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A Novel Sub-pixel Measurement Algorithm
Based on Mixed the Fractal and Digital Speckle
Correlation in Frequency Domain
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Abstract: The digital speckle correlation is a non-contact in-plane displacement measurement method based on
machine vision. Motivated by the facts that the low accuracy and large amount of calculation produced by the
traditional digital speckle correlation method in spatial domain, we introduce a sub-pixel displacement
measurement algorithm which employs a fast interpolation method based on fractal theory and digital speckle
correlation in frequency domain. This algorithm can overcome either the blocking effect or the blurring caused
by the traditional interpolation methods, and the frequency domain processing also avoids the repeated
searching in the correlation recognition of the spatial domain, thus the operation quantity is largely reduced and
the information extracting speed is improved. The comparative experiment is given to verify that the proposed
algorithm in this paper is effective. Copyright © 2014 IFSA Publishing, S. L.
Keywords: Digital speckle correlation, Sub-pixel displacement, Interpolation algorithm, Fractal, Frequency
domain.

1. Introduction
It is well-known that the digital speckle
correlation method (DSCM) has nowadays become
one of the most commonly adopted optical metrology
techniques to quantify surface deformation in a
variety of practical fields, since it was originally
proposed in the early 1980s [1-5]. The fundamental
principle of DSCM lies in comparing gray scale
images of an object capture before and after
displacement, usually referred to as reference and
target images, respectively, based on some specific
correlation criterion to get the information on
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displacements of some points sampled beforehand on
the reference image [6, 7]. But this algorithm has a
large amount of calculation because of the utilizing
of repeated searching, and the accuracy of the
measurement can only reach pixel level. To achieve
displacement measurement with sub-pixel accuracy,
several classes of subset-based sub-pixel registration
algorithm [2, 8-10] have been put forward over the
past three decades, some of which, e.g., the gradientbased method [2] and the Newton-Raphson (NR)
iteration method [8] and the other interpolation
methods [11], have already been widely used in a
variety of application fields.
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Based on an optical flow method developed by
Davis and Freeman [12], the gradient-based
algorithm that considered the effect of intensity
gradients of both images before and after
displacement was presented [9]. In practical
application, the error is introduced by abandoning the
higher order term due to the use of Taylor formula.
The coarse-fine (pyramid) search method, iteration
and second-order Taylor formula are used to reduce
the error, but distinctly increase the computation [13].
Interpolations used in the sub-pixel registration
usually include phase correlation interpolation [14],
intensity interpolation [15] and correlation function
interpolation [16]. The phase correlation interpolation
method is suitable for the images seriously distorted,
however, the accuracy of which is the lowest among
the three [17]. While the intensity interpolation has
been less adopted for its immense computation
consumption, the correlation function interpolation is
generally considered due to its lower computation
and better noise-proof feature, nevertheless, an
obvious weakness is that the sensitivity is limited by
the interpolation step because of the systematic error
of the algorithm [18, 19].
Iterative
algorithm
often
requires
the
calculation of second-order spatial derivatives of
the digital images, which further increases
computation complexity.
However, the traditional digital speckle
correlation method in spatial domain does not avoid
the problem of large amount of calculation caused by
repeated searching. In this paper, the DSCM is
converted into the frequency domain by Fourier
transform, so avoids a large number of calculations.
Meanwhile, a fast interpolation method based on
fractal theory is proposed to improve the
measurement accuracy.

ymi = ( yi + yi +1 ) / 2 + s  w rand () ,

(2)

where s and w are the parameters indicating the
moving direction and the moving distance
respectively, rand () is the random variable.

2.2. Fractal Interpolation Algorithm
For an image obtained from nature, the
geometrical image follow the variation of fractal
geometry, and the distribution of brightness also has
the characteristics of fractal. According to the fractal
nature of the image, image and the actual scene have
the same fractal dimension stayed unchanged even
with the different transformation ratios, so fractal
interpolation can be used to achieve sub-pixel
measurement. The image interpolated usually loses
the texture features with using the traditional
methods, because of the principle of which based on
the fact that it is uniformly continuous
change between the data point. A basic feature of
fractal is able to demonstrate the fine structure of the
object, so fractal interpolation can achieve the better
effect in the processing of extracting the
sub-pixel displacement.
According to the fractal geometric feature, the
new pixel’s information is increased between the
known pixels. In order to calculate the gray of the
new pixel, recursive random midpoint displacement
method is adopted as shown in Fig. 1.

