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Preface 

It is my great pleasure to introduce the first volume of new Book Series ‘Advances in 
Optics: Reviews’ started by the IFSA Publishing in 2018. Three volumes were published 
in this year. 

The ‘Advances in Optics: Reviews’ Book Series is published as an Open Access Books in 
order to significantly increase the reach and impact of these volumes, which also 
published in two formats: electronic (pdf) with full-color illustrations and print 
(paperback). 

The first three volumes of this Book Series has organized by topics of high interest. In 
order to offer a fast and easy reading of each topic, every chapter in this book is 
independent and self-contained. All chapters have the same structure: first an introduction 
to specific topic under study; second particular field description including sensing or/and 
measuring applications. Each of chapter is ending by complete list of carefully selected 
references with books, journals, conference proceedings and web sites. 

The Vol.1 is devoted to various topics of optics and optic instrumentation, and contains 
17 chapters written by 36 experts in the field from 15 countries: Brazil, China, Denmark, 
France, Germany, India, Japan, Mexico, Russia, Turkey, Slovenia, South Korea, UK, 
Ukraine and USA. 

‘Advances in Optics: Reviews’ Book Series is a comprehensive study of the field of optics, 
which provides readers with the most up-to-date coverage of optics, photonics and lasers 
with a good balance of practical and theoretical aspects. Directed towards both physicists 
and engineers this Book Series is also suitable for audiences focusing on applications of 
optics. A clear comprehensive presentation makes these books work well as both a 
teaching resources and a reference books. The book is intended for researchers and 
scientists in physics and optics, in academia and industry, as well as postgraduate students. 

I shall gratefully receive any advices, comments, suggestions and notes from readers to 
make the next volumes of ‘Advances in Optics: Reviews’ Book Series very interesting and 
useful. 
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Chapter 1 
Multilayer Mirrors for Attosecond Pulses 

Alexander Guggenmos and Ulf Kleineberg1 

1.1. Introduction 

Multilayer-based optics have been developed into well-established optical components 
for steering [1], focusing [2], polarizing [3] and spectral filtering [4] of soft x-ray radiation 
since its first description by Spiller in 1976 [5]. 

Their significant advantage compared to single-surface grazing incidence optics working 
in external total reflection lays in an increased glancing angle, even up to near-normal 
incidence, larger collection angles, better imaging performance due to decreased 
astigmatism, and tailor-made spectral filtering. However, in many cases multilayer 
reflectors do not reach the high reflectance values of grazing incidence mirrors and are 
limited to peak reflectances slightly above 70 % at best, mainly due to absorption and 
scattering losses [6]. 

Due to remarkable improvements in various deposition technique like electron beam 
evaporation [7, 8], magnetron [9-11] and ion beam sputtering [12-14] or pulsed laser 
deposition [15-17], multilayers of various metal or semiconductor materials with layer 
thicknesses ranging down to less than 1 nm, layer numbers of many hundreds to 
thousands, and layer precisions in terms of thickness and interface accuracies on an atomic 
length scale (0.1 nm) have been realized. 

While most multilayer optics development in the past was directed toward improved 
reflectivities for various multilayer material combinations and various photon energies 
from extended ultraviolet to the soft x-ray regime, and such multilayer optics have been 
employed as imaging devices in solar astronomy [18], extreme ultraviolet lithography [19] 
and microscopy [20], plasma diagnostics [21], Synchrotron Radiation optics [22] and 
many more, their application to the formation and handling of ultrashort soft x-ray 
radiation bursts with a few femtosecond (10-15 s) to attosecond (10-18 s) pulse durations, 
as they have become accessible since a few years by advanced laser technology in High 

                                                      

Alexander Guggenmos 
Faculty of physics, Ludwig-Maximilians-University Munich, Am Coulombwall 1, D-85748 Garching, 
Germany 



  Advances in Optics: Reviews. Book Series, Vol. 1 

 22

Harmonic Generation (HHG) [23] or advanced electron accelerator technology in Free 
Electron Lasers [24], has only recently been discussed in literature, however gaining 
increasing attention from the scientific community. 

This article is a review about the status of (our) multilayer attosecond optics development 
in these fields.  

1.1.1. Attosecond Pulses (Isolated and Pulse Trains) 

Attosecond pulses of soft x-ray radiation bursts, either as isolated single pulses (where 
one attosecond pulse is generated by one laser pulse) or as pulse trains (where multiple 
about equal spaced attosecond pulses are generated by one laser pulse) have become 
possible by the invention of femtosecond laser amplifiers delivering few-cycle laser pulses 
with controlled electric field under the pulse envelope (Carrier Envelope Offset phase 
stabilization) and their frequency conversion in High Harmonic Generation (HHG). They 
constitute as of today one of the shortest electromagnetic pulses in time and provide the 
basis for time-resolved experiments characterizing the temporal dynamics of electron 
wave packets in atoms, molecules or even condensed matter systems. 

While HHG is delivering extremely short pulses in time, their very small conversion 
efficiency limits their applicability currently to the extreme ultraviolet (lower soft x-ray) 
range and to very low pulse energies. 

Pulses of higher photon energy in the soft- to hard x-ray range and much larger pulse 
energies can be delivered by Free Electron X-ray Laser sources, however their pulse 
duration is currently limited to some tens of femtoseconds. Very recent experiments 
performed at LCLS however might have an experimental way to further compress such 
pulses into the few femtosecond, or even sub-femtosecond, regime [25], which might then 
outperform current HHG sources in the foreseen future. 

However, both sources in common is the generation of broad bandwidth radiation at short 
spectral wavelength, which requires proper handling of the spectral amplitude as well as 
of the spectral phase by subsequent optics components. Multilayer optics are proven to 
play a dominant role in controlling the amplitude and phase of the reflected radiation, thus 
providing a powerful toolbox for temporal pulse shaping. These properties are described 
in the following article. 

1.1.2. HHG as Major/Only Attosecond Pulse Source 

There are many publications on the generation of attosecond pulses by High Harmonic 
Generation, delivering a very intuitive theoretical description [26] of this process as well 
as describing the required experimental setups [27] and generated radiation spectra and 
pulses [28]. 

The process of HHG in atoms and molecules is theoretically best described by the three-
step model of Paul Corkum [29], separating the sub-steps into laser-field induced tunnel 
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ionization of electrons during a fraction of laser period, followed by the acceleration of 
the free charges in the ponderomotive laser field, and finally the re-scattering of the 
returning electrons with their mother cores. 

It is important to note, that this process delivers a coherent (spatially and temporally) 
radiation spectrum with multiple odd overtones (harmonics) of the driving laser frequency 
starting from the lasers fundamental wavelength (with a Ti: sapphire laser usually in the 
near-infrared at 780 nm) ranging over the strongly modulated and plateau area toward the 
weakly modulated cut-off regime, constituting the shortest HHG wavelengths. 

The spectral position of the HHG cut-off is determined by the lasers pulse intensity and 
frequency as well as the ionization potential of the target atom and is given by the 
following formula: 

 3.17cut off P PE I U    , (1.1) 

with the target atom ionization potential IP and the ponderomotive potential of the laser: 
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The forming of single isolated attosecond pulses from such broad band HHG radiation 
spectra is performed by filtering out the shortest-wavelength part of the HHG spectrum in 
the cut-off regime, which is typically achieved by transparent filter foils, grazing 
incidence or multilayer reflectors, or a combination of those elements. 

While thin-film filters and grazing incidence optics are not very versatile for tailor-made 
spectral filtering and spectral phase manipulation, multilayer optics as such described 
herein allow for a wide range of tailor-made spectra and phases, thus providing best 
flexibility for temporal pulse shaping. 

1.1.3. What Is It Good for? The Applications 

Coherent extreme ultraviolet pulses from High Harmonic Generation and their optics 
components find a wide range of applications in experiments, where some make use of 
the almost perfect coherence of the generated radiation, such as in experiments on 
extreme-ultraviolet interferometry [30], HHG microscopy such as Coherent Diffractive 
Imaging [4], or the generation of EUV frequency combs for advanced metrology [31]. 

However, the majority of applications of HHG radiation utilizes the attosecond temporal 
structure, e.g. in pump-probe experiments on electron streaking providing insights in the 
electron wave packet dynamics in atoms [32] and molecules [33] as well as giving new 
insights in the photoemission process from solid surfaces [34] or nanostructures [35]. 

While most of the experiments utilize single isolated attosecond pulses, as they are 
required for clean electron streaking experiments, recently also the use of attosecond pulse 
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trains has been established in RABBITT measurements and might provide a path to 
attosecond angle-resolved photoemission spectroscopy (ARPES) characterization of solid 
surfaces in the near future [36]. 

It is important to note, that all those different experiments impose differing requirements 
on the inevitable spectral filtering of the HHG spectrum by the extreme ultraviolet optical 
components, which can in many cases be best achieved by proper multilayer reflectors. 

1.2. Reflective Optics in the EUV/Soft X-Ray Range 

1.2.1. Interaction of Radiation with Matter  

The interaction of electromagnetic waves with matter can be described by the index of 
refraction n = c/vp, where c is the speed of light and vp is the phase velocity in the medium. 
The phase velocity is usually decelerated in a medium, since the electric field disturbs the 
charges of each atom proportional to the electric susceptibility of the medium. This 
disturbance decreases with increasing frequency. Fig. 1.1 illustrates the progression of the 
index of refraction dependent on the electromagnetic wave’s frequency ω. 

 

Fig. 1.1. Real part of the index of refraction as a function of the frequency  
with strong variations near the resonance frequencies [37]. 

It shows strong variations near IR, UV and x-ray resonances (ωr) and the tendency toward 
unity for very short wavelengths. Only the real part of the index of refraction is shown in 
Fig. 1.1. Its adaption to a complex refractive index is necessary in case of attenuation in 
the medium. When electromagnetic waves get attenuated in a medium one considers this 
absorptive effect and defines the complex index of refraction as: 

 n n i  , (1.3) 

where κ is the extinction coefficient. The real part of Eq. (1.3) approaches unity for 
electromagnetic waves with wavelengths in the EUV/soft x-ray range, since the dispersion 
of the medium strongly decreases. One considers the low dispersion background in that 
energy range by rewriting Eq. (1.3) to the EUV/soft x-ray form: 

 ( ) 1n i     , (1.4) 
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with the dispersion δ and the extinction coefficient β. The influence of δ and β on the light-
matter interaction becomes clear, when one considers the propagation of a plane wave in 
z-direction through a material with a refractive index n. The electric field can be  
written as: 

    
0, i t zrE z t E e   . (1.5) 

The complex index of refraction is considered by: 
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Using Eq. (1.6) in Eq. (1.5) leads to: 

  
2 2

0,
z

i t i z
c

shift decayvacuum
propagation

E z t E e e e
 
 



             
     



   . (1.7) 

The first term in Eq. (1.7) describes the propagation of a plane wave through vacuum, the 
second term contributes a phase shift dependent on the dispersion δ and the last term is a 
damping term, accounting for absorption within the medium. The extinction coefficient β 
is related to the absorption coefficient α by squaring Eq. (1.7): 
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where I represents the Intensity and α is the inverse of the absorption length labs = α-1. 

Eq. (1.4) can also be written as a function of the real part (f1) and imaginary part (f2) of 
the atomic scattering factor: 
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with the classical electron radius re = e2/(4πε0mc2) and the electron density per unit 
volume na. Comparing Eq. (1.9) and Eq. (1.4) yields the relation between the atomic 
scattering factor and the dispersion and extinction, respectively: 
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One can thus calculate the dispersion and the extinction by making use of the measured 
tabulated values of the atomic scattering factors by Henke et al. [38]. The index of 
refraction approaches unity due to these low values (10-2-10-7) where the values of δ and 
β are typically on the same order. This approach and the high absorption for EUV/soft  
x-ray wavelengths (Eq. (1.8)) results in low refraction at an interface between two 
materials (due to the similarity of the optical constants) and a limited penetration depth 
(on the order of a few hundred nm). This limits the degree of freedom of EUV/soft  
x-ray optics, since they must be either very thin, be used under small grazing angles in 
reflection geometries or use multiple reflections from different interfaces as utilized in 
multilayer mirrors. 

1.2.2. Single Interface Reflectance (and Transmission) 

One can use e.g. metal bulk mirrors for a broadband and high reflective guidance of visible 
light under nearly arbitrary angles of incidence. Unlike the visible range, no comparable 
optics can be used in the EUV/soft x-ray range. If an electromagnetic wave incidents under 
an angle αi on an interface which is formed by two layers with the refractive indexes n1 
and n2, it is usually reflected and transmitted (Fig. 1.2). 

 

Fig. 1.2. Reflected and transmitted electric field at an interface, formed by two materials  
with the index of refraction n1 and n2. 

The degree of reflection and transmission depends on the incident angle α, on the index 
of refraction of both media and on the polarization state s or p. The characteristics are 
described by the Fresnel equations [39]: 

 1 2

1 2

cos cos

cos cos
rs i t

s
is i t

E n n
r

E n n

 
 


 


 
 

, (1.12) 

 1

1 2

2 cos

cos cos
ts i

s
is i t

E n
t

E n n


 

 



 

, (1.13) 

 2 1

1 2

cos cos

cos cos
rp i t

p
ip t i

E n n
r

E n n

 
 


 


 
 

, (1.14) 



Chapter 1. Irregular Arrays of Silver Nanoparticles on Multilayer Substrates and Their Optical Properties 

 27 

 1

1 2

2 cos

cos cos
tp i

p
ip t i

E n
t

E n n


 

 



 

. (1.15) 

Here, r and t are the reflection and transmission coefficients, respectively and E represents 
the complex electric field amplitude, while the indices determine the polarization (s or p) 
and whether the incident (i), the reflected (r) or the transmitted (t) fraction is considered. 
The different index of refraction is considered by n1 and n2. Throughout this article, 
normal incidence angles are referred to as α and grazing angles as θ. The single interface 
reflectance for angles much larger than the critical angle θc (θ = 90°-α) can be 
approximated to: 
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Summarized, the single interface reflectivity is given by the difference of the optical 
constants of both media and the normal incidence angle αi and is a rather low value in the 
EUV/soft x-ray wavelengths range. 

1.2.3. Multilayer Mirrors 

Multilayer mirrors address the issue of low single interface reflectivity as was described 
in the previous section. Creating a stack of alternating layers of varied materials makes 
use of constructive interference of partially reflected electromagnetic waves at each 
interface. Dependent on the working energy range and bandwidth 10-1000 interfaces are 
utilized. Each single interface reflectivity is still small but adding up each interface 
reflectivity can result in a normal incidence EUV reflectivity above 70 % [6] near the Si 
L3-edge. Constructive interference of the waves reflected at each interface can be achieved 
by a proper material choice and thickness design yielding a tailored reflectivity 
characteristic. This allows for a very precise spectrally filtering and shaping of attosecond 
pulses. Multilayer can be coated on arbitrary surfaces which allows for various shapes like 
parabolas, ellipsoids or the most commonly used spheres. Summarized, multilayer mirrors 
can tailor attosecond pulses and can be used for beam guidance, imaging or focusing and 
stand out as key components in attosecond science. The development of multilayer mirrors 
for the EUV started in the 1970s [5], it also pushed the development in the VIS/IR as the 
EUV range is more challenging and achieved results in that energy range can be easily 
adapted to the VIS/IR range. Nowadays it’s state-of-the-art in the VIS/IR range to 
calculate [40] or even realize [41] very complex designs by the usage of various 
techniques [42, 43] and fulfill different requirements such as enough photon throughput 
or dispersion control at the same time [44]. This development and its results were extended 
to the EUV/soft x-ray range in the last years for various applications such as soft x-ray 
microscopy [20], EUV lithography [19], astronomy [18] or time resolved attosecond 
spectroscopy [45]. The last-mentioned attosecond science will be extended from the EUV 
range to the soft x-ray water window range in the near future. 
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1.2.3.1. Principal of Multilayer Mirrors 

In Section 1.2.2 the reflectance and transmission of a single interface was described. This 
is now extended to a multilayer system, where multiple interface reflections and 
transmissions occur. One starts with the j-th layer within a stack consisting of one interface 
at the top and one at the bottom. The corresponding reflection coefficient reads as: 

                
2 42

1 1 1 1 1 1 1 1
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j j j j j j j j j j j j j j j j jr r t t r e t t r r e  
          , (1.17) 

where r and t are the reflection and transmission coefficients, respectively. Their indices 
determine at which interface the reflection and transmission occurs. The phase difference 
between the waves reflected at the bottom and the top interface is referred to as φj and can 
be written as: 
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where nj is the index of refraction and θj the angle of incidence of the j-th layer. Fig. 1.3 
illustrates all these parameters. 

 

Fig. 1.3. Principle of multiple reflections and transmissions within a multilayer stack.  
The incident electromagnetic wave is partly reflected and transmitted at each interface  

(figure is related to [46]). 

The sum in Eq. (1.17) converges to [47]: 
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With this recursive formula, one can calculate the reflectivity of the overall multilayer 
stack. One starts from the lowermost layer of the stack, where the reflectivity is given by 
the single interface reflectivity of the substrate, and the first layer, and ‘walks’ through 
the stack. The reflectivity is calculated layer by layer and one ends up with the overall 
reflectivity rML = r1. Its intensity is given by R = |r1|2. 

1.2.3.2. Periodic and Aperiodic Multilayer Systems 

The main classification for multilayer mirrors is to distinguish between periodic and 
aperiodic systems. Periodic mirrors usually consist of two (three) varied materials in 
alternating order where one usually refers to the low absorbing material as spacer whereas 
the high absorbing material as absorber. Aperiodic multilayer systems have individual 
layer thicknesses without any periodicity. Periodic stacks are characterized by the 
following parameters: 

 The period thickness d which is constant throughout the stack. 

 The period number N is the number of bilayers (trilayers) in a two (three) material 
stack. In a more general way: How often is the period used within a stack ? 

 The fraction of the different layer thicknesses within one period, denoted as γ ratio. In 
a two-material stack: γ = dbottom/d ↔ dtop=d(1-γ). In the case of more than two materials 
per period one defines one γA per material A. 

Fig. 1.4 illustrates a typical Gaussian like reflectivity and flat phase (within the 
bandwidth) shape of a periodic multilayer mirror. 

The characteristic values such as maximum reflectivity, center energy or bandwidth are 
influenced by the listed multilayer parameters. 

 

Fig. 1.4. Reflectivity and phase shape of a periodic multilayer mirror. Simulated reflectivity 
(solid blue) and phase (dashed red) of a periodic Cr/Sc multilayer mirror. Following parameters 

have been used for the simulation: spacer Sc, absorber Cr, d = 3.144 nm, γ = 0.6, dSc = 1.886 nm, 
dCr = 1.258 nm, N = 37, α = 5°. 
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The period thickness determines the center wavelength of the mirror according to the 
modified Bragg equation accounting for refraction: 
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where m is the diffraction order, λ is the wavelength of the incident light, θ is the grazing 
angle and n the mean real part of the complex refractive index including the averaged 
dispersion within one period d consisting of k materials: 
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where dk is the individual layer thickness and δk the corresponding dispersion within the 
period thickness d. The square root in Eq. (1.20) takes refraction effects into account and 
is sometimes neglected at normal incidence as the denominator approaches unity and 
n ≈ 1. Neglecting the square root in Eq. (1.20) yields the condition for maximum normal 
incidence reflectivity: the optical period thickness is equal to λ/2, i.e. d ≈ 6 nm at 100 eV. 

The period number N influences the overall reflectivity, since more contributing layers 
increase this value, but its continuous increment is limited by the absorption of the 
materials. At the point of saturation more periods will not contribute to the overall 
reflectivity. The number of contributing periods can be increased by adapting the gamma 
ratio for reducing the amount of absorbing material. But this procedure is limited in case 
of mirrors for attosecond pulses. For the support of attosecond pulses the reflectivity is a 
very important factor but comes always along with the pulse duration support. This point 
is linked by the bandwidth support and can be approximated by the multilayer parameters 
by: 
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where m is the diffraction order. The bandwidth is linked to the support of the temporal 
pulse duration by 

      0 1824E eV as eV as   , (1.23) 

which is known as the time-bandwidth product and is a result of the Fast Fourier 
Transform (FFT) of a Gaussian pulse and its full width at half maximum (FWHM) 
consideration.  

Periodic multilayer mirrors have an almost linear phase within the bandwidth, since the 
strong periodicity ensures that each period contributes equally throughout the stack. 
Consequently, periodic multilayer mirrors do not temporal broaden an incoming pulse, 
but are therefore also not able to compress an incoming pulse. The influence on pulse 
shaping is limited by periodic systems. 
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A higher degree of freedom for attosecond pulse shaping is achieved by utilizing aperiodic 
multilayer mirrors in contrast to periodic stacks. While each period is equal in a periodic 
stack, i.e. the thickness for a certain material is constant, the thicknesses are arbitrary [46] 
in an aperiodic stack. This facilitates addressing different frequency components by 
individual layer thicknesses. This allows for spectral and dispersion shaping as different 
frequency components are reflected at different penetration depths within the stack. 
Fig. 1.5 illustrates the principle of aperiodic multilayer stacks. 

In Fig. 1.5 (a) longer wavelengths are reflected on the top whereas short wavelengths are 
reflected at the bottom. Therefore, the short wavelengths are temporally delayed in respect 
to the longer wavelengths due to the longer penetration distance. This is defined as 
positive chirp; the mirror introduces a positive group delay dispersion (GDD). Vice versa 
in case of a negative chirp (Fig. 1.5 (b)). This facilitates shaping the dispersion of an 
incoming attosecond pulse and tailoring the reflected pulse. Aperiodic multilayer systems 
in the visible/infrared spectral range (e.g. (dielectric) multilayer mirrors in ‘chirped pulse 
amplification’ (CPA) systems) show an almost linear decreasing or increasing (dependent 
on the introduced GDD) of the layer thicknesses [41], due to missing absorption in 
dielectric materials in this spectral range, whereas aperiodic EUV/soft x-ray multilayer 
mirrors exhibit usually a random stack arrangement. Therefore Fig. 1.5 reflects only a 
useful presentation of delaying different wavelengths at different penetration depths, a 
real multilayer stack design for the EUV differs from this presentation, since the influence 
of strong absorptions leads to a rather random like stack design, which can be seen in the 
next figure. Fig. 1.6(a) depicts the design of a complex aperiodic multilayer stack 
consisting of 48 different layers and five varied materials (MoSi2 is formed after 
deposition [48]). 

 

Fig. 1.5. Aperiodic multilayer stack. Sketch of aperiodic multilayer stacks, where different 
wavelengths are reflected at different penetration depths. The almost linear decreasing/increasing 
of the layer thickness is used for the VIS/IR range whereas it is rather a random stack arrangement 
in the EUV/soft x-ray range. (a) A positively chirped multilayer stack where short wavelengths are 
temporally delayed in respect to the longer wavelengths due to the longer penetration distance;  
(b) Vice versa in case of a negatively chirped mirror. 

This complex design has been developed for the reflection of a FWHM>40 eV and a close 
to Gaussian spectral profile, when it is convoluted with the transmission of a 150 nm thick 
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Pd filter (Fig. 1.6 (b)). A periodic stack supporting a bandwidth of 40 eV at 145 eV would, 
according to Eq. (1.22), have only four periods. That are eight layers in contrast to the  
48 layers of the aperiodic system. This demonstrates why aperiodic multilayer mirrors 
exhibit a much higher degree of freedom in contrast to periodic stacks. Besides, one would 
expect that eight layers of the periodic case have a lower overall reflectivity as only a sixth 
of the aperiodic interface number is used. This is another advantage of aperiodic 
multilayer mirrors in addition to dispersion control. One can e.g. increase the reflectivity 
of a periodic system by switching to an aperiodic design while keeping the bandwidth 
constant. 

 

Fig. 1.6. A complex aperiodic La/Mo/Si/B4C mirror design: (a) Design of a complex aperiodic 
multilayer consisting of 48 different layers and five varied materials; (b) Reflectivity (blue), 
transmission of a 150 nm thick Pd filter (brown) and their convolution (red) resulting in a 
bandwidth of more than 40 eV. A normal incidence angle of 5 degree and a constant interface 
roughness of σ = 0.5 nm was assumed for the simulation. 

1.2.3.3. Imperfect Interfaces 

It is impossible to realize multilayer mirrors with perfectly abrupt and flat interfaces as 
finite boundaries occur during the fabrication. Interface imperfections are mainly caused 
by interface roughness [39] from fringed interfaces (Fig. 1.7 (a)) or atomic displacement 
as intermixing or interdiffusion (Fig. 1.7 (b)). 

 

Fig. 1.7. The interface roughness σ: (a) Corrugated interface, (b) Intermixing and interdiffusion 
of both materials, (c) Interface profile function p(z) for modeling both boundary imperfections. 
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Also, chemical reactions are possible forming an interlayer, as can be observed in Mo/Si 
multilayer where thin MoSi2 layers are formed [48, 49]. This interlayer can be considered 
by including an additional layer with the corresponding refractive index of the compound. 
One should find a way to model these described imperfections and include it in 
simulations of multilayers, since it will be shown that they have a crucial effect on the 
reflectivity performance. This is mathematically done by the interface roughness value σ. 
One could now include the transition zone in simulations by representing the interface by 
a stack of very thin layers of continuously varying refractive index [39], but this would be 
a very time-consuming calculation especially when more than two materials are used or 
aperiodic stacks with a large layer number are simulated. Debye [50] and Waller [51] 
developed a rather elegant model to implement the roughness via Fourier transformation. 
An interface profile function p(z), like the one-dimensional error function, is used to 
characterize the interface width for both roughness and diffusion (Fig. 1.7(c)): 
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with the one-dimensional Gauss error function erf(x) and its FWHM σ. Using this profile 
function the reflection coefficient of the interface can be written as a Gaussian 
distribution: 
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A Fourier transformation of Eq. (1.25) yields the reflection coefficient in the momentum 
space: 
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with the wavelength dependent Fresnel coefficient r0(λ), the amplitude reflectivity of a 
perfectly abrupt boundary, and the momentum transfer q = 4πnsin(θ)/λ between the 
boundary and the photon. Névot and Croce extended this method of Debye and Waller to 
an even more realistic description [52], considering the different refractive indices n and 
the resulting different propagation grazing angles θ of material 1 and material 2: 
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The Névot-Croce model is used for all simulations within this article to account for 
interface imperfections. Squaring Eq. (1.27) yields the intensity dependence: 
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The influence of roughness on the reflectivity performance of a multilayer mirror for 
attosecond pulses is shown in Fig. 1.8. 

The two plots of Fig. 1.8 are simulations of a molybdenum/silicon multilayer mirror 
(N = 26, d = 6.7 nm, γ = 0.4, α = 5°), including no molybdenum silicide layers, with a 
bandwidth of 5 eV in case of no interface roughness. According to Eq. (1.23) this would 
support ~400 as pulses. Eq. (1.28) has shown that an increased roughness value reduces 
the overall throughput, which is simulated in Fig. 1.8(a). Due to an increased diffuse 
scattering, this is accompanied by a decrease of the supported bandwidth. This is directly 
linked to the supported pulse duration, which is increased (σ = 0 nm supports a FWHM 
of 5 eV and thus ~400 as pulses whereas in case of σ = 1.5 nm only a bandwidth of 3.2 eV 
is possible resulting in a pulse duration support of ~600 as). Summarized a bad interface 
roughness reduces the overall photon throughput and increases the supported pulse 
duration. In terms of attosecond pulses both criteria are important and consequently the 
interface roughness should be minimized. 

 

Fig. 1.8. (a) The influence of interface roughness σ on the reflectivity for a typical MoSi multilayer 
system for different σ values. The lineout indicates the reflectivity profile for σ = 0 nm (the 
reflectivity colormap is used as y-axis for the lineout); (b) Normalized reflectivity for each 
roughness value to demonstrate the decrease of bandwidth with increasing roughness. 

1.3. Simulations of Multilayer Systems - Their Theoretical Optical 
Performance 

For reflectivity and transmission calculations we use a self-written multilayer Fresnel code 
algorithm written with the software MATLAB. The overall reflectivity (mirror) or 
transmission (polarizer, filter) is calculated together with the relevant phase based on the 
multiple interface reflections and transmissions described in Section 1.2.3.1. The code 
uses the tabulated values of the atomic scattering factors from Henke and Gullikson [38] 
above 30 eV to calculate the dispersion (Eq. (1.10)) and the extinction (Eq. (1.11)) 
necessary for the Fresnel equations of Section 1.2.2. Realistic imperfect interfaces 
(Section 1.2.3.3), top layer oxidation or interlayer formation like molybdenum silicide 
[53] are considered as the stack design demands. We can thus identify various parameters 
which are used as input for the simulations. These parameters are either tabulated from 
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former characterization measurements or theoretical studies or should be extracted from 
own research studies and different characterization or analysis methods: 

 The optical constants. Tabulated like Henke and Gullikson [38], updated self-
determined tabulated values at certain absorption edges [54] or directly measured by 
spectral ellipsometry [55] for performance approximations in other spectral ranges. 

 Realistic interface roughness values. Extracted from soft [56] or hard x-ray 
reflectometry [57] measurements as well as cross section transmission electron 
microscopy [58]. 

 Top layer oxidation. Analysis methods like for the roughness and additionally 
spectral ellipsometry. The thickness loss of the top material as well as the thickness of 
the grown oxide layer should be determined, since those two layers are responsible for 
a small aperiodicity within the stack as well as those are the first layers the radiation 
penetrates through, a very important fact in case of EUV radiation. 

 Interlayer formation. Analysis methods like for the roughness. 

The self-written code is used for simulating the optical performance of periodic multilayer 
systems or of already calculated aperiodic designs. The calculations of aperiodic designs 
are previously realized with the software Optilayer, a Fresnel code coupled to a ’needle 
optimization’ algorithm [42, 43]. This software is used for the optimization (mainly 
chirped mirrors) of multilayer systems in combination with the self-written Fresnel code. 
The most important prerequisite for a reasonable optimization is the properly chosen start 
design. One usually starts with a periodic multilayer system which consists of the material 
combination best suitable for the aimed spectral range and adjusts the layer thicknesses 
(optimized γ-ratio) to the central energy E of interest. The period number N of the start 
design is chosen according to the required spectral bandwidth E and is estimated by: 

 
E

N
E




. (1.29) 

Finally, one defines one or more target functions for the algorithm for which the start 
design should be optimized. The optimization can, for example, include a higher peak 
reflectivity, a spectral broader mirror reflectivity or in case of chirped mirrors an 
optimized spectral phase being realized by aperiodic layers, thus introducing a group delay 
dispersion in contrast to a flat phase in case of a periodic system. The needle optimization 
algorithm [42] starts with the periodic design and inserts small needlelike additional layers 
at certain positions in the stack, defined by the best benefit for the merit function. The 
thicknesses of these layers are consecutively increased or decreased until their best 
thickness value is achieved. Each optimization procedure consists of a certain number of 
iterations in which the current design is changed by random walk within user defined 
limits. The quality of a design Di(ω) is quantized by the merit function MF including 
weights wi (which must be predefined) that define the importance of the individual target 
function Ti(ω). 
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The figure-of-merit function further rules whether the modern design is taken as start 
design for the next iteration step or not. Thus, every calculated design is a trade-off 
between different target functions and is a consequence of the start design. Finally, the 
implementability of a final design should be checked and converted into deposition times 
using a self-written Fresnel-code algorithm. Interlayer formation, structural changes 
yielding thickness losses and a realistic Névot-Croce roughness is included in the code 
and both the spectral and the temporal structure of the pulse is analyzed including both 
the source and the filter characteristics to be able to compare the most realistic pulse 
simulation with the experimental constraints. Ultrathin layers because of the needle 
optimization procedure are either eliminated or broadened to a realizable value of at least 
1 nm. If the final design does not fulfill the earlier formulated requirements an innovative 
design optimization is necessary either with a better start design or fresh design target 
points and weights. This procedure is used for aperiodic multilayer mirrors for shaping 
attosecond pulses. 

1.4. Fabrication of Multilayer Coatings 

Multilayer coatings are realized by various deposition techniques. Every technique has 
advantages and disadvantages and one should evaluate the coating priorities according to 
numerous criteria such as overall cost, deposition speed, layer density (which is directly 
connected to damage thresholds), thickness accuracy, number of target materials, 
availability of target materials, vacuum requirements, in-situ characterization techniques, 
coating homogeneity, to name only some of them. Nowadays following techniques are 
used for the realization of multilayer coatings: 

 Electron beam physical vapor deposition (EBPVD) [7, 8], is a form of physical 
vapor deposition in which a target anode is bombarded with an electron beam given 
off by a charged tungsten filament under high vacuum. The electron beam causes 
atoms from the target to transform into the gaseous phase. These atoms then precipitate 
into solid form, coating everything in the vacuum chamber (within line of sight) with 
a thin layer of the anode material. 

 Magnetron sputtering [9-11] is a Plasma Vapor Deposition (PVD) process in which 
a plasma is created and positively charged ions from the plasma are accelerated by an 
electrical field superimposed on the negatively charged electrode or ‘target’. The 
positive ions are accelerated by potentials ranging from a few hundred to a few 
thousand electron volts and strike the negative electrode with sufficient force to 
dislodge and eject atoms from the target. These atoms will be ejected in a typical line-
of-sight cosine distribution from the face of the target and will condense on surfaces 
that are placed in proximity to the magnetron sputtering cathode. 
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 (Dual) ion beam deposition (D-IBD) [12-14] apparatus typically consists of an ion 
source, ion optics and the deposition target. Optionally a mass analyzer can be 
incorporated. In the ion source, materials in the form of a gas, an evaporated solid, or 
a solution (liquid) are ionized. The ions are then accelerated, focused or deflected using 
high voltages or magnetic fields. Optional deceleration at the substrate can be 
employed to define the deposition energy. This energy usually ranges from a few eV 
up to a few keV. At low energy, molecular ion beams are deposited intact (soft 
landing), while at a high deposition energy molecular ions fragment and atomic ions 
penetrate further into the material, a process known as ion implantation. The ion beam 
current, which is quantitative measure for the deposited amount of material, can be 
monitored during the deposition process. 

 Pulsed laser deposition (PLD) [15-17] is a physical vapor deposition (PVD) 
technique where a high-power pulsed laser beam is focused inside a vacuum chamber 
to strike a target of the material that is to be deposited. This material is vaporized from 
the target (in a plasma plume) which deposits it as a thin film on a substrate. This 
process can occur in ultra-high vacuum or in the presence of a background gas, such 
as oxygen which is commonly used when depositing oxides to fully oxygenate the 
deposited films. 

 Metalorganic vapor phase epitaxy (MOVPE), also known as organometallic vapor 
phase epitaxy (OMVPE) or metalorganic chemical vapor deposition (MOCVD) [59, 
60], is a chemical vapor deposition method used to produce single or polycrystalline 
thin films. It is a highly complex process for growing crystalline layers to create 
complex semiconductor multilayer structures. In contrast to molecular beam epitaxy 
(MBE) the growth of crystals is by chemical reaction and not physical deposition. This 
takes place not in a vacuum, but from the gas phase at moderate pressures  
(10 to 760 Torr). As such, this technique is preferred for the formation of devices 
incorporating thermodynamically metastable alloys, and it has become a major process 
in the manufacture of optoelectronics. 

1.5. Achieved Results and Examples for Attosecond Multilayer Mirrors 

This section will aim on the results which have been achieved so far in different spectral 
ranges. Ever shorter isolated attosecond pulses enable experimental access of absolute or 
relative timing of electronic processes with never achieved temporal resolution  
[26, 61, 62]. The filtering, reflection and shaping of attosecond pulses requires phase-
correct broadband optics. Especially in normal incidence setups, the question of the 
shortest possible attosecond pulses is thus directly connected to the availability of 
appropriate optics, namely EUV multilayer mirrors and filters. One can estimate the 
bandwidth ΔE of an N-period multilayer stack with central energy E from Eq. (1.29): 
ΔE/E = 1/N. An interference coating consists of at least two periods (N ≥ 2), thus in 
principle, the maximum bandwidth of a periodic multilayer mirror is about half its central 
energy. Higher central energies relax the constraints on the bandwidth of optics and thus 
enable shorter reflected pulses but suffer usually from lower reflectivity. 
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1.5.1. A Normal Incidence Broadband 30-60 eV Mirror 

Many attosecond experiments are performed in the spectral range between 30 eV and 
60 eV, which is easy to access with HH sources [63-65]. The shortest attosecond pulses 
in this spectral range could be generated by polarization gating. Sansone et al. realized 
130 as long pulses around 40 eV [64]. This and other experiments may benefit from 
broadband normal-incidence EUV optics suitable for attosecond beam guidance and 
focusing. An aperiodic broadband mirror reflecting between 35 eV and 50 eV with a 
reflectivity up to 20 % has been designed and published by Morlens et al. [66]. The here 
presented periodic Si/Sc mirror, centered at nearly the same central energy of ≈ 40 eV 
exceeds the bandwidth of Morlens’ mirror by far. Its design is chosen such that the high 
single interface reflectivity of Si and Sc is extended by an appropriate quarter-wave design 
to a bandwidth of more than 20 eV. Until now, Sc/Si multilayers have mainly been used 
at energies between 25 eV and 35 eV [67] just below the Sc M2,3-edge. Above this energy, 
both Sc and Si are highly absorbing, and the number of contributing periods in Si/Sc 
multilayers is very limited. The normal incidence reflectivity saturates between 35 eV and 
45 eV for only ≈ 5 periods. The relatively high reflectivity between 5-7 % is mostly 
independent from the mirror design due to a high single interface reflectivity of about  
2 %. This property has been utilized for the design of the following ultrabroadband mirror. 
Its design is chosen such that the already high Si, Sc reflectivity is extended on the high 
energy side for a larger overall bandwidth. A 10 period Sc/Si coating with a period 
thickness of 14 nm (for a central energy of ≈ 50 eV) has been chosen (Fig. 1.9 (b)). 

 

Fig. 1.9. Broadband normal incidence EUV multilayer mirror between 30 eV and 55 eV. Panel a): 
simulated (black) and measured (green) EUV reflectivity and spectral phase (red dash-dotted line). 
An σ = 1.3 nm has been used in the simulation. Panel b) shows the appropriate design of the 10 
periods, d = 14 nm, γ = 0.4 Si/Sc stack. Panel c): Temporal structure of the mirror calculated as the 
Fourier transform of its spectral shape: It supports the reflection of 165 as sub-2 cycle EUV pulses. 

Its designed and measured reflectivity is plotted together with the calculated phase in 
Fig. 1.9 (a). The measured EUV reflectivity confirms a successful implementation, a 
bandwidth of more than 20 eV and a reflectivity between 5 and 15 %. Simulations show 
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that this mirror is capable to support the reflection of Fourier limited 165 as long pulses 
what corresponds to only 1.7 EUV field oscillations at 42 eV central energy (Fig. 1.9 (c)). 
This mirror thus allows for the phase correct reflection of sub-2 cycle EUV pulses and is 
therefore at the possible duration limit at this energy. 

