics and external 
disturbances. In the framework of ADRC, all the 
problems, including the setpoint tracking issue, 
disturbance rejection, as well as dealing with the 
uncertainties in the process, can be treated as a 
disturbance rejection problem [4], and therefore a 
satisfied performance can often be achieved by 
using the ADRC in various types of systems, such 
as multivariable systems with time delay [5], 
nonlinear systems with uncertainty [6], variable 
systems with disturbances [7], as well as the fault 
diagnosis issue of nonlinear systems [8]. Successful 
application of ADRC can also be found in practical 
industrial sections, such as the actuator [9, 10], 
motion control [11, 12], power plant [13], power 
filter [14], power converter [15], etc. 
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The key of ADRC proposed by Han is to force the 
total system behave as a series of cascaded 
integrators by estimating the total distance with ESO 
and cancelling it in the control law in real time. The 
parameterization, which greatly simplifies the tuning 
procedure, leads to linear active disturbance rejection 
control (LADRC) and makes it quite practical  
[16-18]. In the LADRC, there are only two 
parameters to be tuned, including the controller 
bandwidth and observer bandwidth. It does not 
require the accurate mathematical model of the 
system and it is easy to put into practical engineering 
problems, such as gyroscopes [19-22], waste heat 
recovery system [23], superconducting RF cavities 
[24], etc. The LADRC has also been formulated into 
a disturbance decoupling approach for multivariable 
systems [25]. The recent thereotical analyses of 
LADRC are discussed in [26, 27]. 

The frequency response of the LADRC for the 
second order systems was analyzed in [28], which 
explicitly explained the intrinsic reason for the 
robustness and strong disurbance rejection ability of 
LADRC in the presence of parameters variations of 
the process from the perspective of frequency 
analysis. The robustness of the LADRC for the rotor 
shaft position of NASA’s high speed shaft flywheel 
using active magnetic bearings was justified by 
frequency domain analysis [29]. To improve the 
control performance of the fast tool servo system for 
noncircular machining in presence of various 
uncertainties and disturbances, a control strategy 
combining the LADRC and feedforward control was 
proposed by Wu [30], in which the transfer function 
deduction of the second-order LADRC was 
demonstrated and the closed-loop stability was 
analyzed in frequency-domain [31].  

The quantitative dynamic performance analysis 
for the feedback control loop with the second order 
ESO based LADRC and the first order lag process 
was proposed with regrad to non-overshoot 
characteristics, and the results obatined indicated that 
the LADRC was much more superior than the 
tratidioanl PI in most cases [32]. The similar analysis 
was also performed for the first order plus dead time 
processes [33]. The frequency performance of the 
linear ESO was analyzed by Zhao [34], which proved 
that the required states at the designed speed in spite 
of a large range of uncertainties can be estimated by 
the linear ESO. The development on ADRC was 
reviewed and comprehensive comparisons were 
proposed in the framework of controlling uncertain 
system [35]. An LADRC-based control approach was 
proposed in [36] for the load frequency control issue, 
and its performance superiority over the well tuned 
PI controller by genetic algorithm linear matrix 
inequalities (GALMI) in [37]. The robustness and 
excellent time-domain performance of LADRC was 
also justified from the perspective of frequency-
analysis. However, the expressions of the transfer 
functions of the arbitrary order LADRC based 
feedback control system was not explicitly proposed. 

The main objective of the paper is to present the 
basic formulation of the LADRC for a general non-
minimum phase process, develop its uniform transfer 
function form for a system combining the LADRC 
and a general minimum phase process, and then 
search for the intrinsic reason for the excellent 
performance of LADRC in time domain from the 
perspective of frequency analysis. The effectiveness 
of the proposed approach will be validated by the an 
illustrative example of the eighth order process.  

This paper is organized as follows. Section 2 
focuses on the development of the LADRC. In 
Section 2, based on the corresponding transfer 
functions of the arbitrary order LADRC, the loop 
transfer function, disturbance rejection as well as 
sensitivity transfer function are derived. The 
frequency response analyses are shown in Section 3. 
In Section 4, the performance comparison of LADRC 
and PID further validates the analysis. Finally, 
conclusions and future research directions are given 
in Section 5. 

 
 

2. Linear Active Disturbance  
Rejection Control 
 
The formulation of the LADRC for a general 

minimum phase process will be presented in  
this section. 