2. Fast Sub-pixel Interpolation Based
on Fractal
2.1. Fractal and Random Midpoint Method
Fractal theory is a discipline for describing the
irregular things and phenomena in the nature. The
researching object is a class fractal object of selfsimilarity and self-affine. Because of many things
have explicitly or implicitly fractal characteristics,
the fractal can be divided into rules fractal and
random fractal. Rules fractal is iteration formation
based on certain rules and functions. While random
fractal is randomness, it can be better description of
natural phenomena.
Mandelbrot applied fractal dimension to
quantitative describe the image’s similarity between
the whole and partial, proposed the concept of
Fractional Brownian Motion (FBM). Random
midpoint displacement method can use a simple
equation to express the interpolation point ( xmi , ymi )

xmi = ( xi + xi +1 ) / 2 + s  w rand () ,

216

(1)

Fig. 1. Schematic of the fractal interpolation.

The recursive formula of the fractal interpolation
can be expressed as follows. ( i, j ) represent the
location of the original pixels. Obviously I ( i, j ) is

known when i and j are odd. When i and j are
even, the gray of new pixel can be written as

I ( x, y ) = [ I ( i − 1, j − 1) + I ( i + 1, j + 1) +

I ( i − 1, j + 1) + I ( i + 1, j − 1)] / 4 + ΔI

(3)

When i is an odd and j is even, or i is even and
j is an odd, then
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I ( x, y ) = [ I ( i − 1, j ) + I ( i, j + 1) +

We can easily find the conjugate expression:

I ( i, j − 1) + I ( i + 1, j )] / 4 + ΔI

ΔI = 1 − 22 H − 2 H σ G × (1 / 2 H / 2 )

n −1

,

(4)

(5)

where x, y ⊂ k + 1 / 2n ( k is the positive integer), n
is the number of interpolation, H is the fractal
parameter, σ is the mean-square deviation of pixels’
brightness and G is Gaussian random variable
following N ( 0,1) . Traversing image, ΔI multiplied

f * ( wx , wy ) = f ( wx , wy ) exp − jϕ ( wx , wy ) 

Eq. (10) can be seen as the conjugate filter,
f ( wx , wy ) and ϕ ( wx , wy ) , respectively, represent
the amplitude and the phase.
On the other hand, we can readily acquire the
following expression similar to the Eq. (9):
g ( wx , wy ) = FFT { I 2 ( x, y )} = FFT {q ( x, y ) + q− ( x, y )}
= FFT { p ( x + u, y + v ) + q− ( x, y )}

−H /2

by the factor 2
each cycle, and repeating
the iteration until achieves the desired spatial
resolution. From the theoretical analysis, the
measurement accuracy can be achieved 1 / 2n after n
times interpolation.

The frequency domain processing avoids the
repeated searching in the correlation recognition of
the spatial domain, thus the operation quantity is
largely reduced and the information extracting speed
is improved.
First of all, p ( x, y ) is considered to the sample
sub-region of the original digital speckle image, and
p− ( x, y ) is the other region, so the reference image

I1 ( x, y ) = p ( x, y ) + p− ( x, y ) ,

(6)

Similarly, the image after moving is expressed as

I 2 ( x, y ) = q ( x, y ) + q− ( x, y ) ,

(7)

where q ( x, y ) is the target sub-region. In this paper,
the motion follows the horizontal or vertical direction
in the plane coordinate system. And the gray value of
anyone pixel remains the same in reference image
and the moved image, because of the displacement is
very small compared with the lighting area. So we
can acquire the following expression:

q ( x, y ) = p ( x + u , y + v ) ,

(8)

where u and v are the displacement vector in x
direction and y direction respectively.
On the one hand, the sample sub-region is
converted to frequency domain by Fourier transform,

)

and wx , wy is used as the coordinate parameters.

(

)

f wx , w y = FFT { p ( x, y )}

(

)

(

= f ( wx , wy ) exp  j 2π ( uwx + vwy )  + k ( wx , wy )

with
(12)

The frequency spectrum of the target image
filtered with the conjugate filter, that is, Eq. (11)
multiplied by Eq. (10).

h ( wx , wy ) = f * ( wx , wy ) g ( wx , wy )
= f ( wx , wy ) exp  j 2π ( uwx + vwy ) 
2

(13)

+ f * ( wx , wy ) k ( wx , wy )

Finally, Eq. (13) is analyzed by using the Fourier
transformation. That is

can be written as

(

(11)

k ( wx , wy ) = FFT {q− ( x, y )} ,

3. Principle of DSCM in Frequency
Domain

(10)

)

= f wx , w y exp  jϕ wx , w y 



(9)

{

}

H(ε,η) = FFT h( wx,wy )

=G(ε,η) δ (ε −u,η−v)+F( −ε,−η) ∗K(ε,η)

(14)

in which, ∗ represents the convolution and

{

}

K ( ε ,η ) = FFT k ( wx , wy ) ,

(15)

