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Abstract: Capacitated single allocation hub-and-spoke networks can be abstracted as a mixed integer linear
programming model equation with three variables. Introducing an improved ant colony algorithm, which has six
local search operators. Meanwhile, introducing the "Solution Pair" concept to decompose and optimize the
composition of the problem, the problem can become more specific and effectively meet the premise and
advantages of using ant colony algorithm. Finally, location simulation experiment is made according to
Australia Post data to demonstrate this algorithm has good efficiency and stability for solving this problem.
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1. Introduction
Hub-and-spoke networks are usually used to
describe this sort of question: a graph contains more
than one node and these nodes send and receive the
commodities [1]. In one of the subgraphs, all the flow
of goods must go through a number of special nodes
which will be called hubs in this paper [2]. Hub-andspoke networks are being increasingly used in postal
services, aviation and telecommunications and other
fields. The existence of hub nodes makes it possible
to re-find the path selection in the process of cargo
transportation and lower the cost of network
construction as well [3-4]. The capacity of hub-andspoke networks is often limited in practical
applications, thus introducing hub-and-spoke
networks with capacity limits is of more practical
significance [5-7]. This paper deals with the solution
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to Capacitated Single Allocation Hub Location
Problems (CSAHLP). (Each node can only be
allocated to one hub, as shown in Fig. 1).
Ant colony optimization algorithm is optimized
on the basis of ant system proposed by the Italian
scholars M. Dorigo, V. Maniezz and A. Colorni in
the early 1990s [8]. Ant colony optimization
algorithm is a new kind of intelligent optimization
algorithm which has been used to solve the famous
Traveling Salesman Problem [9-11]. In recent years,
this algorithm has been more and more used in
combinatorial optimization, function optimization,
robot path planning, data mining and other fields
[12-15]. In this paper, ant colony optimization
algorithm will be used to solve CSAHLP problem,
using the CSAHLP problem whose optimal variable
is ( ) for validation.
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Fig. 1. Single allocation hub-and-spoke network.

2. Design Model for the Capacitated
Single Allocation hub-and-spoke
Networks
Formulation 1 can be used to describe CSAHLP.
Hub node p here is still not sure, and one of the goals
of this paper is to determine hub node p. Model
equations are as follows:
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The objective function 1 minimizes the
transportation costs of the network. The fees include
the fixed costs of hub facilities and the sum of the
total transportation costs. We assume that the
network has n nodes.
= 1,2, … , , ∈
represents the set of all nodes. We will choose p
nodes from it as hubs and any two of them can be
used as the origin and destination of the traffic flow
represents the traffic flow from node i to
(OD).
= ∑
,
node
j,
∑
=
.
represents the standards of
transportation cost in traffic flow from node i to node
j, represents the discount factor of the standards of
transportation cost of traffic flow from in node k to
node l, generally ≤ 1.0, χ represents the discount
factor of the transportation cost from node to hub,
represents the discount factor from hub to node. They
are all set according to the data from Australia Post
(AP). We assume that the fixed construction cost for
represent all the
changing node j to hub is .
traffic flow that go through node i and node l.
represents integer variables {0,1}. When node i is the
branch node of hub , the value is 1, otherwise, the
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value is 0.
= 1 shows that node k is a hub and
Γ is the collection capacity of hub k. Any node will
be constrained by single allocation, namely each can
only be allocated to one hub (as the constraint
conditions shown in equation 2). Meanwhile, e is not
a hub and can only be allocated to hubs (as the
constraint conditions shown in equation 3). The
capacity of the hub also has certain constraints (as the
constraint conditions shown in equation 4). The flow
conservation equality i at node k is constrained by
equation 5, and the demand and supply is decided by
the allocation
at node k.
Due attention should be paid to the equation:
1. A node or hub may have reached their own
> 0.
flow, namely
2. Any two hubs can be directly connected to each
other, namely there are no other hubs between hub k
and hub l.
3. Any two nodes belonging to one hub can be
simply connected to each other by common hub.
4. Considering the capacity limits, only the lowest
overall cost remains to be solved, namely the
minimum of objective function.