The closed-loop system is shown in Fig. 1, where 
d is the external disturbance and w is the noise. For a 
minimum-phase dynamic system, the plant can be 
described as 
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where a0, a1,…,an-1, b0, b1,…,bm are the positive 
real numbers. From Eq. (1), one can get 
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Define f=-an-1y(n-1)-…-a1y'-a0y+bmu(m)+bm-1u(m-

1)+…+ b1u'+(b0－b*)u, we can obtain 
 

( ) ( 1) ( 1) *( , , , , , , , , , , )n n ny f t y y y uu u d w bu− −= +  (3) 
 
where f is denoted as the total disturbance, b* is the 
approximate value of the high gain frequency b0. 
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Fig. 1. Block diagram of a closed-loop system. 
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2.1. Formulation of the Augmented Process 
 
Define an augmented state vector x=[x1, x2,…, xn, 

xn+1]T, where x1=y, x2=y′, …, xn = y(n), xn+1=f, and 
h=f′. The augmented state space representation of the 
controlled process is: 
 

x Ax Bu Eh
y Cx
= + +⎧

⎨ =⎩
, (4) 

 

where 0
0 0

nI
A

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

, B=[0,0,…, b*,0]T, E=[0,0,…, 

0,1]T, C=[1,0,…, 0, 0]T.  
 
 
2.2. Extended State Observer Design 
 

The key idea of the LADRC is to design an ESO 
to estimate the total disturbance and actively cancel it 
in the control law in real time. To estimate the states 
in Eq.(4), the (n+1)th order ESO is designed as. 
 

1( )z Az Bu L y z
y Cz
= + + −⎧

⎨ =⎩
 (5) 

 
where z=[z1, z2,…, zn, zn+1]T is the estimated states and 
L is the observer gain with L=[α1, α2 ,…, αn, αn+1]T. 
To simplify the tuning of the ESO, all the observer 
poles are placed at –wo. This yields: α1=(n+1)wo, 
α2=0.5n(n+1)wo

2,…, αn =(n+1)wo
n, αn+1=wo

n+1. With 
this parameterization, the observer bandwidth wo is 
the only tuning parameter in the ESO. The output of 
the process and its derivatives, as well as the total 
disturbance f can be estimated accurately based on 
the controller output u and the process output 
variable y provided the observer bandwidth wo is 
appropriately selected. 
 
 
2.3. The Control Law Design 
 

With the well tuned ESO, the total disturbance f 
can be estimated accurately. To compensate for the 
estimated total disturbance f, a state feedback control 
law is designed to make the system behave as a series 
of cascaded integrators, the control law is designed as 
 

* *
1( ) /nu z u b+= − +  (6) 

 
Then, the system behaves as a series of cascaded 

integrators, which can be easily controlled by 
 

1

*
1 1 2 1( )

np d d n nu k r z k z k z z
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To simplify the tuning, all the closed-loop poles 

are placed at－wc. This yields kp=wc
n, kd1=nwc

n-1,…, 
kdn-1 =nwc. The block diagram of the (n+1)th order 
LADRC is shown in Fig. 2. 
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Fig. 2. Block diagram of the (n+1)th order  
LADRC based system. 

 
 

As shown in Fig. 2, the output variable y and its 
derivatives, as well as the total disturbance f can be 
estimated in real time based on the extracted input 
and output data of the controlled process with a 
suitable observer bandwidth wo. Then, the estimated 
disturbance f can be fully compensated for with the 
PD controller by selecting a suitable controller 
bandwidth wc. 
 
 
3. Frequency Response Analysis  

of the LADRC System 
 
3.1. Transfer function Derivation  

of the (q+1)th Order LADRC 
 

As shown in [38], the (q+1)th order ESO based 
LADRC can stabilize the nth order minimum-phase 
process, where q is an integer between 1 and n. The 
corresponding transfer function block diagram of 
Fig. 1 is shown in Fig. 3, where Gp(s) is the nth order 
process, and the (q+1)th order LADRC is designed 
accordingly. 
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Fig. 3. Block diagram of the LADRC based system. 
 
 

In Fig. 3, R(s), D(s), and W(s) represent the 
setpoint, the external disturbance, and the sensor 
noise, respectively. Gf (s) and Gc(s) represent the pre-
filter and feedback controller, respectively. From 
Fig. 2, one can obtain: 
 

( ) ( ) ( ) ( ) ( ) ( )f c cU s G s G s R s G s Y s= −  (8) 
 
Let kp=kd0, α0=1, kdq=1. From Eq. (5), Eq. (6), 

Eq. (7), and Eq. (8), one can get: 
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for i=0,1,…, q. α0=1, α1=(q+1)wo, α2=0.5q (q+1)wo
2, 

…, αq=(q+1)wo
q, αq+1=wo

q+1. Hdi= Cni, i=0, 1,…, q; 
Hnk = α(q+1-k), k=0, 1,…, q+1. 