1.5.2. Short Pulses in the 60-100 eV Range 

Shorter pulses require even more bandwidth and thus necessarily higher central energies. 
The development of ultra-broad HH cutoff spectra with sufficiently high photon flux in 
the spectral range between 60 eV and 100 eV and the availability of appropriate thin metal 
filters and broadband high-reflectivity multilayer optics suggest this energy range for the 
generation of ever shorter ultrashort pulses. The HH generated EUV cut-off spectrum at 
about 100 eV matches the high reflectivity spectral band of Mo/Si multilayer mirrors; this 
material combination has thus been chosen. The generation of 80 as long pulses [68] 
requires at least 25 eV (FWHM) bandwidth (for a Gaussian spectrum) and is given by a 
multiplication of both the spectrum of the optics and the HH spectrum, from which the 
single pulse is being filtered. As will be presented in the following paragraph, this requires 
a HHG spectrum which exceeds the chirp-free cut-off region, ranging to the lower energy 
plateau region which is known to be positively chirped. This phase behavior (positive 
chirp at low energies, negligible chirp at high energies) exactly opposes that of a thin  
Zr filter, used in this experimental set-up anyway to filter the laser light from the EUV 
propagation path. As the filter indispensably compensates most of the HHG chirp, a chirp-
less but broadband attosecond mirror is required. The penetration depth and thus the 
maximum number of usable bi-layers is limited by the attosecond pulse-length. A four-
layer Mo/Si EUV coating centered at 70 eV, with a bandwidth of 32 eV (FWHM) has 
been designed for the coating of the inner part of the double mirror (Fig. 1.10(b)). Its 
reflectivity has been measured (green stars in panel a) and is in good agreement with 
simulations. Fig. 1.10 concludes the spectral (panel a)) and the temporal (panel c)) 
characteristics of this bandpass. 

Simulations reveal that the mirror alone supports the reflection of nearly Fourier-limited 
pulses of 64 as (Fourier limit of the mirror: 63 as) calculated from the simulated spectrum 
(black line in Fig. 1.10 (c)) and the phase (red dash-dotted line). The effective bandpass 
bandwidth is experimentally limited by the transmission of the Zr filter which is required 
for suppression of the IR laser light and to tune the spectral phase. Different filter 
thicknesses (150, 300 and 450 nm) allow for some tunability of the GDD for the sake of 
reducing the effective bandwidth (the peak of the multiplied spectrum, plotted by the blue 
dashed line is shifted toward higher energies). It turned out that the combination of the 
mirror with a 300 nm Zr filter (yellow line, Fig. 1.10 (a)) compresses the incoming pulse 
to almost its Fourier limit. The goodness of the perfect interplay between the spectral 
phase of the bandpass and that of the HH source becomes more obvious, when one 
compares the temporal structure of the bandpass (panel c), blue dashed line) with its 
Fourier limit (light green dash-dotted line). The bandpass has a Fourier limit of 80 as, its 
temporal structure reveals 90 as including the phase (pulse broadening can be almost 
completely related to the phase of the filter). The final pulse-length of 80 as thus is at 
exactly the Fourier-limit of the bandpass. Please note here, that the final pulse is a 
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convolution of the bandpass and the incoming pulse. The HH intensity decreases at higher 
energies in the cut-off range and yields a slight down shift and a slight broadening of the 
bandpass spectrum. This experiment resulted in the generation of light flashes of no more 
than 80 as and has been published by E. Goulielmakis et al. in Science [68]. 

 

Fig. 1.10. Panel a): Simulated (black line) and measured (green crosses) reflectivity of a 32 eV 
(FWHM) bandwidth flat phase (red dash dotted line) multilayer mirror (design plotted in panel b), 
revealing a measured 3.6 % reflectivity centered at 70 eV. Together with a 300 nm thick Zr filter 
(yellow dotted line) it functions as a 25 eV broad bandpass and compressor (blue dashed line) for 
the generation of 80 as EUV pulses. Panel c shows the simulated 64 as long pulse (black line) and 
the temporal phase (red circles) of a pulse supported by the mirror upon reflection as an outcome 
of Fourier transforming the mirrors spectrum. The blue dashed line shows the temporal structure 
of the bandpass (mirror + filter), resulting in a 90 as long pulse, compared to its Fourier limit (light 
green dash dotted line) of 80 as. 

1.5.3. Above the Silicon L-Edge in the 100 eV – 150 eV Photon Range 

Various multilayer mirrors have been realized for attosecond pulses above 100 eV  
[69, 70] going from the EUV spectral range to the soft x-ray range for addressing more 
core states of numerous elements. The next section will describe as examples the 
attosecond dispersion control by multilayer mirrors, based on Hofstetter et al. [71], as well 
as a chromium/scandium mirror designed for a central energy around 145 eV and 
reflecting attosecond pulses on the order of 600 attoseconds. The later experiment was at 
that time realized at a central energy which was 27 eV higher than the recent energy limit 
in table-top attosecond pump studies [34]. 

1.5.3.1. Attosecond Dispersion Control by Multilayer Mirrors above 100 eV 

Specially designed aperiodic binary or ternary multilayer-coated EUV mirrors allow for a 
large degree of freedom in influencing the EUV pulse characteristics by reflection of those 
mirrors [72]. So far, multilayer mirrors in attosecond physics applications were used as 
band-pass reflectors preserving the spectral phase of the attosecond pulse that is defined 
in the generation process and by the dispersion characteristics of all EUV optical elements 
passed by the pulse. In this work we demonstrate, how specially designed non-periodic 
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multilayer EUV mirrors furnish attosecond technology with the ability to control the 
spectral phase in addition to spectral intensity of attosecond pulses, offering a great degree 
of freedom in influencing the EUV pulse characteristics, such as the pulse shape, duration, 
frequency sweep and central wavelength. 

To prove the validity of the concept for precision chirp control of attosecond EUV pulses, 
a set of three multilayer mirrors exhibiting distinctly different GDD but similar reflectivity 
characteristics was developed [71]. Optimized for an incident angle of 45° they exhibit 
high reflectivity within the range of 100-130 eV with comparable full widths at half 
maximum energy bandwidth: ΔE = 11-13 eV FWHM and peaking at different central 
energies within the range of 107-122 eV. 

The multilayer designs have been calculated and optimized by a Fresnel equation thin film 
code coupled to a needle optimization algorithm [42]. The mirrors have been designed 
such, that the GDD is almost maximum and mostly linear within the final attosecond pulse 
spectrum. Small shifts of the mirror spectrum due to the thin metal filter or the shape of 
the high harmonic cut-off spectrum have been estimated and considered in the design. The 
calculated designs have been optimized for additional suppressed reflectivity 
contributions in the near vicinity of the main Bragg peak and have been tested for stability 
against small layer thickness deviations. The final multilayer coating designs are 
displayed in the lower panels (d-f) of Fig. 1.11. 

 

Fig. 1.11. Characteristics of EUV chirped multilayer coatings designed and manufactured for the 
experiments: Set of EUV multilayers with positive (a), near zero (b) and negative (c) group delay 
dispersion. The diagrams compare the measured (solid black) with the designed (dotted green) 
reflectivity curves. The calculated group delays (derivative of the spectral phase with respect to 
angular frequency) are also displayed (dashed red curve). The transmittivity of a 150 nm palladium 
foil is additionally qualitatively plotted in panel (b), depicted by the blue dash-dotted line. The 
lower panels (d), (e) and (f) show the corresponding mirror-designs of the appropriate mirrors 
above. Each color represents one material as explained by the legend in 1.2 (e). 

While the designs of the positively- and the negatively-chirped mirrors contain around  
30 layers Mo/B4C the almost unchirped mirror is a 17 layer Mo/Si/B4C stack. The mirrors 
have been deposited by means of Dual Ion Beam Deposition (DIBD) on flat high-polished 
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glass substrates. Interface losses and compound formation have been included in the 
calculation and could be compensated within the coating procedure. 

Figs. 1.11 (a)-1.11 (c) shows the calculated reflectivity and group delay of the three 
multilayer mirrors versus photon energy, compared with the reflectivity measured by  
x-ray reflectometry using synchrotron radiation [73]. The measured and computed EUV 
reflectivities are in excellent agreement, revealing maximum peak reflectivities between 
4 and 10 percent. Notable deviations in the peak shape appear only in Fig. 1.11 (c) near 
120 eV, possibly due to minor uncertainties in the deposition layer thicknesses. In our 
proof-of-concept experiments, radiation at photon energies below 100 eV is suppressed 
by a 150 nm thick Palladium (Pd) filter (its transmittivity is shown in Fig. 1.11 (b) by the 
blue dash-dotted line). The throughput of this high-pass filter combination could be 
enhanced by fine-tuning the filter thickness and the mirrors’ high-reflectivity band. Since 
isolated attosecond pulses can be extracted by spectral filtering from the cut-off part of 
the generated HH spectrum [1], the high energy extend of the spectrum must coincide 
with the high reflectivity range of the mirror. Reflectivity above this energy window thus 
does not affect the attosecond pulse generation. The three mirrors are designed to 
introduce substantial positive GDD, negligible GDD, and substantial negative GDD, with 
computed values of 19.5 × 103 as2, -0.5 × 103 as2, and 14 × 103 as2, respectively. 

We have implemented attosecond streaking by liberating photoelectrons from the 2p sub-
shell of an ensemble of neon atoms with sub-300-attosecond EUV pulses filtered by the 
combination of a Pd foil and one of the band-pass multilayer mirrors described above. The 
energy distribution of the ejected electrons has been streaked by the controlled linearly 
polarized electric field of near-single-cycle near-infrared (NIR) laser pulses [68, 74, 75]. 
The streaked spectra for electrons collected in a narrow cone aligned with the laser 
polarization were recorded as a function of the delay between the ionizing EUV pulse and 
the streaking NIR field. 

To access the temporal intensity profile of the synthesized attosecond pulses and their 
frequency sweep we performed a frequency-resolved optical gating (FROG) analysis [76] 
of the acquired streaking spectrograms. This method gives not only access to a full 
characterization of the laser vector potential, it allows us as well to characterize the 
spectral intensity distribution and the group delay variation [77, 78] of the final attosecond 
EUV pulse reflected from the mirrors after passing the filter, allowing for a direct 
comparison of its GDD with the design values of the mirrors’ GDD. The resultant 
streaking spectrograms recorded with the three mirrors of Figs. 1.11 (a)-1.11 (c) are 
displayed in Figs. 1.12 (a)-1.12 (c) along with their corresponding FROG retrievals in 
Figs. 1.12 (d)-1.12 (f), respectively. 

We can now turn our attention to a quantitative evaluation of the chirp carried by the 
attosecond EUV pulse in the three experiments performed with the three different mirrors. 
Fig. 1.13 shows the retrieved intensity and GD of the attosecond pulses after reflection off 
the EUV multilayer and filtering by the transmission filter as evaluated from the photo-
electron spectrograms in Fig. 1.12. 
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The solid black lines in Figs. 1.13 (a) - 1.13 (c) show a direct measurement of the EUV 
pulse spectrum at the target after passing the filter and the appropriate mirror. Comparison 
of the retrieved EUV spectra (green dotted lines) with those directly measured photon 
spectra shows remarkable agreement of the bandwidth, spectral profile and central energy 
position. This agreement between retrieved and measured spectra highlights the precision 
with which EUV mirrors are designed and manufactured and demonstrates the power of 
attosecond streaking measurements coupled with the FROG CRAB retrieval procedure. 

 

Fig. 1.12. Measured and retrieved attosecond electron streaking spectrograms, upper and lower 
row, respectively. Panels (a)-(c) and (d)-(f) display spectrograms recorded with attosecond pulses 
reflected off the mirrors described in Figs. 1.11 (a)-1.11 (c), respectively. The energy shift in the 
recorded spectra is proportional to the vector potential AL(t) of the streaking laser field at the instant 
of photoemission, hence the dependence of this energy shift on the delay between the attosecond 
EUV pulse and the NIR laser field reflects the temporal evolution of the NIR laser field’s vector 
potential, AL(t). Narrowing and broadening in the streaked electron spectra at the zero crossings is 
displayed by enhanced and diminished electron count rates, respectively. The small insets show 
the energy calibrated raw data before subtraction of the background. 

1.5.3.2. Chromium/Scandium Multilayer Mirror for Attosecond Pulses at 145 eV 

This section will present the first application of Cr/Sc multilayer mirrors to attosecond 
science. The material system has been optimized for attosecond pulses and is now applied 
to these pulses for the first time. Most of the results have been published in [79]. The 
previous sections have demonstrated that multilayer mirrors provide a unique approach 
for beam steering, spatial and spectral shaping as well as spectral phase control with 
reasonably low reflective losses. It will be shown that optimizing the Cr/Sc material 
system is not only a key to future attosecond experiments in the water window [80], but 
also facilitates a promising choice for realizing new attosecond experiments at around 
130-160 eV, the energy range where attosecond sources with sufficient photon flux are 
nowadays already available [28], but multilayer optics are very limited. Fig. 1.14 shows a 
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simulation comparison of certain established multilayer material systems reflecting 
(attosecond) HHG pulses with a central energy of 145 eV and a FWHM bandwidth of 
3 eV at an angle of normal incidence of 5 degree. 

 

Fig. 1.13. Retrieved spectral and temporal characteristics of the attosecond EUV pulse, upper row 
and lower row, respectively. Panels (a), (b) and (c) display the intensity spectrum (green dotted 
line) and group delay (red dashed line) of the attosecond EUV pulse reflected off the mirrors 
described in Figs. 1.11 (a), 1.11 (b), and 1.11(c), respectively, as retrieved from the measured 
streaking spectrograms shown in Figs. 1.12 (a), 1.12 (b), and 1.12 (c), respectively. The black full 
lines depict the corresponding EUV spectra measured directly with an EUV spectrometer. The 
evaluated effective group-delay dispersions weighted by the final spectral EUV intensity are also 
shown. Panels (d), (e), (f) show the temporal intensity profile (black line) and temporal phase (red 
dashed line) retrieved from the streaking spectrograms of Figs. 1.12 (a), 1.12 (b), and 1.12 (c), 
respectively. The EUV pulse duration (full width at intensity half maximum) has been evaluated 
and is displayed at the bottom of each panel. 

 

Fig. 1.14. Comparison of certain material systems at 145 eV. Simulation comparison of certain 
multilayer material systems for the reflection of a FWHM bandwidth of 3 eV centered at 145 eV. 
The small inset shows a comparison of the Cr/Sc and Pd/B4C system in the time domain including 
the transmission through a 200 nm thick palladium (Pd) filter. The black line shows the Fourier 
limit (FL) of the Cr/Sc mirror reflection. 
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The parameters were chosen as a trade-off between spectral and temporal resolution in 
high-resolution attosecond experiments. The simulations show only a weak suppression 
of unwanted low energy out-of band radiation in the range of ≈ 120 eV with lanthanum 
(La) based multilayer mirrors (La/Mo, La/B4C). The inevitable and commonly used metal 
filter for blocking the near-infrared (NIR) laser radiation (typically a 200 nm thick 
palladium (Pd) filter) cannot be used to eliminate the out-of-band radiation due to its 
transmission properties. As a result, chirped plateau harmonics are not sufficiently 
suppressed by such multilayer reflectors, which is a prerequisite for filtering isolated 
single attosecond pulses from the cut-off area of the high harmonic spectrum. This 
suppression of low energy out-of-band radiation is essential for attosecond spectroscopy 
experiments for e.g. delay measurements [45] or direct observation of electron 
propagation [34]. Well established Mo/Si mirrors, which are widely used in attosecond 
experiments at photon energies below the silicon L3-edge at ≈ 100 eV, suffer from very 
low reflectivity above 100 eV. Other molybdenum based multilayer systems like 
Mo/B4C, Mo/Y, Mo/Be or Mo/Sr, which on the one hand can provide a higher degree of 
out-of- band radiation suppression (for Mo/B4C) accompanied with a higher reflectivity 
(Mo/Y, Mo/Be, Mo/Sr) [81, 82, 83, 84] but on the other hand suffer from strong spectral 
modulations around the main reflectivity Bragg peak by Kiessig fringes and therefore 
introduce additional GDD, which broadens the pulse in the time domain. Furthermore, 
Mo/Sr is not stable and shows long-term degradation, and beryllium is strongly toxic, thus 
limiting experimental adoption. A reflection comparison in the time domain of multilayer 
mirrors composed of Cr/Sc and a highly reflective system, here as example Pd/B4C [85], 
is shown in the small inset of Fig. 1.14, which already takes the transmission and the 
spectral phase of a 200 nm thick Pd filter into account. Whereas the pulse reflection of the 
Cr/Sc mirror is close to its Fourier limit and exhibits a Gaussian pulse shape, the Pd/B4C 
system shows unwanted temporal pulse broadening due to GDD as well as temporal 
modulations resulting from the multilayer reflectivity fringes. However, the Cr/Sc 
multilayer mirror system combines all the advantages required for applications with HHG 
attosecond pulses: Sufficient throughput due to the optimized reflectivity [58], 
suppression of out-of-band radiation components (in case of the lanthanum based systems 
a thicker filter can increase the suppression in the 120 eV range but reduces the overall 
throughput as well) and a nearly (Fourier limited) Gaussian pulse profile, both in the 
spectral and temporal domain.  

The experimental realization of the Cr/Sc attosecond multilayer mirror was performed by 
dual ion-beam sputtering technique [80] together with a tailored interface polishing 
process [58] for a higher mirror reflectivity. For a later characterization by attosecond 
streaking, the mirror was also analyzed by two independent measurement techniques, hard 
x-ray reflectometry and EUV/soft x-ray reflectometry. Those are not shown here. 

To characterize the attosecond pulses upon reflection from the Cr/Sc multilayer mirror, 
the well-established EUV/soft x-ray pump/NIR probe streaking technique [74] was used. 
Here, both the attosecond soft x-ray pulse and the NIR laser pulse are focused by a double 
mirror into neon gas. The soft x-ray pulse photoionizes Ne atoms, which frees 
photoelectrons from the 2p shell, which are then momentum-streaked by the co-
propagating temporally synchronized and phase stabilized NIR laser’s electric field. The 
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inner part of the double mirror can be moved with respect to the outer part, to introduce a 
temporal delay between the soft x-ray pulse, which is reflected at the mirror core, and the 
laser pulse, which is reflected at the outer ring. Changing the delay between the laser and 
the soft x-ray attosecond pulse yields a typical streaking spectrogram (Fig. 1.15 (a)). 

 

Fig. 1.15. Attosecond electron streaking at a photon energy of 145 eV. Results of an attosecond 
electron streaking experiment for pulse characterization in neon utilizing the Cr/Sc multilayer 
mirror. (a) Measured electron streaking trace and (b) the retrieved trace performed by 
FROG/CRAB analyses. (c) The retrieved soft x-ray pulse (solid blue) and the phase (dotted red) in 
the spectral domain. (d) Soft x-ray pulse and phase in the temporal domain. 

FROG/CRAB [76] analysis allows for a complete reconstruction of both the intensity and 
the phase of the soft x-ray attosecond pulse, as well as the vector potential of the streaking 
laser field from a recorded spectrogram (Fig. 1.15(a)). Fig. 1.15 (b) shows the result of 
the appropriate FROG/CRAB retrieval as described in [78, 86]. The retrieved intensity 
and phase of the soft x-ray pulse are depicted in Fig. 1.15, once in the spectral (c) and 
once in the temporal (d) domain. Shifted by the binding energy of the Ne-2p electrons 
(21.6 eV) the soft x-ray pulse shows a central energy of 145.6 eV which agrees to the 
target and the previously described results. With the retrieved spectral bandwidth and 
phase being the most prominent sources of uncertainty, the temporal error can be 
estimated to be about 20 as. From the retrieved amplitude and phase, an attosecond pulse 
duration of about 580 as is found in the temporal domain which is in excellent agreement 
with the previous estimations (based solely on the mirror reflectivity plus the assumption 
of a flat mirror phase). A perfect Gaussian Fourier limited pulse with 2.9 eV bandwidth 
has a duration of 629 as. In summary, an optimized Cr/Sc multilayer mirror has been 
developed and applied for reflecting single isolated attosecond pulses at a photon energy 
of 145 eV with a pulse duration of 580 as. 
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1.5.4. Multilayer Mirrors for Attosecond Pulses in the Water Window Soft  
X-Ray Range 

1.5.4.1. Aperiodic Multilayer Mirrors 

Time resolved attosecond experiments are nowadays well established in the sub 120 eV 
EUV photon energy range [45, 64, 87]. With ever improving few cycle laser development 
toward higher pulse energies, this regime will be extended into the soft x-ray water 
window spectral range. Using thin filters for attosecond pulse shaping in this energy 
regime is limited to fixed opening and absorption edges of the used materials and thus 
restricts the degree of freedom. This leaves multilayer mirrors as the only key components 
for tailored spectral filtering and shaping of an attosecond water window pulse. For that 
reason, a negatively chirped aperiodic Cr/Sc multilayer mirror, optimized for reflecting 
sub-70 as pulses from HHG at a central photon energy of 326.3 eV (Ar L1-edge) with a 
bandwidth of about 30 eV, was developed for future resonant attosecond photo ionization 
experiments. A positively chirped mirror was realized for comparison reasons [80]. 

The two different aperiodic Cr/Sc multilayer mirrors have been optimized by the thin film 
program Optilayer, a Fresnel code coupled to a needle optimization algorithm [42, 43] 
which is described in Section 1.3. While the first multilayer mirror has been designed for 
the introduction of an averaged negative chirp (the group delay dispersion is the negative 
second derivative of the spectral phase, GDD = -dϕ2/dω2) of approximately -8000 as2 to 
compensate a possible positive chirp of the high harmonic plateau, a second mirror with 
similar parameters has been designed to introduce an averaged positive chirp of 
approximately +8000 as2. Both mirrors have been designed such that their central energy 
coincides with the L1-edge of Ar (326.3 eV) at an incidence angle of 45 degree. The 
optimized stack designs are shown in Fig. 1.16, where the negative (a) and the positive 
(b) design consists of around 95 individual layers.  

 

Fig. 1.16. Design of negatively and positively chirped Cr/Sc mirrors. Multilayer stack designs  
of the aperiodic Cr (red) and Sc (blue) layers for the introduced (a) negative, and (b) positive 

GDD. An arbitrary line with a layer thickness of d = 1.5 nm (dashed black) is depicted  
for comparison reasons. 
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The design has been chosen according to their robustness of GDD against small layer 
thickness errors. Typical layer thicknesses are between 1 nm and 2 nm, with the thinnest 
layers going down to 0.5 nm. For both designs a top layer of 1.4 nm Cr2O3 out of 0.3 nm 
Cr has been included in the model. These designs principally prove the large degree of 
freedom in customizing water window attosecond pulses both in space (substrate shape 
and incidence angle) and time, utilizing aperiodic Cr/Sc multilayer mirrors. 

Soft x-ray reflectometry measurements were carried out at the beamline 6.3.2 of the ALS 
[56] to retrieve the reflectivity profile in the energy range for which the mirror designs 
aim at an incidence angle of 45 degree. A comparison of the simulated and measured soft 
x-ray reflectivity for both chirped mirrors is shown in Fig. 1.17. 

 

Fig. 1.17. Soft x-ray measurement of aperiodic Cr/Sc mirrors. Soft x-ray reflectivity 
measurement (brown) and simulation (blue) for the (a) negatively and (b) positively chirped 

Cr/Sc multilayer together with the corresponding simulated GDD (dashed red). 

The reflectivity simulations were performed using the self-written Fresnel code of 
Section 1.3 and the start designs retrieved from the Optilayer optimization procedure [42]. 
An average Névot-Croce roughness factor of σ = 0.49 nm has been retrieved from 
simulations to account for interfacial imperfections. Both the central energy and the side 
peaks of the measurements and the designs coincide very well and indicate a nearly perfect 
experimental implementation of the simulated multilayer stack designs of Fig. 1.16. Also 
shown is the calculated evolution of the GDD within the reflectivity bandwidth of both 
multilayer systems, indicating an averaged GDD of ≈ -8000 as2. Both multilayer systems 
are very similar in terms of peak energy, spectral bandwidth and peak reflectivity and only 
differ by the sign of their GDD. Note that the spectral multilayer phase (and thus the GDD) 
is not accessible by simple reflectivity measurements. Measurements of the spectral phase, 
by soft x-ray reflectometry, have been reported by detecting the standing-wave assisted 
total electron yield from the multilayer surface as a function of the photon energy around 
the Bragg peak [88, 89]. While this method is very suitable for periodic multilayer 
systems, its accuracy is limited when applied to aperiodic systems with a weak standing 
wave. On the other hand, one can characterize the spectral phase with two attosecond 
methods, the RABBITT-technique [63, 90] or by attosecond photoelectron streaking 
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spectroscopy providing access to a full characterization of the reflected attosecond pulse 
both in amplitude and phase [68, 72]. However, for the water window the implementation 
of both attosecond techniques has not been established yet due to a lack of sufficient 
photon flux from HHG attosecond sources in this spectral range. Here we analyze and 
estimate the influence of the layer errors on the reflectivity and the GDD via simulations. 
The rather perfect match of the designed and the measured reflectivity in Fig. 1.17 proofs 
the correct elimination of systematic deposition errors and leaves only random errors to 
be analyzed. Both the simulated reflectivity and the GDD of the original design of the 
negatively chirped multilayer is compared to slightly modified designs. The designs have 
been chosen randomly by joggling each layer thickness within predefined limits and the 
merit function (MF) of the reflectivity, as well as the corresponding averaged GDD value, 
was calculated to analyze the quality of reflectivity and GDD simulations: 

     2

, ,
1

1 N

sim i softx ray i
i

MF R R
N 



  , (1.31) 

where N is the total number of wavelength sampling with an integer i representing the 
position of the sampling equally spaced. 100 designs have been averaged per allowed error 
and both the reflectivity and the GDD deviations have been calculated. Designs with an 
overall stack height deviation of more than 0.8 % have been left out due to discrepancy 
with profilometry investigations. From Fig. 1.18(a) it can be deduced, that the average 
random thickness error is less than 0.5 %, corresponding to an average layer thickness 
error of approximately 0.05 angstrom. 

 

Fig. 1.18. Merit function and GDD dependence on layer thickness errors. (a) Merit function  
for the simulated reflectivity and the soft x-ray measurement for different layer thickness errors. 

(b) Mean GDD for different layer errors. 

Fig. 1.18(b) shows, that the GDD mean value stays nearly constant independent of the 
layer errors. The upper limit of the layer errors of 0.5 % corresponds to a maximum mean 
GDD error of approximately ±150 as2. To summarize the results, we have a standard 
deviation of ≈ 0.024 % in the soft x-ray reflectivity and a mean GDD of -8090 ± 150 as2 
for the aperiodic negatively chirped Cr/Sc multilayer mirror. 
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1.6. Metrology and Application 

This section will describe three different measurement, characterization and application 
techniques which are used in attosecond science. The techniques allow for the access to 
attosecond phenomena in matter and utilize the attosecond pulses being reflected off and 
shaped by attosecond multilayer mirrors, described in the previous sections. Multilayer 
mirrors for attosecond pulses are therefore the key components in those experiments 
gaining deep physical insight into the dynamics of matter. This paves the way toward 
eventually controlling chemical or biological processes in the future. 

1.6.1. Streaking Measurements 

The last step after the generation and shaping of attosecond pulses is their measurement 
and characterization. Indirect measurement techniques must be used as no electronics are 
fast enough to map their temporal structure. One way for the pulse characterization is to 
cross-correlate the photoemission of the EUV/soft x-ray pulse (pump) with the electric 
field of the driving laser (probe). The driving laser pulse is used as a probe, since it is 
intrinsically synchronized with the EUV pulse by the HHG process. This cross-correlation 
results in a time delay dependent spectral photoelectron trace which can be used to 
reconstruct both pulses. This method is called attosecond streak camera or atomic transient 
recorder [74]. Both the EUV and laser beam are focused into an interaction medium (gas, 
solid, liquid) where the EUV ionizes the atoms. The ionized electrons are freed and inherit 
all the characteristics of the attosecond pulse regarding energy, pulse duration and phase 
nevertheless with a shifted kinetic energy, i.e. reduced by the binding energy Wb of the 
original electron level (e.g. 21.6 eV for the Ne 2p electrons): 

  0kin bW t W  . (1.32) 

After the ionization, the electrons are accelerated by the electric field E(t) of the laser 
resulting in a time dependent momentum: 

            
0
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t

t
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where t0 is the time of ionization, A the vector potential and p(t0) = sqrt(2mWkin(t0)) the 
instant momentum. After the laser has passed, the electron’s final momentum is only 
dependent on the vector potential at the time of its ionization, since A(t=∞) = 0 when the 
laser is no longer present at t = ∞: 

      0 0p p t eA t   . (1.34) 

Measuring the electron spectrum for different time delays between the laser and the 
attosecond pulse results in a streaking trace like shown in Fig. 1.15. This spectrogram 
allows for a complete retrieval of both the vector potential of the laser and the 
characteristic of the attosecond pulse by FROG/CRAB [76, 78, 86, 91]. The analysis 
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reveals the intensity as well as nonlinear phase terms (e.g. a possible chirp) of the 
attosecond pulse thus a complete reconstruction of the temporal structure. Summarized, 
attosecond streaking is sensitive not only to the EUV spectrum, but also to its phase which 
allows fully characterizing the EUV pulse. As the vector potential of the laser pulse is 
measured as well, it can also be completely characterized. 

1.6.2. Transient Absorption Measurements 

Attosecond transient absorption spectroscopy (ATAS) is an extension of absorption 
spectroscopy. Ultrafast transient absorption spectroscopy, an example of non-linear 
spectroscopy, measures changes in the absorbance/transmittance in a sample. The sample 
is excited by a pump pulse (UV–NIR) and the corresponding change in transmittance is 
probed by an ultrafast attosecond pulse as a function of the temporal delay of both pulses 
[92]. By means of highly intense few-cycle infrared pulses one modifies for example the 
electrical conductivity of a dielectric. The strong electric field of the laser changes the 
population of the conduction band and transfers the dielectric from an insulator to a 
conductor [93]. The population of the valence and conduction band influences the 
photoemission of the core states and changes consequently the absorption property of the 
material in the EUV range at element-specific absorption edges. This measurement 
technique enabled for the first time the observation of the motion of a superposition of 
valence electrons in krypton in real time on the attosecond timescale [32]. Applying this 
pump-probe method e.g. to semiconductors, electron-hole pairs are generated by the laser 
pulse and the occupancy of connected valence and conduction bands states is probed by 
the attosecond EUV pulse. The desired electron-hole pair density can be generated by 
tuning the laser intensity. The underlying dynamics are imprinted in the probing EUV 
absorption spectrum, since the absorption of the EUV photon is sensitive to the conduction 
band population via the interaction of the EUV excited electron with electrons injected by 
the pump pulse. Introducing a controlled time delay between the probe and pump pulse 
reveals information about the filling/emptying rate of the states by the probe [94]. This 
ensures a fundamental insight into the predominant carrier dynamics. 

1.6.3. The RABBITT Technique 

A second technique for the characterization of attosecond pulses is usually referred to as 
RABBITT (Reconstruction of Attosecond harmonic Beating By Interference of Two-
photon Transitions) [63, 90]. It is known that HHG occurs when an intense laser pulse is 
focused into a gas target. If the focused IR laser pulse consists now of several cycles, in 
contrast to close to single cycle in Section 1.6.1 (e.g. Δτ = 30 fs versus Δτ = 5 fs), the 
emitted harmonics will also be confined in short attosecond pulses, which are 
continuously generated every half cycle of the IR pulse, but now resulting in an attosecond 
pulse train (APT) with a strongly modulated EUV spectrum. The number of electric field 
cycles increases with longer pulses, i.e. more attosecond pulses are generated. The 
interference of a higher number of pulses is responsible for the strongly modulated 
spectrum in contrast to a superimposed plateau spectrum for the case of few cycle driver 
pulses. These APTs can be characterized by RABBITT. Spectrally and temporally filtered 
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EUV-APTs are focused into a noble gas which gets ionized. The freed electrons exhibit 
kinetic energies which reflect the corresponding high harmonic photon energies 
(separated by 2ω0). Sidebands peaks will appear in the electron energy spectrum if a 
moderately intense IR field is also focused into the noble gas. These sidebands are based 
on two-photon two-color ionization by one EUV photon and one infrared laser photon. 
Varying the time delay between the EUV and the IR modulates the sideband signal which 
originates from the interference between two processes: absorption of an EUV photon and 
an IR photon (qωIR+ωIR), and absorption of an EUV photon and emission of an IR photon 
((q+2)ωIR-ωIR) [63]. As the width and especially the relative temporal position of a 
sideband maximum is determined by the phase difference between two neighboring 
fundamental harmonic peaks, only the oscillation of the high harmonic ionization signal 
in the delay dependent electron energy spectrum contains the exact spectral phase 
information of the EUV pulses. This allows a precise characterization of the attosecond 
pulse trains by RABBITT. However, the RABBITT technique will probably be limited to 
the lower attosecond energy regime as few cycle laser pulses, exhibiting a high electric 
field amplitude, are needed to push attosecond science to higher photon energies (e.g. the 
water window) in the near future. 

1.7. Outlook 

Big achievements have already been made in terms of the performance of multilayer 
mirrors for attosecond pulses, but further optimization and application are possible. The 
realization of the first chirped multilayer mirrors for the visible spectral energy range and 
their first proof of successful femtosecond pulse compression was the key to implement 
the idea behind those mirrors in today’s high-power laser systems and to make them to 
working horses in laser technology, since chirped laser amplification would be impossible 
without such mirrors. The realization of chirped mirrors for attosecond pulses in the EUV 
and even soft x-ray energy range was possible by fully controlling atomic layer-by-atomic 
layer deposition and may also open doors to key technologies and new exciting 
experiments like the mirrors for the visible range already do today. 

1.7.1. The Way Toward Ever Shorter Pulses - Approaching the Atomic Unit of Time 

The cornerstone of attosecond physics was the key for ever shorter pulses, since the 
ultrafast femtosecond pulses were superseded after several decades by attosecond pulses. 
The first experiment for the generation of isolated pulses has proven a temporal duration 
of 650 attoseconds [1] and lots of subsequent experiments have realized even shorter 
pulses, resulting in the nowadays shortest flashes of light below 100 attosecond, isolated 
attosecond pulses with a temporal duration of 67 attoseconds [95] and 80 attoseconds [68]. 

With the investigation of ever more intense laser systems (HHG cutoff energy: ~Intensity) 
and in parallel going toward laser systems with longer wavelengths (HHG cutoff energy: 
~λ²) an ever higher cutoff energy, up to the keV, is achieved [96] and as a consequence 
broader spectra are accessible and therefore shorter pulses can in principle be achieved. A 
time scale often aimed and given is the time it takes an electron to complete one rad of its 
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orbit in the ground state of hydrogen [97]: τatomic = ħ/2UH ≈ 24 as (often called the atomic 
unit of time), where UH is the binding energy of the hydrogen atom (13.6 eV). The key is 
multicolor high-peak-power excitation in the HHG process [98]. So, the HHG field is 
aiming toward high-energy few-cycle femtosecond mid-IR lasers as prospective driver 
sources for strong-field applications, offering a high photon flux in a broad energy 
window and the opportunity for ever shorter time resolutions, approaching the atomic unit 
of time. Very recently the first accuracy below the attosecond time scale was achieved. 
Scientists succeeded in determine the photoemission time in helium with an accuracy of 
0.85 attoseconds or 850 zeptoseconds [99]. 

1.7.2. Multilayer Mirrors for HHG Photon Energies up to the keV Spectral Range 

The previous section described the way toward ever higher photon energies in HHG but 
neglected one important parameter: the high photon number needed for low-cross-section 
attosecond experiments. Consequently, the sources should offer a high photon number 
>1010 in the soft x-ray range and multilayer mirrors, being used for beam guiding, beam 
shaping or beam focusing, should ensure a high photon throughput for high attosecond 
pulse intensities in the target to be investigated. The way toward higher photon energies 
combined with a high photon flux leaves only one way open for multilayer mirrors: toward 
grazing incidence optics. Grazing incidence optics are the key for photon energies above 
the water window (> 543.1 eV= oxygen 1s) up to the keV due to four distinct reasons: 

 Eq. (1.16) demonstrates a high single interface reflectivity for grazing incidence. 

 The Bragg Eq. (1.20) shows the necessity for grazing optics in case of the keV:  
A photon energy of 1000 eV corresponds to a wavelength of λ = 1.2398 nm, which 
leads in case of normal incidence to a λ/2 period in a multilayer mirror. Assuming a 
typical two material systems one ends up in a layer thickness of ~ 0.3 nm, which is 
close to the limit of technical realization. 

 The roughness Eq. (1.28) demonstrates how one can minimize the influence of the 
roughness on the reflectivity performance: The lower the σ/d-ratio the lower is the 
reflectivity loss. One thus can minimize the reflectivity loss by reducing the interface 
roughness σ or increase the period thickness d. Keeping the center energy from a 
multilayer mirror constant leads in case of a higher period thickness to a lower grazing 
incidence angle. This overlaps with the previous reason. Typical roughness values are 
in the range of 0.4-0.6 nm, so comparable thickness values are strongly not 
recommended. 

 The bandwidth Eq. (1.22) shows the advantage for attosecond pulses. In case of 
grazing incidence only few layers can contribute to the overall reflectivity which 
results at a certain energy in a higher bandwidth support. According to Eq. (1.23) this 
offers the opportunity for shorter pulses. 
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1.8. Conclusions 

Multilayer mirrors investigations over the last decades paved their application way from 
the visible/infrared to the EUV/soft x-ray spectral range in terms of spectral characteristic 
and from the picosecond/femtosecond down to the attosecond regime in terms of temporal 
consideration. Those mirrors are nowadays already used by default in attosecond science 
in the EUV range, thanks to the big improvements being realized by an optimized 
combination of deposition, simulation and characterization methods. Due to their high 
degree of freedom multilayer mirrors will remain a keycomponent in attosecond 
beamlines as pulse shaping element and further investigations will open the way toward 
attosecond physics at ever higher spectral ranges and with ever shorter pulses. 
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Chapter 2 
Moiré Effect in 3D Structures 

Vladimir Saveljev1 

2.1. Introduction 

The moiré effect is physical effect known from the optics. Involved items are periodic 
transparent structures (gratings, grids, nets, meshes) with close geometrical characteristics 
(period, and orientation) viewed through [1]. The moiré effect is a phenomenon of the 
linear (geometric) optics; the typical period of the gratings is about several mm or cm (at 
least longer than 1 mm), i.e., much longer that the wavelength of visible light. For the 
moiré effect, the periodical structure of the layers is important; meshes, nets, and gratings 
are examples of such layers. 

The moiré patterns appear as a series of repeated stripes with their period shorter than the 
period of either gratings. Because their period differs from the period of gratings, these 
patterns could look strange, unexpected, sometimes even unpredictable.  