3. Ant Colony Optimization Algorithm
Model
Ant colony optimization algorithm can be seen as
a search algorithm framework based on the
parametric probability distribution model of solution
space. In this algorithm, pheromones are parameters
of the model when solving the parametric probability
of solution space, thus pheromone model is the
parametric probability distribution model. In this
model-based search algorithm, feasible solutions can
be generated by searching the parametric probability
distribution model of solution space. We use the
generated solutions to update the parameters of this
model and make the search in new models gather in
high-quality search space of solutions.
When solving general problems, ant colony
optimization algorithm is divided into the following
steps:
1. In each iteration, when solving the problem
every ant in the ant colony form their own solution as
they move until they constitute all the solutions.
2. After every ant completing its solution, the
pheromone will be updated according to the
composition of the solution. The pheromone update
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makes the solution space to optimized region. The
moving direction of the next ant, the probability of
the direction, and the path the ant choose later are
decided by the updated pheromone.
The formula used in the update is:
( , ) ⟵ (1 − ) ∙

( , )+

∙

,

(7)

ρ ∈ (0,1) is a constant representing the
volatilizing factor of local pheromones.
3. Each ant will face the problem of path selection
in its moving process. It follows pseudo random
choice rule and the following transfer probability
formula:
s=

arg
(, )
( )
(Formulation 9)
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algorithm. This algorithm obviously contracts
allocation of solution space in every step, accelerates
convergence and gets optimal solution in finite
iterations. This paper introduces the concept of
solution pair (SP) when using ant colony
optimization algorithm.
In this paper, solution pair is defined like this: In
the CSAHLP, node i and its corresponding hub k is a
solution pair. Considering the order of solutions, hub
node k and hub k itself is also called a solution pair.
With the concept of solution pair, the solutions to
CSAHLP are decomposed into discrete solutions
pairs in this paper. The example is as follows
(as shown in Fig. 2): in general cases, solution
compositions i, m deliver freights to j via k, l .
After processing the models of solution pair, we
got the following solution pair(as shown in Fig. 3).

)∈
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( , )] [ ( , )]
( )[
0,
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∈

otherwise
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where
∈ (0,1) is the constant, ∈ (0,1) is the
random number,
( , ) is the pheromone of
solution composition ( , ) , ( , ) is the heuristic
factor of solution composition (i, j), represents the
importance of information quantity the ants
accumulated in their moving process, is the relative
strength of heuristic factor.
will have been
generated randomly before the next step. If ≤ ,
we need to find the maximum solution composition
[ ( , )] ⋅ [ ( , )] from all the rest feasible
solution compositions. And [ ( , )] ⋅ [ ( , )] is
the solution composition that will be selected next; if
, we need to select the next solution
>
composition according to the probability calculated
in the equation 9.
4. In each iteration, we need to find the ant that
has reached the optimal value of objective function
and update the global pheromone about solution
composition according to it, using the formula as
follows:
( , ) ⟵ (1 − γ) ∙ ( , ) + γ ∙ Δ ( , )
Δ (, )=
(, )∈ ℎ −
−
,
.
0,
otherwise

(10)

4. The Strategy of ant Colony
Optimization Algorithm for Solving
CSAHLP
4.1. The Design of ant Colony Optimization
Algorithm
The method Tabu List Search was used to solve
the problem TSP in ant colony optimization

Fig. 2. Solution composition.

Fig. 3. Solution Pair.