Particularly, for the third order ESO based 
LADRC, it is easy to derive. 
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where Cn2=kpα1+kdα2+α3, Cn1=kpα2+kdα3, Cn0=kpα3; 
Cd2=1, Cd1=kd+α1, Cd0=kp+kdα1+α2; Hn3=1, Hn2=α1, 
Hn1=α2, Hn0=α3; Hd2=Cn2, Hd1=Cn1, Hd0=Cn0. 

 
 

3.2. Frequency Response Analysis of the 
(q+1)th Order LADRC System 

 
In this section, the performance of the LADRC 

system is analyzed in the frequency domain. 
In most cases, the dynamics of a minimum-phase 

controlled process can be represented by Eq. (1), 
where p=n-m is its relative order, an=1, and assume 
b* is an accurate estimation of b0. In addition, all the 
coefficients in Gp(s) are positive real numbers. 
Without loss of generality, it is assumed that all the 
poles and zeroes are negative real numbers. 
Otherwise, some conjugate complex numbers may 
appear and the following results remain the same. In 
other words, the process can be rewritten as follows: 
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where λi and µj are the positive real numbers and 
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In Fig. 2, the process is represented by Eq.(1); the 

(q+1)th order LADRC is employed, where q is an 
integer between 1 and n. It is easy to follow that all 
the poles and zeros of sGc(s) have negative real parts 
for a typical lower order LADRC with q as 1 or 2, 
and it is assumed that all of them are negative real 
numbers for the facility of analysis. Otherwise, the 
following results remain the same. And thus, the 
feedback controller can be written as follows: 
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Then, combining Eq. (12) and Eq. (13) yields the 
open loop transfer function: 
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where the open loop gain is computed as 
K=b0Cn0/(b*a0Cd0).  

Theorem 1 For the feedback control system 
consisting of the nth order process shown in Eq. (1) 
and the ( q+1)th order LADRC in Section 3.1 with a 
given ESO bandwidth wo and a given controller 
bandwidth wc, the open loop transfer function has the 
following frequency response characteristics: 

(a) In the low frequency part of its Bode plot, the 
slope is nearly -20 dB/dec, but the crossover point 
between it or its extension line and the vertical axis 
moves down as the value a0 increases. Particularly, 
the low frequency part are the same with the presence 
of perturbations in all the process parameters 
regardless of a0 and b0 values provided b* is an 
accurate estimation of b0. 

(b) In the high frequency part of its Bode plot, the 
slope is the same as -20(p+1)dB/dec. The crossover 
point between it or its extension line and the vertical 
axis moves up as the value bm increases. 

Proof. First, the open loop transfer function 
GLoop(s) has an integrator; therefore it has an 
asymptote with a slope of -20 dB/dec in the low 
frequency part of the frequency response. In addition, 
the crossover point between the low frequency part or 
its extension line in the Bode plot of GLoop(s) and the 
vertical axis is up to 
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=

=

∑
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In other words, in the low frequency part of the 

asymptote of Bode plot of GLoop(s) with different 
processes, the slopes are the same. With the value of 
b0/(b*a0) increasing, the crossover point between the 
asymptote and the vertical axis moves up. 
Particularly, the low frequency parts are the same 
with the presence of perturbations in all the process 
parameters regardless of a0 provided that b* is an 
accurate estimation of b0. 
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Second, in the high frequency part of the Bode 
plot of GLoop(s), its asymptote can be rewritten as: 
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Finally, it can be obtained that the slope of the 

high frequency part is －20(p+1) dB/dec, and bm/(b*) 
determines the crossover point between it or its 
extension and the vertical axis. QED. 

Lemma 1. Given a series of given processes 
shown in Eq.(1) with the three coefficients a0 and b0 
fixed, the low frequency parts in the Bode plots of the 
corresponding open loop transfer functions are the 
same with the presence of all the other process 
parameter variations provided that b* which is an 
accurate estimation value of b0. In addition, the high 
frequency parts in the Bode plots are immune to all 
the other parameters variations except bm. 