The moiré effect was discovered and initially observed under the visible light. According 
to [2], the first known scientific description of the moiré patterns is credited to Lord 
Rayleigh, 1874. For an excellent introduction to the moiré effect, refer to [1-5], and 
references therein. The perfectly illustrated book on the variety of the moiré patterns is 
published recently [6]. 

The moiré effect represents an interaction (interference) between superposed periodic 
transparent layers. Such interaction can be described with using the rays (not waves!) 
which pass through the gratings. The mathematical representation of such interaction is 
the multiplication of the transparency/reflectance functions of layers. 

The moiré effect in planar flat (2D) structures is investigated most; especially in the cases, 
when the planar gratings are parallel to each other [7-12]. Another well-developed case is 
a planar grating combined with a curved surface [4, 13, 14].  
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Because of the unexpected appearance of the moiré patterns, the moiré effect in the 
modern digital world is an unwanted guest in digital photographs [15], scans [16] and 
even in TV news sometimes. For instance, in 3D displays, the minimization of the moiré 
patterns is necessary [17-19]. At the same time, the practical applications of the moiré 
effect are not unknown in measurements [2, 5, 14, 20], in alignment [21], in visual security 
[22-24], in art [25], and even in 3D displays [26]. 

Besides, the rays of different nature can also demonstrate the moiré effect; examples are 
the ultraviolet light [27], the infrared light [28, 29], the electron beams [30, 31], the  
X-rays [32, 33], the ultrasound [34], and the microwaves [35]. Particularly, the moiré 
effect in planar graphene layers is well known and has been observed under the EM on 
multiple occasions, for example, in multilayer graphene [31], as well as in graphene on In 
[36] or on Ru [37]. The typical moiré period in the mentioned EM cases is about several 
nanometers. In each case, the transparency function should be re-considered 
correspondingly. 

However, non-planar objects (like gridshells) also may show the moiré patterns. Moreover, 
2D objects can be transformed into 3D sometimes; see examples shown in Section 2.2. A 
flat layer alone is not equally rigid in all directions and an external force may deform a 
flexible mesh, and bent (wrap, wriggle, or fold) it. Resulting is an essentially 3D object.  

The observed moiré effect is attributed to layers; In this case, two halves into which a 
single-walled 3D object can be virtually split, as shown in Fig. 2.1. Since in the wrapped 
cylinder (as an example), these halves are physically made of the same mesh, the 
structures (namely, the periods) of both halves are definitely identical. Such object may 
model a hollow cylindrical nano-cell. 

 

Fig. 2.1. Two logical halves of a 3D object. 

After being transformed into a 3D shape, a flat mesh is significantly deformed. But it 
appears that in some special cases, a planar mesh can be bent without any other 
deformation except for the bending itself. For example, a metal mesh or a planar piece of 
paper can be bent into a cylindrical or conical spatial structure along the base and around 
the axis. As a result, there are no stretches and no wrinkles in such bent mesh at all. In this 
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case, the local geometric characteristics of the mesh (such as the period and therefore the 
wavenumber) across the cylindrical surface are the same as in the 2D case. Particularly, 
the period of the mesh does not change; thus, the wavenumber remains unchanged, and 
only the direction of the wavevector is changed due to bending (Fig. 2.2). 

 

Fig. 2.2. Direction of the wavevector in planar (blue arrow on the left) and cylindrical  
(red arros on the right) meshes. 

Among other bent things, the cylindrical nanoparticles (essentially non-planar 3D objects) 
can be thought as wrapped graphene layers. The moiré effect in non-flat 2D particles can 
be observed under transmission electron microscope (TEM). For instance, the moiré effect 
has been observed in nanoparticles and nanotubes; for the moiré patterns in these nano-
objects, refer to the famous papers [38-41]. 

In this chapter, we consider the moiré wavevector as a fundamental unit of the moiré effect. 
However, physically involved is the projected period, while the transformed wavevector 
is calculated via the projected period. Therefore firstly, we illustrate this approach to the 
flat (coplanar) gratings. Then we apply the concept of the transformed wavevector to the 
spatial (3D) cases. In the most scenarios, it is enough to calculate the period, because the 
orientation of the patterns is clear as often as not. 

Section 2.2 (the moiré effect in the plain coplanar case) is mostly inspired by the papers 
published by the author previously. At the same time, most of Section 2.4 (2.4.2 and 
mainly 2.4.3) together with Section 2.5.2 present some new results and ideas. 

The chapter is arranged as follows. In Section 2.2, various examples of the moiré effect 
around us are collected. In Section 2.3, we consider the projected period, the moiré 
wavevector and the spectral trajectories. Then, the moiré effect in the regular 3D bodies 
(the parallelepiped, the prism, and the cylinder) is considered in Section 2.4; for the moiré 
effect in the parallelepiped, we actually consider two parallel planes; for the prism, two 
crossed planes. Some interesting non-traditional issues of the moiré effect (statistics, lens, 
regular/irregular patterns) are presented in Section 2.5. Finally, the sections Discussion 
and Conclusion finalize the chapter. 
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2.2. Moiré Effect around Us 

The moiré wavevector typically represents a new spatial frequency which is different from 
the wavevectors of either grating. The moiré patterns can be seen literally everywhere 
abound us. Various examples are provided in this section. These photographs are taken 
by the author. The first series includes dress materials (fabrics), i.e., arbitrary surfaces of 
meshes and curtains (Figs. 2.3, 2.4). 

  

Fig. 2.3. (a) Boryeong undersea tunnel (Daecheon, Korea);  
(b) agricultural setup (Namyangju, Korea). 

  

Fig. 2.4. (a) Yingyuan hotel (Shanghai, China); (b) Boryeong Jeju hotel (Seogwipo, Korea). 
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The period of the moiré patterns is longer than the periods of the gratings; sometimes the 
gratings themselves are invisible in the photographs, whereas the moiré patterns are 
clearly seen, see Figs. 2.3(b), 2.4(a), 2.4(b). 

Although the moiré effect is basically originated from fabrics as shown in Figs. 2.3, 2.4, 
nowadays the moiré effect can be met in the metal too. For example, the moiré patterns 
are not unknown in architecture [42]. The photographed examples of the next series 
include buildings (Fig. 2.5), bridges (Fig. 2.6), and structural elements of buildings  
(Fig. 2.7). 

 

Fig. 2.5. Galleria dept. store (Cheonan, Korea). 

Then, the moiré effect in relatively simple regular geometric structures, such as 
parallelepiped (plain parallel layers), cylinders, and spheres is shown in Figs. 2.8-2.10. 
In the parallelepiped, we consider the moiré effect generated by two faces which are 
perpendicular to the axis of the camera. This is the last series of the presented photographs. 

Somebody may think that the visible are necessary in the observation of the moiré effect. 
However, it is important to notice again that even if the structure of layers themselves is 
unrecognizable from certain (distant) observer position, the moiré effect can be clearly 
observed, see Figs. 2.3 (b), 2.4 (a), 2.4 (b), 2.6 (c), and 2.8 (a).  
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Fig. 2.6. Pedestrian bridges (a) Riga, Latvia; (b) Daejeon, Korea and (c) Namyangju, Korea. 
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Fig. 2.7. (a) Soongsil University (Seoul, Korea); (b) Seoul National University (Seoul, Korea); 
(c) Hanyang University (Seoul, Korea) and (d) BEXCO (Busan, Korea). 
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Fig. 2.8. (a) Stationary holder; (b) Everline train (Yongin, Korea). 

  

Fig. 2.9. (a) Stationary holder, and (b) Boryeong Jeju hotel (Seogwipo, Korea). 

  

Fig. 2.10. (a) Convention center (Daejeon, Korea), and (b) Intercity bus stn. (Boryong, Korea). 
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2.3. Plain Coplanar Case 

2.3.1. Projected Mesh 

Before everything else, consider a grating in space observed by an off-axis camera. This 
is a 2D case, when the lines of the gratings are perpendicular to the xz-plane.  

With this aim in view, we apply the central projection to the grating. Consider the point A 
at (x, z) and its projection onto the x-axis. The central projection can be conveniently 
written with using the homogeneous vectors and matrices [43]. The 4D homogeneous 
vector of the point A is 

  TA zxx 10   (2.1) 

The off-axis camera is located at (w, 0, L, 1)T, the screen at the origin, see Fig. 2.11. Such 
layout corresponds to the focal distance of the camera equal to L.  

 

Fig. 2.11. Neighboring points of grating. 

Particularly, according to [44] along with other sources, the homogeneous transformation 
matrix of this case is  
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Then the projection of the point A is 
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The projection transformation in the regular coordinates looks like follows, 
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Similarly, the projection of the neighboring point B (x+δx, z+δz) is 
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If the length of the displacement vector (δx, δz) along the grating is one period 

  2/122 yx   , then the projected period is the difference between the projected 
coordinates of the points A and B from Eqs. (2.4), (2.5) as follows 
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where λ is the period and β is the inclination angle of the grating at the point A.  

Then the projected period is  
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. (2.10) 

This formula of the 2D problem can be applied to calculate the projected period of any 
mesh/net at the point (x, z) with the period λ and the inclination angle β at that point, as it 
appears in the screen of a displaced (off-axis) camera.  

A schematic illustration of the projected period of the inclined grating crossing the origin 
in the on-axis camera is shown in Fig. 2.12. 

 

Fig. 2.12. Projected period of an inclined grating as a function of the lateral coordinate. 

Particular cases.  

a) When w = 0, then Δx = -x and 
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as in [45]. 

b) When the grating is parallel to xy-plane (β = 0), 
z
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  ' , as known.  

c) As far as λ ≪ z, we may neglect the small term in the denominator of Eq. (2.10) and 
obtain the approximate formulas 
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Based on Eq. (2.10), the wavevector (for sake of simplicity, without the coefficient 2π) is 
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Important is that two points involved in the initiation of the moiré effect (corresponding 
points) must lie on the same ray from the camera; this ray is defined by  
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To take this into account, Eq. (2.14) can be rewritten in terms of the angle of sight, which 
is common for both gratings. Then we get  
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2.3.2. Moiré Wavevector  

In the spatial domain, we deal with the linear quantities, such as the length and the size. 
When describing the theory of the moiré effect, it is however handier to consider 
reciprocal (inverse) units, such as inverse length and wavevector. Therefore, the moiré 
effect can be equivalently described in terms of the wavevector of the moiré patterns. (As 
mentioned above, we omit the factor 2π from the regular definition of the wave vector.)  

For the moiré effect crucial is the layout of the spectral components of gratings, especially 
their relative configuration which generates the lowest spatial frequency.  

This is the spectral domain, where the moiré effect is determined by the difference of the 
wavevectors obtained as the reciprocal projected periods in two corresponding points of 
the gratings (as described in Section 2.3.1),  
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 12 '' kkkm  . (2.17) 

Because of the symmetry of the Fourier transform, there always exist symmetric (positive 
and negative) spectral components arranged in pairs. Therefore, the moiré effect can be 
mathematically represented as a linear combination (with integer coefficients +1 and -1) 
of moduli of the components which closest to the origin, i.e. fall within the visibility circle 
[1]. In the simplest case, the combination is subtraction of the moduli of the spectral 
components. 

Let k1 and k2 be the coplanar wavevectors and α the angle between them, see Fig. 2.13. 
Let’s find the moiré wavevector km and the moiré angle θ, which completely characterize 
the sinusoidal wave (or the first harmonic of a non-sinusoidal wave). 

Based on the geometry, it can be proven that  

 cos2 21
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1 kkkkkm  , (2.18)  
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These formulas are not unknown, see, e.g., [1].  

Eq. (2.19) represents the orientation of the moiré wavevector (its direction angle)). 
Together with (2.18), they comprise the full solution (the wavenumber and the angle).  

 

Fig. 2.13. Wavevectors of gratings and the moire wavevector. The visibility circle labeled by c is 
drawn by the dashed line. 

The period is an inverse of Eq. (2.18) as follows, 
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m , (2.20) 

where ρ = p2/p1 is the ratio of periods.  
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The orientation Eq. (2.19) can be also rewritten in terms of ρ, 
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 . (2.21) 

The similar formulas can be found in [1, 2, 4, 5]. In this case of the linear proportionality 
to the period of the grating, Eq. (2.20) can be alternatively re-written as  

 2mp p , (2.22) 

where  
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 , (2.23) 

The expression Eq. (2.22) means some kind of magnification of the period of the grating 
by the coefficient Eq. (2.23), which means a moiré magnifier. For the concept of the moiré 
magnifier, refer to [46, 47]. 

The moiré effect is represented by waves with the longer period. Our assumption is that 
the patterns with the longer periods are better visible [18]. Correspondingly, the estimation 
of the visual appearance of moiré patterns is based on the wave numbers. This section is 
based on [48]. In this section, we mostly consider the moiré effect in the spectral domain.  

It was already noted that the moiré wavevector is such a linear combination (sum or 
difference) of the wavevectors of the gratings. By extension, of the spectral components 
of gratings which has the lowest spatial frequencies (closest to the origin), and therefore 
fall within the visibility circle [1] in the Fourier domain, see Fig. 2.13. In the simplest case 
of close wavevectors, the linear combination which has the lowest modulus (= smallest 
wavenumber is the difference of the spectral components of the gratings. Take a look to 
Fig. 2.13 again and try to choose the correct sign in an alternative case, when the 
wavevectors of the gratings are k1 and –k2. 

In this section, we consider the functions with sparse and limited spectra. The former term 
(“sparse”) means that mostly the values of the most spectral components are close to zero 
(lie below a certain level) and therefore are negligible, except for a few relatively narrow 
and high peaks. One can say figuratively that the space under the spectral surface is almost 
“empty”. For example, a sparse matrix is a matrix populated primarily with zeros, which 
zeroes form a low-level background. The latter term (“limited”) means that instead of the 
infinite number of spectral peaks routinely required by the Fourier theory, we take into 
account only few of them, the peaks within certain interval around the origin. In this case, 
each and every combination of harmonics can be explicitly taken into account. 

Besides, the multiplicative model of the superposition is implied, i.e., an interaction of 
gratings is modeled mathematically by the multiplication. The spectrum of superposed 
layers can be found from the convolution theorem which states that the Fourier transform 
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of the product is the convolution of the Fourier transforms of the individual functions [49]. 
Moreover, for a sparse spectrum, the convolution theorem is equivalent to the vector 
summation of a few spectral components.  

For instance, there are exactly 3 spectral peaks for a sinusoidal grating, including DC and 
two symmetric peaks representing one wave. For a non-sinusoidal grating, there are 2N+1 
peaks. For instance, a 1D sinusoidal line grating (the intensity profile along certain 
direction is a sinusoidal function) can be represented by its transparency function 

  2cos1 xk

 . Technically, k may have any sign, plus or minus: these two k’s formally 

represent the positive and negative components of the Fourier spectrum, which is always 
symmetric, and in certain sense, is redundant. Therefore, in this section we only consider 
one component; its counterpart located symmetrically can be easily obtained by the simple 
inversion of the sign. This makes spectral approach convenient for the limited spectra 
consisting of a finite number of spectral components (harmonics). As an additional feature, 
the two-dimensional spectrum can be conveniently represented in the complex plane. 

The visible moiré wavevectors lie within the visibility circle [1] which roughly models 
the human visual system in the spectral domain, see Fig. 2.13, where the circle is denoted 
as c. Consider the axes u, v of the spectral domain as the real and imaginary axes in the 
complex plane. The real and imaginary parts of a complex number are u and v, resp. Then, 
all locations and shapes in the 2D spectrum and in the complex plane remain the same, 
but the calculations become much simpler and easier, because the complex numbers 
allows applying many powerful mathematical theorems.  

Fig. 2.14 shows the map of spectral peaks of two overlapped 1D sinusoidal gratings 
(shown by filled triangles) corresponding to Fig. 2.13 and their linear combinations. The 
linear combinations of the wavevectors (shown by circles) with the smallest wavenumber 
is the moiré wavevector (filled circles). 

 

Fig. 2.14. All linear combinations of wavevectors of two overlapped sinusoidal gratings. 

According to [48], the general equation of spectral peaks of the overlapped gratings in the 
complex plane is as follows 
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where N is the number of gratings, and the values of kn, αn, pn, qn are attributed to the n-th 
grating (n = 1, …, N) as follows: the two former values are the basic wavenumber and the 
rotation angle, while pn is an integer number between - qn and + qn. 

The particular case of 4 gratings arranged in 2 layers (each layer consists of two 
orthogonal gratings) [48] is 

    2 2 1 1 2 3 3 4
i

xT k p ip k p ip e       , (2.25)  

where k1 = kσ1, k2 = k, k3 = kσ3, k4 = kρ, α1 = 0, α2 = π/2, α3 = α, α4 = α + π/2. 

This is a superposition of two rectangular (square) grids, which can be often met in 
practice, for example in digital 3D displays, where the pixel grid is combined with the 
lenticular/barrier plate. 

2.3.3. Spectral Trajectories 

Considered above is a picture of the moiré patterns, which takes place when all involved 
quantities are fixed and nothing is changed; such picture can be said “static”. However, 
parameters of the gratings may change sometimes. This changes the spectrum. In the case 
of a regular (incremental) change of a parameter, a set of correspondingly changed spectra 
represents a richer picture of the behavior of the patterns. For a sparse spectrum, such 
picture can be shown in a single picture. For example, when a 1D sinusoidal line grating 
is rotated (and the running parameter is the angle), its spectrum is also rotated by the same 
angle. Eight overlapped spectra for a few incrementally changed angles are shown in  
Fig. 2.15(a). This forms a discrete trajectory. A generalized picture can be schematically 
drawn by continuous “trajectories” of the peaks in the spectral domain, see Fig. 2.15(b), 
where these trajectories have the shape of circular arcs.  

      

(a)                                                        (b) 

Fig. 2.15. Set of spectra of a rotated grating and the scheme of its spectra. The arrows in (b) show 
the extensions, when the parameter would keep changing. 

A scheme of trajectories Fig. 2.15 (b) shows, where the spectral peaks are located when 
the angle varies between two limits. We refer such scheme to as spectral trajectory. The 
spectral trajectories are known in many areas [50, 51]. For the moiré effect, the spectral 
trajectories were first time proposed in [48].  
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In the case 2×2, 4 types of trajectories can be derived from Eqs. (2.3-2.11) depending on 
the running variable (the angle, the size ratio, and two aspect ratios). These equations look 
like follows, 
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It can be proven that trajectories Eq. (2.26) are either circular arcs or segments of straight 
lines. The case of running angle α(t) in the first trajectory of Eq. (2.26) includes four 
subcases depending on the dimensionality of gratings (a line grating is a 1D structure; the 
square grid is a 2D structure) 
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We may refer the cases of two line gratings Eq. (2.11) and two square grids Eq. (2.22) to 
as 1D and 2D cases, resp.; while two remaining combinations Eqs. (2.12) and (2.21) can 
be treated as the intermediate ones. 

Among all trajectories, there can be trajectories leaving the visibility circle, approaching, 
entering and crossing it, as well as the trajectories which are always outside or always 
inside the visibility circle. Such classification of the trajectories may essentially simplify 
the analysis. 

Examples of the trajectories for the running angle are given in Fig. 2.16. These trajectories 
were observed experimentally [48]. 

     

(a)                                                               (b) 

Fig. 2.16. Examples of trajectories Eq. (2.28) for sinusoidal gratings; (a) two line gratings, 0  
(b) 2 square grids (running angle α [5°, 40°], ρ = 1.1, σ1 = σ2 = 1). 
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Examples of trajectories of the sinusoidal case for other running parameters are shown in 
Fig. 2.17. Many examples can be found in [52]. 

  

(a)                                                                        (b), (c) 

Fig. 2.17. Variety of spectral moiré trajectories (simulation) for two 1D and two 2D gratings: 
(a) varying ρ [1, 3], σ1 = σ2 = 1.1, α = 10°; (b) varying σ1 [1, 3], ρ = σ2 = 1.1, α = 10°;  

(c) varying σ2 [1, 3], ρ = σ1 = 1.1, α = 10°. 

2.4. Moiré in Regular 3D Bodies 

2.4.1. Parallelepiped (Parallel Planes) 

Consider inclined gratings and the on-axis camera (w = 0, β1 = β2) as shown in Fig. 2.18. 

 

Fig. 2.18. Identical inclined planes. 
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For the identical gratings, we have from Eqs. (2.16), (2.17), 
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When β = 0, the familiar formula appears 
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For the non-identical gratings parallel to the xy-plane (β = 0), we have from Eqs. (2.16), 
(2.17), 
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In the case of z1 = 0, z2 = -d, and 21 kk  , it becomes 

   skkm 2 , (2.31) 

where s=1+d/L.  

The wavevector Eq. (2.31) can be re-expressed in terms of k1 as follows, 
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or in terms of λ1,  

 






sm 1 , (2.33) 

which is exactly the same as Eq. (2.10) in [44].   

The lateral displacement of the camera does not change the period in this case. An 
illustration is shown in Fig. 2.8. The spectral trajectories can be applied to this non-planar 
case as well. 

In the identical gratings, the moiré mirror effect [44] can be observed. It means that the 
moiré patterns follow the lateral movements of an observer, as in a mirror.  
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2.4.2. Prism (Wedge) 

The moiré effect in a pyramid observed through two bases does not differ from the moiré 
effect in the parallel planes (Section 2.4.1). In this section, we consider the pyramid 
observed through its sides, the inclined planes. Let’s consider the symmetric identical 
gratings crossing the origin and the off-axis camera. Their equation is 
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where a2 = -a1, β2 = -β2.  

The ray from the camera goes at the angle α, 
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Then, from the general formula for the projected period Eq. (2.10), we have 
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Now we have to express the specific z1 of this grating using the common variable x which 
can be applied to both gratings.  

This can be done for a known shape. In the current case of the straight line crossing the 
origin (as shown in Fig. 2.19(b)), we have from Eq. (2.35): 

 111 LxwzxzLx  . (2.37) 

  

(a)                                                                             (b) 

Fig. 2.19. Wedge (a) 3D view, and (b) cross-section. 
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Then we need the shape of the line, an equation connecting the variables z1 and x1. 
Substituting Eq. (2.34), 
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Therefore the period, 
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Then, the wavevector is 
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For the positive slope β (small angles), Eq. (2.40) represents the raising curve; for the 
negative slope β it is falling, see Fig. 2.20.  

 
 (a)   (b) 

Fig. 2.20. The projected period for (a) positive, and (b) negative slope.  

These monotonic curves must cross each other somewhere. At that point, the periods of 
gratings are equal, and the moiré period is theoretically infinite.  
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The relation tan
x w

L
 
  makes the projected period Eq. (2.40) a function of x,  
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It is zero, when  
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It is infinite, when  
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The coordinate of the point, where the period is infinite is smaller than the current x. (N.B. 
In the case of the identical parallel planes orthogonal to the LOS, the coordinate of that 
point was exactly equal to the current x; it was called the moiré mirror [44].) Now that 
this point lies between the origin and the current coordinate. 

2.4.3. Cylinder 

Let ‘s take a look to another regular three-dimensional object, a single-layered cylinder 
made of mesh. In this section, we will calculate the period of the moiré patterns appearing 
in the screen S at the origin, when the rays pass through the cylinder. This section is mostly 
based on [45]. 

Consider the grating with the horizontal wavevector which lies in the xz-plane, and all 
involved vectors lie in the xz-plane too; therefore, such layout of vectors is planar, as 
shown in Fig. 2.21. The dotted circular arc shows the bent grating. 

For a cylinder, cosL R  , sinx R  , cosz R  , and    . Then, based on the 
geometry, 

 2 2 2 2 2 2 2
1,2 cos cos cos sinl L L L R L R L          .  (2.45)  

Two roots Eq. (2.45) represent the intersections of the ray at the angle α with two halves 
of the cylinder (the lower sign corresponds to the front half, the upper to the rear). The 
two logical halves are illustrated in Fig. 2.1. Then,  
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  2 2
1,2sin cos 1 sin sinL L       , (2.46)  

 2 2 2
1,2cos sin cos 1 sinL L      , (2.47)  

where L L R  is the relative distance. 

 

Fig. 2.21. Geometry of the horizontal cross-section of the cylinder.  

Then from the general expression Eq. (2.11), we can find the projected period of the 
grating wrapped around the cylinder. Substituting Eqs. (2.46), (2.47) into Eq. (2.11), we 
can rewrite it in terms of the observation angle α, 

 
   1,2

1
'

cos 1 cos 1 sin

L

L L
 

   
 

 
 

 
, (2.48)  

where R  is the relative period and the temporary auxiliary variable 

2 2

cos

1 sin

L
L

L







 . 

The “projected” wavevector is  

     cos
' 1 cos 1 sinHk k L L

L

       .  (2.49)  
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Due to cyclic change of the wavevector along the surface of the cylinder, the wavevectors 
of gratings in two logical halves of the cylinder have the opposite orientations, see  
Fig. 2.2. Therefore, in this particular case of the moiré effect, the linear combination with 
the smallest wavenumber is the sum, and instead of the general Eq. (2.17) we add of the 
wavevectors Eq. (2.49) on the both sides of the cylinder. The resulting moiré wavevector 
is as follows 

  cos
2 cos sinMHk k

L

    . (2.50)  

In bent cylinders, the relative period is always much less than one. In this case, the 
wavevector can be approximated as 

 
2cos

2MHk k
L


    (2.51)  

The corresponding approximate moiré magnification factor can be expressed as follows 

 
22cosH

L





  (2.52)  

In the alternative layout, i.e., in the case of the vertical wavevector, the angle β is 
identically zero, but the definitions sinx R   and cosz R   remain the same as 
before. Then, we get the projected period of the grating from Eq. (2.11) as follows, 

 1,2
1,2 1,2

'
cos

L L

z L
  


 

 


   (2.53)  

Substituting Eqs. (2.47), (2.53) can be rewritten in terms of α, and the projected 
wavevectors are 

  2 2
1,2

cos
' cos 1 sink k L L

L

     
   (2.54)  

In the current case of the vertical wavevector, the linear combination with the smallest 
wavenumber is the difference; therefore, the moiré wavevector and the exact moiré factor 
are as follows, 

 2 22cos
' 1 sinmVk k L

L

    , (2.55)  

 
2 2

1

2cos1 sin
V

L

L










  (2.56)  

The graphic illustration of the theoretical dependencies Eqs. (2.52) and (2.56) is given in 
Fig. 2.22. 
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Fig. 2.22. Theoretical moiré factors for L
~

 = 75 in (a) and L
~

= 150 in (b).  

Whereas the horizontal component (responsible for the period of the vertical moiré lines) 
is practically constant, the vertical component (responsible for the period of the horizontal 
moiré lines) increases near the edge. As a result, the lines in a 2D picture are curved. A 
photographic illustrations of these cases are shown in Fig 2.9. 

2.5. Interesting Moiré Issues 

2.5.1. Moiré Statistics 

Physical phenomena can be described in terms of probability. For the moiré effect, the 
probability can be estimated by counting the moiré cases. (For example, in respect to 
various gratings, we only consider the angles and ignore other particular characteristics.) 
The relative count of the successful cases (when the moiré patterns are visible) represents 
the probability for each angle.  

This section is based on [53]. Define the rational angles as the angles satisfying the 
following equation, 

 
n

m
tan , m and n integers. (2.57)  

The irrational angles do not satisfy Eq. (2.57). 

The rational angles can be characterized by pairs of non-negative integer numbers (m, n). 
In turn, such pairs represent points in the plane.  

The rays with the rational angles Eq. (2.57) repeatedly pass through the nodes, i.e. points 
with the integer coordinates (m, n), (2m, 2n), (3m, 3n), etc.; the rays with non-rational 
angles lie between the rational ones and never touch a single node.  
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A numerical characteristic how a ray crosses the nodes of the square grid is the distance 
between the nodes along that ray. The spacing of the nodes can be defined as a reciprocal 
distance between the nodes, i.e., the number of passed nodes per the length unit as follows,  

 2 2
for  rational angles 

for  irrational  angles.

1
, (  = / ),

( )

0,  

x m n
D x m n


 



. (2.58)  

The spacing as a function of an angle is shown in Fig. 2.23. This is a theoretical function 
which characterizes the angles in connection to the nodes of the square grid.  

For small angles (m << n), the spacing function can be approximated by the known 
Thomae’s function [54]. The locations of peaks of both functions coincide, although the 
values of functions (the heights of the peaks) are slightly different. Both mathematical 
functions are practically close to the experimental probability function shown in Fig. 2.24. 

 

Fig. 2.23. Spacing of nodes (theoretical function) for m, n ≤ 5.  

 

Fig. 2.24. Experimental moiré probability depending on angle. 
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In the moiré minimization, the statistical approach is helpful in avoiding the angles with 
the relatively high probability of the moiré effect (the rational angles with m, n < 5). 
Therefore in general, to eliminate the moiré effect in the square grids, the rational angles 
with small m, n should be avoided; whereas to observe the effect clearly, these rational 
angles are preferable. This is valid for cells with an arbitrary aspect ratio too. In the 
rectangular grids, m, n are counts of the rectangles, and therefore, the “rational” angles of 
this case would be nYmXtan , where X and Y are the sides of the rectangular cell. 

2.5.2. Moiré Lens 

We already saw in this chapter that in many cases, the moiré period is proportional to the 
period of the grating and therefore can be expressed with using a proportionality 
coefficient, the magnification factor. In this section we formally compare the moiré 
magnification and the lens magnification. 

From Eq. (2.33), one can derive the moiré factor for the non-coplanar gratings parallel to 
the xy plane as follows,  

 1

1

eo

s







  (2.59)  

(Since the wavelength is always non-negative; therefore implied is the modulus in the 
denominator of the above expression). 

On the other hand, the well-known formula for the magnification factor of the thin lens 
[55] M = -di/do (where di and do are the object and image distances) can be rewritten in the 
alternative form using the lens equation as follows, 

 1

1

j

oo

d
M

dd
f

  


, (2.60)  

where f is the focal length of the lens; the sign of the expression makes the difference 
between the real lens images and virtual ones.  

The formal similarity of both formulas Eqs. (2.59), (2.60) is obvious. In this connection, 
it is not uninteresting to note that the ratio ρ in Eq. (2.59) could be an equivalent of the 
focal length of a “moiré lens”, while s could be treated as the distance between the “lens” 
and the object.  

Consequently, the moiré interaction between the non-coplanar gratings with the parallel 
wavevectors could formally represent a lens, in which the ratio of periods ρ defines the 
focal length of such “moiré lens”, while the ratio of distances to the first and to the second 
gratings s defines the effective distance to the object. In other words, the inner structure 
(periods) of layers defines the focal length, while their layout (the distances) defines the 
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effective distance, as it is in any physical thin lens made of glass, for which Eq. (2.60) 
was derived. 

2.5.3. Square and Octagon 

An interesting unusual phenomenon can be observed, when a grating is rotated. As soon 
as the moiré patterns are combinational spatial frequencies of spectra of gratings, various 
geometrical shapes can be generally observed in grids and their spectra. For the identical 
square gratings which were considered in this section, these are the square and the 
octahedron. This section is based on [48]. 

The square can be observed in the spectrum of the superposed identical square grids near 
the angle 0°, see Fig. 2.25(a). The spectral square corresponds to the square grid in the 
spatial domain is shown in Fig 2.25(b). This is the strongest and most frequently observed 
moiré pattern in the square grids. 

This square near the origin of the spectral domain consists of 8 spectral peaks which move 
together (4 in the corners and 4 in the middle of the sides of the square), see Fig. 2.25(a). 
When the angle between the gratings increases, all these 8 peaks rotate around the origin 
together in a coordinated (coherent) manner, so as the square is kept within a range of 
angles. 

 

Fig. 2.25. Square moiré patterns: (a) in the spatial domain, and (b) in the spectral domain. 

A counterpart of the square, an octagon in the spectrum can be observed when the angle 
between the gratings is 45° (or within a close neighborhood of this angle), see Fig. 2.26(a). 
This pattern is not commonly observed, because of a special combination of parameters. 
The spectral octagon consists of eight spectral peaks at the same distance from the origin 
of the spectral domain (these eight peaks are regularly distributed by the angle) arranged 
in 2 quadruplets, see Fig. 2.26. In contrast to the square, the octagonal relation between 
these two quadruplets is not kept in a wide angular range. 
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Fig. 2.26. (a) The repeated but non-periodic structure in the spatial domain;  
(b) Its spectrum with the octagon inside the visibility circle.  

When the angle between the gratings changes, each quadruplet rotates individually (in 
contrast to the square), so as the regular octagon only occurs at a particular angle 45°. The 
analytical equations for the spectral square and octagon in the closed form [48] are as 
follows, 

 ∝, 
 ∝, 
 ∝, 
 ∝, 
 ∝, 
 ∝, 
 ∝, 
 ∝, (2.61)  

for the square and  

 1 ∝, 
 1 ∝, 
 1 ∝, 
 1 ∝, 
 1 ∝, 
 1 ∝, 
 1 1 ∝, 
 1 ∝,  (2.62) 

for the octahedron. 
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It is important that in additional contrast to the square, the regular octagon does not 
correspond to any regular plain layout of regular polygons in the spatial domain, see  
Fig. 2.26 (b). 

Therefore, a principal difference between these square and octagon is as follows. Whereas 
moiré patterns in gratings of the square case can be periodic, the patterns of the octagonal 
case cannot. Instead, they comprise octagons combined with other polygons in an irregular 
manner. This is connected to the topological properties of the Euclidean plane. This 
phenomenon is somehow similar to the pentagonal organic molecules [56] which also 
cannot fill the plane regularly. 

2.6. Conclusion 

In this chapter, the general equation for the transformed wavevector is obtained based on 
the projected period. The moiré wavevector is calculated as an additive combination of 
transformed wavevectors.  

The following related topics are considered in the planar case: the projected period, the 
transformed wavevector, and the spectral trajectories of the moiré patterns. Then, this 
approach is generalized and applied to the moiré effect in the regular spatial structures 
such as parallelepiped, prism, and cylinder. The statistics, the lens, and the 
regular/irregular structures are also described. The similarity of the moiré lens to the thin 
lens may inspire some practically useful devices. The pseudo-random moiré patterns 
generated by two regular gratings can be used in optics, particularly in the visual security. 
All these issues together present a complex extendable view to the moiré effect in regular 
structures.  

Results can be applied to the computer simulation and physical modeling of the moirés 
effect in nanoparticles (plain, cylindrical, and spherical), as well as in 3D displays. 
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Chapter 3 
Numerical Method for Diffraction  
by Multilayered Dielectric Gratings  
Using Scattering Factors 

Hideaki Wakabayashi1 

3.1. Introduction 

The wave diffraction by a periodic structure with infinite extent does not take place and 
only specular reflection appears at a low grazing limit of incidence. This means that an 
incident plane wave is completely cancelled by the specularly reflected wave. Thus, the 
total wave field vanishes, and becomes a dark shadow [1]. Nakayama’s shadow theory 
first discussed the diffraction by a perfectly conducting grating, and gave a physical 
explanation of such a behavior. In the theory, the modified diffracted waves are the 
solutions for the "primary excitation" defined as the sum of the incident and specularly 
reflected waves, and are expressed by use of scattering factor being the basic quantity of 
diffraction amplitude [2, 3]. 

Many analytical methods have been established for complicated dielectric gratings [4-8]. 
We have presented the matrix eigenvalues method to study dielectric gratings, which 
treats the scattering problem as the eigenvalue problem for a coefficient matrix of the first-
order differential equations*. Changing the coefficient matrix, our method has been 
applied to analyses of anisotropic, chiral and various gratings [6-8]. However, a shadow 

                                                      

Hideaki Wakabayashi  
Faculty of Computer Science and Systems Engineering, Okayama Prefectural University,  
Soja, Okayama, Japan 
 
* Our matrix eigenvalues method is different from the rigorous coupled wave analysis (RCWA) 
method that M. G. Moharam and T. K. Gaylord presented [9], in that we start with Maxwell’s 
equations, and derive the first-order differential equations directly. The RCWA method is a very 
popular grating method. The method starts with the second-order differential wave equations, and 
transforms into the first-order state variable form in order to reduce into the eigenvalue problem. 
For the case of conical diffraction, rather than attempting to construct and solve the wave equations, 
it is more straightforward to solve Maxwell’s equations directly [8, 10]. 
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phenomenon has been overlooked and has been seldom discussed in their and our 
methods. By extending the shadow theory to the transmitted region, we applied the theory 
to our matrix eigenvalues method. We then resolved a singular behavior of low grazing 
scattering, which corresponds to the fact that the eigenvalues degenerate by zero and the 
coefficient matrix cannot be diagonalized. It was also demonstrated that the primary 
excitation enables us to avoid the problem of eigenvalues degeneracy and that of matrix 
diagonalization [11]. In the numerical analysis of multilayered dielectric gratings, the 
eigenvalues related to the waves have the possibility of approaching to zero and 
degenerating in the middle regions. We thought the eigenvalues degeneracy corresponds 
to a phenomenon that the incoming wave grazing along the boundary is cancelled by the 
reflected wave with the same amplitude and reverse phase. Incorporating the concepts of 
the primary excitation and manipulation by the shadow theory, we newly composed 
transformation and propagation matrices, and obtained a new description of 
electromagnetic fields by the product of these matrices. Due to overflows on numerical 
computations, we applied the manipulation to only modes related by degenerating 
eigenvalues for a uniform region and eigenvalues close to zero for a periodic region in the 
formulation [12, 13]. However, the manipulation should be applied to all modes in all 
regions, frankly. 

These works [2, 3, 11-13] on the shadow theory were all restricted to two dimensional 
scattering problem, and only TE and TM cases were discussed. Since a shadow must be a 
common phenomenon regardless of the incident polarization, a discussion for cases of 
conical mounting and circular polarization are needed to be done. 

This chapter targets formulations of applying the shadow theory to all regions of a 
multilayered dielectric grating, placed in conical mounting. We resolves the problem of 
eigenvalues degeneracy and that of matrix diagonalization for any complex angle of 
oblique incidence. Since our formulations affiliate for TE and TM components, the 
reflection of TE and TM incident components occurs with the reflection coefficient 1  at 
a low grazing limit. Bearing this in mind, we propose an oblique primary excitation 
represented by the sum of each component and its specularly reflected wave. Then, we 
give a new transformation matrix for conical mounting of the shadow theory. Setting the 
phase reference positions of the waves so as to avoid overflows on numerical 
computations, we newly form an improved propagation matrix over the former matrix 
[12]. In terms of these matrices, we can apply the shadow theory to all modes on 
computations, and obtain a new description of three dimensional fields even for the cases 
that eigenvalues degenerate in any region. Additionally, defining scattering factors for TE 
and TM components, we newly obtain a representation of diffraction efficiencies for 
linearly and circularly polarized propagating and evanescent incidence. 