It’s not difficult to see that in CSAHLP the
number of solution pairs equals that of cities. Ant
colony optimization algorithm will turn the problem
into deterministic problem after the solutions are
decomposed into solution pairs.
The steps of ant colony optimization algorithm
for solving CSAHLP are as follows:
1. Initialization.
1) Confirming the number g of ants in each
iteration ( 1 ≤ ≤ √1.44 , n represents the number
of cities).
2) Setting the maximum iteration number called
MaxiItcount. MaxiItcount is general constraint
condition helping the program avoid getting into
endless loop when falling into local optimal
solutions. Randomly ranking n cities, the serial
, ,…,
. After
numbers of each city are:
randomization, it forms arrays to g*MaxiItcount in
total, like
, ,…
( ∈ random( )), ensuring
that every ant will get different collating sequence,
also ensuring the diversity and uniqueness of
solution.
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3) When initializing CSAHLP, we calculate the
distance distance( , ) between two cities first and
then initialize the pheromone m_dTrial ,
between two cities. According to the ACS theory of
M. Dorigo [16], the initial non-zero pheromone
between any two points is very small. The purpose is
to facilitate the operation of local pheromone
updating. Initializing every city capacity Cap( ) and
logistics quantity Weight( ) that every city needs to
distribute.
2. Finding solution pairs.
Each ant chooses a randomized sequence of cities
and begins to build solution pair from the first city. In
every city, ant uses pseudo random choice rule to
calculate and uses equation 8, 9 to find the city which
.
has the strongest relationship with it to form
is labeled as comba[ ] =
with array link. After
] of k needs to be labeled
that, the comba[
]=
in case that k points to other
as comba[
cities later, namely hubs won’t form any solution pair
with unknown nodes any more. After finding solution
is Cap(ksp), namely
pair, Cap( ) minus Weight
It
reflects
the
Cap(ksp)=Cap(ksp)-Weight(kj).
constraints of capacity limit. Every ant builds their
own solution following these steps.
3. Calculating the value of objective function.
After each ant completing crawling all the nodes, we
will deal with solutions. We then calculate the value
of objective function according to equation 11 and
update the local pheromone of ′s solution according
to .
∑ ∑
=
)∑ ∑ ∑

(
+∑

+
,

(11)

4. Global pheromone updating.
In each MaxiItcount, the ant who has the minimal
value of objective function will update the global
pheromone according to its own solution pair.
5. Calculating the optimal solution in finite
MaxiItcount and solution saving solution.

4.2. Local Search Strategy
Ant colony algorithm needs to be combined with
local search strategy. This paper introduces local
search algorithm to accelerate the convergence speed.
In this paper, with reference to the six kinds of local
search operator proposed by literature [16-18] to
calculate with ant colony algorithm. We define the
concept of group before introducing the six kinds of
local search operator. Group refers to node group
containing a hub node and the nodes allocated to the
hub. Each hub node is allocated to itself. Here are the
six kinds of local search operator:
1. Resetting the hub: changing the hub node in
any of the groups into another randomly selected
node in the group. The transformation is applied to
those groups containing at least one node.
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2. Resetting the node: allocating a node in any of
the groups to another randomly selected group,
especially when a group contains only one hub node.
Allocating this node to other group will reduce the
number of groups or hubs.
3. Setting new hubs: setting a randomly selected
node as hub node to establish a new group containing
only one node.
4. Combining groups: allocating all the nodes in a
group to a hub node in another randomly selected
group and combining these two groups as a whole.
5. Splitting groups: allocating part of the nodes in
a group to another randomly selected node to split
them in two groups.
6. Switching node: switching the nodes in two
groups and allocating these nodes to the hub node in
each other’s group.
All these local search operator cannot violate
weight limit in operation. And as to every ant colony
system, the global update of its own ant colony
algorithm should come after completing local search.
The operation of the six local search operators first
follows criterion [17]. As long as a local search
operator generates more reasonable objective
function values, it will update solutions. If there are
more than one search operators to generate more
reasonable objective function values, then we
randomly choose the result of a search operator to
update solutions.