We may equivalently rewrite Eq. (14) as

H (ε,η) = G(ε −u,η − v) + F ( −ε, −η) ∗ K(ε,η) ,

(16)

The first item of Eq. (16) shows up as a
correlation light spot, and the magnitude and
direction of displacement can be extracted according
to the location of the light spot. And the second one
represents fuzzy convolution. But in the actual
experiment, the two sub-regions have the same size
and the location are acquired, respectively, from the
reference image and the target image because of the
fact that the sub-pixel displacement is tiny compared
with the size of the sub-region. Additionally, fractal
interpolation is used to ensure the sub-pixel
precision. For clarity, Table 1 presented a simple
step to illustrate how the newly proposed
algorithm works.
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Table 1. The steps of this algorithm.
Step. 1
Step. 2
Step. 3
Step. 4
Step. 5
Step. 6

Collect sub-region images, respectively, from
reference image and target image
Fractal interpolation on the two sub-regions
Make the filter
Filtering the frequency spectrum of the target
sub-region with the filter
Acquire the Fourier transformation of the
output obtained in Step. 4
Obtain the light spot and extract the
displacement according to the location of the
light spot

In Fig. 3, the true displacement is 0.5 pixels only
following the horizontal direction. It could be easily
learned that the measurement error decreases along
with the increscent subset size, inversely, the elapsed
time is proportional to the size of the sub-region. In
this paper, the experimental environment as follows:
Windows 7, 64-bit operating system, Intel(R)
Celeron(R)CPU 2.60 GHz, MATLAB 2012a.
Considering the measurement error and the run-time,
synthetically, 41 × 41 is the desired size of the subset,
so the size of subset is set to 41 × 41 pixel. The
experimental result of Fig. 2 without taking fractal
interpolation as shown in Fig. 4.

4. Results and Discussion
To verify the feasibility and effectiveness of the
proposed algorithm, synthetic speckle images are
created. It was hypothesized that the simulated
reference image of size 512 × 512 pixels, and the
target image is assumed to undergo in-plane
displacement along horizontal and vertical direction,
and the value, respectively, is 0.5 and 0.8 pixel, as
shown in Fig. 2.
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Fig. 4. Measurement result without using
fractal interpolation.

It could be learned from Fig. 4 that the peak
seems very wide. And finally, the actual measured
value is 1 pixel and 1 pixel according to the location
of the peak, respectively, in the x direction and y
direction. Obviously, the measurement error is
unacceptable, so the fractal interpolation algorithm
described above is employed to improve the
measurement accuracy as shown in Fig. 5.

(b)

(a)

Fig. 2. (a) Simulated reference image,
(b) the corresponding deformed image with the motion
following horizontal and vertical direction in-plane.

In the Fig. 2, the dotted box part is used as the
subsets have the same size and the location in our
experiment, Fig. 3 exhibited the influence on the
choice of the subset size.
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Fig. 5. Measurement result after using fractal interpolation.
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Fig. 3. The choice of the subset size.
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Compared with Fig. 4, the peak in Fig. 5 seems
more exquisite and sharp. And the actual measured
value is 0.4375 pixels and 0.8125 pixels in horizontal
direction and vertical direction, meanwhile the
measurement error is in the acceptable range.
Another set of experiments indicate the
effectiveness of the proposed algorithm via detecting
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displacement of different sizes as shown in Fig. 6
and Fig. 7.
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Fig. 6. The measurement results and error curve presented
by the proposed algorithm.
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frequency domain is proposed. The traditional digital
speckle correlation method is converted to the
frequency domain via the Fourier transform, and
avoids the repeating search in spatial domain.
Meanwhile, the fractal interpolation is utilized to
ensure the sub-pixel accuracy. Finally, comparative
experiments verify the fact that the effectiveness and
stability of proposed algorithm is superior to the
traditional method.
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Fig. 7. The measurement results and error curve presented
by the bicubic interpolation with the DSCM
in spatial domain.

Obviously, in the same coordinate system, the dot
line seems smooth in Fig. 6 compared with that in
Fig. 7, and overall, the triangle curve in Fig. 6 is
more close to the horizontal axis. Data also show that
the maximum absolute error is 0.0625 pixels by using
the proposed algorithm less than 0.15 extracted by
the traditional method in spatial domain. In this
paper, the stability of algorithm can be represented by
the uncertainty, and the standard deviation of the
absolute error indicates the uncertainly. After
calculation, the uncertainly of former is 0.034 less
than 0.075 calculated by another algorithm. Summary
it can be concluded that the stability and
effectiveness of the proposed algorithm is superior to
the traditional digital speckle correlation method in
spatial domain.

5. Conclusions
In this paper, a novel sub-pixel measurement
algorithm combining fractal interpolation in
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