Section 3.6 will be devoted to the study of scattering of linearly and circularly polarized 
incidence by a dielectric grating with asymmetric triangular profiles, placed in conical 
mounting [14]. Numerical results demonstrate that, the total field vanishes and becomes 
a shadow regardless of the incident polarization at a low grazing limit. We find that, in a 
circularly polarized incidence case, only specular reflection of the same circular 
polarization as the incident wave occurs at a low grazing limit. Section 3.7 will study for 
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the three dimensional scattering by a multilayered dielectric grating [15]. Numerical 
results show that, the eigenvalues obtained numerically degenerate in a periodic region, 
and using the shadow theory, calculations can be carried out without the problem of 
eigenvalues degeneracy. Then, we specify that the eigenvalues degeneracy corresponds 
to a phenomenon that the incoming wave and the reflected wave with the same amplitude 
and reverse phase graze along the boundary, and are cancelled out in the middle region. 
We newly find that, when the eigenvalues degenerate by zero, all field components in 
Cartesian coordinate decay proportionally to the position in the middle region. 

In this chapter, time dependence j te   is assumed and suppressed. The space variables 
= ( , , )x y zr  are normalized by the wave number 0k  such that 0k r r  in the coordinate 

system. 

3.2. Matrix Eigenvalues Method 

In this section, we describe the matrix eigenvalues method by use of non-degenerate 
eigenvalues for the scattering problem of a multilayered lossless dielectric (magnetic) 
grating, placed in conical mounting. 

From a viewpoint of formulations, we consider a generalized structure which consists of 
incident, multilayered and transmitted regions, as shown in Fig. 3.1. The structure is 
placed in conical mounting and is illuminated by a plane wave of wavelength   with a 
polar angle   measured from the x  direction, azimuthal angle   between the y  axis 

and the incident plane and a polarization angle  . The relative permittivity and 

permeability in the regions 0 and N  are denoted by ( ,a a  ) and ( ,s s  ), respectively. 

In the multilayered regions, for a periodic case of n  layers, the permittivity and 
permeability profiles are described by a function of position z  having periodicity  , and 
for the residual uniform case, the permittivity and permeability are constants. 

 

Fig. 3.1. A multilayered periodic structure in conical mounting. 
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Using the normalized space variables, we start with Maxwell’s equations in dimensionless 
form as  

 0 0 0 0curl = ( ) , curl = ( ) ,Y j z Z Z j z Y E H H E  (3.1) 

where 0curl = rot / k  and 0 0=1 /Z Y . 0Z  is the wave impedance in free space. Since the 

structure is periodic, the electromagnetic fields   ( = , , )x y z  are expressed by the 

infinite sum of the spatial harmonics. Making truncation of (2 1)M   expansion 

coefficients m  , the fields can be approximated by  

  0
=

( , , ) = ( )exp ( ) ,
M

m m
m M

x y z x j q y s z


     (3.2) 

 

0

0 0

= , = / ,

= sin sin , = sin cos .

m K K

a a a a

s s mn n

s q



       

 

 (3.3) 

The relative permittivity ( )z , the relative permeability ( )z  and their inverses can be 

expanded in Fourier series of the truncated order (= 2 )fN M  as  

 
=

1
( ) = exp , = ( )exp d ,

N f

m m
m N f

z jm z z jm z z
    



              
    (3.4) 

where = , ,1/ ,1/     . The Fourier expansions of 1/ ( )z  and 1/ ( )z  are introduced 
by the concept of the inverse rule [16, 17]. Making column vectors composed of the 
expansion coefficients (= , )m m me h     in Eq. (3.2) as  

  T0( ) = ( ) ( ) ( ) ,M Mx x x x         (3.5) 

and arranging Maxwell’s equations through the inverse rule, we obtain the following 
coupled-wave equations concerning the x , y  and z  field components directly,  

 

( ) ( ) ( )

( )( ) ( ) ( )d
= [ ] , = [ ] ,

( )( ) ( ) ( )d

( ) ( ) ( )

y y y

xz z z

xy y y

z z z

x x x

xx x x
j

xx x xx

x x x

     
                  
     
     

e e e

ee e e
C N

hh h h

h h h

 (3.6) 
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 (3.7) 
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[0] [0] [ ] [ ] [ ] [ ]
[ ] = ,

[ ] [ ] [ ] [ ] [0] [0]

s q

s q

 
 

 

 





 
 
 

N  (3.8) 

where  

 0[ ]=[ ], [ ]= [ ],mn m mns s q q   

    [ ]=[ ], [ ]=[ ], [1 / ] = 1 / , [1 / ] = 1 / ,n m n m n m n m
          

   
      (3.9) 

and mn  stands for the Kronecker’s delta. The solutions of the first order differential 
equation in Eq. (3.6) are reduced to the matrix eigenvalue problem of the coefficient 
matrix [ ]C . Using (2 1)M  -dimensional mode amplitude vectors 1 g , 2 g  and 

4(2 1) 4(2 1)M M   -dimensional transformation matrix [ ]T , we can express the 

expansion vectors of electromagnetic fields as  

 

1

2

1

2

( ) ( )

( ) ( )
= [ ] ,

( ) ( )

( ) ( )

y

z

y

z

x x

x x

x x

x x









  
  
  
  
  
    

e g

e g
T

h g

h g

 (3.10) 

where the symbol "  " denotes propagation directions along the x  direction. The 

distinctions of 1g  and 2g  are not identified. When [ ]C  has 4(2 1)M   non-degenerate 

eigenvalues and 4 independent eigenvectors, using the eigenvectors matrix [ ]T , we can 

diagonalize [ ]C  by similar transformation as follows:  

 

1

2

1

1

2

[0] [0] [0]

[0] [0] [0]
[ ] [ ][ ] = ,

[0] [0] [0]

[0] [0] [0]

mn m

mn m

mn m

mn m

 

 

 

 











    
    
    
    

T C T  (3.11) 
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which holds for , = , ,0, ,m n M M   . Thus, we can solve the differential Eq. (3.6). The 
solution is  

 

1

2

1

2

( ) ( )

( ) ( )
= [ ][ ( )] ,

( ) ( )

( ) ( )

y

z

y

z

x x

x x
x

x x

x x









  
  
  
  
  
    

e g

e g
T P

h g

h g






 (3.12) 

where [ ( )]xP  is a propagation matrix, and is expressed by  

  

1
( )

2
( )

1
( )

1
( )

[0] [0] [0]

[0] [0] [0]

( ) = .

[0] [0] [0]
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j x x
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j x x
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m
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j x x
m

mn

e

e

x

e

e





























  
   
 

     
      
  
    

P









 (3.13) 

Here, the phase reference positions stand for x  and x . In our previous works [11-14], we 
set the same positions. We changes the positions corresponding to the propagation 
directions, and avoids overflows on computations. 

In uniform regions, we can express electromagnetic fields by a superposition of TE and 
TM waves. Therefore, we can denote the eigenvalues 1(2)

m
  by E(M)

m
  and the mode 

amplitudes vectors 1(2) g  by E(M) g . Here, the superscripts E and M refer to TE and TM 

waves, respectively. In periodic regions, since the eigenvalues 1(2)
m
  are numerically 

obtained, we cannot distinguish between 1 g  and 2 g  so far. 

3.3. Application of Shadow Theory to All Regions 

In this section, we pay attention to the middle regions of a multilayered dielectric grating. 
Applying the concept of the shadow theory to the middle regions in addition to the cases 
of the incident and transmitted regions which we reported in Ref. [12], we present a new 
description of the three dimensional electromagnetic fields in all regions without the 
problem of eigenvalues degeneracy. 

3.3.1. In the Case of Uniform Regions 

In any uniform region, since the permittivity and permeability are constants, all 
submatrices of the coefficient matrix [ ]C  can be expressed by diagonal matrices. The 
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spatial harmonic waves have no coupling, and are plane waves. Therefore, we consider 
only [ ]mC  corresponding to the m th mode. The m th order eigenvalues 
E M= =m m m      can be given analytically as  

 
2 2 2 2

0 0

2 2 2 2

0 0

( )
= .

( < )

m m

m

m m

q s q s

j q s q s

 


 

   

  





 (3.14) 

The eigenvectors matrix [ ]mT  can be given by  

 

  E M E M

0 0 0

0 0

0 0

0 0

=

/ /

/ /
,

/ /

/ /

m m m m m

m mm m

m mm m

m mm m

m mm m

T

s q s q q

q s q s

q s q s

s q s q

      

     

     

     

     
   
 

 
 
 
    

t t t t

 (3.15) 

 
0

2 2 2 2
00 0

( 0)
= , = .

sin cos ( 0)

m

m m m

s q
m

s qq s q s

m 

     
   

 (3.16) 

We employs the eigenvectors E t  and M t  normalized such that the magnitudes of the 

electric fields 2 2 2| | | | | |x y ze e e   in TE and TM waves are the same. When the 

eigenvalues do not degenerate, by [ ]mT , [ ( )]mP x  and E(M)
mg  , the m th mode 

electromagnetic fields can be expressed as  

 

E

M

E

M

( ) ( )

( ) ( )
= [ ][ ( )] ,

( ) ( )

( ) ( )
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m m
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 (3.17) 

where  

  

( )

( )

( )

( )

0 0 0

0 0 0
= .

0 0 0

0 0 0

j x xm
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m j x xm
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 (3.18) 
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When the eigenvalues 
m  degenerate by zero, since Eq. (3.15) has linearly dependent 

eigenvectors, we obtain an inexact description in Eq. (3.17) based on the conventional 
approach. At this situation, we cannot diagonalize the coefficient matrix. Getting 
eigenvectors in extended eigenspace by using Hamilton-Cayley theorem, we can construct 
the transformation matrix of the coefficient matrix into Jordan normal form [12]. 
However, rather than transforming into Jordan normal form to resolve the problem of the 
matrix diagonalization, it is convenient to apply the shadow theory to our formulations, 
as described below. Incorporating the concepts of the primary excitation, and 
manipulating by the shadow theory, Eq. (3.17) yields  

 

E

M

E

M

( ) ( )

( ) ( )
= [ ][ ( )]

( ) ( )

( ) ( )
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zm m
m m
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T P x
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 (3.19) 

where  
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 (3.21) 

 
E(M) E(M) E(M) E(M) E(M)=2 , = .m m m m m mM g M g g      (3.22) 

Here, E (M )
mM   and E (M )

mM   are the m th order modified diffraction amplitudes. Since the 

symbol "  " denoting propagation direction has no physical meaning, we use  . At 

= 0m , 2
0

sin
2

=lim
2

x xm
j m

m
m

x x
x

x x
e j x

j












        
 

 
 

 
. We newly introduce mT    

and ( )mP x    which denote transformation and propagation matrices of the shadow 

theory, respectively. The first and second columns of mT    agree with eigenvectors 

obtained in extended eigenspace. The third and fourth columns are usual eigenvectors. 
Even when the eigenvalues degenerate, and in a normal case that the eigenvalues do not 
degenerate, we can express a new description (3.19) of electromagnetic fields. In our 
previous work [12], we applied the manipulation by the shadow theory to only modes 
related by degenerating eigenvalues in uniform regions. In this section, using an improved 
matrix (3.21) with a modification of the phase reference positions, we can apply the 
manipulation to all modes related by all eigenvalues on numerical computations. 

Making 4(2 1) 4(2 1)M M   -dimensional matrices   T  and ( )x  P  including 

(2 1)M   spatial harmonics as  
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  (3.23) 

 , (3.24) 

where the subscripts ( , )ij m  denote the i th row and j th column element of the m th order 

matrices [ ]mT  or mT    and [ ]mP  or [ ]mP , the electromagnetic fields (3.19) can be 

rewritten by  

 
( )

= ( ) ,
( )

x
x

x





                

e M
T P

h M
 (3.25) 

using 2(2 1)M  -dimensional vectors e, h, M  and M  as  

    T TT T E M E M= , = , = , = .
y z y z

           e e e h h h M M M M M M  (3.26) 

3.3.2. In the Case of Periodic Regions 

We note that, in periodic regions, the matrix eigenvalues of the coefficient matrix [ ]C  
are numerically calculated by computers, and include eigenvalues having the possibility 
of degenerating by zero. In this section, we numerically introduce a new transformation 

matrix   T  and an improved matrix ( )x  P  for periodic regions, and present a new 

description of electromagnetic fields including the cases that eigenvalues degenerate. 

We rewrite the coefficient matrix [ ]C  in the differential Eq. (3.6) and the eigenvector 

matrix [ ]T  as  

 
11 12

21 22

[ ] [ ] [ ] [ ]
[ ] = , [ ] = ,

[ ] [ ] [ ] [ ]

   
   
   

1

2

0 C T T
C T

C 0 T T
 (3.27) 



Chapter 3. Numerical Method for Diffraction by Multilayered Dielectric Gratings Using Scattering Factors 

 105 

which hold for , = 1, , 2(2 1)k l M  . Let us consider the matrix product 
2 1[[ ][ ]]C C  of 

the half-dimensional submatrices. Note that, the eigenvalue is given by  2 2=k k   , and the 

diagonalization matrix is given by  21 22[ ] =[ ]T T  [12]. Therefore, the eigenvalues of 

[ ]C  is given by      =k k k k           . Putting 
21[ ] = [ ]T Φ , [ ]T  can be written as  

 , (3.28) 

which means that the eigenvalues calculation can be performed under the half-dimension. 
Transforming Eq. (3.28) so as not to calculate the inverse matrix, we can obtain  

  (3.29) 

Denoting 2(2 1)M  -dimensional vectors by 
T

= y z  e e e , 
T

= y z  h h h  and 
T1 2=    g g g , the electromagnetic fields (3.12) by the conventional approach can be 

expressed by  

   ( ) ( )
= ( ) ,

( ) ( )

x x
x

x x





  
  

   

e g
T P

h g




 (3.30) 

where  ( )xP  is a propagation matrix composed of the 4(2 1)M   eigenvalues { }k k 

, and is given by  

  
( )

( )

[0]
= .

[0]

j x xk
kl

j x xk
kl

e
x

e









 



  
          

P




 (3.31) 

Although the dimension numbers are different, the electromagnetic fields Eq. (3.30) has 
the same form as the two dimensional case [7, 12]. 

Applying the manipulation by the shadow theory to Eq. (3.30), we obtain  
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  (3.32) 

Here, a transformation matrix   T  and a propagation matrix   P  are numerically given 

by  

  (3.33) 
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 (3.34) 

The manipulation by the shadow theory was applied to only modes related by eigenvalues 
close to zero in periodic regions [12]. The newly-obtained transformation and propagation 
matrices in this section enable us to apply the manipulation to all modes. Therefore, 
applying the shadow theory, we can carry out calculations without the problem of the 
matrix diagonalization. 

3.4. An Excitation Source and Boundary Conditions 

Putting = 0m  in Eq. (3.19), the 0th mode electromagnetic fields in the region 0 are given 
by  

 ,(3.35) 

where 
0
a  is the 0th order eigenvalue in the region 0. At = 0x , the primary excitation as 

an excitation source is written as  
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 (3.36) 

Taking an amplitudes vector of the modified diffraction amplitudes,  

 
T TE M E M

0 0 0 0 0 0 0= = 0 0 2 0 0 2 0 0 ,a a a ag g           M M M     (3.37) 

and denoting the matrix product of   T  and ( )x  P  of the regions ( 1)n   and n  by  

 1 1 1[ ] = ( ) , [ ] = ( ) ,n n n nn n n nx x  
              A T P B T P  (3.38) 

we obtain a set of equations for the boundary conditions at 
1 2= , , Nx x x x :  
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 ,  

    1

1

= .N N
N N

N

 





     
     

   

0M M
A B

0M 0
 

Since we do not need to apply the shadow theory in the region N , we denote the unknown 
by 

N
M . Here, we introduce scattering factors S  and S  having the relation with the 

modified diffraction amplitudes M  and M  of  
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 0 0= 2 , = 2 .a a
kl kl            M S M S  (3.40) 

From Eqs. (3.19) or (3.32), by use of the scattering factors, we obtain a new description 
of electromagnetic fields  
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Se
T P

h S
 (3.41) 

We normalize Eq. (3.39) by 
02 a  to obtain the solutions of 

0
S  and 

N
S  which are called 

the scattering factors in the original shadow theory. On the other hand, 
1 1( , ) S S , 

2 2( , ) S S

,  , 
1 1( , )N N

 
 S S  are extended scattering factors to the middle regions. Determining the 

scattering factors, the electromagnetic fields in all regions can be obtained. 

In uniform regions, the m th order diffraction amplitudes in TE and TM waves are given 
by  
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0 ,E(M)
,

,

2
( ) = ,

2

a
n m

n m n
n m

S
g x





  (3.42) 

   ( )E(M) E(M) E(M) , 1
, 0 , ,( ) = 2 ,
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n m n n m n mg x S g e




     (3.43) 

where 
,n m  is the m th order eigenvalues in region n . 

3.5. Diffraction Efficiencies and Optical Theorem 

The average power flow in the x  direction is expressed by  
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 (3.44) 

where ( , )a aE H  and ( , )s sE H  are the electromagnetic fields in the incident and 
transmitted regions, respectively. Substituting the description of the electromagnetic 
fields by use of the diffraction amplitudes into Eq. (3.44) and taking out the real part, we 
obtain  
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 (3.45) 

Therefore, the m th order reflected diffraction efficiencies E r
m , M r

m  for TE and TM 

waves and the transmitted diffraction efficiencies E t
m , M t

m  are given by  
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where  

   E2E E
in 0 0 0 0 0= Re 2Im Ima a a a aP g g g 

            
 

   M2M M
0 0 0 0 0Re 2Im Im .a a a a ag g g 

             
 (3.47) 

Since the denominators of Eq. (3.46) become zero at a low grazing limit (
0 0a  ), we 

cannot express the discontinuity of diffraction efficiencies. From the relations of 
E (M ) E (M ) E (M ) E (M ) E (M )

0 0 0= = 2a a a a a a
m m m m mg g g g S        and 

E (M ) E (M ) E (M ) E (M )
0= = 2s s s a s

m m m mg g g S    , Eq. (3.45) becomes  
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Here, s
m  is the m th order eigenvalue in the substrate region, and E (M ) E (M )

0 0=a aS g   in 
the region 0. Using Eq. (3.48), we obtain new formulas of the reflected and transmitted 
diffraction efficiencies E,M ,R ,L r

m  and E,M ,R ,L t
m  for TE, TM, RC and LC waves as  

 For a propagating incident wave (when 
0
a  is real)  
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– Linearly polarized incidence case  
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– Circularly polarized incidence case  
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where  
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in 0 0' = .a aP S S   (3.51) 

 For an evanescent incident wave (when 
0
a  is imaginary)  

– Linearly polarized incidence case  
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– Circularly polarized incidence case  
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where  

    E M
in 0 0 0 0' = Re Re ,S E a a M aP S S S S

              
 (3.54) 
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which support that by use of the scattering factors, we can express the discontinuity of 
diffraction efficiencies even at a low grazing limit.(

0 0a  ). Here, a linearly polarized 

incident case is described by    E M
0 0, = cos ,sina aS S    , and a circularly polarized 

incident case is described by    E M
0 0, = 1 / 2, / 2a aS S j   . The signs “” refer to 

right-circularly (RC)  and left-circularly (LC) polarized waves. 

Eq. (3.48) can be arranged to  
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 (3.55) 

where the left-hand side is the loss of the reflection amplitudes, and the right-hand side is 
the total energy of diffraction. This should be understood as an optical theorem in the 
grating by the scattering factor. From Eq. (3.55), letting the modified diffraction 
efficiencies by  

 Linearly polarized incidence case  
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 Circularly polarized incidence case  
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Eqs. (3.52), (3.53) and (3.56), (3.57) indicate that, the diffraction efficiency for an 
evanescent incidence and the optical theorem are based on the same conception. For the 
case of a lossless dielectric grating, the relations of energy conservation are given as 
follows:  

 
 

 

E(R) r M(L) r E(R) t M(L) t

E(R) r M(L) r E(R) t M(L) t

= 1,

= 1,

m m m m
m

m m m m
m

   

   

  

  




 (3.58) 

which are used in checking the accuracy of calculations. 
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3.6. Analysis of Low Grazing Scattering by Dielectric Gratings 

In this section, we consider a dielectric grating with asymmetric triangular profiles, as 
shown in Fig. 3.2. Calculations are performed under the conditions that = = = 1.0a a s  
, = 3.0s , / = 1.25 , / = 0.4d  , / = 0.9a   and / = 0.1b  , which we treated in the 
two dimensional case [11]. The spatial harmonic expansion terms are truncated to 
2 1 = 51M  , the number of partitioned layers is chosen as 1 = 10N  , and the azimuthal 
angle of incidence is = 110  . We confirmed numerically that the energy error is less than 

1010  in all calculations.  

 

Fig. 3.2. The z - x  cross-sectional diagram of an asymmetric triangular profiled grating. 

We illustrate the reflected diffraction efficiencies against sin  for the linearly polarized 
incidence with a polarization angle = 4 5  , as show in Fig. 3.3. Figs. (a) and (b) show 

the efficiencies of TE and TM waves, respectively. In the range of | sin |< 1 , the results 

show the characteristics for a usual incidence. In the range of | sin |> 1 , the results show 

for an evanescent wave incidence decaying into the x  direction. The results for | sin |= 1  
display the diffraction efficiencies at a low grazing limit. We found that when an incident 
angle becomes low grazing, no diffraction take place and the 0th reflected efficiencies of 
TE and TM waves become the intensities of TE and TM components in the incident wave, 
respectively. 

 

Fig. 3.3. The reflected diffraction efficiencies against sin  for linearly polarized incidence  
with = 4 5  . 
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In Fig. 3.4, we plot the reflected diffraction efficiencies against sin  for RC incidence. 
From this figure, when | sin |  is small, the efficiencies of LC waves become larger. 

However, at | sin |= 1 , the 0th order reflected efficiency of RC wave becomes unity, and 
any other efficiencies vanish. For a circularly polarized incidence case, when an incident 
angle is small, the reflection has a large component of a reverse circular polarization to 
the incident wave. When an incident angle approaches to a low grazing limit, only 
specular reflection of the same circular polarization occurs. 

 

Fig. 3.4. The reflected diffraction efficiencies against sin  for RC incidence. 

In order to investigate a singular behavior around a low grazing limit of circularly 
polarized incidence, we illustrate the phases and amplitudes of the reflected diffraction 

amplitudes  E(M) E(M) E(M)
0 0 0= 2a a a a

m m mg S g     against a grazing angle (9 0 )   from 

0.00001  to 100  for RC incidence in Fig. 3.5(a) shows that when (9 0 ) 1   , the 

reflection phases Arg  E
0
ag   and Arg  M

0
ag   are almost equal to 180  and 90 , 

respectively. Comparing with the incident phases Arg  E
0 = 0ag    and Arg 

 M
0 = 90ag    , the incident and the specularly reflected waves in TE and TM wave 

components have the phase difference 180  when an incident angle becomes low grazing. 

Fig. 3.5(b) shows that when (9 0 ) 1   , the amplitude E(M)
0
ag   is almost 

 E(M)
01 / 2 = ag  , and the amplitude E(M) a

mg   ( 0)m   decreases proportionally to 

0 = sin(90 ) (90 )a
a a        [3]. These facts of Figs. 3.5(a) and (b) support the 

characteristics at | sin |= 1  in Fig. 3.4. We can see that also in a circularly polarized 
incidence case like a linearly polarized incidence case, the incident region becomes a 
shadow at a low grazing limit, since no diffraction take place and only specular reflection 
occurs. 
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3.7. Analysis of Eigenvalues Degeneracy in the Middle Region 

In the following calculations, putting = 3N  and =1n  in Fig. 3.1, we consider a 4 layered 
dielectric grating having a periodic structure in region 2, as shown in Fig. 3.6. This is the 
structure which we treated in Ref. [12], and in this section, we set an azimuthal angle  . 

1h  is the thickness of the region 1. 
2h ,  , W  and 

2  are the thickness, periodicity, 
width and relative permittivity of rectangular profiles in the region 2, respectively. 

0 (= a   in Fig. 3.1), 
1  and 

3 (= s   in Fig. 3.1) are the relative permittivities of the 
incident, middle and substrate regions, respectively. The relative permeability is set to be 

= 1  in all regions. Calculations are performed under 
1 / = 1.0h  , 

2 / = 0.5h  , 

/ =1.2,  / = 0.6W  , 
0 2 3= = = 2.25    and 

1 = 1.0 . The number of spatial 

harmonics is truncated to 2 1 = 51M  , and we confirmed numerically that the energy 
conservation error is less than 1010  in all calculations. Under 

0 1>  , there exists an 

incident angle 
1

1 0 c/ =sin    1  where the 0th order eigenvalues 
1,0  in the middle 

region 1 degenerate by zero.  

 

Fig. 3.5. Phases and amplitudes of the reflected diffraction amplitudes against (90  ) [deg]  
for RC incidence. 

                                                      

1 We call this angle a critical angle. A critical angle is originally stated in the reflection problem of two lossless 
isotropic media separated by a planar interface.  
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Fig. 3.6. Analytical model of a multilayered periodic structure. 

First of all, we consider TM wave analysis in the two dimensional problem [12]. Setting 
= 9 0   and = 9 0  , we plot the m th order diffraction efficiencies against 

0 0= sins    in Figs. 3.7 (a) and (b) show the cases of reflected and transmitted waves, 

respectively. In these figures, 
0 > 1.5s  means an evanescent wave incidence, and 

0 = 1.5s  
means a low grazing limit of incidence. We see that the diffraction takes place even for 
an evanescent wave incidence. In the range of 

00 2s  , due to the 0th or high order 

eigenvalues degeneracy, the values of open circles "  " for 9 points of 
0s  cannot be 

calculated by the conventional formulations. That is to say, the values of "  " are 
calculated by the shadow theory. In Ref. [12], we only formulated that discriminating 
eigenvalues closeto zero in periodic regions, the manipulation of the shadow theory was  
applied to only modes related by the eigenvalues. In this numerical calculation, we have 
for the first time discovered eigenvalues degenerating by zero in a periodic region.  
At 4 points of 

0s  ( = 0.368513294893446 , 0.464820015880559 , 1.201846803189671, 

1.298153308870118), the eigenvalues in the periodic region 2 degenerate numerically. 
At the remaining 5 points of 

0s  which are analytically obtained, the eigenvalues in the 
uniform regions 0, 1 and/or 3 degenerate by zero. We gives formulations of applying the 
manipulation of the shadow theory to all modes in all regions, and actually shows that the 
values can be calculated even for the cases that the eigenvalues degenerate in any region. 
Accordingly, it turns out that, using the present formulations, stable numerical 
computations are carried out without noting the eigenvalues degeneracy. The degeneracy 
of eigenvalues in periodic regions for the conical mounting case however have not been 
found, although the investigations are ongoing. 

Secondly, we assume = 110   and = 4 5  . In order to investigate a behavior on the 
eigenvalues degeneracy in the middle region, by Eqs. (3.42) and (3.43), we calculate the 

0th mode diffraction amplitudes 
E(M)

1,0 1( )g x
 and 

E(M)
1,0 1( )g x

 in the region 1. Fig. 3.8 

illustrates the phase differences and amplitude ratios of the diffraction amplitudes for 
| |c   from 0.000001  to 10 . When an incident angle   approaches to 

c , the phase 

differences are almost 180 , and the amplitude ratios are almost 1 in TE and TM waves. 
At a critical angle, in the region 1, the incoming TE and TM waves grazing along the 
boundary are cancelled by the reflected wave with the same amplitude and reverse phase. 
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This fact suggests that the manipulation in Eqs. (3.19) and (3.32) based on the primary 
excitation is applicable to the middle regions. 

 

Fig. 3.7. The m th diffraction efficiencies against 
0s . 

 

Fig. 3.8. The 0th diffracted amplitudes in the middle region 1. 

We calculate the 0th mode field distributions around 
c=   in Fig. 3.9(a) shows the 

electric fields 0| |ye , 
0| |ze  and flux density 

0| |xd  against /x  . Fig. 3.9(b) shows the 

magnetic fields 0| |yh , 
0| |zh  and flux density 

0| |xb . We take 
1 = 0x . The distributions in 

the periodic region (1 / 1.5x   ) are estimated values which are calculated by extracting 
the elements corresponding to the 0th mode. These figures indicate that we can obtain the 
distributions using a new description of the fields by the shadow theory even whether 
eigenvalues degenerate or not. In the two dimensional problem [12], at a critical angle of 
TE or TM incidence, the z  components of the magnetic or electric fields become almost 
constants independent of x  in the middle region, whereas Fig. 3.9 shows that the z  
components of the fields in addition to the y components decrease almost linearly with x
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. Eqs. (3.19), (3.20) and (3.21)1 supports that the fields are in proportion to x  when the 
m th order eigenvalues degenerate by zero. The x  components of the flux densities also 
decrease almost linearly with x . In a general case that the incident plane is not 
perpendicular to the grating grooves, all components of the fields in Cartesian coordinate 
decay proportionally to the position when the eigenvalues degenerate by zero in the 
middle region. In the substrate region ( / 1.5x   ), a forward wave propagates by 
tunneling effects even at a critical angle of incidence. 

 

Fig. 3.9. The 0th mode fields distributions. 

3.8. Conclusions 

This chapter has proposed formulations of applying the shadow theory to the three 
dimensional scattering problem of multilayered dielectric gratings in a general case. 

By newly introducing the oblique primary excitation, the scattering factors and the 
diffraction efficiencies through our analytical method by use of the matrix eigenvalues, 
we have resolved the problem of eigenvalues degeneracy and that of matrix 
diagonalization for any complex angle of oblique incidence. In the matrix eigenvalues 
method, we have applied the manipulation by the shadow theory to all modes of the 
electromagnetic fields in all regions. Getting new transformation and improved matrices 
of the shadow theory, we have presented a new description of the electromagnetic fields 
using the product of these matrices and scattering factors. 

                                                      

1 Putting 
0= = 0x x , 

1=x x  and = 0m , the m th mode electromagnetic fields in the region 1 can be 

written by  
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Numerical results have been given for dielectric gratings with asymmetric triangular 
profiles, placed in conical mounting. From the results, when an incident angle becomes 
low grazing, only specular reflection of the TE and TM wave components occurs, and in 
a circularly polarized incidence case, only specular reflection of the same circular 
polarization as the incident wave occurs. We conclude that, at a low grazing limit, the 
diffraction disappears and only reflection occurs with reflection coefficient 1 , regardless 
of the incident polarization. Additionally, numerical results have demonstrated that, we 
can perform stable computations without noting the eigenvalues degeneracy and the 
problem of the matrix diagonalization in any region. Then, we have specified that the 
eigenvalues degeneracy in the middle region corresponds to a phenomenon that the 
incoming wave and its reflected wave with the same amplitude and reverse phase graze 
along the boundary, and are cancelled out. We newly found that, when the eigenvalues 
degenerate by zero, all components of the fields in Cartesian coordinate decay 
proportionally to the position in the middle region. 

In the future, we will formulate and introduce a transformation matrix and scattering 
factors for RC and LC waves directly [18]. 
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Chapter 4 
An Alternative Model of the Spatial Light 
Intensity Distribution 

David Kaljun and Janez Žerovnik1 

4.1. Introduction 

The standard model of the spatial light intensity distribution [16, 6] assumes that the best 
fit parameters of the model are defined via the usual 2-norm. In other words, the error of 
approximation is given by the average error. However, in particular when considering the 
light distribution of commercial LED lenses, it may be very undesirable to have most of 
the difference between the desired and designed light distribution concentrated in one (or 
very few) directions. This may mean that although the RMS error (Root Mean Square 
error, to be defined below) is relatively small, the LED product’s design may not fit the 
users’ needs or expectations. To avoid such disappointments when using automated or 
semi-automated design tools, minimizing the maximal error should be used. This leads to 
minimization of error of a new fitness function that does not correspond to minimization 
of a differentiable function. Consequently, some standard methods for solving the 
appropriate optimization problem, i.e. to find good or best fit approximations, cannot be 
applied directly. In this chapter, we propose an alternative model of the spatial light 
intensity distribution that is based on the ∞-norm, giving rise to consideration of MAX 
error. We provide some evidence that the new model may in practical applications provide 
more reliable results. We emphasize that the large deviation in one (or very few) directions 
may be overseen when the standard RMS error is used, which may at least be inconvenient 
if not causing severe difficulties when testing (or even selling) the product. 

In the chapter, we first give some motivation for the problem that is considered. In  
Section 4.3, mathematical model is defined formally. In Section 4.4, the main contribution 
of this work, experimental comparison of the standard model and the new alternative 
model is given. Within the section, the discrete algorithms used previously on the standard 
model are recalled, supporting the choice of one heuristics that is used in comparison 
experiment. Subsection 4.4.2 gives the outline of the two versions of the heuristics, one 
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for the standard, and one for the alternative model. Then, the experimental setup is given, 
and finally, in Subsection 4.4.4, the results are explained and discussed. Conclusions are 
drawn in Section 4.5. 

4.2. Motivation and Related Previous Work 

The LED (Light emitting diode) industry has been evolving rapidly in the past several 
years. The fast pace of research and development in the field had some expected impact. 
One of the results is a massive use and implementation of LED elements in all kind of 
luminaires. While some of these luminaires are designed for ambient illumination the 
majority are technical luminaires that have to conform not only to electrical and 
mechanical safety regulations but also to regulations that define and restrict the 
photometry of a certain luminaire. This means that the photometry of a luminaire has to 
be defined prior to the production. In order to do that efficiently and with minimal errors 
the design engineer must virtually test the luminaires performance. Tools that can be used 
(Speos, LigthTools, TracePro) [17, 13, 19] do exist and they offer a vast repository of sub-
modules to develop and design custom lenses, reflectors, light guides, etc. These universal 
tools however do not completely exploit the luminaire design possibilities that were 
introduced by the transition from conventional light source technologies to LED. One of 
the possibilities is to have an expert or intelligent system which would be capable of 
suggesting a secondary lens combination that would result in a user defined end 
photometry. This is the main goal of a bigger study that incorporates the research that is 
presented here. For more details see [4]. In other words, the system would take some stock 
secondary LED lenses from different manufactures, place them on a defined LED array 
and search for the optimal combination of the lenses so that the resulting photometry 
would be as close as possible to the user defined one. This method could enable the 
luminaire designer to custom design the light engine to a specific area of illumination, 
while keeping the mechanical and electrical parts of a luminaire untouched. This would 
in turn provide a customer with a tailored solution that would guarantee maximum 
efficiency, lower prices, fewer light pollution and the possibility to individualize the 
illumination effect while maintaining a consistent visual appearance of the luminaries. 
There are several optimization tasks related to development of the above idea.  

The method mentioned above seems natural and straightforward, but at a closer look, we 
observe some fundamental problems related to realization of the main idea. Namely, both 
the spatial light distribution of LED lenses and the desired illumination are given in the 
standard data formats [1, 12], that are just long unstructured lists of data. In particular, 
when the aim is to construct a lighting system that provides the desired illumination of the 
environment, it is necessary or at least very convenient to have the data in some more 
structured format. It is known that the spatial light distribution of some LED lenses can 
be approximated by a sum of a small number of certain basis functions [16]. Provided the 
approximation is sufficiently good, it may be possible to provide designs combining 
several lenses with controlled error rate. This naturally opens several research avenues. 
For example, it is important to have error free or at least very good approximations of the 
basic lenses, and to have methods that are stable in the sense that they are not too sensitive 
to the noise in the presentation of basic elements. In this chapter we consider only the first 
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above mentioned task, approximation of the unstructured spatial light distribution data. 
[6, 16]. The problem that is defined formally in the next section is motivated by the 
following. The data describing the properties of the lenses and/or of the desired light 
distribution is nowadays usually given in some standard format files that correspond to 
the measured (or desired) values at a number of points in space. This results in relatively 
large data files of unstructured data. Clearly, if the data can be well enough approximated 
c.f. as a linear combination of certain basis functions, this may enable faster computations 
using less computer storage. In previous studies, the approximation problem was defined 
in terms of 2-norm, in other words, the aim was minimizing the least squares error, also 
called the RMS error. Several standard metaheuristics were adopted and tested on this 
problem in the past. In particular, it is known that parameters of the standard model can 
be computed efficiently, with small RMS error in acceptable computation time by various 
optimization algorithms including versions of the local search, genetic algorithms, and a 
combination called hybrid algorithm (Genetic + local search). Small RMS error here 
means less than 5 % [16], as the noise at measurement by current technology is at best  
6-7 %. The approximations obtained by the above algorithms were usually much lower, 
i.e. below 5 %, and even better on artificial dataset [10]. However, on the other hand note 
that the human perception is much more limited, it is known that average human eye does 
not detect less than 20 % relative difference in luminous intensity. This is due to the 
complicated relations between perceived brightness, surface reflections and luminous flux 
[4, 20]. Application of the standard Newton’s method proved that good initial solutions 
provided by discrete optimization were substantially improved, and on the other hand, the 
convergence of the Newton’s method has been assured by the initial solutions of good 
quality [7].  

For some special cases including LED lenses with symmetric light distribution, it is 
possible to find reasonably good approximations fast (8 minutes’ runtime on an Intel Core 
I7-4790K CPU @ 4 GHz, the code is written in C++ and is not fully optimized). [6, 10] 
Sufficiently good approximation here means 2-5 % RMS error (to be defined later) for 
target light distribution, taking into account expected noise in measurement using current 
technology. More recent experiments showed that sufficiently good approximations can 
be obtained by some basic optimization algorithms, including local search algorithms and 
genetic algorithms [5-7, 9, 10]. However, when using predefined lenses to design a 
luminaire that closely approximates a desired light distribution, it may be essential that 
the approximation error is much lower. The same task can also be seen as solving a 
problem of data compression, replacing a long unstructured data file with a much shorter 
one, in this case a sequence of parameters. It makes sense to aim at 0 % approximation 
when considering the data compression task. As the functions to be approximated are 
smooth, it is natural to try to improve the basic discrete optimization methods with 
continuous optimization techniques, c.f. Newton's method [3, 7]). When the goal is to find 
as good approximations as possible that would enable further manipulation with the lenses 
at controlled error rate, it was shown that separating the linear and nonlinear parameters 
may dramatically improve the speed of the approximation algorithms [2, 9]. 
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4.3. Mathematical Model 

In the model used here [16], the Luminous intensity ; , ,  at the polar angle of  
is given in the form 

 ; , , 	 ∑ , (4.1) 

where K is the number of functions to sum and , ,  are the function coefficients that 
we search for. For brevity, coefficients are written as vectors  = ( , , … , ),  
b = ( , , … , ), and  = ( , , … , ). It has been shown that the model is appropriate. 
More precisely, Moreno and Sun [16] observed that the far field radiation pattern of a 
LED (photometry) can be approximated with a sum of three functions and it was shown 
in [6] that the same holds for LED with attached secondary optics (see Fig 4.1) that 
provide symmetric radiation patterns. We extended the usability of the principles to 
asymmetric lenses which have different patterns on different C-planes (see Fig 4.2). 
Basically, we approximate every C-plane separately [4] where the model parameters of 
the previous C-plane as a starting point for the next C-plane are used, which slightly 
speeds up of the algorithm. 

 

Fig. 4.1. LED with attached secondary lens. 