5. Experimental Result
This paper verifies this method using data from
Australia Post (AP) [18]. Through repeated
simulation operation, we got the following solutions
(Table 1, Table 2): It is relatively obvious that the ant
colony algorithm for solving CSAHLP cannot avoid
the inherent shortcoming of falling into local
optimums.
Compared with TSP, in CSAHLP, the production
of solution pairs and the diversity of path selection
make it easy to fall into local optimums. Combined
with six local search operators to avoid falling into
local optimums, the data below 25TT are all optimal
solutions generated after several operations and are
the same as proven optimal solutions.
This algorithm adds some methods of combining
groups in the process of design to reduce the number
of solutions.
In the experimental result, we can see the
allocation of every node and the confirmation hub
nodes. Compared with the proven optimal results, its
deviation is 0, well proving the feasibility and
reliability of the solution.
In solving practical engineering, combined with
optimal solutions, we find that the solutions of this
paper generate too many hub nodes, and optimal
solutions were gotten after using the method of
merging groups to merge some hub nodes randomly.
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Table 1. Calculation results.
Problem
Problem 10LL
Problem 10LT
Problem 10TL
Problem 10TT
Problem 20LL
Problem 20LT
Problem 20TL
Problem 20TT
Problem 25LL
Problem 25LT
Problem 25TL
Problem 25TT

Hubs
2, 3, 6
0,3,4,9
3, 4, 9
3, 4, 9
6,13
9,13
6,18
0, 9,18
7,17
8,15,24
8,22
8,15,24

Allocation
2323636666
0343439999
4343439999
4343439999
6 6 6 6 6 6 6 6 13 6 6 6 13 13 13 13 13 13 13 13
9 9 9 9 9 9 9 9 9 9 9 9 9 13 13 9 9 13 13 13
6 6 6 6 6 6 6 6 18 6 6 6 18 18 18 18 18 18 18 18
0 0 9 9 9 9 9 9 9 9 9 9 9 18 9 9 18 18 18 18
7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 17 17 17 17 17 17 17 17 17 17
8 8 8 8 8 15 8 8 8 8 15 15 8 8 8 15 15 24 24 24 15 15 24 24 24
8 8 8 8 8 22 8 8 8 8 22 22 8 8 8 22 22 22 22 22 22 22 22 22 22
8 8 8 8 8 15 8 8 8 8 15 15 8 8 8 15 15 24 24 24 15 15 24 24 24

Table 2. Comparison of results.

Problem
Problem 10LL
Problem 10LT
Problem 10TL
Problem 10TT
Problem 20LL
Problem 20LT
Problem 20TL
Problem 20TT
Problem 25LL
Problem 25LT
Problem 25TL
Problem 25TT

Ant Colony
Optimization Algorithm
calculation
average
time (s)
deviation (%)
0.03
0.00
0.03
0.00
0.03
0.00
0.03
0.00
0.06
0.00
0.08
0.00
0.08
0.00
0.09
0.00
0.35
0.00
0.43
0.00
0.50
0.00
1.02
0.01

Hybrid simulated
annealing algorithm
calculation
average
time (s)
deviation (%)
0.05
0.00
0.06
0.00
0.06
0.00
0.07
0.00
0.20
0.00
0.13
0.00
0.12
0.00
0.21
0.00
0.36
0.00
0.42
0.01
0.43
0.02
0.44
0.03

6. Conclusion
This paper takes the advantage of ant colony
optimization algorithm in solving combinatorial
optimization problems. The final solutions are built
in the form of solution pairs and six kinds of local
search algorithms are inserted into parallel computing
ant colony groups to enhance the search ability of ant
colony algorithm on optimal solutions. Example
simulation experiment is conducted according to the
AP database as well. The experimental result shows
that: ant colony optimization algorithm can be better
used in CSAHLP indeed, which solves a lot of
complex location problems that are hard to calculate.
Ant colony optimization algorithm itself is a
probability selection algorithm that has the speed and
convenience that other fixed algorithms don’t have.
Combined with some other mature algorithms, it will
be of wide use in the near future.

References
[1]. Randall M., Solution approaches for the capacitated
single a location hub location problem using ant
colony optimization, Computational Optimization
Applications, Vol. 39, 2008, pp. 239–261.