Theorem 2. For the feedback control system with 
the nth order process shown in Eq. (1) and the (q+1)th 
order LADRC presented in Section 3.1, assume b* is 
an accurate estimation of the process parameter b0, 
the disturbance rejection transfer function GYD(s) has 
the following great frequency characteristics: 

a) in the low frequency part of the Bode plot of 
GYD(s), it has an asymptote with a slope as 
+20 dB/dec. the slopes are the same but the value of 
the crossover point has something to do with the 
coefficients b*, as well as the tuning parameters of 
the LADRC, while it has nothing to do with all the 
other coefficients.  

b) The high frequency part of the asymptote of 
Bode plot of GYD(s) can be computed by 20lgbm-
20plgw, which explicitly indicates that it only 
depends on the coefficient bm, as well as the relative 
order p. 

Proof. The transfer function from the disturbance 
input to the controlled output in Fig. 2 is  
computed by:  
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In the disturbance channel transfer function 

GYD(s), there is a differential element, and thus in the 
low frequency part of the Bode plot of GYD(s), it has 
an asymptote with a slope as +20 dB/dec. The open 
loop gain is computed as b*Cd0/Cn0, which means that 
the crossover point between the extension line of the 
low frequency part in the Bode plot of GYD(s) and the 
vertical axis is up to *

1
0

20 lg /( )
q

dj j p q
j

b k kα α +
=
∑ . In 

other words, in the low frequency part of the 

asymptote of Bode plot of GYD(s) for different 
processes, the slopes are the same but the value of the 
crossover point is determined by the coefficients b*, 
as well as the tuning parameters of the LADRC, 
while it has nothing to do with all the other 
coefficients.  

On the other hand, following the same analysis 
approach in Theorem1, the high frequency part of the 
asymptote of Bode plot of GYD(s) can be computed by 
20lgbm－20plgw, which explicitly indicates that it 
only depends on the coefficient bm, as well as the 
relative order p. In addition, it has nothing to do with 
the other coefficients of the controlled process, which 
obviously shows that the great frequency 
characteristic and the robustness of the proposed 
LADRC against the disturbances inserted into the 
control loop or the process parameters variations. 

Lemma 2. Given a series of given processes 
shown in Eq. (1) with a fixed parameter bm and all the 
other coefficients perturbated, the Bode plots of the 
corresponding disturbance rejection transfer 
functions are the same. 

Theorem 3. For the feedback control system with 
the process shown in Eq. (1) and (q+1)th order 
LADRC proposed in Section 3.1, assume b* is an 
accurate estimation of the process parameter b0, the 
sensor noise transfer function GUW (s) has the 
following great frequency characteristics: 

(a) in the low frequency part of the Bode plot of 
GUW(s), it has an asymptote with a slope as 0 dB/dec. 
The slopes are the same but the value of the 
crossover point is only determined by the coefficients 
(a0/b0), as well as the tuning parameters of the 
LADRC, while it has nothing to do with all the other 
coefficients.  

(b) The high frequency part of the asymptote of 
Bode plot of GUW(s) can be computed by 

*
1

0

20lg( / ) 20lg
q

dj j
j

k b wα +
=

−∑ , which explicitly 

indicates that it only depends on the coefficient b*. 
Proof. The transfer function from the sensor noise 

to the process output in Fig. 2 is: 
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n

C s a CU sG s
W s b s b C

+

+ +

+ +
= = −

+ +
 (17) 

 
For the sensor noise transfer function GUW(s), it 

does not have any integrator or differential elements, 
and thus in the low frequency part of GUW (s) it has an 
asymptote with a horizontal line. The open loop gain 
is computed as a0/b0, which means that the crossover 
point between the extension line of the low frequency 
part of the Bode plot of GUW (s) and the vertical axis 
is up to 20lg(a0/b0). In other words, in the low 
frequency part of the asymptote in the Bode plot of 
GUW(s) with different processes, the slopes are the 
same but the value of the crossover point has 
something to do with the coefficients a0/b0, while it 
has nothing to do with all the other coefficients and 
the tuning parameters of the LADRC.  
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On the other hand, the high frequency part of the 
asymptote of the Bode plot of GUW(s) can be obtained 

as *
1

0

20lg( / ) 20lg
q

dj j
j

k b wα +
=

−∑ , which explicitly 

indicates that it only depends on the coefficient b*, as 
well as the LADRC tuning parameters wo and wc. In 
addition, it has nothing to do with the other 
coefficients of the controlled process and the relative 
order p. It is shown that the great frequency 
characteristic and the robustness of the proposed 
LADRC against the sensor noises inserted into the 
control loop or the process parameters variations. 