Here we must note two restrictions on the model. The first restriction emerges from the 
LEDs physical design. The LED cannot emit any light to the back side which is the upper 
hemisphere in our case. That is why all intermediate values that are calculated at the 
combined angle ( ) greater than 90 equals zero. The second restriction deals with 
the slightly unusual description of the light distribution in standard files such as Elumdat 
(file extension. ldt) [LDT] and Iesna (.ies) [IES]. These files present measured candela 
values per angle  j on so called C planes. One C plane is only one half of the corresponding 
cross-section and does not describe the other half. But from a physical point of view we 
need to consider the impact from the other half of the cross-section.  

In the studies [5-11], the goodness of fit is given by an expression derived from the one 
presented by Moreno and Sun [16]: 

 , , ∑ , , , 	, (4.2) 
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where  represents the error of the approximation,  the number of measured points 
in the input data,  the measured Luminous intensity value at the polar angle	  from 
the input data, and , , ,  the calculated Luminous intensity value at the given polar 
angle . The sum of squares of errors is the usual definition of approximation error, and 
is often the first choice in practical approximation. As the least squares method is very 
popular, it is theoretically well studied. Among other benefits, the Eq. (4.2) allows usage 
of continuous optimization methods, such as the Newton’s method. Minimization of RMS 
is thus an obvious optimization goal.  

As mentioned in the introduction, the fitness function defined by Eq. (4.2) may not be the 
best choice. Namely, when aiming to build a lighting system that delivers the light to the 
environment, large deviation in emitting light in only one direction may be prohibitive. In 
spite of low RMS error, the quality of such solution may be seen as very poor by the users, 
when too large deviation occurs in one or a few directions. Alternative definition of 
approximation quality is to minimize the maximal error. As already mentioned before, the 
new idea and the main contribution of this chapter is to show that the model in which 
approximation quality is measured in terms of maximal error may provide much better 
results. We later show several examples of typical phenomena that can occur, which show 
the potential benefits of using the alternative definition of approximation errors.  

Formally, the alternative evaluation function used here is written as 

 , , 	 , , , 	, (4.3) 

where  represents the maximum error, all other variables are as defined in Eq. (4.2). 
For easier comparison of the solution quality, the results are provided as relative  
error and  error that are defined by Eqs. (4.4) and (4.5). 

 , , 	
∗ ∗ , ,

∑
% , (4.4) 

 , , 	
∗ ∗ , ,

% . (4.5) 

For easier evaluation and comparison between the discrete input data and the functional 
represented result data, we developed a custom application. The application consists of 
several modules such as the project preparation module, calculation module and result 
analysis module. The most interesting is the results analysis module which exhibits a 
simple and intuitive graphical user interface with two text input forms which are extended 
with the use of the system browser so that the file selection process is point and click 
rather than writing the absolute file path. The user can load one or two photometric files 
either in discrete or functional form. The results are then shown in the main window. The 
window supports overlaid objects so the user can visually assess the differences of the 
models (photometry). In Fig. 4.4 the loaded files are presented in polar graph form and in 
Fig. 4.3 the models are rendered as point clouds for the original in white and result in red 
color. One can also overlay surfaces and make it transparent or opaque depending on the 
current needs.  
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Fig. 4.2. C-planes according to standard. C-planes angles: 0 - 360 —F angles: 0 to 90. 

 

 

Fig. 4.3. Sample of modeled spatial intensity distribution in 3D view. 
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Fig. 4.4. Sample of modeled spatial intensity distribution in polar plot view. 

4.4. Experiment – a Comparison of Two Error Measures 

In the continuation, we provide some experimental evidence supporting our claim that the 
fitness function based on the maximum norm is more suitable for the application at hand. 
The experiment also shows that the model using alternative fitness function allows 
application of standard discrete optimization heuristics, in particular those that were used 
in the standard model.  

We first briefly recall the outline of the algorithms that were used in previous work to 
obtain good approximations in terms of RMS error. In the experiments [5, 10, 11], the 
algorithm IF was found to be competitive, and we therefore chose it as the algorithm in 
the comparison test. Another convenient property of algorithm IF is its simplicity. In 
particular, it is very easy to adapt this algorithm to minimize the nonstandard error. Later 
we refer to the two versions of the algorithm as IF-RMS and IF-MAX. 

In the rest of this section we first recall the algorithms used in previous studies. Then the 
two algorithms used in the experiment here are defined and finally, we present and discuss 
the results of the experiment. 

We ran the experiment on a set of six lenses. As they are not rotational symmetric this 
leads to 6×25 = 150 instances of the basic optimization problem (on a single C-plane). 
The same algorithm is used, with two different goal (or, fitness) functions. As the focus, 
here is the comparison of the models, more precisely the fitness functions, we use only 
one algorithm, which is conceptually among the simplest, and at the same time has 
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provided solutions of very good quality in previous experiments [10]. As the version with 
standard fitness function has been used in several previous experiments, we ran several 
experiments to tune the parameters of the algorithm for the new fitness function. However, 
as the tuning period was much shorter in the second case it is likely that more tuning 
would result in better behavior of the new version.  

4.4.1. The Algorithms Used in Previous Studies 

To fully understand the drive and what lead us to the development of algorithms with 
hybrid evaluation functions which are showcased here, it may be helpful to present the 
algorithms that were developed prior to this. First, the steepest descend algorithm was 
used for optimizing the photometry description of a LED with mounted secondary optics 
[6]. Our original implementation worked, and the algorithm was able to provide usable 
results for all tested lenses from the Ledil catalogue [12] that we have chosen, however 
the performance was far from ideal. With search times ranging from 30 to 45 minutes per 
C-panel this just was not a feasible solution. That is why we moved forward in exploring 
different heuristic and metaheuristic methods. We adopted a version of iterative 
improvement algorithm, and some genetic algorithms including a hybrid between both of 
them. The results which are published in [10, 11], show that the most promising algorithm 
is the iterative improvement, provided the correct tuning. With the addition of multi-start 
with different initial search parameters and Newton’s method end optimization we were 
able to lower the initial 30 minute per C-Panel to more manageable 4 seconds, which 
result in 8 minutes for a lens with 120 C-panels. A substantial speedup of optimization 
process was achieved after adoption of the idea of separation of linear and nonlinear 
parameters [9]. 

Below we describe in some more detail the algorithms used in previous studies. We focus 
on the discrete optimization algorithms because with a minimal change they can be used 
for approximation with alternative error functions, in particular with the alternative error 
function proposed here. Unfortunately, it is not that easy to use the Newton’s method if at 
all possible as the alternative error function is not differentiable. 

In the rest of this subsection we provide in some more detail the descriptions of the 
algorithms. Six different algorithms based on standard metaheuristics were designed (i.e. 
adapted) and tested on the standard model (using the RMS error). Three of them are well 
known standard algorithms for local search type heuristics, two are genetic algorithms 
which will be explained in detail bellow and one is a random sampling algorithm that we 
use to exclude any possible trivial solution.  

The steepest descent (SD) algorithm begins with the initialization of the initial function 
parameter values that are (  = [0, 1], b= [-90, 90] and c = [0, 100]) with discrete sets  
(  = [0, 0.001, 0.002, …, 1], b= [-90, -89.9, -89.8, …, 90] and c = [0, 1, 2, …, 100]).  

Next it initializes the search step values which are for 0.01, for 1 and for  

10 giving the 512 neighbors of the initial solution: ( , ,

,, , , , , , ). 
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If there is a neighbor with better RMS value, the search moves to the neighbor with 
minimal RMS value (if there are more minimal neighbors, all are chosen with the same 
probability). If none of the 512 is better than the current solution a new set of neighboring 
solutions are generated, this time with a double step. It repeats for ten steps and if there 
still is no better solution it breaks the search, multiplies the step value with 0.9, so the step 
is finer, and begins the search from the beginning about the current solution. The 
algorithm stops when the number of generated solutions reaches . 

The iterative improvement with fixed neighborhood (IF) algorithm initializes the same 
neighborhood as SD. Instead of considering all 512 neighbors at once, the algorithm 
generates a neighbor randomly, and moves to that neighbor if its RMS value is better than 
the current RMS value, regardless of the unchecked ones. If no better neighbor is found 
after 1000 trials, it is assumed that no better neighbor exists. As above, the algorithm 
changes to a new neighborhood, this time with a double step. It goes for ten steps and if 
there is still no better solution, it breaks the search, multiplies the step value with 0.9, so 
the step is finer and begins search from the start in the neighborhood of the current 
solution. The algorithm stops when the number of generated solutions reaches . 

The iterative improvement with a variable neighborhood (IR) algorithm begins as the 
previous two algorithms. It initializes the same initial function parameter values but a 
different neighborhood which has the search step value within a range, rather than a static 
fixed value. The ranges are for (  = [0, 0.001, 0.002, … , 0.1], db= [-9, -8.9, -8.8, … , 9] 
and dc = [-10, -9, -8, … , 10]). It begins generating solutions, using the step range around 
the initial solution and calculating their RMS error.  

As soon as it generates a better solution, it stops, shifts the focus on that solution, resets 
the step range to the initial value, and continues the search in the neighborhood of the new 
best solution. If after four hundred thousand generated solutions no better solution is 
found, the step range gets doubled, and the search continues in the current neighborhood 
with a larger neighborhood. The stopping condition is the same as before. 

The genetic algorithms used in the experiment and described below do mimic the 
evolutionary behavior but may differ a bit from the standards. Especially we would like 
to note that the algorithms were rewritten opposing ones that were presented in [5].  

The standard genetic algorithm addressed in the results as SGA, uses three genetic 
operators: selection, cross-breeding and mutation. The selection [3, 14, 18] operator works 
as a kind of a filter where fitter individuals in a population get to have higher weights as 
the less fit. This is then transmitted to the cross-breeding operator in the way that the 
individuals with higher weights are more likely to be chosen as parents as opposed to the 
others. The cross-breeding or crossover operator [3, 18] is where a population is created 
by generating new solutions.  

These are created by randomly combining and crossing parameters from two randomly 
chosen parent solutions from the current population. The crossing is done via cross point 
so that every parent pair produces a pair of children. The cross point is chosen randomly 
and the children are generated in the flowing sequence C1 = [P1

bCP, CP, P2^aCP] and  
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C2 = [ P2
bCP, CP, P1

aCP], where Cn is the child being generated, CP is the cross-point 
parameter, Pn

aCP are all of the parent’s parameters that are after the CP and Pn
bCP are all of 

the parent’s parameters that are before the CP. The last operator in every generation is the 
self-adapting mutation operator which finalizes the individuals in the new population. The 
mutation operates in the following manner: in the randomly chosen individual, a random 
number of parameters are chosen to be changed (mutated) which is done by adding a 
randomly chosen value for da1 = da2 = da3 = [-0.01, -0.009, -0.008, …, 0.01], for db1 = db2 
= db3 = [-0.25, -0.24, -0.23, …, 0.25] and dc1 = dc2 = dc3 = [-2.5, -2.4, -2.3, …, 2.5] to the 
current parameter value.  

The whole algorithm begins with the generation and calculation of the initial population 
(the zero population). Next it sorts the population entities from the fittest to the least fit 
and applies weights to them. After the sorting process, the algorithm generates with the 
crossover operator the next generation, which is then submitted to mutation with the 
adaptive mutation operator. When the new generation is fully formed the algorithm begins 
the process from the point of selection. It continues to do so until the last generation is 
finalized. The number of generations to be generated is calculated as the quotient of the 
maximal number of iterations minus the population size and the population size  
NG = (Tmax - NP) / NP. 

The genetic algorithms gave us some encouraging results but the preliminary tests in [10] 
showed that a hybrid genetic algorithm should provide even better ones. That is why we 
developed an adapted standard genetic algorithm, which is named the hybrid genetic 
algorithm and addressed as HGA. The hybrid genetic algorithm works in the same way 
as the standard one but with an extra operator before the crossover. It starts with generating 
the initial solution and sorts the entities in the current solution from the fittest to least fit. 
Then instead of directly cross breading the new generation it first runs the iterative 
improvement with fixed neighborhood algorithm on 10 best entities of the current 
generation which in turn get locally optimized (enhanced) for a number of iterations. After 
that the HGA follows the same path as the standard genetic algorithm does. For the 
number of generations to be executed on HGA algorithm, the formula is a bit more 
complicated, because it has to include the iterations of the local search. The formula can 
be written as NG = (Tmax - NP) / (NP + 10×Niter).  

4.4.2. The Algorithms IF-RMS and IF-MAX 

As the IF algorithm proved to be the most successful and scalable algorithm of the group 
developed and described above we decided that the algorithm used here is a discrete 
optimization algorithm, we replace the interval ranges of the parameters (  = [0, 1],  
b = [-90, 90] and c = [0, 100]) with discrete sets (  = [0, 0.001, 0.002, …, 1], b = [-90, -
89.9, -89.8, …, 90] and c = [0, 1, 2, …, 100] ). The iterative improvement (IF) heuristic 
algorithm begins with the initialization of the initial function parameter values that are 

0.5 , 0, and 1 . Next it initializes the 

search step values which are for 0.01, for 1 and for 10 giving the 
512 neighbors of the initial solution: ( , , ,, , ,
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, , , ). The algorithm generates a neighbour randomly, and 
moves to that neighbour if its fitness function value is better than the current fitness value, 
regardless of the unchecked ones. If no better neighbor is found after 1000 trials, it is 
assumed that no better neighbor exists. If this happens, a new set of neighbors is generated, 
this time with a double step. It repeats for ten steps and if there still is no better solution it 
breaks the search, multiplies the step value with 0.9, so the step is finer, and begins the 
search from the beginning in the neighborhood of the current solution. The algorithm stops 
when the number of generated solutions reaches . We call the versions using the 
fitness functions  (4.4) and  (4.5) respectively as IF-RMS algorithm and IF-
MAX algorithm. 

Below we give results of an experiment to compare the results of the two algorithm. The 
results are closely examined and used to support our claim that the MAX error should be 
used for achieving more reliable practical results.  

We wish to only note here that the idea of two approximation algorithms based on 
different error measures may be of independent interest. When the optimal approximation 
i.e. zero error solutions coincide, the algorithms may be combined in a way analogous to 
the idea of variable neighborhood search [15] in discrete optimization. For an initial study 
and discussion of the idea see [8]. 

4.4.3. Setup 

We have set-up an experiment with six real lenses. Each lens has 25 measured C-planes 
which means that the overall count of individual C-planes is 150. On each C-plane of each 
lens we ran a multi-start version of the IF algorithm, such that each short run is allowed 
four hundred thousand iterations,  = 400000. Such a number of individual test 
instances is sufficient for a comparison of the influence of the two fitness functions used. 

4.4.4. Results 

We summarize the results obtained by the two algorithms in Table 4.1 and Table 4.2. 

 First compare the approximation error in terms of the fitness functions used in each of 
the optimization algorithms (columns 2-4 of Table 4.1 and 5-7 of Table 4.2). From this 
comparison, the standard algorithm seemingly clearly beats the new version, but note 
that the measures of quality used here are not the same! 

 Comparison of the results using the same measure is seen in Table 4.1 (comparing 
RMS error of the final results of both algorithms) and Table 4.2 (comparing MAX 
error of the final results of both algorithms). Clearly, IF-RMS outperforms IF-MAX in 
measure used in Table 4.1, while the superiority of IF-MAX over IF-RMS in MAX 
error is not that substantial. However, comparing the columns 4 and 7 in Table 4.2 
shows that the worst results of IF-MAX are considerably worse than that of IF-MAX.  
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 On the positive side, we can conclude from the information given in Table 4.1 that 
both algorithms achieved low approximation errors on five of the six lenses. An 
exception is the lens CA12087 where the average error is acceptable (6 % and 8 %) 
but the maximal error is over 14 % for RMS and over 21 % for the MAXe. The 
conclusion based on the cumulative results from Table 4.1 may be that both algorithms 
can usually be expected to provide acceptable approximations of comparable quality. 

 Table 4.2 on the other hand shows that solutions of both algorithms do have large MAX 
error in although they are seemingly very good, in terms of the RMS error. Below 
(Figs. 4.5-4.10) we look closely at the results at some random C-planes selected by 
hand to show various phenomena that were observed. 

Table 4.1. Algorithm comparison - RMS error. 

 
RMS algorithm  

RMS error 
MAX algorithm 

RMS error 
Lens Best Average Worst Best Average Worst 

C10818 2.1021 3.3288 4.8276 2.6412 5.2852 8.6834 
C10949 1.2023 2.1319 2.9317 1.9277 2.9424 4.5883 

CA11416 1.5784 2.6409 4.5131 2.3757 3.353 5.2343 
CA11426 1.9361 3.5252 6.4964 2.7196 4.8998 8.5563 
CA12050 1.5788 2.8181 4.5389 1.9821 3.7464 6.7437 
CA12087 2.149 5.4651 14.1541 2.854 7.6331 21.6723 

 

Table 4.2. Algorithm comparison - MAX error. 

 
RMS algorithm  

MAX error 
MAX algorithm 

MAX error 
Lens Best Average Worst Best Average Worst 

C10818 5.428 8.7847 12.9902 5.0801 9.2589 14.2687 
C10949 3.0165 5.6989 8.7168 3.1546 5.067 7.1241 

CA11416 4.1378 7.3093 13.3517 3.974 6.0391 9.6082 
CA11426 5.5003 9.8205 22.8541 5.6641 8.8768 15.089 
CA12050 3.9828 7.6927 14.8069 3.5539 6.6315 11.1721 
CA12087 6.0859 19.4859 64.3265 5.3171 13.2861 37.4918 

 

Typically, the average error is lower for IF-RMS solutions (red) than for the IF-MAX 
solutions. However, looking at the maximal error, in most cases the situation is opposite. 
Usually, the numbers are close, such as in Fig. 4.5, while in some cases, the maximal error 
of the IF-RMS solution is significantly higher such as in Fig. 4.7, Fig. 4.8 and Fig. 4.9. 
This is the phenomena that may result in a practically bad solution, which may be refused 
by users of the product, despite low RMS approximation error. We wish to emphasize that 
a seemingly excellent result of approximation of the IF-RMS algorithm may hide a 
prohibitive large error in one direction. This cannot happen with IF-MAX, and in this 
sense the results of the new algorithm are more reliable. For completeness, we provide an 
example of a C-plane where both algorithms behave poorly (Fig. 4.10), but note that also 
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in this case the maximal error of IF-RMS is about 47 % which is considerably more than  
26 % of IF-MAX solution while the average error 7 % of IF-RMS is only about half of 
the IF-MAX error 13 %. 

 

Fig. 4.5. MAXe and RMS error comparison on C-panel 195 of C10818. 

 

Fig. 4.6. MAXe and RMS error comparison on C-panel 60 of C10949. 



  Advances in Optics: Reviews. Book Series, Vol. 1 

 134

 

Fig. 4.7. MAXe and RMS error comparison on C-panel 15 of C11416. 

 

Fig. 4.8. MAXe and RMS error comparison on C-panel 0 of CA11426. 

4.5. Conclusion 

Here we proposed the use of a different fitness function for the field radiation pattern 
model of a LED with attached secondary optics. The new fitness function is based on the 
maximum error, compared to the average error of the RMS function. We show that the 
best fit parameters with the new fitness function (MAXe) can be efficiently computed by 
existing discrete optimization algorithms. While the solutions obtained by the 
optimization algorithm based on the new fitness function are of slightly lower quality 
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measured in the standard RMS measure, they are of better quality in the sense of reliability 
and consistency over all C-panels. Namely, low MAXe error guarantees that the solution 
is free of large deviations from expected values in all directions. In conclusion, we believe 
that the proposed fitness function should be considered as an important addition to the 
standard RMS fitness function, and will provide appropriate results where the RMS 
function fails to do so. With that in mind the overall approximation quality will be 
increased. 

 

Fig. 4.9. MAXe and RMS error comparison on C-panel 120 of CA12050. 

 

Fig. 4.10. MAXe and RMS error comparison on C-panel 240 of CA12087. 
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Chapter 5 
Optical Beams in Linear and Nonlinear 
Media 

Dongmei Deng and Qi Guo1 

5.1. Introduction 

Optical beam propagation is very important and has drawn much attention from many 
authors for a long time [1-20]. Radially polarized beams (RPBs) have attracted much 
interest recently due to their unique features [21, 22] in many research fields, for example, 
acceleration techniques [23, 24], particles guiding or trapping [25, 26], high resolution 
microscopy [27], and particularly material processing [28, 29]. The elegant Hermite–
Laguerre–Gaussian beams (EHLGBs) [30] constitute the exact and continuous transition 
modes between elegant Hermite–Gaussian and elegant Laguerre–Gaussian beams when 
an additional parameter continuously changes. Pearcey beams (PBs) [31] possess the self-
accelerating, auto-focusing and self-healing properties. The parabolic rotational 
coordinate beams [32] exhibit the parabolic rotation symmetry during propagation, with 
their envelopes following along parabolic trajectories. Optical beams which have 
subwavelength scales yet large bending angles are desirable for many applications such 
as near-field optical microscopes, plasmonics, and optical manipulation of nanoparticles 
[33-35]. When the optical beams have large beam divergence or large beam bending, the 
conventional paraxial theory is no longer appropriate. Therefore, free-space nonparaxial 
propagation of optical beams continues to be a great deal of attention. There are a few 
approaches to analyze nonparaxial optical beams including the vector angular spectrum 
method; based on the high-order corrections to the known paraxial solution [36-38]; the 
complex point source method [7-9]; the exact analytical solution method from wave 
equations without the paraxial approximation.  

In this chapter, we have given the analytical transverse electric (TE) term and the 
transverse magnetic (TM) term of the RPBs [39] by means of the vector angular spectrum. 
We apply the complex point source approach introduced by Deschamps [7] and 
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systematically extended by Felsen [8] and Shin and Felsen [9] to derive the virtual sources 
for generation of the EHLGBs [30] and the Pearcey waves [40]. We have demonstrated 
the nonparaxial beams of parabolic rotational coordinates [32] by solving the exact 
solution of the Helmholtz equation in parabolic rotational coordinates. 

On the other hand, much attention has been paid to the study of the spatial optical solitons 
which are self-trapped optical beams existing by means of the balance between diffraction 
and nonlinearity due to their potential applications to photonic switching [41], all-optical 
switching and logic gating [42], and all-optical signal processing [43]. The propagation of 
optical beams in the nonlocal nonlinear media satisfies the nonlocal nonlinear Schrödinger 
equation (NNLSE) [41, 44, 45]. Snyder and Mitchell [41] simplified the NNLSE to the 
Snyder–Mitchell model (SMM) [46] under the condition of strong nonlocality in 1997. 
Recent experimental results show that nematic liquid crystals [47, 48] and lead glass  
[49, 50] are strongly nonlocal nonlinear media (SNNM), which has encouraged further 
theoretical studies of the intriguing properties of self-trapped optical beams [49-53]. In 
this chapter, we have derived the Ince-Gaussian beams [54] and elliptic beams [55] that 
form the third complete family of exact and orthogonal solutions of the SMM by applying 
an elliptic coordinate transformation; we have obtained the analytical complex-variable-
function (CVF)-Gaussian solitons [56, 57] that form the exact solutions of the SMM 
through a rotating coordinate transformation. 

5.2. Nonparaxial Beams in Linear Media  

Due to the fast advances of science and technology in micro- and nano-scales, optical 
beams with extremely small widths, which are comparable or even smaller than the light 
wavelength, can not avoid a variety of applications including near-field optical 
microscopes [58] and optical manipulation of nanoparticles [59]. Under such conditions, 
the divergence angles of the light beams become very large. Consequently, the 
conventional paraxial theory cannot describe the beam propagation. Therefore, free-space 
propagation of electromagnetic beams beyond the paraxial approximation continues to 
keep a topic of central interest in optics. 

5.2.1. Nonparaxial Radially Polarized Beams 

Here, the analytical TE and TM terms of the RPBs have been obtained by applying the 
vector angular spectrum. This particular electromagnetic field is entirely TM and it has 
only an on axis longitudinal (z) electric-field component (i.e., no on axis transverse 
electric field and no on axis magnetic field at all). The electric field distribution of the 
RPB at the initial plane (z = 0) can be expressed as [10, 15, 39] 

       ,0,,E0,,E0,,E n1yn1xn1 yx eyxeyxyx


   (5.1) 

where  
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,x ye e
  . are the unit vectors in the x and y directions, respectively; E0 is an arbitrary 

constant amplitude, w0 is the 1/e intensity beam radius of the Gaussian term,  
 = (x2+y2)1/2 is the radial coordinate, and Ln

1(.) is the Laguerre polynomial of the radial 
mode number n, angular mode number 1. 

The RPB can be considered as a combining doughnut beam that is generated by coherent 
addition of the    n1x n1yE , ,0 ,E , ,0x y x y

 
 beams. By applying the vector angular spectrum 

method, the propagating electric field of the RPB can be obtained: 
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where x yr xe ye 
  

 denotes the transverse displacement vector, px, py, and 

2 2
1 x y1-p p    are the direction cosines, m1 = pxx+pyy+z; and k = 2/ is the 

wavenumber; is the wavelength in the medium; ze


 is the unit vector in the z direction, 

   n1x x n1y xE p , ,E p ,y yp p   denote the x and y components of the vector angular 

spectrum, respectively, and can be obtained by Fourier transformation of the x and y 
components of the initial electric field, 
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where 2kw1 10    denotes a dimensionless perturbation parameter, 1 is the far-

field diffraction angle, v = pxx+pyy, A = (−1)n+12/2iE0/(83), and b2 = px
2+py

2. Because 
the Maxwell’s equations can be split into transverse and longitudinal field equations and 
from the vectorial structure of electromagnetic beams [60–63], the propagating electric 
field can be written as TE-mode and TM-mode waves: 

      TE TME , E , E , ,r z r z r z 
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Eq. (5.7) demonstrates that the divergence condition of the electric field is appropriate and 
the polarized direction of every wave component is perpendicular to its own wave vector. 
From Maxwell equations and Eq. (5.4), the propagating magnetic field can be obtained: 

       TE TMH , H , H , ,r z r z r z 
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  (5.12) 

Eqs. (5.7)-(5.12) are general when the angular spectra denotes those of an arbitrary  
field. It is easy to find from Eqs. (5.8) and (5.12) that the TE electric field,  
and similarly the TM magnetic field, has no z component. Therefore, whenever 

   y x x y y x yE p ,p E p ,p 0xp p   , the TE electric field is zero, with a similar result for 

the TE magnetic field, i.e.,  TEE r,z 0
 

, and  TEH r,z 0
 

. The field of the RPBs has 

this specific property, and one can derive 
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    n1 TME r,z E r,z ,
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    n1 TMH r,z H r,z .
  

  (5.14) 

One can note that since the azimuthally polarized electric field has no longitudinal 
electric-field component, probably it is entirely a TE field by these definitions. Eqs. (5.13) 
and (5.14) show that RPBs are comprised of only TM-mode waves. From Eqs. (5.2), (5.3), 
(5.13), and (5.14), and Ref. [15], the analytical electromagnetic fields of the TM mode are 
found to be 
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  (5.15) 

where r1 = (x2+ y2+z2)1/2,  z,rH TM


 can also be obtained, where zR = kw0

2 /2 is the 
Rayleigh distance, Lm+1(ꞏ) is the (m+1)th-order Laguerre polynomial, c(r1) = s(r1) / 
[2(1−izR/r1)],s(r1) = 2/ (2r1

22), P(r1) = [(1+izR/r1)/ (1−izR/r1)]n, and Q(r1) = s(r1) / (1+zR
2 

/r1
2). Eq. (5.15) indicates that the polarization of every light ray will keep TM polarized, 

i.e., a radially polarized beam propagates as a purely radial polarization without azimuthal 
components through the whole space. Eq. (5.15) demonstrates the analytical expression 
for the electromagnetic fields of the TM-mode nonparaxial RPB in a homogeneous 
medium of a refractive index for the case of z > > w0. The analytical TM term derived is 
appropriate to the paraxial and the nonparaxial cases. From Eqs. (5.2), (5.3), (5.13), and 
(5.14), and Ref. [15], the exact on-axis electromagnetic fields of the TM mode can be 
derived: 
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  (5.16) 

  TMH 0,0,z 0,


  (5.17) 

where u = 1/w0
2, erfc(ꞏ) denotes the complementary error function [64]. Eqs. (5.16) and 

(5.17) indicate that the on-axis electric field of the RPBs only has the longitudinal 
component without the radial component, and the magnetic field of the RPBs has no on-
axis component. For the on-axis electric field, as the polarization of every TM-mode 
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radially polarized light ray only rotates in the plane formed by the wave vector and z axis 
when it propagates through a homogeneous medium along the z axis, the polarization of 
every light ray will keep TM polarized, i.e., a RPB propagates as a strictly longitudinal 
component without azimuthal and radial components. 

5.2.2. Nonparaxial Elegant Hermite-Laguerre Gaussian Beams 

In free space, the propagation of a general monochromatic scalar light field U(x,y,z) 
satisfies the homogeneous Helmholtz equation for z > 0: 
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Let U(x,y,z) = Φ(x,y,z)exp(ikz), Eq. (5.18) can be transformed into 
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Eq. (5.2) has solutions which is a family of paraxial laser beams  
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  (5.20)  

where      , , cos sin sin cos ,
n m

nmT x y x iy x iy        C(z) = q(z)/w0, q(z) = 

=(1+iz/zR)-1/2, U0(x,y,z) = q2(z)exp(-C2(z)2) denotes the ordinary Gaussian solution, 
Ps(u,v)(ꞏ) [64] are the Jacobi polynomials, and Hn(ꞏ) is the Hermite polynomial.  

When  = 0 and/4, Eq. (5.20) can be transformed into elegant Hermite–Gaussian beams 
(EHGBs) and elegant Laguerre–Gaussian beams (ELGBs). As m = n = 0, Eq. (5.20) can 
be simplified to a Gaussian solution. So, EHLGBs are the more general solutions 
containing Gaussian solution, EHGBs, ELGBs, and intermediate EHLGBs. 

The beam is yielded by a higher-order point source of strength Scs situated at x = y = 0 
and z = zcs. Proper choice of Scs and zcs generates the desired beam. 

The wave function satisfies the inhomogeneous Helmholtz equation 
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From Eq. (5.21),  nmU , ,x yp p z is decided and made the substitution of Eq. (5.7), one 

can obtain 
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where Re(z−zcs) > 0,  1/22 21- b  . One can expand   into a series and keeping the 

first and the second terms, we obtain 2 21
1- b

2
  . Under the paraxial approximation, 

i.e., 2 2b 1  , we substitute  of the exponential part in Eq. (5.24) with the 
approximation and the other terms with k, Eq. (5.24) reduces to  
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The additional subscript p in Un,m,p means the paraxial approximation. Calculating the 
integrals in Eq. (5.25), one can obtain 
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To yield the EHLGBs for z > 0, we suppose, for the case of the paraxial approximation, 
the input distribution is provided by Eq. (5.20) for z = 0. Parameters Scs and zcs are 
decided by comparing Eq. (5.26) for z = 0 with Eq. (5.20) for z = 0; and one can obtain 

 zcs = izR,  (5.27) 

 Scs = -4izRw0
n+mexp(-kzR).  (5.28) 

Substitution of Eqs. (5.27) and (5.28) into Eq. (5.24), the exact integral expression for U 
can be obtained 
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From Eq. (5.27), it is easy to find that the source in Eq. (5.21) lies external to z > 0, and 
the solution shown in Eq. (5.29) is the exact solution to the homogeneous Helmholtz  
Eq. (5.18). The exact solution simplifies to the correct paraxial approximation for the case 
of excluding all the nonparaxial contributions and the evanescent waves. When  = 0 and 
/4, Eq. (5.29) simplifies to the special cases obtained by Seshadri [13] and Bandres [6]. 

Starting from the Green-function approach, we can decide the differential representation 
of the elegant Hermite–Laguerre–Gaussian (EHLG) waves. 

The solution of the differential equation 
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is expressed in terms of  

 G = Scsexp(ikR1) /(4R1),  (5.31) 

where R1 = [x2+y2+(z-izR)2]1/2. 

Making a comparing between Eq. (5.30) and Eq. (5.21) and applying Eq. (5.28), one can 
find the differential or multipole representation of the EHLG waves 
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According to Eq. (5.32), it is easy to find that higher-order EHLG modes can be obtained 

by making the operator nm , ,T
x y


  
   

 to the complex-source-point spherical wave Scs 

exp(ikR1) /(4R1) of the paraxial Gaussian beam. 

By expanding the   and exp[i  (z-zcs)] in Eq. (5.24), one can obtain the nonparaxial 
corrections of EHLG beams. The product of both series terms up to order (kw0)−2j are 
remained, and the jth order corrections can be obtained. One can find that the nonparaxial 
solution approaches the exact solution Eq. (5.24) with the increase of the parameter j. 
Especially, when j approaches infinity, the nonparaxial solution becomes the exact 
solution. For simplicity, we obtain the first three nonparaxial corrections of EHLG beams 
for j = 3; Eq. (5.24) can be written in the form 
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where    0
0 00,G t z a ,      2 2 2

0 21 0 22 0,G t z a t a t q z  ,  
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          6 3 4 2 5 4 6 6
0 63 0 64 0 65 0 66 0, - ,G t z a t a t q z a t q z a t q z    

a00 = 1, a21 = 1/2, a22 = 1/16, a42 = 3/8, a43 = 1/16, a44 = 1/512, a63 = 5/16, a64 = 5/128,  
a65 = 3/1024, a66 = 1/(4096*6). From Eq. (5.33), one can obtain 
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Eq. (5.33) denotes the nonparaxial expression of EHLGBs up to the first three nonparaxial 
corrections. 
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5.2.3. Nonparaxial Pearcey Gaussian Beams 

The wave function of the Pearcey Gaussian beams is described by the inhomogeneous 
Helmholtz equation 

 
           ,y,expS- 22
cs

2
2

2

2

2

2

2

cs
zzyxxD

Uk
z

U

y

U

x

U

















  (5.35) 

where    2 2 2
cs 0 0S -8i exp 4 Rkw kc z  and  
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Applying Eq. (5.13), we can derive a beam whose input field distribution in the z = 0 plane 
reads  
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Making use of the Green function approach, it is easy to see the connection between the 
(1+ 2)-dimensional Pearcey wave function and the complex source-point spherical wave 
function. The differential representation of the Pearcey wave can be governed by  
Eq. (5.30), one solution of Eq. (5.30) can be written  

 G = Scsexp(ikR1) /(4R1), (5.37) 

where R1 = [x2+y2+(z+4ic0zR)2]1/2. 

Comparing Eq. (5.35) and Eq. (5.30), it is straightforward to find the relationship between 
the two waves as 

        12
0 0

1

exp k
U , , -2i exp 4kc exp , .R

i R
x y z kw z D x y

R
     (5.38) 

Applying the operator Scs
2 exp[−D(x, y)] to the complex-source-point spherical wave 

exp(ikR1)/R1 relative to the paraxial Gaussian beam, the Pearcey modes can be generated, 
as is found in Eq. (5.38). 

Using the same method as that in the 1.3.2, we can obtain the first three terms in the 
nonparaxial correction series of the (1+ 2)-dimensional PB for j = 3 as 
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where z' = z+4ic0zR, W0 = w0
4-z'/(8k3), 
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2
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 is the transverse Laplacian 

operator. 

5.2.4. Nonparaxial Parabolic Rotational Coordinate Beams 

In Eq. (5.18), one can establish the parabolic rotational coordinates by introducing 
2 2
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     [64, 65], z0 is a positive constant, 

     0, , 0, , 0,2         and supposing        U , , M N       , the 

Helmholtz Eq. (5.18) can be separated into the following differential equations 
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where m and   are the separation constants. Solutions of Eqs. (5.40a) and (5.40 b) are 
given by hypergeometric functions [64]. Collecting the solutions of Eqs. (5.40 a)-(5.40 c), 
we obtain the exact solution of Eq. (5.18) as 
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From Eq. (5.41), the nonparaxial parabolic rotational coordinate beams (NPRCBs) as 
exact solutions of Eq. (5.18) in the laboratory frame can be expressed as 
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  (5.42) 

where w0 is a positive parameter with length dimension,  20
22

1 zzyxr  , and m is 

related to the azimuthal eigenvalue as referred to the topological charge for optical 
vortices. At i = 0 and 2(m+1), Eq. (5.42) becomes the Bessel wave [65] and the vortex 
plane wave. When i is an integer and i < −2(m + 1), Eq. (5.42) describes the Laguerre 
wave [65]. When m = 0, Eq. (5.42) denotes the fundamental solution of a nonparaxial 
parabolic rotational coordinate beam. We point out that the divergence angle of the beam 
is decided by the parameters in Eq. (5.42). Under paraxial approximation, Eq. (5.42) 
reduces to the solution of paraxial beams in parabolic rotational coordinates.  

It is easy to deduce from Eq. (5.40) that the NPRCBs are scalable. Assuming the 
transverse coordinates are normalized by a constant w0, the NPRCBs in the normalized 
coordinate system can be decided by Eq. (5.42) with the solutions recasted by normalizing 
k with 1/w0. Thus, in experiment, one can control the beam focusing and propagation 
properties simply by squeezing or expanding the transverse coordinates. In our 
experiment, the NPRCBs are realized by employing the computer generated holography 
as reported in the previous work [66, 67]. 

Our theoretical and experimental demonstrations of the zeroth-order NPRCB are 
summarized in Fig. 5.1. The iso-intensity contour and the side view propagation as shown 
in Figs. 5.1(a) and 5.1(b) suggest that the evolution of the beam width follows parabolic 
curves. This is further confirmed by directly calculating the beam width at different 
propagation distance, as shown in Fig. 5.1(h). The transverse intensity patterns in  
Figs. 5.1(c)-5.1(g) clearly indicate that the central intensity experiences periodic 
oscillations during the propagation, which can be also seen in the Figs. 5.1(a), 5.1(b), and 
5.1(h). In addition, from Fig. 5.1(h), one can see that the zeroth-order NPRCB diffracts 
much faster than the Bessel beam does, but much slower than the Gaussian beam does. 

5.3. Paraxial Beams in Nonlocal Nonlinear Media 

Optical spatial solitons have drawn much attention in the subject of many theoretical  
[41, 44, 46, 52-57, 68–75] and experimental [42, 43, 45-51, 76–81] demonstration in 
strongly nonlocal nonlinear medium, mainly because of their novelty for fundamental 
research and potential applications [41-43]. Optical spatial solitons are self-trapped 
optical beams when diffraction is balanced by nonlinearity. Many kinds of nonlocal spatial 
solitons, such as Hermite–Gaussian solitons [52], Laguerre–Gaussian solitons [53], dipole 
solitons [82], vortex solitons [83], azimuthons [84], ellipticons [85] and rotating solitons 
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[86, 87] have been demonstrated. In this chapter, we introduce Ince–Gaussian breathers 
and solitons [54, 55] and the complex variable function (CVF)-Gaussian breathers and 
solitons [56, 57]. 