Lagrange
relaxation algorithm
calculation
average
time (s)
deviation (%)
0.04
0.00
0.05
0.00
0.06
0.00
0.07
0.00
0.42
0.00
1.51
0.51
0.19
0.00
0.21
0.00
1.95
0.01
2.34
0.04
1.85
0.03
2.43
0.31

[2]. Qiao Yan-Ping, Zhang Jun, Traveling Salesman
Problem Solving Based on an Improved Genetic
Simulated
Annealing
Algorithm,
Computer
Simulation, Vol. 26, Issue 5, 2009, pp. 205–208.
[3]. Li Yang, Research on hub and spoke network theory
and its application, Fudan University, Shanghai, 2006
(in Chinese).
[4]. Liu Hong, Reactive power optimization based on
improved particle swarm optimization algorithm with
hard restriction regulation, Journal of Tianjin
University, Vol. 42, Issue 9, 2009, pp. 796–801.
[5]. Alumur S., Kara B. Y., Network hub location
problem: the state of the art, European Journal of
Operational Research, Vol. 190, Issue 1, 2008,
pp. 1- 21.
[6]. Der-Horng Lee, Meng Dong, A Heuristic Approach
to Logistics Network Design for End–of–lease
Computer Products Recovery, Transportation
Research Part E, Vol. 44, Issue 3, 2008,
pp. 455–474.
[7]. Besasley J., http: //people.brune.lac.uk /~mastjjb /jeb
/info.html [DB]. OR- Library. 2005
[8]. Galski Roberto, Application of a GEO + SA hybrid
optimization algorithm to the solution of an inverse
radiative transfer problem, Inverse Problems in
Science & Engineering, Vol. 17, Issue 3, 2009,
pp. 321-334.
[9]. Zhang Ya-Ming, Shi Hao-Shan, Liu Yan, A Better
Itinerary Analysis for Mobile Agent (MA) through
Using ACA-SAA Algorithm in Wireless Sensor

135

Sensors & Transducers, Vol. 180, Issue 10, October 2014, pp. 131-136

[10].

[11].

[12].

[13].

Networks, Journal of Northwestern Polytechnical
University, Vol. 30, Issue 5, 2012.
Srivastava S. K., Network Design for Reverse
Logistics, The International Journal of Management
Science, Vol. 36, Issue 4, 2008, pp. 535–548.
Wang Bao-Hua, He Shi-Wei, Robust Optimization
Model and Algorithm for Logistics Center Location
and Allocation under Uncertain Environment,
Journal of Transportation Systems Engineering and
Information Technology, Vol. 9, Issue 2, 2009,
pp. 69–74.
Yu Hong-Tao, Xue Jing-Ling, Level by level:
making flow-and context-sensitive pointer analysis
scalable for millions of lines of code, in Proceedings
of the 8th Annual IEEE/ACM International
Symposium on Code Generation and Optimization,
2010, pp. 218-229.
Pearcedj, Kellyphj, Hankinc, Efficient field-sensitive
pointer analysis for C, ACM Trans on Programming
Languages and Systems, 2007, Vol. 30, Issue 1,
pp. 37–42.

[14]. Qin Jin, Shi Feng, Bi-level Simulated Annealing
Algorithm
for
Facility
Location,
Systems
Engineering, Vol. 25, Issue 2, 2007, pp. 36–40.
[15]. Costa M. D. G., Capacitated single allocation hub
location problem - A bi-criteria approach, Computers
and Operations Research, Vol. 35, Issue 11, 2008,
pp. 3671-3695.
[16]. Ge Chun- Jing, Wang Xia, Guan Xian-Jun, Robust
optimization of emergent service facilities hub-andspoke network response for large-scale emergency,
Industrial Engineering and Management, 2010,
Vol. 15, Issue 6, pp. 45-50, 57.
[17]. Liu Chen-Qi, Li Mei-Juan, Chen Xue-Bo, Order
picking problem based on ant colony algorithm,
Systems Engineering - Theory and Practice, 2009,
Vol. 29, Issue 3, pp. 179- 185.
[18]. Hansen P., Mladenovic N., Perez JAM., Variable
neighborhood search: methods and applications, 4OR
A Quarterly Journal of Operations Research, 2008,
Vol. 6, Issue 4, pp. 319- 360.

___________________
2014 Copyright ©, International Frequency Sensor Association (IFSA) Publishing, S. L. All rights reserved.
(http://www.sensorsportal.com)

136