Lemma 3. Given a series of given process shown 
in Eq. (1) with fixed coefficients a0 and b0, all the 
other coefficients are perturbated, the Bode plots of 
the corresponding sensor noise transfer functions are 
the same. 

4. Illustrative Examples 
 

An illustrative example will be presented to 
demonstrate the effectiveness and robustness of the 
proposed LADRC approach in an eighth order 
process in [39]. The performance is compared with 
the PID control approach proposed in [40]. In 
addition, the robustness of the proposed LADRC 
system for the eighth order process is shown from the 
perspective of frequency analysis. 
 
 
4.1. Time-Domain Response of LADRC 
 

Consider the eighth order process as follows [39]: 

 
7 6 5 4 3 2
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35 1086 13285 82402 278376 511812 482964 194480( )
33 437 3017 11870 27470 37492 28880 9600
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The third order LADRC is applied to the process 
shown in Eq. (12) and the performance is compared 
to the PID controller in [40]. The chosen parameters 
are as follows: b*=194480, wc=950.5 rad/s, and wo= 
9910rad/s. The performance of the LADRC and the 
PID controller is shown in Fig. 4, where the step 
disturbance with a magnitude of 0.5 is applied at 
0.3 s and a band-limited white noise with a noise 
power of 10-9 is applied. 

As can be seen from Fig. 4, the performance of 
the system with the proposed third order LADRC 
strategy is much better than the PID control strategy 
in [40]. The LADRC system demonstrates excellent 
reference tracking performance, strong disturbance 
rejection ability, and robustness to noise. 

 
 

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Time(sec.)

O
ut

pu
t y

 

 

PID
LADRC

 
 

Fig. 4. Responses of system with LADRC  
and PID  controller. 

 
 

To test the robustness of the proposed LADRC 
approach, the unit step responses of the system with 
parameter variations in the process are shown in 

Fig. 5. Note that all the coefficients of the process 
vary ±30 % except keeping the four parameters 
unchanged: a0, b0, a8, b7. In Fig. 5, the same third 
order LADRC is applied without changing the tuning 
parameters.  
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Fig. 5. The unit step responses of the LADRC and PID 
control systems. 

 
 

As shown in Fig. 5, with the proposed third order 
LADRC strategy, the system remains excellent 
performance in the presence of parameters variations 
in the process. The robustness and performance 
superiority of the proposed LADRC over the PID 
control strategy are also validated. 
 
 
4.2. Frequency-Domain Response of LADRC 
 

To demonstrate the intrinsic reason for the 
robustness of the proposed LADRC strategy, the 
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Bode plots of the open loop, disturbance rejection, as 
well as the noise sensitivity transfer functions of the 
system with process parameters variations are shown 
in Fig. 6, Fig. 7, and Fig. 8, respectively.  
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Fig. 6. Bode plots of GLoop(s) for LADRC with process 
parameters variations. 
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Fig. 7. Bode plots of GYD (s) for LADRC with process 
parameters variations. 
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Fig. 8. Bode plots of GUW(s) for LADRC  
with process parameters variations. 

As can be seen from Fig. 6, Fig. 7, and Fig. 8, the 
Bode plots of GLoop (s), GYD (s) and GUW (s) for the 
system with the proposed LADRC approach are 
nearly the same in the presence of large variations in 
the process parameters. 

As shown in Fig. 6, in the presence of large 
variations of the process parameters, the low 
frequency part and high frequency part for the Bode 
plots of the open loop transfer functions GLoop (s) are 
nearly the same, which confirms the frequency 
analysis results. The Bode plots of the disturbance 
rejection transfer functions GYD (s) are immune to the 
parameter variations, and it justifies the strong 
disturbance rejection ability of the LADRC approach. 
The Bode plots of the noise sensitivity transfer 
functions GUW (s) of the three cases demonstrate the 
strong robustness of LADRC to noise. 
 
 
5. Conclusions 
 

In this paper, the LADRC for a general minimum-
phase high order process is formulated, followed by 
the derivation of the transfer functions. The 
frequency responses of the LADRC based feedback 
control system are analyzed. The simulation results 
of LADRC on the eighth order process further 
validated the theoretical analysis and demonstrate its 
excellent performance in disturbance rejection and 
robustness. 
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