 

Fig. 5.1. (a) Iso-intensity contour of the exact (00)-mode NPRCBs; (b) Numerical simulated side-
view propagation of the exact (00)-mode of NPRCBs along z; Intensity snapshots from (c)-(g) are 
corresponding to theoretical (top) and experimental (bottom) results at different longitudinal 
positions as marked in (a); (h) The beam width of the main lobe of the beam versus the propagation 
distance z for the (00)-mode NPRCB (blue solid line), the zero-order Bessel beam (red dashed 
line), and the Gaussian beam (the green dotted line) with the same main lobe size at z = 0. 

The evolution of the (1+2)-dimensional optical beams in the nonlocal cubic nonlinear 
media can be described by the NNLSE 
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where   =  (x,y,z) denotes a paraxial beam, z means the longitudinal coordinate,  
 = 1/(2k), n0 is the linear refractive index of the media, 
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2 |,|  is the nonlinear perturbation of the refraction index, n2 

is the nonlinear index coefficient, r


and r 


 means the two-dimensional transverse 
coordinate vectors, and R signifies the normalized symmetrical real spatial response 
function of the media. 

For the case of the strong nonlocality, Eq. (5.1) is reduced into the SMM [41], 
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where || rr


 , is the material parameter corresponding to R, and P0 is the input power 
at z = 0. 

5.3.1. Ince-Gaussian Breathers and Solitons 

Letting that a solution of Eq. (5.44) is a multiplication of two functions F (r, z) and  
G(r, z), 

    , , .F Gr z r z   
 

  (5.45) 

Substitution of Eq. (5.45) into Eq. (5.44), and applying,  
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one can obtain 
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Eq. (5.46) has the Gaussian solution 
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where w(z) represents the beam width of the Gaussian beam, c(z) is the phase front 
curvature of the beam,(z) denotes the phase of the complex amplitude. They can be 
expressed in the forms [70, 71], respectively 
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and 
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1
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where 
020 nPn   , and Pc denotes the critical power for the soliton propagation.  

Eq. (5.49) presents that the z-dependent function w(z), which is the beam width of the 

Gaussian function, oscillates periodically along the propagation z when P0 ≠  Pc. 

Importing the elliptic coordinate transformation in the transverse plane perpendicular to 

z, where the elliptic coordinate [3, 88–91] is defined as x = f (z) coshξcosζ, y = f (z) sinh

ξsinζ and z = z, ξ ≥ 0 and 0 ≤ ζ < 2π are the radial and angular elliptic variables, and 

semifocal separation f (z) = f0w(z)/w0 has the dimension of length, where f0 denotes the 

semifocal separation at waist plane z = 0. Letting ΨF = F(ξ)N(ζ) exp[iΘ(z)], where F, N 

and Θ signify real functions. Substituting ΨF and Eq. (5.48) into Eq. (5.47), one can derive 
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where p and a denote separation constants, and ε1 = f 0
2 /w0

2 signifies the ellipticity 
parameter. The ellipticity ε1, the waist spot w0, and the semifocal separation f0 mean the 
physically important parameters for illustrating the transverse structure of the IG modes. 
The dimensionless parameter ε1 adapts to the ellipticity of the mode; the parameters w0 

and f0 estimate its physical size [90, 91]. The solution of Eq. (5.55) can be given as  

Θ(z) = pθ(z). Eq. (5.54) denotes the Ince equation [3, 89–91], which is a special case of 

the Hill equation. Let iξ = ζ, Eq. (5.53) can be changed into Eq. (5.54) and vice versa. The 

solutions of Eq. (5.54) are honored as the even and odd Ince polynomials of order p and 
degree m, usually read as Cmp and Smp, where 0 ≤ m ≤ p for even function, 1 ≤ m ≤ p for 

odd function, and indices (p,m) have the same parity, i.e., (−1)p−m = 1 [3, 89–91]. To derive 

three-dimensional solutions, only products of functions of the same parity in ζ and ξ 
satisfy continuity in the whole space; after adjusting the terms, the general expressions of 
the even and odd IG solutions read as 
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where cpm
(e) and spm

(o) are normalization constants which can be determined by 

 e,o 2
pm 0

-

| | Pds




   , dS denotes the area differential element across the transverse 

plane, and the super-indices e and o are even and odd modes, respectively. IG solutions 
are orthonormal with respect to the indices and the parity at any z-plane, i.e., 
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    ; δ is the Kronecker delta function and σ = e, o.  

To identify the properties of the IG mode discussed above, we have used the split-step 
Fourier method [94] to decide numerically the three-dimensional field structure of an IG 
mode within nonlocal nonlinear media. The transverse field is sampled over a grid of 
256×256 points. We numerically prove our analytical results by carrying out (2+1)D 
nonlinear simulation of Eq. (5.43) in the general case of a material with a nonlocal 
response. 

The material response is defined by introducing the Gaussian function [45, 67, 70, 69], 
i.e., R(r) = 1/2πw2

m exp(−r2/w2
m), where wm is the characteristic length of the material 

response function, and  = w0/wm denotes the degree of the material nonlocality. The 
less is, the stronger the nonlocality is. The exact analytical IG beams for the SMM with 
the exact results of numerical simulation of Eq. (5.43) show the same results in the case 
of SNNM, an input consisting of IG beams at z = 0, as is presented in Fig. 5.2. Fig. 5.2 
represents that the analytical solutions agree well with the numerical simulations for the 
case of strong nonlocality. As the degree of nonlocality gets weaker ( becomes bigger), 
the approximations of the analytical results to the exact ones are a little bit worse, as 
presented in the Fig. 5.2. When the degree of nonlocality is weak enough, the dynamics 
of the IG solitons will be unstable. 

5.3.2. Complex Variable Function Breathers and Solitons 

In Eq. (5.47), importing to a rotating coordinate system (x', y', z), x' = w0(x cos[Θ(z)]+y 
sin[Θ(z)]) /w(z), y' = w0(y cos[Θ(z)]- x sin[Θ(z)]) /w(z), where Θ(z) depicts the rotation 
angle of the rotating coordinate, and dΘ(z)/dz is the angular velocity (AV, the angle 
rotated per unit propagation distance). In the rotating coordinate system, Eq. (5.47) can be 
expressed as 
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Fig. 5.2. (Color online) Propagation dynamics of the even IG soliton in the Gaussian-shaped 
response material. (a)-(d) Transverse normalized intensity distributions from the analytical 
solution, (e)-(h) Distributions from the numerical simulation  = 0.1, (i)-(l) distributions from the 
numerical simulation = 0.3, (m)–(p) normalized intensity distributions at y/w0 = 0. The different 
columns show the different propagation distances given at the top of the figure. In (m)-(p), the 
solid, dotted, and dashed curves denote the analytical solutions and the numerical solutions for  
a = 0.1 and a = 0.3, respectively; the solid and dotted curves are only a little bit different and cannot 
be differentiated by one’s eyes. The parameters are chosen as p = 3, m = 3, P0 /Pc = 1,  = 2, and 
zR = kw0

2 is the Rayleigh range. This figure comes from Ref. [54]. 

where -i -
y xzL x y

         
 is the z component of the angular momentum operator, 

equivalent to one in quantum mechanics [95]. The solution of Eq. (5.58) can be obtained 
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yix
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    ,z z   (5.60) 

where f(ꞏ) is an arbitrary analytical function, b≠0 denotes an arbitrary real parameter 

whose physical meaning will be discussed later,(z) is given by Eq. (5.51), and ±presents 

the rotation direction which accords with the right-hand (left hand) rule corresponding to 
the propagation direction. From Eqs. (5.45) and (5.59), one can obtain the solution of  
Eq. (5.46) in the laboratory frame: 
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where c0 is the normalization constant which can be obtained by  
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The solution is named a complex variable function (CVF) Gaussian beam because of the 
fact that f(.) is an arbitrary analytical complex variable function. The structure of the beam 
is decided by the product of the function f (.) and a Gaussian function. Solution (5.61) 
describes an optical beam that rotates with an AV dΘ(z) /dz in the laboratory frame (x, y, 
z) and is stationary in the rotation frame (x', y', z). Observed in the laboratory frame, the 
trajectories of the corresponding points of the beam during propagation rotate generally. 

The CVF Gaussian beam can represent different properties for different input power P0. 
When P0 < Pc [the expression for Pc was given under Eq. (5.52)], the pattern of the CVF 
Gaussian beam initially broadens and then narrows, experiencing a periodic evolution; 
whereas the reverse occurs and the pattern initially narrows when P0  > Pc. These two cases 
are CVF Gaussian breather states. When P0 = Pc, Eq. (5.61) can be simplified to CVF 
Gaussian solitons. 

Fig. 5.3 shows the propagation dynamics of the sine CVF-Gaussian beam. The excellent 
agreement between the exact analytical sine CVF-Gaussian beam solution of the SMM 
and the numerical simulation of Eq. (5.43) for the case of strong nonlocality  = 0.06 is 
presented in Fig. 5.3. When the degree of nonlocality becomes weaker  = 0.2, the 
approximations of the analytical results of SMM to the exact ones of Eq. (5.43) are a little 
bit worse; the sine CVF-Gaussian soliton still exists, but the rotating periodicity turns 
short. When the degree of nonlocality is weak enough  = 0.4, the dynamics of the sine 
CVF Gaussian beam will be unstable and the rotating periodicity changes shorter. 

5.4. Conclusions 

In conclusion, the analytical vectorial structure of radially polarized beams has been 
imported. Our analytical results indicate that the RPBs are composed of only TM-mode 
waves. The physical pictures of the RPBs are well demonstrated from the vectorial 
structure. This particular electromagnetic field is entirely transverse magnetic (TM), and 
on axis it only has a longitudinal (z) electric-field component (i.e., no transverse electric 
field and no magnetic field at all on axis). The virtual sources that yield the EHLG waves 
and a Pearcey wave have been introduced. We have obtained the integral and the 
differential representation for the EHLG waves and the Pearcey wave. From the integral 
representation of the EHLG waves and the Pearcey wave, we derive the first three orders 
of nonparaxial corrections for the corresponding paraxial EHLGBs and Pearcey beam. 3D 
nonparaxial beams of parabolic rotational coordinates have been obtained theoretically by 
solving the Helmholtz equation and demonstrated experimentally by employing 
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computer-generated holography. Our experimental results agree well with the theoretical 
analysis. 

 

Fig. 5.3. (Color online) Propagation dynamics of the sine CVF-Gaussian beam in the Gaussian-
shaped response material. (a)-(d) Transverse normalized intensity distributions from the analytical 
solution, (e)-(h) distributions from the numerical simulation  = 0.06, (i)-(l) distributions from the 
numerical simulation  = 0.2, (m)–(p) distributions from the numerical simulation = 0.4. The 
different columns represent the different propagation distances given in the top of the figure. The 
parameters are chosen as P0 /Pc = 1 and b = 1. This figure comes from Ref. [56]. 

On the other hand, we have derived spatial IG and CVF-Gaussian breathers and solitons 
stabilized by strong nonlocal nonlinearity. Their transverse structures of the spatial IG and 
CVF-Gaussian breathers and solitons are depicted by the Ince polynomials and the CVF. 
The comparisons of analytical solutions with numerical simulations of the NNLSE show 
that the analytical IG solutions and CVF-Gaussian solution agree well with the numerical 
results in the case of strong nonlocality. 
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Chapter 6 
Incoherently Coupled Soliton Families  
in Photorefractive Media 

Aavishkar Katti and R. A. Yadav1 

6.1. Introduction 

The Photorefractive effect is established as a high sensitivity non-linear optical effect, and 
hence has been quite an attractive medium for holographic storage and other optical 
processing [1]. With the advancement in synthesis and growth of better and more sensitive 
photorefractive materials in the past decade, research avenues in such photorefractive 
crystals are opening up significantly. Photorefractive effect is basically a refractive index 
change induced through the electro-optic effect due to an electric field produced by a 
photo generated space charge field. Recent research has progressed broadly under two sub 
branches. One is the diffusion driven wave-mixing schemes, which make use of the two 
wave mixing and four wave mixing for various investigations like two-wave mixing gain 
[2-5], MI gain [6-7], space charge field in presence of an electric field or magnetic field 
[8-13], holographic photorefractive gratings and their diffraction efficiency [14-19], 
among others. The other branch in which research has progressed, and more so in the past 
two decades at a frenetic pace, is the self-trapping in photorefractive materials [20-23]. 
This phenomenon gives rise to optical spatial solitons.  

Optical spatial solitons in photorefractive materials have been studied widely in the recent 
few decades. On illumination, a space charge field is set up in photorefractive materials, 
due to which the refractive index changes non-linearly with incident intensity. This is due 
to the Pockels effect. This process counteracts the effects of diffraction. Hence, a soliton 
beam can be formed which propagates without changing its shape due to an exact balance 
between diffraction and self focusing or defocusing non-linearity. Currently, many 
different types of solitons have been observed, of which some important ones are quasi 
steady state solitons [24, 25], screening solitons [26-28], photovoltaic solitons [29-32], 
screening photovoltaic solitons [33-35]. Traditionally, these solitons have been identified 
in non-centrosymmetric crystals and studied extensively.  
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Screening solitons in centrosymmetric photorefractive crystals were predicted first by 
Segev and Agranat [36]. These solitons are governed by the quadratic electro-optic effect 
i. e. dc Kerr effect and so quite different from the solitons in non-centrosymmetric media 
which are governed by the Pockels effect. The experimental confirmation came by the 
studies of Del Re et al. [37, 38] who demonstrated the self trapping of a bright soliton in 
a KLTN crystal. These screening solitons form due to the non-uniform screening of the 
external electric field. Recently, the soliton formation due to the combined effect of the 
drift and diffusion effect in such centrosymmetric photorefractive materials has been 
investigated [39].  

If two mutually incoherent collinear propagating soliton beams have the same frequency 
and polarization, they create an effective refractive index modulation due to the 
combination of their intensities. Each of the soliton beams experiences the refractive index 
modulation effected by both the beams and hence a coupled pair is formed. This can be 
extended to include incoherently coupled multicomponent solitons in case the incident 
soliton beams are more than two in number. Incoherently coupled spatial solitons were 
first investigated by Christodoulides et al. [40] many years ago. Since then, incoherently 
coupled soliton pairs in various realizations have been studied such as screening-
photovoltaic solitons [41-44], screening solitons [45] and photovoltaic solitons [46-48]. 
Incoherently coupled multicomponent solitons or soliton families have also been 
investigated in case of screening photovoltaic solitons in both, the symmetric and hybrid 
realisations [41-44]. Again, all these have been predicted in non-centrosymmetric PR 
crystals. Incoherently coupled bright-dark soliton pair in centrosymmetric PR medium has 
been predicted and studied theoretically a few years ago [49]. Recently, it has been found 
that the two-photon non-linearity can also support these incoherently coupled soliton pairs 
and multicomponent solitons in centrosymmetric PR media [50]. Also, the incoherent 
coupling of two Gaussian beams in centrosymmetric PR media have been studied in quite 
detail [51].  

The net internal field inside the crystal is zero at equilibrium in a ferroelectric crystal. This 
is because the charge distribution on the crystal faces compensates the field due to 
spontaneous polarisation. In such a crystal, a temperature change causes aspontaneous 
polarisation change and hence, a transient electric field Epy. This is called as the 
pyroelectric field. This field is not compensated immediately and consequently, a drift 
current can be set up mimicking the effect of an external electric field applied to the 
crystal. Now, this field is locally screened due to the space charge field formed due to the 
photorefractive effect and hence, a self-trapped beam results.  

Pyroelectric spatial solitons or pyrolitons, originating from the pyroelectric field in 
photorefractive photovoltaic crystals have been predicted and observed [52, 53]. The 
theory for spatial solitons in pyroelectric photovoltaic photorefractive media has also been 
discussed for open circuit crystals [54]. The writing of soliton waveguides due to the 
pyroelectric effect in lithium niobate has been discussed in [55, 56]. Recently, we 
investigated the effect of pyroelectricity on solitons in biased photovoltaic photorefractive 
media [57]. Also, incoherently coupled soliton pairs have been shown to exist 
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theoretically in open circuit photovoltaic-photorefractive crystals along with the 
pyroelectric effect [58].  

Notable is the fact that [52-58] these researches were in photovoltaic photorefractive 
crystals. It has been recently predicted that significant pyroelectric effects alone can also 
support solitons in photorefractive crystals which do not have any bulk photovoltaic 
effects [59]. In addition, it is emphasized that replacing the external electric field with the 
temperature change induced pyroelectric field has clear advantages. Firstly, we need not 
know the direction of the crystal c-axis since the pyroelectric field is always along the c-
axis, i. e., in one direction for heating and in the reverse direction for cooling. Secondly, 
no electrodes are required on the crystal [55, 56]. The coupling of solitons in 
photorefractive media in which the external electric field is replaced by a temperature 
induced pyroelectric field has not yet been investigated and is of quite a degree of interest. 
In this chapter, a theory for incoherently coupled soliton pairs solely due to the 
pyroelectric effect in photorefractive crystals is formulated. The existence of incoherently 
coupled soliton pairs in the four realizations, namely, bright-bright, dark-dark, grey-grey, 
and bright-dark is predicted. The conditions for the formation of each of these soliton pairs 
are discussed in detail. In addition, the effects of the magnitude of the temperature change 
and the total beam intensity on the self trapping of the soliton pairs have been studied.  

In this chapter, the existence and properties of the incoherently coupled bright, dark and 
greysoliton pairs in centrosymmetric photorefractive media will be evinced. This 
formulation is extended to incorporate incoherently coupled multicomponent solitons in 
centrosymmetric photorefractive media. The stability of these soliton pairs is studied by 
the modulation instability theory. The local modulation instability gain for all three types 
of soliton pairs and multicomponent solitons will be derived.  

6.2. Theoretical Model 

6.2.1. Dynamical Evolution Equation for Soliton families in Centrosymmetric 
Photorefractive Material  

We consider mutually incoherent optical beams propagating along the z-axis. We assume 
diffraction only in the x direction. The soliton beams are polarized in the x- direction and 
the external electric field is also applied in the same direction.  

Now, in centrosymmetric materials, the change in extraordinary refractive index is 
[36, 60],  

 3 2 2 2
0

1
' ( 1) ,

2e e e eff r scn n n n g E        (6.1a) 

from which we get, (to the first order of geff),  

 
2 2 4 2 2 2
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This relation (6.1a) is analogous to the case of non-centrosymmetric materials where we 
find that [27, 61] 

 
2 2 4( ' ) .e e e eff scn n n g E   (6.1c) 

The total electric field 1 2E E E 
  

satisfies the Helmholtz equation,  

 2 2
0( ' ) 0.eE k n E  

 
 (6.2) 

As usual, the incident beams are expressed as slowly varying envelopes 

1 1ˆ ( , )exp( )E xA x z ikz


and 2 2ˆ ( , )exp( )E xA x z ikz


 where 0 ek k n , 0
0

2
k




 . Here, ne is 

the unperturbed extraordinary refractive index and λ0 is the free space wavelength.  

Substituting the forms of E


 and (6.1b) in (6.2), we get the paraxial equation of diffraction 
[36, 50-51],  
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e
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n )  , 0; 1,2jA x z j   (6.3) 

with 

 3 2 2 2
0

1
( 1) ,

2 e eff r scn n g E      (6.4) 

where Esc is the space charge field in the medium resulting from the external electric field 
and the optical beams intensity. geff is the effective quadratic electro-optic coefficient ε0 
and εr are the vacuum permittivity and the dielectric constant.  

If the bias field is strong, and the beam is relatively broad, the static space charge field is 
given as [62],  

 
0 ,d

sc
d

I I
E E

I I
 




 (6.5) 

where we have neglected the effects of diffusion. I∞ is the intensity as x. Id is the 
dark irradiance. E0 is the value of space charge electric field as x. For finding E0, 
consider the circuit shown in Fig. 6.1. We have the following potential condition 

 
/2

/2
,

l

sc
l

E dx RJS


   (6.6) 

where is the electro-motive force of the source, R is the resistance connected to the 
crystal, S is surface area of the electrodes, and l is the width of the crystal between the 
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electrodes [63]. Since, the space charge field does not depend explicitly on the resistivity 
of the material, and as KLTN crystal has substantial internal resistance at room 
temperature, we can also consider R as a combination of the internal resistance of the 
crystal and the load resistance connected.  

 

Fig. 6.1.Illustration of the electrical circuit consisting of a centrosymmetric photorefractive 
crystal biased by a cell of EMF ε and an external resistor R.  

Substitution of (6.5) into (6.6) gives,  

 ( ) ,d
sc

d

I I
E RJS

I I
   

  


 (6.7) 

where 

 /2
1

/2

1
.

( )( )
l

d d
l

I I I I dx






 

 (6.8) 

The total optical power density for the two mutually incoherent beams can be obtained by 
adding the two Poynting fluxes,  

  2 2
1 2

0

  ,
2

en
I A A


   (6.9) 

with η0= (μ0/ε0)1/2.  

Substituting Esc and n in (6.3) and in terms of dimensionless variables, one gets the 
following equation,  
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where we have written, A1 = (2η0Id/ ne)1/2U and A2 = (2η0 Id/ ne)1/2V, ξ = z/k , s = x/x0 and, 

U
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, ρ = I∞ / Id, 
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An interesting case to investigate is the case of low amplitude, i. e.
2 2
, 1U V  .Following 

the approach of [45] for investigating the special case of low amplitude solitons, in our 
case, Eq. (6.10) and (6.11) are modified as,  

 2 2 2 21
(1 ) 2 (1 ) (| | | | ) 0,

2 ssiU U U U V U            (6.12) 

 2 2 2 21
(1 ) 2 (1 ) (| | | | ) 0.

2 ssiV V V U V V            (6.13) 

It is to be noted that (6.12) and (6.13) represent the modified form of the Non Linear 
Schrodinger equation.  

Now, we shall work out a formulation for the incoherently coupled multicomponent 
solitons.  

In this case, the 2N mutually incoherent beams are made up of 
1

N

j

j

E




and
1

N

m
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E




. 

The total electric field component 1 2 3 2... NE E E E E    
    

 satisfy the Helmholtz  
Eq.(6.2), where k0 = 2π/λ0 and λ0 is the free space wavelength.  

The electric fields are expressed as slowly varying envelopes
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Substituting the forms of E and 'n into the Helmholtz equation leads us to the paraxial 
equation as before,  
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with  
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The total optical power density for the 2N mutually incoherent beams is 
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with η0= (μ0/ε0)1/2.  

As usual, we write j  = (2η0Id /ne)1/2Uj and m = (2η0Id/ne)1/2Vm, ξ = z/k , s = x/x0.  

Using the value of the space charge electric field derived before and substituting into the 
paraxial wave equation, we obtain 
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where U
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6.2.2. Modulation Instability 

Modulation instability is a fundamental phenomenon associated with wave propagation. 
Small perturbations originating from the noise on a uniform wave front, which grow under 
the combined effect of diffraction and non-linearity is known as modulation instability. 
This breaks up the uniform wave front and leads to formation of multiple filaments of the 
beam.  

Since we neglect the terms related to the diffusion effect in Eq. (6.5) due to a broad beam 
and strong bias conditions, our investigation of the modulation instability will be local.  

A beam travelling in a centrosymmetric photorefractive medium satisfies the paraxial 
diffraction equation,  
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Now, for a continuous wave, (6.20) takes the form,  
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Eq. (6.21) has a steady state solution,  

 1/2 2 2' exp( { (1 ) / (1 ) } ).U r i r       (6.22) 

For studying the modulation instability of the plane wave, we express,  

 1/2 2 2[ ' ( , )]exp( { (1 ) / (1 ') } ),U r s i r          (6.23) 

where ( , )s   is the weak modulation term added to the steady state solution (6.22). This 
weak perturbation satisfies 

 
2 1/2| ( , )| ' ,s r    (6.24) 

and is assumed,  

 ( ) exp( ) ( ) exp( ).a ips b ips      (6.25) 

We want to investigate the possible exponential growth of this perturbation. For this 
purpose, substituting (6.25) in (6.20) and using the linearizing condition (6.24), we get the 
following equation for the perturbation ( , )s  ,  
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Substituting (6.25) in (6.26), we obtain the following coupled equations,  
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By decoupling equations (6.27) and (6.28), we get simply,  
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Eqs. (6.29) and (6.30) are of the form of a linear second order differential equation. Hence, 
their solutions are of the form exp( ) with  
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Hence, the local modulation instability gain is given as,  
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From (6.32), we can find the maximum modulation instability gain as,  

 2 2 3 2 2
max 0 0 0 3
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e eff r
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g k E n g
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 (6.33) 

It is notable that in [64], a similar derivation of the MI gain has been done for both local 
and global space charge field. But they consider only the bright like planar beam as is 
evinced by the particular expression of the space charge field they use in the dynamical 
evolution equation, i. e. 	 	0. We follow [64] in our derivation but we consider the 
general expression for the space charge field in the dynamical evolution equation and 
hence, our derivation is valid for all three cases: bright, dark, and grey like planar beams. 
We can approximately deduce that the MI gain for each component of the soliton pairs is 
dependent upon r’, ρ, and also E0.  

6.2.3. Dynamical Evolution Equation for Soliton Pairs in a Pyroelectric 
Photorefractive Material 

We shall consider two optical beams propagating collinearly in a photorefractive 
pyroelectric non-photovoltaic crystal. We shall consider the diffraction in x-direction only 
and that the beams are polarized linearly along the x–direction. The crystal is kept between 
an insulating plastic cover and a metallic plate whose temperature is controlled accurately. 
As usual, the incident beams are expressed as slowly varying envelopes 

1 1ˆ ( , )exp( )E xA x z ikz


and 2 2ˆ ( , )exp( )E xA x z ikz


 where 0 ek k n , 0
0

2
k




 . Here, ne is 
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the unperturbed extraordinary refractive index and λ0 is the free space wavelength. Under 
these conditions, the evolution of the optical beams is given by [20, 29],  

 ( i
z





1

2k

2
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 e

k

n
n )  , 0; 1,2jA x z j  , (6.34) 

 31
,

2 e eff scn n g E    (6.35) 

where Esc = Epysc is the space charge field in the medium resulting from the pyroelectric 
field and the optical beams intensity [44]. We note here that the diffusion effect has been 
neglected. geff is the effective linear electro-optic coefficient. For non-photovoltaic 
photorefractive crystals, Epysc for steady state (for a time t>>td where td is the characteristic 
Maxwell time) has been derived in detail elsewhere as, [44] 

 ,pysc py
d

I
E E

I I
 


 (6.36) 

where Epy is the transient pyroelectric field and is given by [37],  

 
0

1
,py

r

P
E T

T 


  


 (6.37) 

where  is the pyroelectric coefficient and ∆  is the magnitude of the temperature 

change of the crystal and Id is the dark irradiance, i. e., the intensity at constant 
illumination region of the crystal, ( )I x  . 

From the expression for the space charge field (6.36), we can infer that the value and sign 
of the space charge field depends upon Epy which, in turn can be varied by the change in 
temperature, i. e., by the requisite heating, or cooling effects.  

The total optical power density for the two mutually incoherent beams can be obtained by 
adding the two Poynting fluxes,  

  2 2
1 2

0

 ,
2

en
I A A


   (6.38) 

with η0= (μ0/ε0)1/2.  

Substituting Epysc and n in (6.34) and in terms of dimensionless variables, one gets the 
following equation,  

 
2 2

2 2

1 (| | | | )
0,

2 (1 | | | | )
ss

U V
iU U U

U V
  
  

 
 (6.39) 
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2 2

2 2

1 (| | | | )
0,

2 (1 | | | | )
ss

U V
iV V V

U V
  
  

 
 (6.40) 

where we have written,  

A1 = (2η0Id/ ne)1/2U and A2 = (2η0 Id/ ne)1/2V, ξ = z/k , s = x/x0, 
U

U 





, 
2

2ss

U
U

s





,  

ρ = I∞ / Id, 2| |dI I U , 2 4
0 0

1
( )

2 e eff pyk x n g E   

As we can see, the intensity scales with the dark irradiance in these dimensionless 
coordinates.  

6.3. Discussion 

6.3.1. Coupled Solitons in Centrosymmetric Photorefractive Material 

6.3.1.1. Dark-Dark Soliton Pair 

In case of a dark-dark incoherently coupled soliton pair, we express the solutions as,  

 1/2 ( )cos( )exp( ),U y s i    (6.41) 

 1/2 ( )sin( )exp( ),V y s i    (6.42) 

where µ is the nonlinear shift of the propagation constant, θ is the arbitrary 
projection angle, and y(s) is the normalized bounded function which satisfies 
0 ( ) 1y s   and ( ) 1, ( ) 0, (0) 0y y y      , ( ) 0y   . 

Substituting (6.41) and (6.42) in (6.10) and (6.11), we get a single equation,  

 
2

2 2

1 (1 )
0 .

2 (1 )
y y y

y

 



  


  (6.43) 

Integrating once, we get,  

 
2

2 2
2

1 (1 )
,

2 (1 )
y y c

y

 
 


  


  (6.44) 

where c is the constant of integration. Using the boundary conditions ( ) 0y    and

( ) 1y     in (6.43), we get,  
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 .    (6.45) 

Now, using the boundary conditions ( ) 0y   , ( ) 1y    in (6.37), we can find out the 

value of the constant c as,  

 
2 1

.c



 
  

 
 (6.46) 

Putting the value of c in (6.44), we have,  
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2 2
2

(1 ) 2 1
( 2 ) .
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y y
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  (6.47) 

From which we integrate once more to get,  

 
0

1/2
1/2

2
2

2

( 2 ) .
(1 ) 2 1
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y

dy
s

y
y


 

 

 
   

      







 (6.48) 

Eq. (6.48) gives us the soliton intensity envelope. Also, as we can see in Eq. (6.47), the 
second term on the RHS will always be greater than the first term as y(s) is bounded 
between 0 and 1. Hence, we get the condition that β<0 i. e., geff<0 for such dark 
incoherently coupled soliton pair. This is consistent with the result obtained by [36] for 
existence of single dark solitons. We note here that values of parameters ε, α, R, S 
influence the properties of the coupled solitons. In particular, we shall study the effect of 
ε, the source EMF; R, the circuit resistance; and the intensity, through the parameter r on 
the soliton pair.  

To illustrate our result, we consider a crystal parameters similar to KLTN crystal but with 
negative geff so as to support dark solitons. We have, ne = 2.2, geff = -0.12 m4C-2,  
T = 21 oC, εr = 8000, λ0 = 0.5 µm, x0 = 40 µm. [65]. Now, we assume two cases of  
ε = 2000 V and 4000 V with l = 7.5 mm. We also choose parameters in such a way that 

RJSα = 
1

2
εα. Apart from the fact that this assumption is physically acceptable, there is 

nothing special in this choice. One can get other values also depending on the choice of R 
(and hence J), α and S.  

Fig. 6.2 shows the intensity profiles of the incoherently coupled soliton dark pair, for the 
cases of ε = 2000 V and 4000 V respectively. We find the FWHM of the two components 
to be 4.8 µm. in the first case when ε = 2000 V. This decreases to about 3.2 µm when  
ε = 4000 V.  
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Fig. 6.2. Comparison of Normalized Intensities of the components 2| |U  (blue) and 2| |V  (red)  

of the incoherently coupled soliton pair when ε = 2000 V and ε = 4000 V, ρ = 5, θ = π/3. [20] 

We note here, that we have assumed the geff to be negative for the sake of showing 
existence of dark solitons, whereas in actuality, KLTN does not support dark solitons as 
geff is positive for the crystal. As we know, soliton formation in centrosymmetric 
photorefractive materials like KLTN is due to the quadratic Kerr non-linearity. There has 
been recent upsurge in interest in KLTN, namely research on continuous solitons in a 
lattice nonlinearity and also spatial rougue waves in ferroelectric crystals [66-67], and 
KLTN remains primarily a self-focusing medium. Now, recently, [68-69] showed the 
existence of dark solitons in MQW waveguides which are having a quadratic nonlinearity. 
MQW waveguides have geff<0 [70]. In addition, we have studied the coherent coupling of 
dark solitons in these MQW waveguides [71]. To date, [68] remains the only experimental 
confirmation of dark solitons in a medium with a quadratic non-linearity.  

Now, if we take the external resistance as zero and also the internal resistance of the crystal 
is negligible, then R 0 for this case. This affects the value of E0 in the space charge 
field. Hence we would expect a change in the characteristics of the coupled pairs for both 
bias fields now. The normalized intensities are plotted in Fig. 6.3 for the case of R 0. 
The FWHM of the pairs are 2.7 µm, 1.6 µm for ε = 2000, 4000 V respectively. These are 
much lesser when we compare with the corresponding values of FWHM for the  
R 0 case discussed previously which implies an enhancement in the self trapping as the 
internal and external resistance decreases.  

Now, in the case of low intensity, we plot the intensity profiles of the soliton pair 
components U and V in Fig. 6.4 for ε = 2000 V and 4000 V when the peak  

2
1U   0.05 and peak 

2
1V   0.08. We find that the FWHM for these intensities 

of the coupled pair for ε = 2000 V and 4000 V are 14.4 µm. and 7.2 µm. This is much 
larger than the soliton width in the corresponding case for normal intensities. We can 
explain this fact by considering the existence curve of the dark solitons. We plot the 
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existence curve for the incoherently coupled dark soliton pair in Fig. 6.5. We can see that 
as ρ, the ratio of the total intensity I to the dark irradiance Id increases, the FWHM of the 
soliton pair consistently decreases.  

 

Fig. 6.3.Comparison of Normalized Intensities of the components
2| |U  (blue) and 

2| |V (red)  

of the incoherently coupled soliton pair when ε = 2000 V and ε = 4000 V with R = 0,  
ρ = 5, θ = π/3. [20] 

 

Fig. 6.4.Comparison of Normalized Intensities of the components
2| |U  (blue) and 

2| |V (red)  

of the incoherently coupled soliton pair when ε = 2000 V and ε = 4000 V, ρ = 0.1, θ = π/3. [20] 
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Fig. 6.5. Existence curve for incoherently coupled dark soliton pair when ε = 4000 V. [20] 

6.3.1.2. Bright-Bright Soliton Pair 

In case of a bright-bright incoherently coupled soliton pair, we express the solutions as,  

 1/2 ( )cos( )exp( ),U r y s i   (6.49) 

 1/2 ( )sin( )exp( ),V r y s i   (6.50) 

where µ is the nonlinear shift of the propagation constant, θ is the arbitrary projection 
angle, and y(s) is the normalized bounded function which satisfies 0 ( ) 1y s   and

( ) 0, (0) 0, ( ) 0, (0) 1, ( ) 0y y y y y          ,  

Substituting (6.49) and (6.50) in (6.10) and (6.11), we get a single equation,  

 
2 2

2
2 .

(1 )
y y y

ry

 


  (6.51) 

Integrating (6.51) once, we get,  

 2 2
2

2 1
2 ,

1
y y c

r ry


 

   
 

  (6.52) 

where c is the constant of integration.  

Solving (6.52) by putting y = y(s→∞) and using the boundary conditions ( ) 0y   , 

( ) 0y   , we get,  

 
2

.c
r


  (6.53) 
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Now, putting y = y(s = 0) and using the boundary conditions (0) 1y  , (0) 0y  , we get,  

 .
1 r

  


 (6.54) 

Again, substituting the value of µ and c in (6.52), we get,  

 
2

2
2

2 ( ) 2 1 2
.

1 1

y
y

r r rry

   
     

  (6.55) 

We can see, in (6.52) that since y is bounded between 0 and 1, so β has to be greater than 
zero if the RHS is to remain positive. Hence we get the condition that geff>0 for a bright 
soliton pair. This is consistent with the condition for formation of single bright solitons as 
found in [36].  

We can obtain the soliton envelope from (6.55) by integrating once more,  

 
212 1/2 1/2

2

1
( ) (1 ) .

1 1r y

ry
s dy

r ry
    

 
 


 (6.56) 

As before, we assume two cases of ε = 2000 V and 4000 V with l = 7.5mm.  

To illustrate our result, we consider crystal parameters of KLTN crystal. We have,  
ne = 2.2, geff = 0.12 m4C-2, T = 21oC, εr = 8000, λ0 = 0.5 µm, x0 = 40 µm [57].  

Fig. 6.6 shows the intensity profiles of the incoherently coupled bright soliton pair, for the 
cases of ε = 2000 V and 4000 V respectively. We find the FWHM of the two components 
to be 9.3 µm. in the first case when ε = 2000 V. This decreases to about 4.9 µm when  
ε = 4000 V.  

Now, if we take the external resistance as zero and also the internal resistance of the crystal 
is negligible, then R = 0 for this case. The normalized intensities are plotted in Fig. 6.7 for 
the case of R = 0. The FWHM of the pairs are 6.7 µm, 3.4µm. for ε = 2000, 4000 V 
respectively. These are much lesser when we compare with the corresponding values of 
FWHM for the R   0 case discussed previously which implies an enhancement in the self 
trapping as the internal and external resistance decreases.  

Now, in the case of low intensity, we plot the intensity profiles of the soliton pair 
components U and V in Fig. 6.8 for ε = 2000 V and 4000 V when the peak  

2
1U   0.025 and peak 

2
1V    0.043. We find that the FWHM for these 

intensities of the coupled pair is 26.6 µm, 46.4 µm for ε = 2000 V and 4000 V. This is 
larger than the soliton width in the corresponding case for normal intensities. This can be 
explained by the existence curve for the incoherently coupled bright soliton pair which 
we plot in Fig. 6.9. As we can see from the Fig. 6.9, the FWHM increases for both very 
low and very high values of intensity, and reaches a minimum at about r = 1.  
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Fig. 6.6. Comparison of Normalized Intensities of the components
2| |U  (red) and 

2| |V (blue)  

of the incoherently coupled soliton pair when ε = 2000 V and ε = 4000 V with, r = 1, θ = π/3. [20] 

 

Fig. 6.7. Comparison of Normalized Intensities of the components
2| |U  (red) and 

2| |V (blue) of 

the incoherently coupled soliton pair when ε = 2000 V and ε = 4000 V with, r = 1, θ = π/3,  
R = 0. [20] 
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Fig. 6.8. Comparison of Normalized Intensities of the components
2| |U  (red) and 

2| |V (blue) of 

the incoherently coupled soliton pair when ε = 2000 V and ε = 4000 V with, r = 0.05, θ = π/3. [20] 

 

Fig. 6.9. Existence curve for incoherently coupled bright soliton pair when ε = 4000 V. [20] 

6.3.1.3. Grey-Grey Soliton Pair 

We express the solutions as 

 1/2
2

0

( )cos( )exp[ ( )],
( )

s
ds

U y s i c
y s

   
  




 (6.57) 

 1/2
2

0

( ) sin( ) exp[ ( )].
( )

s
ds

V y s i c
y s

   
  




 (6.58) 

Substituting (6.57) and (6.58) in (6.10) and (6.11),  
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2 2

3 2 2

2 (1 )
2 .

(1 )
y cy y

y y

 


 
  


  (6.59) 

Here, we have the boundary conditions, ( ) 1 ,y s   (0) 0,y  2 ( 0) ,y s m   

( ) 0y s   . 

Using the boundary conditions ( ) 1y s  , ( ) 0y s   in (6.59), we can find the 
value of  ,  

 2 2 2 .c      (6.60) 

Now, integrating (6.52) once, we get 
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2 2 2
2 2

1 2 (1 ) 1
2 ( ) ,

1
y c y d
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  (6.61) 

where d is the constant of integration.  

Let (0)y y , in (6.61), and using (0) 0,y  , 2(0) ,y m   

 
2 2(1 ) 1

2 2 ( ) 0 ,
1

cm d
m m


 

 
   


 (6.62) 

where d is the constant of integration.  

Let ( )y y s  , in (6.61), and using ( ) 0y   , 2( ) 1y s   ,  

 2 (1 )
2 2 0.c d





      (6.63) 

Solving (6.62) and (6.63), we can find out the values of c and d,  
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,
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m m

 


 
 


 (6.64) 
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 (6.65) 

And, we can finally find the soliton envelope by integrating (6.61) once again and 
substituting the values of c and d,  
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 (6.66) 

As in the case of dark solitons, we need β<0. We take the parameters similar to the case 
of the dark solitons.  

Fig. 6.10 shows the intensity profiles of the incoherently coupled grey soliton pair, for the 
cases of ε = 2000 V and 4000 V respectively with l = 7.5 mm. We find the FWHM of the 
two components to be 9.77 µm the first case when ε = 2000 V. This decreases to about 
5.6 µm when ε = 4000 V.  

 

Fig-6.10.Comparison of Normalized Intensities of the components 2| |U  (blue) and 2| |V (red)  

of the incoherently coupled soliton pair when ε = 2000 V and ε = 4000 V with, ρ = 6,  
m = 0.2, θ = π/6. [20] 

Now, we consider the R0 case. The normalized intensities are plotted in Fig. 6.11 for 
this case. The FWHM of the pairs are 4.70 µm, 2.87 µm. for ε = 2000, 4000 V respectively. 
These are much lesser when we compare with the corresponding values of FWHM for the 
R  0 case discussed previously. Again, this is due to the enhancement of the self trapping 
as the internal and external resistance decreases.  

Now, to consider the low amplitude case, we take, 
2

1 0.08U    and 
2

1 0.05V   .  

The intensities of the soliton pair are shown in Fig. 6.12. The FWHM of the soliton pair 
is 26.6 µm, 14.5 µm for ε = 2000 V and 4000 V. These are larger than the soliton width 
in the corresponding case for normal intensities. This fact can be explained based on the 
existence curve for grey-grey soliton pair which is plotted in Fig. 6.13. As we can see 
from the Fig. 6.13, the FWHM increases for, both low and high values of ρ and reaches a 
minimum between 0 <ρ< 10.  
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Fig. 6.11.Comparison of Normalized Intensities of the components 2| |U  (blue) and 2| |V (red) of 

the incoherently coupled soliton pair when ε = 2000 V and ε = 4000 V with, ρ = 6, m = 0.2,  
θ = π/6, R = 0. [20] 

 

Fig. 6.12.Comparison of Normalized Intensities of the components 2| |U  (blue) and 2| |V (red)  

of the incoherently coupled soliton pair when ε = 2000 V and ε = 4000 V with, ρ = 0.1,  
m = 0.2, θ = π/6. [20] 
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Fig. 6.13. Existence Curve for incoherently coupled grey-grey soliton pair when ε = 4000 V  
and m = 0.2. [20] 

6.3.1.4.2N-Component Dark Solitons 

Now, to study the incoherently coupled multicomponent solitons, we express the soliton 
solutions as 

 1/2

1 1

1
( )cos( )exp( ),

N N
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U y s j i
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   (6.67) 

 1/2
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   (6.68) 

We emphasize that the set (N, θ) has to be selected carefully so that the optical beams 

1
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j
j

U

  and

1

N

m
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V

  include 2N components of the different beam intensities.  

We substitute these forms of
1

N

j
j

U

  and

1

N

m
m

V

  into equations (6.18) and (6.19), to get,  
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  (6.69) 

This equation (6.69) has been discussed before in case of the incoherently coupled dark 
soliton pair (Eq. (6.43)). We obtain the composite dark soliton components through a θ 
projection. Since we have obtained the same equation as that of the relevant soliton pair, 
our previous results of the dark-dark incoherently coupled soliton pair carry forward to 
the multicomponent solitons also. As an illustration, these are shown in Fig. 6.14 for  
N = 2, θ = π/7. As mentioned above, with a judicious selection of N and θ, one can find 
out 2N components for any N.  
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Fig. 6.14.Normalized Intensities of the components 2| |jU  (blue) and 2| |mV (red)  

of the incoherently coupled multi-component solitons when ε = 2500 V with, ρ = 5, θ = π/5. [20] 

6.3.1.5.2N-Component Bright Solitons 

Now, to study the incoherently coupled multicomponent solitons, we express the soliton 
solutions as 

 1/2

1 1

1
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   (6.70) 
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   (6.71) 

We emphasize that the set (N, θ) has to be selected carefully so that the optical beams 

1
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j
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U

  and

1

N

m
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V

  include 2N components of the different beam intensities.  

We substitute these forms of
1

N

j
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U

  and

1

N

m
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V

  into Eqs. (6.18) and (6.19), we get  
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  (6.72) 

This Eq. (6.72) has been discussed before in case of the incoherently coupled bright 
soliton pair (Eq. (6.51)). We obtain the composite bright soliton components through a θ 
projection. Since we have obtained the same equation as that of the relevant soliton pair, 
our previous results of the bright-bright incoherently coupled soliton pair carry forward 
to the multicomponent solitons also.  
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As an illustration, we show the normalized intensities of the multicomponent bright 
solitons for the case of N = 2, i. e. 4 components and for θ = π/7 in Fig. 6.15. As mentioned 
above, with a judicious selection of N and θ, one can find out 2N components for any N.  

 

Fig. 6.15. Normalized Intensities of the components 2| |jU  (blue) and 2| |mV (green)  

of the incoherently coupled multi-component solitons when ε = 2000 V with, r = 1, θ = π/7. [20] 

6.3.1.6. N Component Grey Solitons 

Now, to study the incoherently coupled multicomponent solitons, we express the soliton 
solutions as  
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 (6.73) 

(j = 1, 2, … .,N; N = even numbers) 
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 (6.74) 

(j = 1, 2, .,N; N = odd numbers), where we modify Eq. (6.10) as,  
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 (6.75) 

This is nothing but a reorganization of Eq. (6.10) assimilating the components of the two 
beams U and V into a single beam U’s components.  

We emphasize that the set (N, θ) has to be selected carefully so that the optical beams 

1

N

j
n

U

 include N components of the different beam intensities.  

Now, substitute these forms (6.73) and (6.74) of
1

N

j
n

U

  into Eq. (6.75),  

 
2 2

3 2 2

2 (1 )
2 .

(1 )
y cy y

y y

 


 
  


  (6.76) 

Since we have obtained the same equation as that of the relevant soliton pair (Eq. (6.59)), 
our previous results of the grey-grey incoherently coupled soliton pair carry forward to 
the multicomponent solitons also. We obtain the composite grey soliton components 
through a θ projection.  

As an illustration, we show the normalized intensities of the multicomponent grey solitons 
for the case of N = 3, i. e. 3 components and for θ = π/3 in Fig. 6.16. As mentioned above, 
with a judicious selection of N and θ, one can find out N components for any N.  

 

Fig. 6.16. Normalized Intensities of the components
2| |jU  (blue) of the incoherently coupled 

multi-component solitons when ε = 2000 V with, ρ = 3.6, m = 0.2, θ = π/3 [20]. 
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6.3.1.7. Modulation Instability 

From (6.32)-(6.33), we can see that the maximum MI gain is dependent on the value of 
	 	 → ∞ , r’ and ρ.  

In case of a bright-bright soliton pair, ρ = 0 and so the MI gain is dependent on r’( = r) 

and E0. As the MI gain varies as ~ 2
0E , the modulation instability gain will be more for the 

case of ε = 4000 V than for ε = 2000 V considered in our investigation. Also, the MI gain 

varies as order of ~ 
2

1

r
, if we consider the dependence on r. Hence, in the low intensity 

limit, in which we consider 2 2| | ,| | 1U V  , we conclude that the MI gain will be increased 
significantly.  

For studying the MI in case of grey-grey soliton pairs, 'r   and hence, as the uniform 
background intensity increases, the modulation instability becomes larger. Also, since the 
MI is dependent on the value of E0, hence it will be lesser for ε = 2000 V than for  
ε = 4000 V.  

In the case of dark soliton pair, we can study the modulation instability of the uniform 
background on which the dark notch is embedded. Hence, r’ = ρ, and the MI gain g varies 

as ~ 
1




. Hence, in the low intensity limit, the modulation instability is lesser than that 

at normal intensities.  

6.3.2. Coupled Solitons in Pyroelectric Photorefractive Materials 

6.3.2.1. Bright Soliton Pair 

In case of a bright-bright incoherently coupled soliton pair, we express the solutions as,  

 1/2 ( )cos( )exp( ),U r y s i   (6.77) 

 1/2 ( )sin( )exp( ),V r y s i   (6.78) 

where 0

d

r
I

I
 which stands for the ratio of the maximum intensity to the dark irradiance, 

ν is the nonlinear shift of the propagation constant, y(s) is the normalized bounded function 
which satisfies 0 ( ) 1y s   and ( ) 0, (0) 0y y   , ( ) 0, (0) 1, ( ) 0y y y      and θ 
is the arbitrary projection angle. 

Substituting (6.77) and (6.78) in (6.39) and (6.40), we get a single equation,  
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2 3

2 2
2 2 0 .

1

d y ry
y

ds ry
   


 (6.79) 

Integrating (6.79) once,  

 
2

2 2 21
log(1 ) 0 .

2

dy
y y ry

ds r

        
 

 (6.80) 

Using the boundary conditions of bright solitons, we have,  

 log(1 ).r
r

     (6.81) 

And we get, substituting the value in (6.80),  

 
2

2 21
log(1 ) log(1 ).

2

dy
y r ry

ds r r

        
 

 (6.82) 

Integrating once more, we get,  

 

1/21
2 22

{log(1 ) ln(1 )} .
y

s ry y r dy
r




            (6.83) 

The envelope y(s) can be found out from (6.83) by straightforward numerical integration. 
Further, the components of the soliton pair can be found by substituting y(s) in (6.77) and 
(6.78) by means of a θ-projection. Since y(s) is bounded between 0 and 1, we can see from 
(6.80) that β>0 for keeping the RHS positive. Hence, the condition for bright soliton pair 
formation is that β>0. This means that if the pyroelectric coefficient is negative, then 
change in temperature ΔT>0 and if the pyroelectric coefficient is positive, then change in 
temperature ΔT<0. We shall consider the SBN crystal for illustration. This is a non-
photovoltaic photorefractive crystal with a negative pyroelectric coefficient. Hence, we 
take the following parameters [45, 46], ne = 2.35, λ0 = 532 nm, x0 = 20 μm, 

geff = 237 × 10-12 m/V, ε0 = 8.85 × 10-12 F/m, εr = 3400, 
P

T




 = -3 × 10-4, r = 10. For the  

ΔT = 10 0C, 20 0C; we can arrive at the values for β = 20.1, 40.2 respectively.  

Fig. 6.17 shows the normalized intensities of the bright soliton pair.  

For studying the global properties of these bright soliton pairs, we plot the existence curve 
for the incoherently coupled bright solitons in Fig. 6.18.  

As we see, in Fig. 6.18, we have plotted the graph on a log-linear scale. The soliton 
FWHM (full width at half maximum) is a marker of the self trapping. As the value of r 
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increases, the FWHM decreases till about r = 1 to r = 10. For r>10, the FWHM again 
increases non-linearly with an increase in r.  

 

Fig. 6.17. Normalized Intensities of the bright incoherently coupled soliton pair under different 
temperature changes ΔT = 100 C (Blue), ΔT = 200 C (Red) for r = 10, θ = π/3. [22] 

 

Fig. 6.18. Existence curve for the incoherently coupled bright pyroelectric soliton pair  
when ΔT = 100 C. [22] 

6.3.2.2. Dark Soliton Pair 

In case of a dark-dark incoherently coupled soliton pair, we express the solutions as,  

 1/2 ( )cos( )exp( ),U y s i    (6.84) 

 1/2 ( )sin( )exp( ),V y s i    (6.85) 
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where µ is the nonlinear shift of the propagation constant, θ is the arbitrary projection 
angle, and y(s) is the normalized bounded function which satisfies 0 ( ) 1y s   and

( ) 1, ( ) 0, (0) 0y y y      , ( ) 0y   . 

Substituting (6.84) and (6.85) in (6.39) and (6.40), we get a single equation,  

 
2 3

2 2
2 2 0.

1

d y y
y

ds y




  


 (6.86) 

Using the boundary conditions of dark solitons, we have,  

 .
1

 





 (6.87) 

Integrating (6.86) once,  

 
2

2 2 21
log(1 ) ,

2 1

dy
y y y c

ds

  
 

             
 (6.88) 

where  c is the constant of integration. Evaluating the constant of integration c by using 
the boundary conditions of the dark soliton,  

 log(1 ),
1

c
  
 

  


 (6.89) 

and we get, substituting the value of c in (6.88),  

 
2

2 2 21
log(1 ) log(1 )

2 1 1
.

dy
y y y

ds

   
  

   
      

 
  

      
 (6.90) 

Integrating (6.90) once more,  

 

1/
2 2

20
1 1

ln2
1

.
1

1

y

y
s dy

y



 


        

  


      


 
 (6.91) 

The envelope y(s) can be found out from (6.91) by straightforward numerical integration. 
Further, the components of the soliton pair can be found by substituting y(s) in (6.84) and 
(6.85) by means of a θ-projection. Since y(s) is bounded between 0 and 1, we can see from 
(6.90) that β<0 for keeping the RHS positive. Hence, the condition for dark soliton pair 
formation is that β<0. This means that if the pyroelectric coefficient is negative, then 
change in temperature ΔT<0 and if the pyroelectric coefficient is positive, then change in 
temperature ΔT>0. In the present illustration as mentioned in Section 6.3.1, since we 
consider the SBN crystal, for ΔT = -100 C, - 200 C; we can arrive at the values for  
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β = -20.1, -40.2 respectively. Since ΔT is negative, hence the dark soliton pair results from 
cooling the crystal between the specified temperature differences. 

Fig. 6.19 shows the normalized intensities of the dark soliton pair.  

 

Fig. 6.19. Normalized Intensities of the dark incoherently coupled soliton pair under different 
temperature changes ΔT = -100 C (Blue), ΔT = -200 C (Red) for ρ = 10, θ = π/3. [22] 

For studying the global properties of the incoherently coupled dark soliton pair, we plot 
the existence curve in Fig. 6.20.  

 

Fig. 6.20. Existence curve for the dark incoherently coupled pyroelectric soliton pair  
when ΔT = -10 0C. [22] 

From Fig. 6.20, we can see that the FWHM of the soliton pair decreases with an increase 
in ρ for low values of ρ till about ρ≅ 1 after which for greater values of ρ, the FWHM 
rapidly increases.  
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6.3.2.3. Grey Soliton Pair 

We express the solutions as 

 1/2
2

0

( )cos( )exp[ ( )],
( )

s
ds

U y s i
y s

   
  




 (6.92) 

 1/2
2

0

( )sin( )exp[ ( )].
( )

s
ds

V y s i
y s

   
  




 (6.93) 

Substituting (6.92) and (6.93) in (6.39) and (6.40),  

 
2 3

3 2
2 2 0 .

1

y
y y

y y
 




   


  (6.94) 

Here, we have the boundary conditions ( ) 1y s  , (0) 0y  , 2 ( 0)y s m  , 

( ) 0y s  . 

Using the boundary conditions, we get,  

 2 2 ,
1

2
 




   (6.95) 

 
2

1 2 2 1
(1 ) ( 1) log .

1 12( 1)

m m
m m

m

   
  

                      
  (6.96) 

Now, integrating (6.94) once and substituting the value of   and μ, we get 

 
2

2 2
2

2
2 1

( 1) log
1 2

2 ( 1
1

) (1 .y
y

dy y
y

ds

 




  

        
  

    
 

 (6.97) 

And, we can finally find the envelope y(s) by integrating (6.97) once again and 
substituting the values of μ and Γ,  

 2

1/ 2
2

2

2

2 1
( 1)

1 2
2 ( log(

1
1) 1 .

m

y

s y dy y
y

y


 







       



   
       






  (6.98) 

The envelope y(s) can be found out from (6.98) by numerical integration. Further, the 
components of the soliton pair can be found by substituting y(s) in (6.92) and (6.93) by 
means of a θ-projection. In case of an SBN crystal, as in the case of dark solitons, we need 
β<0. For ΔT = -10 0C, - 20 0C; we can arrive at the values for β = -20.1, -40.2 respectively. 
Since ΔT is negative, hence the grey soliton pair results from cooling the crystal between 
the specified temperature differences.  
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Fig. 6.21 shows the normalized intensities of the grey coupled soliton pair.  

 

Fig. 6.21. Normalized Intensities of the dark incoherently coupled soliton pair under different 
temperature changes ΔT = -10 0C (Blue), ΔT = -20 0C (Red) for ρ = 10, m = 0.2, θ = π/3. [22] 

For studying the global properties of the incoherently coupled grey soliton pair, we plot 
the existence curve in Fig. 6.22.  

 

Fig. 6.22. Existence curve for the incoherently coupled grey pyroelectric soliton pair. m = 0.2,  
ΔT = -100 C. [22] 

From Fig. 6.22, we see that the FWHM of the soliton pair decreases as ρ increases till  
ρ ~ 1 after which the FWHM of the soliton pair rapidly increases with increasing ρ.  
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6.3.3. Bright-Dark Soliton Pair 

We express the two wave envelopes as,  

 1/2 ( )exp( ),U r f s i   (6.99) 

 1/2 ( )exp( ),V g s i   (6.100) 

where μ and ν are the shift in the propagation constants of the bright and dark soliton 
beams. f(s) is the bright beam and satisfies the boundary conditions 

(0) 1, ( 0 0( )0) ,f f f s     . g(s) is the dark beam and satisfies the boundary 

conditions (0) 0, ( 0 1( )0) ,g g g s     . Substituting the expressions for U and V 
in (6.39) and (6.40), we have,  
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ds f g

 


 
  

   
   (6.101) 
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   (6.102) 

We put the condition that 
2 2 1f g  . Thus, we get,  
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2 21
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1
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d f
f
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 (6.103) 
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 (6.104) 

where we have taken,  

 ( ) / (1 ).r      (6.105) 

Integrating (6.103) once,  

 
2 2

2 2 1
)( log .

(1
(

)
2 1

1
)

df f
f

ds

  
  

            
  (6.106) 

Using the boundary conditions for f(s) and g(s) in (6.106) and (6.104) respectively,  

 log(1 ),
(1 )

  
 

  


 (6.107) 
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and 

 .
(1 )







 (6.108) 

If | | 1  , then the peak intensities of the two beams are nearly equal. In this limit of

| | 1  ,   can be expanded by Taylor series and neglecting higher order terms,  

 1 .
1 2

  

     

  (6.109) 

Due to | | 1  , and substituting (6.108)-(6.109) in (6.101)-(6.102), we have,  
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3
2

( 2 ),
1

f
d f

ds
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  (6.110) 
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2
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1

d g
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   (6.111) 

Eqs. (6.110)-(6.111) have a closed form solution,  

 
1/2

( ) sech
1

,f s s



  
   

   
 (6.112) 

 
1/2

( ) tanh
1

.g s s



  
   

   
 (6.113) 

We can obtain the components of the soliton pair by substituting (6.112)-(6.113) in (6.99)-
(6.100),  
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1/2) 1 (1 )
1

1
( , sech exp

1 2
,rU s s i

   
 

     
    


    
      

 (6.114) 
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The FWHM as a function of s can be obtained from (6.114)-(6.115) as,  

 
1/2

1
2)2log(1 .sFWHM




 
  

 
    (6.116) 
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From (6.114)-(6.115), we can see that for formation of bright-dark soliton pairs, we must 
have, ( ) 0r   . 

If we take r  , that is, the maximum intensity of the respective bright component is 

slightly larger than the maximum intensity of the respective dark component, then 0 
has to be satisfied for the bright-dark soliton pair’s existence. In the case of a SBN crystal, 
this implies that ΔT>0, which in turn implies a heating of the crystal. On the other hand, 
if we take r  , that is, the maximum intensity of the respective dark component is 

slightly larger than that of the respective bright component, then we need 0  , and hence 
we have, ΔT<0, which in turn implies a cooling of the crystal. Thus, we can infer that the 
bright-dark soliton pair can exist for both, a controlled heating and a controlled cooling of 
the pyroelectric crystal. Fig. 6.23 shows the normalized intensities of the bright –dark 
incoherently coupled soliton pair for the case of heating of the crystal, i. e. 
ΔT = 10 0C, 20 0C.  

 

Fig. 6.23. Normalized intensities for the bright-dark incoherently coupled pyroelectric soliton 
pair for ΔT = 10 0C (Red), ΔT = 20 0C (Blue), r>ρ, ρ = 10. [22] 

Fig. 6.24 shows the normalized intensities of the bright-dark incoherently coupled 
pyroelectric soliton pair for the case of cooling of the crystal, i. e. ΔT = -10 0C, -20 0C.  

We plot (6.116) to obtain the existence curve for the bright-dark incoherently coupled 
pyroelectric soliton pair for a value of σ = 0.01. The existence curve is plotted in Fig. 6.25.  

From Fig. 6.25, we see that the FWHM of the bright-dark incoherently coupled 
pyroelectric soliton pair remains relatively constant for low values of ρ, which is the 
maximum intensity of the dark soliton component, and increases with increase of ρ for  
ρ>1. Interestingly, the FWHM of the bright-dark soliton pair depends upon both r and ρ, 
the maximum intensity of bright soliton component and dark soliton component 
respectively.  
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Fig. 6.24. Normalized intensities for the bright-dark incoherently coupled pyroelectric soliton 
pair for ΔT = -10 0C (Red), ΔT = -20 0C (Blue), r<ρ, ρ= 10. [22] 

 

Fig. 6.25. Existence curve for the bright-dark incoherently coupled bright-dark pyroelectric 
soliton pair, ΔT = -10 0C. [22] 

6.3.4. Observation of Separate Components of Incoherently Coupled Solitons 

The incoherently coupled bright or dark soliton pairs and families which are observed in 
pyroelectric materials are expected to be observed in the experimental set-up shown in 
Fig. 6.26. The incident laser beam is split into M + N mutually incoherent optical beams. 
A glass slide is inserted in one half of the beam that passes through variable attenuator 
VA2; by tilting the glass slide the phase across the beam can be adjusted [72], and thus 
the dark notch with the necessary π phase jump in its center can then be obtained in every 
one of the N beams to the left-hand side of the glass slide.  
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Fig. 6.26. Schematic diagram of the experimental setup for the observation of incoherently 
coupled soliton families in photorefractive crystals. M1-M3: 100 % reflecting mirrors, BS: Beam 

Splitters, VA1-VA2: Variable Attenuators, L: Ideal aberration free lens, PRC: Photorefractive 
Crystal with external bias/temperature change, D: Detector. 

The total intensities of the M bright/dark/grey beams and of the N bright/dark/grey ones 
can be adjusted by variable attenuators VA1 and VA2, respectively. Since the family of 
collinear beams have the same wavelength and polarization, the researcher can distinguish 
an arbitrary one among them in the output by blocking the other beams with mechanical 
shutters, and sampling the specially designated beam within a time interval much shorter 
than the dielectric relaxation time (response time) of the crystal. This permits viewing 
every soliton beam separately, because the refractive-index modulation created by all of 
the soliton beams remains unaffected by the rapid change in the intensity within such a 
short time interval. The components of the bright–bright, dark-dark, or grey-grey soliton 
families in either centrosymmetric photorefractives or pyroelectric photorefractives can 
hence be observed separately. Also, the bright–dark hybrid soliton family solutions of 
(6.114)-(6.115) are obtained when the peak value of the total intensity of the M bright 
beams is approximately equal to that of the N dark ones. Under this condition, the 
intensities of the M bright beams and the N dark ones can be freely adjusted in a certain 
range [73].  

6.4. Conclusions 

We have shown that dark-dark, bright-bright and grey-grey incoherently coupled soliton 
pairs can be supported by a (one-photon) centrosymmetric photorefractive crystal. These 
can be established provided the incident beams are of same polarization, wavelength, and 
are mutually incoherent. These incoherently coupled soliton pairs are governed by the 
quadratic electro-optic effect. We have studied the effect of bias field, beam intensity, and 
the internal resistance of the crystal along with any external load on the characteristics of 
the soliton pairs. We find that these parameters have a profound effect on the soliton pairs. 
We have also proved that our results carry forward to incoherently coupled 
multicomponent composite solitons which are also supported in such crystals. Finally, we 
investigate the modulation instability and MI gain for the incoherently coupled soliton 
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pairs. The MI depends upon the external bias field and the intensity of the solitons. Since, 
there have been investigations into these soliton pairs before our work [49-51], we would 
like to enumerate, among other things, certain major differences in our work and the 
previous research. Ref [50] has investigated the incoherently coupled solitons in two 
photon Photorefractive media using Castro-Camus model. Ref [49] proves the existence 
of bright-dark incoherently coupled soliton pair in centrosymmetric Photorefractive 
media. Ref [51] investigates the bright incoherently coupled Gaussian solitons in 
centrosymmetric photorefractive media. Our work is different from all of the above 
mentioned, in that, firstly, our results pertain to photorefractive media exhibiting the one-
photon photorefractive effect. Secondly, we prove the existence for incoherently coupled 
pairs in all the three symmetric realizations, viz. bright, dark and grey in centrosymmetric 
PR media. It is notable to mention here that, though bright and dark solitons have been 
predicted and investigated theoretically in centrosymmetric photorefractive media long 
ago [36], the dark-dark, and particularly the grey-grey soliton pairs along with dark and 
grey multicomponent solitons have not been investigated theoretically till now. We 
investigate various characteristics of these soliton pairs in quite a detailed manner. 
Thirdly, we follow Ref. [62] and [26] in obtaining the soliton solutions directly by 
numerical methods and do not assume a Gaussian or hyperbolic secant approximation for 
the input beam. Fourthly, we also present a formulation for multicomponent incoherently 
coupled solitons in all the three realizations, bright, dark and grey. Lastly, we present a 
detailed discussion on the modulation instability and the local MI gain in case of all the 
three soliton pair realizations.  

In the second part of this chapter, we have predicted the existence of four types of 
incoherently coupled soliton pairs, namely, bright-bright, dark-dark, grey-grey and bright-
dark, due to only the pyroelectric effects in photorefractive pyroelectric non-photovoltaic 
crystals. The existence of incoherently coupled bright-bright soliton pair requires a 
heating of the crystal while the existence of incoherently dark-dark and grey-grey soliton 
pairs require a cooling of the crystal. The bright-dark soliton pair can exist for both heating 
and cooling of the crystal. The FWHM of the bright, dark, grey and bright-dark soliton 
pairs depend upon the intensity of each soliton component incident upon the crystal.  
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Chapter 7 
Vectorial Complex Ray Model for Light 
Scattering of Nonspherical Particles 

Kuan Fang Ren and Claude Rozé 1 

7.1. Introduction 

Geometrical optics is a very simple and intuitive method for treating the interaction of an 
object with light or electromagnetic waves when the dimension of the object is much 
larger than the wavelength [1, 2]. One of its main advantages over the other methods is 
that it can be applied to objects of complex shape, which are hard or even impossible to 
be dealt with by rigorous theories or most numerical techniques. The variable separation 
methods based on the solution of Maxwell equations (or its equivalents) are limited to 
objects that can be described in a coordinate system of the same geometry, such as sphere, 
spheroid, ellipsoid, or circular or elliptical cylinder. Even in these “simple” cases, the 
numerical calculation remains another obstacle. Except for the sphere and the infinite 
circular cylinder, the calculable size of the scatterer can hardly exceed a few tens of 
wavelengths. Numerical methods such as T matrix, discrete multipole approximation, etc., 
can be applied to non - spherical particles, but the size parameter of the scatter is also 
severely limited [3].  

Many researchers have contributed to the improvement of geometrical optics. Some take 
into account the forward diffraction or other particular wave effects (Airy theory for the 
rainbow [4] and Marston’s model for the critical scattering [5]). Others combine directly 
geometrical optics with the electromagnetic wave method [6]. However, in these studies 
interference effects of all order rays are rarely taken into account. We have shown that, 
by taking into account the interferences between all scattered rays, as well as forward 
diffraction, we can predict correctly the scattering diagram of a sphere in all directions  
[7, 8], although the scattering diagram near the critical and rainbow angles is still to be 
improved. But, as soon as the geometrical optics is extended to a three - dimensional (3D) 
object of irregular shape, three difficulties are encountered: (1) calculation of local 
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divergence factors for smooth dielectric surfaces; (2) phase shift due to focal lines; and 
(3) determination of reflection and refraction angles. If the last one concerns just a 
technical realization, the two others are inherent problem of ray models. To overcome 
these obstacles, we have been developing a so - called Vectorial Complex Ray Model 
(VCRM) in which the wave front curvature is introduced as an intrinsic property of a ray 
[9]. The calculation of the divergence factor in VCRM is just the ratio of the Gauss 
curvatures of the wave front surfaces and the phase shift due to the focal line is a count of 
the sign changes of the wave front curvature radii [10]. The direction of a ray and the 
Fresnel coefficients are determined simply by the tangent and normal components of the 
wave vector. The total scattered field is the superposition of the contributions of all 
complex rays. This model makes it possible to calculate the scattering of any irregularly 
shaped 3D objects illuminated by a plane wave or a shaped beam. In this chapter, we 
present the fundamentals of VCRM for an irregularly shaped 3D object, its applications 
to the scattering of non - spherical particles and characterization of liquid droplets in fluid 
mechanics. 

The structure of the chapter is as follows. In Section 7.2, the fundamentals of geometrical 
optics and its applications to the scattering of a sphere or an infinite circular cylinder are 
presented in a way to ease the understanding of VCRM. Section 7.3 is devoted to the 
description of the Vectorial Complex Ray model, including its fundamental laws and its 
applications in simple cases of image formation to illustrate its power. The application of 
VCRM in the light scattering by an elliptical cylinder and a spheroidal particle in a 
symmetric plane is given in Section 7.4. The last section is the conclusions. 

7.2. Fundamentals of Geometrical Optics 

In this section we will present the essence of the geometrical optics (GO), or ray model in 
general sense, then apply it in the light scattering by particles and show that this model 
can predict very precisely the scattering diagram of a sphere or an infinite cylinder of 
circular section. These simple cases are very helpful to understand the Vectorial Complex 
Ray Model. 

In ray models, a wave is considered as bundles of rays and each ray is characterized by 
four parameters. 

The direction is usually described by an angle relative to the normal of the diopter. This 
is sufficient since the incident, reflected and refracted rays remain all in the same plane, 
called incident plane which is defined by the incident ray and the normal of the diopter. 

The amplitude of the wave represented by the ray changes each time it is reflected or 
refracted by a diopter. It decreases when the light propagates in an absorbing medium. 
The amplitude evolves also along its path when the wave is convergent or divergent. 

The polarization state of the light representing the vibration direction of the electric field 
is essential in the determination of the amplitudes of reflected and refracted waves by 
Bresnel coefficients. 
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The phase of the ray plays an important role in the interference of different orders if the 
coherent length of the incident wave is larger than the dimension of the particle. The 
interference can be constructive or destructive according to the phases of the rays. The 
three main factors which contribute to the phase of a ray are the optical path, the focal 
line/point and the Fresnel reflection coefficients.  

We will see that careful count of these parameters permits to describe well the interaction 
of light with particle. A detailed description of these parameters will be given later. A 
special attention is payed to the scattering of light by particle. The sphere and the infinite 
circular cylinder are taken as examples to show that GO can be applied to deal with the 
scattering of light with good precision if all the properties are correctly counted. 
Unfortunately, they are also the only cases that can be treated “rigorously” in the scope of 
classical ray model. The barrier relies on the fact that in the classical ray model there is 
no parameter to take into account the divergence/convergence of the wave the rays 
represent. This will be possible with VCRM described in the next section. 

7.2.1. Snell Laws and Fresnel Formulas 

In the regime of ray model, the wavelength is much greater than the dimension of the 
object, the diopter surface can be considered as a plane tangent to the surface (here the 
convergence of the wave is not concerned). The directions of the reflected and refracted 
rays are related to that of the incident ray and the relative refractive index between the two 
media according to the Snell law. 

 
i l  , (7.1) 

 sin sini rm  , (7.2) 

where i, l and r are the incident angle, the reflection angle and the refraction angle 
respectively (Fig. 7.1).  

The amplitude of the reflected wave and the refracted wave relative to the incident 
amplitude are given by the Fresnel formulas according to the state of polarization: 
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Fig. 7.1. Schema for derivation of Fresnel law. 

The ratios of reflected and transmitted energy flux are described respectively by the 
reflectivity 

XR  and the transmissivity 
XT : 

 2| |X XR r , (7.7) 
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where the index X stands for the state of polarization: the electric field parallel  	 or	
perpendicular	 to the incident plane. An attention should be paid to the fact that the 
transmissivity is not equal to the square of the amplitude ratio of the refracted 
(transmitted) wave to the incident wave. 

7.2.2. Light Scattering by a Sphere and a Circular Cylinder 

The geometrical optics is well known as a very simple and instructive method in dealing 
with the reflection and refraction of light from an object and widely used in the image 
formation. It has also been applied in some techniques for optical particle metrology, such 
as in the prediction of the positions of rainbow or the phase shift in the phase Doppler 
Anemometry. However, since longtime, the geometrical optics has been considered 
applicable only in narrow region in forward direction [11, 12]. In the early 2000’s we have 
shown that the geometrical optics is capable to predict the scattering diagram of a sphere 
in all direction if the interference and diffraction effects are appropriately counted. This 
method can be easily extended to the scattering of a shaped beam [7, 8], or a multilayered 
sphere [12] or a cylinder [13]. However, it cannot be applied or extended to the particles 
without circular symmetry [14]. This will be the subject of the next section. 

We deal with the scattering of plane wave by a homogeneous sphere and an infinite 
circular cylinder at normal incidence. These are the simplest scatterers, one in two 
dimensions and the other in three dimensions. Thanks to the symmetric property of the 
problem, the calculations of the deviation of the rays, the phases due to the optical path 
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and the amplitude ratios of reflection and refractions are the same at each interaction. 
These three aspects common to the two kinds of particle will be dealt with in the first 
subsection. The particular problems related to the shape of the particle, such as the phase 
due to the focal line, the divergence factor and the calculation of the total field will be 
discussed in the two subsections which follow. 

7.2.2.1. Deviation of Rays on Particle Surface 

Consider a particle having a circular section of radius a  and refractive index m illuminated 
by a plane wave as shown in Fig. 7.2. The particle can be a sphere or an infinite circular 
cylinder of axis perpendicular to the plane of paper. We note the order of the emergent 
rays by p which indicates the emergent rays after p + 1 interactions with the particle 
surface. So the reflected ray corresponds to the order p = 0, the order of the first refracted 
rays is 1, and etc. Due to the symmetry of the problem, the angle of any emergent rays 
with the normal of the particle surface is constant and equal to the incident angle. The 
angle between any rays in the particle with the normal of the surface is also constant and 
equal to the refraction angle. Here we adopt the notations of van de Hulst [1] and note the 
angle between the incident ray and the tangent plane by τ and the angle between refracted 
ray and the tangent plane by τ′. They are related to the incident angle i and the refraction 
angle r by τ = π/2 − i and τ′ = π/2 − r. 

 

Fig. 7.2. Ray in a spherical/circular cylinder. 

When a ray arrives at the surface of the particle, the reflected ray turns in the 
counterclockwise direction of an angle 2τ. The refracted ray of order p turns in clockwise 
direction an angle equal to p times 2τ′. The deviation angle is therefore given by 

 2( ')p    . (7.9) 

However, in practice, the scattered light is observed in 0 to 360°. More particularly, the 
scattering angle is usually scaled between 0 to 180° due to the symmetry of the sphere and 
the circular cylinder, and given by following relation  
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 2 ( ') 2p p pq p k      , (7.10) 

where kp is the integer representing the times the emergent ray crosses the x axis and qp 
takes + 1 or −1. 

7.2.2.2. Amplitudes of Reflected and Refracted Rays 

When a ray interacts with the surface of the particle, it is usually divided into two parts: 
reflected and refracted rays. The amplitudes of the reflected and refracted wave depend 
on the incident angle and the polarization of the incident wave. The ratios of the reflected 
and refracted wave amplitudes to the incident one are calculated by the Fresnel formula 
(7.3) - (7.6). 

In the case under study, the Fresnel coefficients are constant for all orders of rays since 
the incident and refraction angles of all orders are the same. The reflection ratios on the 
outside of the particle surface are r  and r∥ respectively for the two polarizations. The 
reflection ratios on the internal surface are the same as the first reflection, but the sign of 
both ratios are reversed, i.e. the two reflection ratios are respectively −r  and −r∥. All 

orders of rays enter and exit one time the particle surface, so the refraction ratios are 21 r 	

and 21 r  . In summary, the ratio of the amplitude of the emergent wave of order p to the 

amplitude of the incident wave is given by 
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where rX stands for the reflection ratio of perpendicular polarization r  or of parallel 
polarization r∥.	

7.2.2.3. Phases of Rays 

To take into account the interference between different orders or rays, the phase of the 
rays must be counted. The phase shifts of a ray can be classified into three kinds [1].  

1. Phase due to reflection and refraction ΦR: It is well known that when a wave is reflected 
on the surface from optically thinner medium to optically denser medium, there is a half 
- wave loss. In fact, this is true only when the incident angle is small. In more general 
case, this kind of phase shift is accounted in the Fresnel coefficients. When the total 
reflection occurs, the Fresnel coefficients are complex and the phase shift is to be deduced 
from the complex values of the coefficients. 

2. Phase due to optical path ΦP: This type of phase shift is due to the difference of optical 
path of rays and evaluated relatively to a reference. The usual reference taken in the 
literature and chosen here is the virtual ray which (i) propagates in surrounding medium 
(without any particle), (ii) arrives at the center in the same direction as the incident ray, 
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and (iii) exits in the same direction as the emergent ray. Therefore, the optical path of the 
reflected ray (p = 0) has a shorter path than the reference ray. This difference is equal to 
2asinτ. Thus it has the positive phase shift equal to 2kasinτ. On the other hand, the rays 
of order p ≥ 1 undergo p1 reflections in the particle. The distance between two successive 
interactions of a ray with the particle surface is 2asinτ′, so the supplementary optical path 
relative to the reflection ray p = 0 is equal to 2apmsinτ′. Therefore the phase shift due to 
the optical path is 

  2 sin sinP ka pm     . (7.12) 

3. Phase due to focal lines ΦF: When a ray passes through a focal line, its phase advances 
by π/2[1]. The total phase shift due to focal lines depends on the order of the ray, the 
position of the ray and the shape of the particle. To illustrate the divergence and 
convergence of the bundle of rays, the trajectories of two adjacent rays impinging on a 
particle at different position are shown in Fig. 7.3. The focal lines of the rays (times the 
rays cross) in the plane of paper in Fig. 7.3(a) for p = 0 to 3 are respectively 0, 1, 1, 2 
while the corresponding focal lines in Fig. 7.3(b) are 0, 1, 2, 3. In the cases of plane wave 
scattering by an infinite circular cylinder or a sphere, this phase shift can be calculated 
analytically according to the deviation of the rays. The details of the calculation will be 
given later in this section. 

  
(a)                                                                         (b) 

Fig. 7.3. Rays in a circular section. 

The total phase of an emergent ray of order p is the summation of the three types: 

 p R P F    . (7.13) 

The two first phase shifts are the same for an infinite circular cylinder and a sphere while 
the last one depends on the shape of the particle. When the incident wave is not a plane 
wave, the phase of the incident wave must be counted also. 
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7.2.2.4. Scattering of an Infinite Circular Cylinder 

When an infinite circular cylinder is illuminated by a plane wave, the scattering can be 
dealt with by tracing of rays in the circular section perpendicular to its symmetric axis. 
The waves being converged or diverged only in one direction, the phase shift due to the 
focal lines is given by [1] 

 
1

(1 )
2 2F p s
       

, (7.14) 

where s is the sign of the angle derivative dθp/dτ that will be discussed later in this section. 

When a wave arrives on a curved surface it will be converged or diverged. The amplitude 
of the reflected and the refracted wave will change consequently. This variation is 
described by the divergence factor according to the balance of the energy.  

To determine the divergence factor, we consider an incident beam of section dAi 
illuminating the particle surface of an area dA = adτdz. All the flux in the beam spreads, 
after interactions with the particle, into an area dAs in far distance r such that dAs = rdθdz. 
Suppose that the intensity of the ray in far field is Ip(θ), then according to the energy 
balance we have  2

0 , sinX p pI a d dz I rd dz     . It follows that the scattered intensity 

of order p is given by 
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  , (7.15) 

where 2
,X p  is the coefficient related to the reflection on and transmission through the 

particle surface determined by the Fresnel formulas according to Eq. (7.11). The 
divergence factor D is defined by 
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The derivative dθ/dτ is deduced from Eq. (7.9) and the Snell law (7.2), and is given by 
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. (7.17) 

The divergence factor is therefore  
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In the special case of external reflection (p = 0), the divergence factor is simplified to 
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cos
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 . (7.19) 

It is independent of the refractive index as it should be. 

7.2.2.5. Scattering of a Sphere 

When a sphere is illuminated by a plane wave, the trajectories of rays are symmetric 
around the diameter along the incident direction and can be treated by ray tracing in the 
circular section. The calculation of the scattering angle and the phase due to the optical 
path are the same as for a circular cylinder discussed above. But the phase due to the focal 
points/lines and the divergence factor are different. 

The focal lines in the scattering of a plane wave by a sphere can be classified into two sets 
according to van de Hulst [1]. The first set, noted by set a, is due to the intersection of two 
adjacent rays in a meridional cross section. The full focal curve is a circle around the axis 
in a plane perpendicular to the axis. The phase shift due to these focal lines of a ray 

F a  
is the same as for a circular cylinder and given by Eq. (7.14). For a spherical particle, the 
point where a ray interacts the axis is a focal line, noted as set b, because corresponding 
rays in other meridional sections have the same point of intersection. The full focal line is 
the full axis, both before and beyond the sphere. The phase due to these focal lines are 

 1
2 (1 )

2 2Fb p pk q
        

, (7.20) 

where kp and qp are determined from Eq. (7.10). The total phase shift due to the focal lines 
of the ray of order p is the summation of the Fa and Fb. 

To determine the divergence factor of a sphere, we consider an incident beam of section 
dAi illuminating an area dA = a2cosτdτdϕ on the sphere. All the flux in the beam, after 
interaction with the particle, spreads into a solid angle dΩ which corresponds to a surface 
dAs = r2dΩ = r2sinθdθdϕ in far distance r from the sphere. According to the balance of 
energy, the scattered intensity of order p is given by 
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  , (7.21) 

where the divergence factor D is defined by 

 
sin cos

sin | / |
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 . (7.22) 

The derivative /d d   is given in Eq. (7.17). We find finally the divergence factor  of 
order p in terms of incident and refraction angles as follows 
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In the special case of the external reflection (p = 0), the deviation angle 2 i    , the 
divergence factor is a constant equal to 1/4. The deviation angle of the refraction ray is 

2( )r i    , the divergence factor for the refracted ray p = 1 is written as 
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.  (7.24) 

These results will be applied in the next section to check the formulas of VCRM. 

7.2.3. Comparison of Scattering Diagrams with Lorenz - Mie Theory 

In this section we will present some scattering diagrams calculated by geometrical optics 
and compare them with the Lorenz - Mie theory to show its applicability. 

The scattering diagrams of an infinite cylinder calculated by the geometrical optics 
described in the above section and by Lorenz - Mie theory for two different sizes are 
shown in Fig. 7.4. The incident wavelength is 0.6328 µm and the refractive index of the 
particle is 1.33. It is clear that when the size of the particle is much greater than the 
wavelength (a = 50 µm in Fig. 7.4(a)) the agreement between GO and the LMT is very 
satisfactory in almost all directions except in vicinity of rainbow angles. From Fig. 7.4(b) 
(a = 10 µm) we can see that the GO can predict correctly the scattering for particle of size 
about 10 times the wavelength. 

  

(a) a = 50 µm                                                      (b) a = 10 µm 

Fig. 7.4. Comparison of the scattering diagrams computed by GO and LMT for an infinite 
circular cylinder of water (m = 1.33) of radius a illuminated by a plan wave of wavelength  

λ = 0.6328 μm. The results of LMT and GO are shifted by 10−2 and 102 respectively  
for clarity [13]. 
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The geometrical optics can easily be extended to the scattering of shaped beam, called 
therefore Extended Geometrical Optics Approximation (EGOA) [7, 8]. When the 
divergence of the incident beam is small, we suppose that the rays in the particle propagate 
rectilinearly. In that case, we need only to take into account the local amplitude and phase 
of each ray at incident point. The incident angle is the angle between the normal of the 
particle surface and the normal of the incident wave front surface which is determined by 
the gradient of the phase function of the incident wave. 

We compare in Fig. 7.5 the scattering diagrams calculated by EGOA and Generalized 
Lorenz - Mie theory (GLMT) for a spherical water droplet. The agreement is excellent in 
all directions and still better than the case of plane wave. This is because the waist radius 
of the incident beam is smaller than the radius of the particle and the intensity of the rays 
which contribute to scattering around the rainbow angles is much smaller than that  
on the axis. 

 

Fig. 7.5. Comparison of the scattering intensities calculated by GLMT and EGOA for a water 
droplet (m = 1.333) of radius a = 25 μm illuminated by a Gaussian beam of waist radius  

w0 = 10 μm and wavelength λ = 0.6328 μm. The particle is located at the center of the beam. 

7.3. Vectorial Complex Ray Model 

We have seen in the previous section that, if the amplitude and the phase shifts of all the 
rays are correctly counted, the classical geometrical optics can predict the scattering of a 
wave by an infinite circular cylinder and a sphere with good precision when the particle 
size is large compared to the wavelength. This is based on the fact that the divergence 
factor and the phase shift due to the focal lines can be calculated analytically. 

In the case where the particle has no such circular or spherical symmetry (referred in the 
following as non - spherical particle), the incident angle changes at each interaction of a 
ray with the particle surface. The divergence factor depends on the local curvature of the 
particle surface, the wave front curvature of the incident wave and the incident angle.  
No analytical expression of divergence factor is possible for arbitrarily shaped particle. 
We have shown also that these two properties cannot be achieved by pure numerical 
technique [14]. 
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In principle, the phase shift due to focal lines is just a count of the passage of focal lines. 
Accordingly it is dependent on the convergence of the waves in and out of the particle. 
Therefore, to count correctly the variation of the amplitude of a ray and its phase shift due 
to the focal lines, we must be able to predict the curvature of the wave front of the wave 
that a ray represents. 

In the Vectorial Complex Ray Model (VCRM) that will be presented in this section, the 
wave front curvature is considered as a new intrinsic property of a ray besides the four 
properties described in Section 7.2. Furthermore, in VCRM all properties of a ray: 
propagation direction, polarization, amplitude and phase will be described in vector, their 
components and complex numbers. 

7.3.1. Snell Law and Fresnel Formulas in Vector Form 

Knowing the fact that ksin ( = i, l or r represent respectively incident, reflected or 
refracted wave) is the tangent component of the wave vector k in the tangent plane to the 
diopter and kr = mki, the Snell laws of reflection and refraction (7.1) and (7.2) can be 
written simply as  

 i l rk k k    , (7.25) 

where the index  stands for the tangent component. The normal components of the 

reflected and refracted waves are respectively ln ink k   and 2 2
rn r ik k k   . 

Similarly, since kcos is the component of the wave vector in the normal direction of 
the diopter surface, the Fresnel formulas (7.3)-(7.6) can therefore be written as function 
of the normal components of wave vectors 
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When the total reflection occurs, the tangent component of the incident wave vector is 
greater than the wave number of the refracted wave kτ > kr. The normal component of the 
refracted wave becomes a pure imaginary number if the two media are both transparent. 

By taking into account the time convention, it can be written as 2 2
rn i rk i k k   . The 
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Fresnel coefficients become complex. Therefore, the phase shifts due to the reflection and 
refraction vary, in general, as function of the incident angle and must be counted correctly 
in the phase calculation of the rays. 

It is worth to note that though Eqs. (7.25)-(7.29) are equivalent to Eqs. (7.1)-(7.6) they are 
much more convenient to the numerical calculation, especially for the scattering of 3D 
irregular particles since only four basic operations are necessary. 

7.3.2. Wave Front Equation 

When a wave arrives on a curved surface, the reflected wave and the refracted wave will 
be converged or diverged according to the curvature of the surface, i.e. the wave front 
curvature will change and the amplitude of the emergent wave in far field will be more or 
less important. To describe this property, we introduce the wave front curvature as a new 
property of a ray. By matching the phase between the incident wave and the reflected or 
refracted wave, we can establish the wave front equation. The derivation of this equation 
is tedious and will be omitted here. We will focus our attention to its physical 
interpretation and applications. 

Consider an arbitrary wave whose wave front curvature at the incident point is described 
by the curvature matrix Q in the base (t1, t2) (Fig. 7.6)1. The curvature of the dioptric 
surface  is given by the curvature matrix C in its base (s1, s2). The curvature matrix of the 
wave after refraction or reflection 'Q  is given by the wave front equation [9] 

   ' ' 'T T
r r iC = k Q k Q      k k n , (7.30) 

where the letters with prime represent the quantities after refraction or reflection, the 
superscript T the transpose of the matrix,  the projection matrix between the unitary 
vectors of the coordinates systems on the planes tangent to the wave front (t1, t2) and the 
dioptric surface (s1, s2) 

 
1 1 1 2

2 1 2 2

  
   

t s t s

t s t s
. (7.31) 

In the case of the plane wave scattering by an ellipsoid or when the axis of an axis - 
symmetric beam passes by the symmetric axis of the ellipsoid, the rays in the plane defined 

                                                      

1 When (t1, t2) are the principal directions of the wave front, the matrix Q is diagonal and may be written as

!

2

1 / 0
0 1 /
RQ R

   
 

, where R1 and R2 are the principal curvature radii of the wave front. Similar notation is 

applied to the dioptric surface. For example, the cuvature matrix C of a sphere of radius a is  1 / 0 ,0 1 /
aC a

and that of a infinite cylinder is  1 / 0
0 0

aC  . 
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by the beam axis and the ellipsoid axis remain always in this plane for any orders. This is 
a special case but very interesting because it simplifies considerably the problem. It 
permits a good understanding of the essential concepts of VCRM and reveals certain 
physical phenomena. 

 

Fig. 7.6. Schema of the wave fronts and the dioptric surface. 

Without loss of generality, we suppose that s2 and t2 are in the incident plane, that means 
s1ꞏt1 = 1 and s2ꞏt2 = cosi. Similar relations can be found for the refracted wave. The wave 
front equation (7.30) is simplified to two scalar equations. The relation between the 
curvature radii in the plane perpendicular to the incident plane is given by [9, 10]: 
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k k kk

R R 


  , (7.32) 

and the relation of the curvature radii in the incident plane reads as: 

 
2 2
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  , (7.33) 

where R stands for the curvature radius of the wave front and  that of the diopter. The 
index 1 and 2 indicate respectively the values in the plane perpendicular or parallel to the 
symmetric plane. It is important to note that the wave front curvature in the direction 
perpendicular to the scattering plane evolves also at each interaction with particle surface. 
This is different from the pure two dimension problem as an infinite cylinder of circular, 
elliptical or any other section shape. 

7.3.3. Amplitude and Phase of a Ray 

The amplitude of a ray may change during the propagation due to the convergence and 
divergence. In the case of light scattering of a plane wave by an infinite circular cylinder 
or by a sphere, the divergence factor has been introduced to describe the variation of the 
intensity (or amplitude) of the ray. A phase shift of focal line has also been calculated 
according to the suggestion of van de Hulst [1]. In the aforementioned cases, both the 
divergence factor and the total phase shift due to the focal lines are given in analytical 



Chapter 7. Vectorial Complex Ray Model for Light Scattering of Nonspherical Particles 

 217 

expressions. In the framework of VCRM for non spherical particle, these two properties 
are to be evaluated step by step according to the wave front curvature. 

7.3.3.1. Amplitude 

When a wave propagates from one point to another, its amplitude, therefore the intensity 
evolves according to the divergence of the wave and the distance between the two points. 
The relation of the intensities between points A and B along a ray can be deduced from 
the energy balance as shown in Fig. 7.7. 

 

Fig. 7.7. Variation of pencil cross section and phase shift due to focal line. 

The two focal lines are F1 and F2. We note the two principal radii of the curvature at A by 
'
1R  and '

2R , and those at B are R1 and R2, then the surface a′b′c′d′ at A is ' '
1 1 2 2( )S A R R   

and the surface abcd at B is 1 1 2 2( )S B R R  . The convergent or divergent characteristic 
of the wave can be noted by the sign of the curvature radii. In this chapter we adopt the 
convention that the curvature is positive if the focal line is after the considered point. 
Therefore, '

2R  in Fig. 7.7 is positive while '
1R , R1 and R2 are all negative. The sign of the 

curvature radii permits to count the phase of focal line that will be discussed later. For 
what concerns the intensity, only their absolute values matter. According to the 
conversation of energy, the energy flux passing through the surface S(A) is equal to that 
through the surface S(B), i.e. ' '

1 1 2 2 1 1 2 2( )[ ] ( )[ ]I A R R I B R R    . We deduce therefore 
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 .  (7.34) 

In the light scattering by a particle, the intensity of the reflected wave at the first reflection 
is the product of the intensity of the incident wave on the particle surface I0 and the 

intensity reflection ratio 
2

,0Xr . If we note the two radii of the reflected wave front by 11
eR  

and 21
eR , the scattered intensity at distance r is then  
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since the curvature radii of the reflected wave at distance r are 11( )er R and 21( )er R . 

Similarly, the intensity of the scattered light of order p = 1 is 

 
' '

2 11 21 12 22
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X X e e
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I r I t t

R R r R r R
 

 
 (7.36) 

where the factors ,0Xt  and ,1Xt  are respectively the Fresnel transmission coefficient for p 

= 0 and 1. The term 
' '
11 21

11 21

R R

R R
 is the ratio of the intensities at two successive points. 

In general, if we note the two curvature radii of the incident wave front at jth interaction 
point by R1j and R2j (j = 1, 2, …, q), those of the reflected or refracted wave by '

1 jR  and 
'
2 jR , and the two curvature radii of the emergent wave by 1

e
jR  and 2

e
jR , then the intensity 

of the emergent ray after q interactions with the diopter is given by 

 
2

0 ,( ) 'X pI r I D ,  (7.37) 

where p = q − 1 and the divergence factor D is defined by 
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The factor ,X p  is due to the reflection and refraction and given by 
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.  (7.39) 

It is worth to note that ,0Xr  is the Fresnel reflection coefficient on the surface outside of 

the particle while ,X ir  with i ≥ 1 is the coefficient of the internal reflection. In the special 

case of light scattering of plane wave by an infinite circular cylinder or a spherical particle, 
the reflection coefficient is constant for all orders of rays. Eq. (7.39) is therefore reduced 
to Eq. (7.11). 

The definition of the divergence factor (7.38) includes directly the size of the particle and 
is consistent to the divergence factor of the infinite circular cylinder and the sphere defined 
in Section 7.2. It includes already the prefactor a/r for the circular cylinder (see Eq. (7.18)) 
and a2/r2 for the sphere (see Eq. (7.23)). The detailed derivation of the divergence factor 
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of classical geometrical optics for the scattering of an infinite circular cylinder and a 
sphere from Eq. (7.38) will be given in the next subsection. 

It is worth to point out that in light scattering theories, we talk often about the scattering 
diagram described by a function  ,F   , such that (see Section 2.1 in [1]) 

 0 2 2

( , )
) ( ,

F
I I

k r

    ,  (7.40) 

which is independent of r in far filed. In Lorenz - Mie theory for sphere, ( , )F    is equal 

to   2

1 ,S    for perpendicular polarization and   2

2 ,S    for parallel polarization.  

In VCRM, if we are interested only the scattering in far field, the term 1 2( )( )e e
q qr R r R   

is eliminated in the same way. The amplitude of scattered wave of order p is then 
calculated by 

 0 , "p X pA A k D .  (7.41) 

Where the new divergence factor is defined by 
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In the case of 2D, i.e. scattering by an infinite cylinder (circular, or elliptical or of any 
section shape), Eq. (7.41) is reduced to 
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2 32p X p q
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A R
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     ,  (7.43) 

since the convergence occurs only in one direction. The factor /2 under the square root 
is necessary for the results to be consistent with LMT (see Eq. (8.40) in [15]). 

7.3.3.2. Phase 

The phase of rays plays a critical rule in counting the wave effect to predict the fine 
structure of the light scattering diagrams, such as the supernumerary bows, the fringes 
near the critical angle or the interference structure near different kinds of caustics. The 
phase  of a ray in VCRM is counted in four parts: 

The first is the phase due to optical path ΦP which is computed directly according to the 
optical path, usually relative to a reference ray which arrives at the particle center in the 
same direction as the incident ray and goes out in the same direction as the emergent ray. 
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Let 
ir  and îk  be respectively the position vector of ith interaction point of the ray with 

particle surface and the normalized wave vector of the emergent ray from that point, the 
phase due to the optical path of a ray after q interactions with the particle is given by 
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ˆ ˆ ˆ( ) ( )
q

P q q p i i i
i

k k





        k r k r k r r ,  (7.44) 

where 0̂k  is the normalized wave vector of the incident ray. In the case of scattering of 

the plane wave by an infinite circular cylinder or a sphere, 0 1
ˆ ˆ cosq q ia    k r k r . The 

equation (7.23) of the phase due to the optical path of geometrical optics is recovered. 

The second concerns the phase due to the reflection ΦR which is calculated directly 
according to the Fresnel coefficient as described in the previous section. If no total 
reflection occurs, only a constant phase π is added to the perpendicular component for any 
incident angle and to the parallel component if the incident angle is larger than the 
Brewster angle. When the total reflection occurs, the phase shifts depend on the incident 
angle and the phase shifts are to be calculated and added to both polarizations. This is 
responsible of the effects of the tunneling (Goos Hänchen’s shift) [16]. 

As for the phase due to the focal line, it is easy to be calculated in VCRM, because we 
need only to count the number nf of sign changes of the wave front curvature radii between 
successive interactions of ray with the particle surface. And the total phase shift is  
given by 

 
2fF n


  .  (7.45) 

Finally, if the incident wave is a shaped beam, the phase of the incident wave i  is also 

to be counted.  

In conclusion, the total phase of a ray in VCRM is summation of four kinds of phase 
shifts: 

  P R F i     .  (7.46) 

The phase due to optical path is independent of polarization and divergence of the wave, 
while the computation of the phases of reflection and focal lines is delicate, especially for 
problems without symmetry (or simply called 3D scattering) since both depend on the 
polarization of the wave. 

7.3.4. Simple Applications of the Wave Front Equation 

We will apply the wave front equation obtained in the Section 7.3.2 in some special cases: 
first in the formation of image by a plane diopter and a spherical diopter, and then in the 
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determination of the divergence factor in the plane wave scattering by an infinite circular 
cylinder and a sphere. These examples show two aspects of applications of the wave front 
equation. They help also to understand different aspects of the equations. 

7.3.4.1. Image Formation by a Plane Diopter 

Consider a plane diopter which separates two media 1 and 2 of refractive indices equal 
respectively to m1 and m2 (Fig. 7.8). A point object A is in the medium 1 distant OA from 
the refraction point O. The curvature radius of the diopter being infinity, the distance of 
the image A′ from the refraction point, according to Eq. (7.33), is given by 

 
22

12 coscos
 

'
ir mm

OA OA


 .  (7.47) 

 

Fig. 7.8. Image formation by a plane diopter. 

We note that O A  and 'O A  have the same sign. This implies that the object and its image 
are in the same side of the diopter. Suppose that the coordinates of the object point A are 
(x, y). We can obtain the coordinates of the image point B according to Eq. (7.42)  
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    (7.48) 

Therefore, both the lateral and longitudinal distances between the image and the object  
x′ − x and y′ − y depend on the incident angle θi. When the incident angle θi is small, the 

common conjugation relation of a plane diopter 1 2 
'

m m

OA OA
  is recovered. And only in this 

case the lateral shift x′ − x tends to 0, i.e. x′ ≈ x. 
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7.3.4.2. Image Formation by a Spherical Diopter 

Consider a spherical diopter of radius a and center C separating two media of refractive 
indices m1 and m2 (Fig. 7.9). A point source A is placed on an axis passing by C. 

 

Fig. 7.9. Image formation by a spherical diopter. 

In the paraxial case, i.e. for small θi, the commonly used conjugation relation 
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  ,  (7.49) 

is found directly by either of Eq. (7.32) or Eq. (7.33). However, in general case, the two 
curvature radii of refracted wave are different. The image distance given by the wave front 
equation for the curvature radius in the incident plane (7.33) is 
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  , (7.50) 

which indicates that the image is a focal line perpendicular to the incident plane at 
'
2A . 

Yet, the image distance given by the second wave front equation is  

 2 12 1

'
1

cos cosr im mm m

aPAPA

 
  , (7.51) 

which means that the image is a focal line in the incident plane at 
'
1A . Consequently, the 

image formed by rays off - axis is deformed. This is the source of aberration. In fact, the 
wave front equation can be applied to any curved diopter, so it is a powerful tool to study 
the aberration of any curved surfaces. See Ref. [16] for detailed discussion on the 
aberration of imaging formation. 
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7.3.4.3. Divergence Factor of a Circular Cylinder 

Consider an infinite circular cylinder of radius a illuminated perpendicularly by a plane 
wave. One of the principal directions of the surface of the cylinder is along the axis and 
the other is tangent to the surface and perpendicular the axis. The corresponding curvature 
radii are respectively ∞ and a. The two curvature radii of the plane wave are both infinite. 

For the reflection, the normal component of the reflected wave vector is opposite to that 
of the incident wave krn = −kin or cos θr = −cosθi. From Eq. (7.33) it is ready to find the 
curvature radius in the incident plane of the reflected wave 

 1

cos
 .

2
i

l

a
R


    (7.52) 

The negative sign signifies that the curvature center is on the other side of the emergent 
wave. The other curvature radius is ∞. 

For the refraction, the curvature radius of the refracted wave in the incident plane Rr1 is 
found directly from Eq. (7.33) 
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 . (7.53) 

If the refractive index of the cylinder m > 1, the curvature radii are positive, i. e. the center 
of the refracted wave is in the same side of the cylinder axis. In the contrary, if m < 1 

1rR  

is negative, the wave center is in the opposite side of the cylinder axis. 

From the curvature radii given above, we can deduce the divergence factor of a cylinder. 
For the reflection, the divergence factor is 
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and that of the refraction is 
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Naturally, in the far field the divergence factors given by geometrical optics are recovered 
as it should be. 

7.3.4.4. Divergence Factor of a Sphere 

Similar to the infinite cylinder, we can also demonstrate that the divergence factor given 
by GO can be found as a special case in VCRM. For example, the two principal curvature 
radii of the reflected wave can be obtained by the wave front equations (7.32) and (7.33) 
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The convergence factor for reflection is therefore (r →	) 
1

4
D  . 

We can also demonstrate that the divergence factor of a sphere given by GO for high order 
rays can be found from the formulism of VCRM. Though there is no difficulty in principle, 
the calculation is somewhat tedious and we will omit it here.  

7.4. Applications of VCRM in Light Scattering 

As a short review, we will give a very brief description of some remarkable results to 
show the power of VCRM. The detailed information may be found in the references 
therein. 

7.4.1. Revisit of Airy Theory in Term of VCRM 

We will apply VCRM to the scattering of a spherical particle. We are interested especially 
in the scattered intensity around the rainbow angles and compare the results of VCRM to 
the Airy theory since the latter is largely used in the particle granulometry. 

We show first in Fig. 7.10 the scattering diagrams calculated with three different methods 
[17]. It is clear that the difference of the peak positions and the intensity maxima of 
supernumerary bows predicted by the Airy theory and the rigorous Debye theory [4] 
increases rapidly as function of the distance from the main peak of rainbow, especially for 
the second rainbow. Whereas the agreement between the results of VCRM and the Debye 
theory is very satisfactory except in the neighborhood of geometrical rainbow angle since 
the diffraction effect must be introduced in VCRM to remedy this flaw. The reason why 
the Airy theory differs from the rigorous theory is due to two approximations in that 
theory: 1). the cubic phase function is deduced from the relation of deviation angle in the 
vicinity of rainbow angle, but in the Airy integration, this variable is extended to infinity, 
and 2) the amplitude of the rays near the rainbow angle is assumed to be constant but this 
is certainly not true because the divergence factor tends to infinity at geometrical rainbow 
angle. In VCRM, the phase and the amplitude of each ray are calculated rigorously in the 
framework of ray model. The results are naturally better that that of Airy theory. 

Furthermore, it worth to point out that in VCRM the same procedure can be applied 
directly to calculate the intensity of the supernumerary bows of a non - spherical particle. 
Examples will be given in the last section. 
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Fig. 7.10. Comparison of the scattered intensity calculated by Debye theory, Airy theory  
and VCRM for a spherical particle of water (m = 1.333) of radius a = 50 μm for the first order 

(left figure p = 2) and the second order (right figure p = 3) of rainbow. 

7.4.2. Scattering by an Elliptical Cylinder 

The scattering of a plane wave by an infinite elliptical cylinder at normal incidence is the 
simplest case of scattering by non - spherical particle since the convergence and 
divergence occur in one plane. Only one scalar wave front equation (7.33) is necessary. 
As an example, we show in Fig. 7.11 the scattering diagrams of an elliptical cylinder of 
semi - axis a = 50 µm along the incident direction and the other semi axis varies from  
25 µm to 50 µm. The refractive index of the cylinder is 1.33 and the incident wavelength 
is  = 0.6328 µm. 

 

Fig. 7.11. Scattering diagrams of an elliptical cylinder illuminated by a plane wave for the 
different aspect ratios. The perpendicular polarization is chosen. 
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We find that when the aspect ratio a/b increases from 1 to 1.25, the first order rainbow 
goes to larger angle, the second order rainbow to the smaller angle and the Alexander 
region expands. When the aspect ratio is too big (a/b = 2.0 in the figure), the positions of 
the first rainbow (at 119.8) and the second order rainbow (at 171.2) are reversed. 

VCRM is very easily to be extended to the scattering of a shaped beam. Fig. 7.12 shows 
the scattering diagrams of an elliptical cylinder at illuminated with a two dimensional 
Gaussian beam of different waist radius.  

 

Fig. 7.12. Scattered diagrams of an elliptical cylinder of major radius a = 50 μm and minor radius 
b = 40 μm illuminated by plane wave and a two dimensional Gaussian beam of three different 
waist radius (w0 = 100, 25, 15 μm). The incident beam is polarized along z direction and makes 
an angle θ0 = 20◦ with x axis. The center of the beam is located on the axis of the cylinder [13]. 

The two semi - axes of the elliptical cylinder are respectively a = 50 μm and b = 40 μm 
and the incident wave is the plane wave or a two dimensional Gaussian beam of waist 
radius w0 = 100 μm, 25 μm or 15 μm. The incident wave propagates in the direction x 
perpendicular to the axis of the cylinder z but makes an angle of 20° with the major axis 
of the elliptical section. We remark that the profile of the scattering diagrams are very 
different from those of the circular cylinder. The scattering diagrams are no longer 
symmetric, so they must be given in all directions (0 to 360°). The rainbow angles and the 
Alexander dark regions in the two sides of the scattering diagram (0◦ to 180◦ and 180◦ to 
360◦) are not symmetric neither. When a cylinder is illuminated by a two dimensional 
Gaussian beam of waist radius relatively small, the incident beam intensity at the impact 
position for rainbow is weak. For example, in the case w0 = 15 μm, the rainbow 
phenomena are not visible in two sides relative to the incident direction (20 to 200◦ and 
200◦ to 20◦). If w0 = 25 μm the rainbow is much visible in the side of scattering angle 
smaller than 200◦ than in the other side. 
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7.4.3. Scattering of the Plane Wave by an Ellipsoidal Particle 

An ellipsoidal particle is a simple but very interesting model of non spherical particle [18, 
19]. By changing the three semi - axes and incident angle we can investigate the influence 
of the curvature of the particle surface in different direction. To illustrate the essential 
characteristics of the scattering we will limit ourselves to the scattering of a plane wave 
in a symmetric plane of the particle. 

All the calculations presented in this section have been done by the software VCRMEll2D 
which can be download from our website [20]. A FORTRAN version is also available by 
requiring the authors. The results of VCRM and these codes have been validated by 
comparison with a rigorous numerical method [21, 22]. 

7.4.4. Software VCRMEll2D 

The software VCRMEll2D is composed of two modules, one for ray tracing and the other 
for the calculation of scattering diagram. 

In the module of “ray  tracing”, apart from the properties of the particle, one can 
choose to illuminate whole or a portion of the particle with bundle of rays at a given angle. 
An example is shown in Fig. 7.13(a). This function permits to visualize the divergence 
and convergence of the wave in and out of the particle. 

The module of “Scattering diagram” (Fig. 7.13(b)) permits to calculate the intensity of 
emergent rays for each order and the total scattering intensity. The diffraction in the 
forward direction can also be considered. Therefore, the interference is taken into account 
properly. The data of the scattering diagrams of each order and the total field are saved 
automatically in separated files. One can also choose to save all the properties of all the 
rays at each intersection point, including the coordinates of the point, the wave vectors, 
the Fresnel coefficients, the curvature radii of the diopter and the curvatures radii of the 
wave fronts of incident, reflected and refracted waves.  

7.4.5. Hyperbolic Umbilic Foci of an Oblate Particle and Experimental Validation 

The hyperbolic umbilic foci or the hyperbolic umbilic diffraction catastrophe of an oblate 
particle is a very interesting phenomenon in the light scattering and attracted attention of 
many researchers. It is, in fact, a deformation of rainbow in an oblate particle. Nye [23] 
and Marston et al [24] have given explanation to their formation of the skeleton in term 
of geometrical optics. Fig. 7.14 shows the photographs of rainbow region scattering 
patterns and the explanation of Marston. But the geometrical optics does not permit to 
predict the fine structure of the fringes in the scattering patterns. 

To investigate these phenomena in the framework of VCRM and validate our model, an 
experiment has been realized [25, 26]. A droplet of Di - Ethyl - Hexyl - Sebacat (DEHS) 
is levated using acoustic pressure. The red curves in Fig. 7.15 show the measured 
scattering intensities around the first rainbow angles. The blue curves presents the 
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scattering diagrams calculated with VCRRMEll2D. It is clear that the VCRM predicts 
very well the fine structure in the rainbow region of an oblate. 

 

(a) Ray tracing in a spheroidal particle. 

 
(b) Calculation of the intensity of each order and the total scattering diagram. 

Fig. 7.13. Illustration of the software VCRMEll2D. 
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Fig. 7.14. Photographs of rainbow region scattering patterns (top) and explanation  
of Marston [24]. 

 

Fig. 7.15. Comparison of VCRM and experimental normalized equatorial scattering diagrams  
for the acoustically levated droplets of Di - Ethyl - Hexyl - Sebacat [25]. 

7.4.6. Dependence of Two Rainbow Intensity Ratio on the Aspect Ratio  
of a Prolate Particle  

It is known that the intensity of the rainbow of a spherical particle decreases rapidly with 
the increasing of the order. The intensity of the second rainbow is about one magnitude 
weaker than the first rainbow. However, for a prolate particle, though the rainbow angles 
remain the same as a spherical particle of radius equal to the minor axis, the ratio between 
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the rainbow intensities of different orders varies as function of its aspect ratio. This is 
because the convergence of the wave in the direction along the major axis. As examples, 
we show in Fig. 7.16 the intensity diagram near the first and the second rainbows 
calculated by VCRMEll2D for a sphere and a prolate particle of two aspect ratios. The 
intensity ratio between the second rainbow and the first rainbow increases as function of 
the aspect ratio c/a. This property is very interesting to the characterization of non - 
spherical particle since it can be used to deduce the deformation of the particle [27]. 

 

Fig. 7.16. Scattering intensities near the first and the second rainbows of a sphere  
and a prolate water droplet. 

7.5. Conclusions 

We have developed since a decade a novel model, called Vectorial Complex Ray Model 
(VCRM), to deal with the scattering of large non - spherical particle. The key originality 
of VCRM relies on the introduction of a new intrinsic property to describe the rays, i.e. 
the wave front curvature. This property, as well as four properties in the classical ray 
model (direction, amplitude, phase and polarization) evolves at each interaction of a ray 
with the particle surface and permits to evaluate precisely the amplitude and the phase of 
each ray so that to predict the scattering field with very good precision. 

To ease the access of the new model, we begin with the simple cases of plane wave 
scattering by an infinite circular cylinder and a sphere. The essential concepts and the 
fundamental laws of VCRM are then presented along with simple applications to help the 
understanding.  

Some remarkable results have been exampled to illustrate the power of VCRM. We have 
shown that VCRM predicts much better the positions and the amplitudes of 
supernumerary bows than the Airy theory of rainbow, which has been largely used in the 
measurement of refractive index and size of spherical particle. The infinite elliptical 
cylinder is the simplest non - spherical particle. We have illustrated that its scattering 
diagram are very sensible to the aspect ratio and the waist radius of the incident Gaussian 
beam. 
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Finally, the free software VCRMEll2D has been presented and applied to the scattering 
of a spheroidal particle. It is shown that VCRM predicts very well the fine structure in the 
rainbow (called also the hyperbolic umbilic diffraction catastrophe or hyperbolic umbilic 
foci) of an oblate particle. The intensity ratio between different rainbows is sensible to the 
aspect ratio of a prolate particle. VCRM can quantify this ratio and therefore be applied 
to the characterization of the deformation of droplets. 

Acknowledgements 

This work was funded by the French National Research Agency (ANR) under grants 
AMO - COPS (ANR - 13 - BS09 - 0008 - 01). 

References 

[1]. H. C. van de Hulst, Light Scattering by Small Particles, Dover Publications, 1957. 
[2]. A. Macke, M. Mishchenko, K. Muinonen, B. Carlson, Scattering of light by large 

nonspherical particles: ray-tracing approximation versus T-matrix method, Opt. Lett.,  
Vol. 20, 1995, pp. 1934-1936. 

[3]. M. I. Mishchenko, J. W. Hovenier, L. D. Travis, Light Scattering by Nonspherical Particles: 
Theory, Measurements and Applications, Academic, 2000. 

[4]. E. Hovenac, J. Lock, Assessing the contributions of surface waves and complex rays to far - 
field Mie scattering by use of the Debye series, J. Opt. Soc. Am. A, Vol. 9, 1992, pp. 781-795. 

[5]. P. Marston, Critical angle scattering by a bubble: physical - optics approximation and 
observations, J. Opt. Soc. Am., Vol. 69, 1979, pp. 1205-1211. 

[6]. P. Yang, K. Liou, Geometric-optics–integral-equation method for light scattering by 
nonspherical ice crystals, Appl. Opt., Vol. 35, 1996, pp. 6568-6584. 

[7]. F. Xu, K. Ren, X. Cai, Extension of geometrical-optics approximation to on-axis Gaussian 
beam scattering. I. By a spherical particle, Appl. Opt., Vol. 45, 2006, pp. 4990-4999. 

[8]. F. Xu, K. Ren, X. Cai, J. Shen, Extension of geometrical-optics approximation to on-axis 
Gaussian beam scattering. II. By a spheroidal particle with end - on incidence, Appl. Opt., 
Vol. 45, 2006, pp. 5000-5009. 

[9]. K. F. Ren, F. Onofri, C. Rozé, T. Girasole, Vectorial complex ray model and application to 
two - dimensional scattering of plane wave by a spheroidal particle, Opt. Lett., Vol. 36, Issue 
3, 2011, pp. 370-372. 

[10]. K. F. Ren, C. Rozé, T. Girasole, Scattering and transversal divergence of an ellipsoidal 
particle by using Vectorial Complex Ray Model, J. Quant. Spectrosc. Radiat. Transfer,  
Vol. 113, 2012, pp. 2419-2423. 

[11]. A. Ungut, G. Grehan, G. Gouesbet, Comparisons between geometrical optics and Lorenz - 
Mie theory, Appl. Opt., Vol. 20, 1981, pp. 2911-2918. 

[12]. F. Xu, X. Cai, K. F. Ren, Geometrical - optics approximation of forward scattering by coated 
particles, Appl. Opt., Vol. 43, Issue 9, 2004, pp. 1870-1879. 

[13]. K. Jiang, Theoretical study of light scattering by an elliptical cylinder, PhD Thesis, University 
of Rouen, France, 24 June 2013. 

[14]. Y. Yuan, Diffusion de la lumière par un objet irrégulier pour l’application à l’imagerie des 
sprays, PhD Thesis, University of Rouen, 29 March 2012. 

[15]. C. F. Bohren, D. R. Huffman, Absorption and Scattering of Light by Small Particles, J. Wiley 
and Sons, New York, 1983. 

[16]. M. Born, E. Wolf, Principles of Optics, 7th Ed., Cambridge University Press, 1999.  



  Advances in Optics: Reviews. Book Series, Vol. 1 

 232

[17]. K. F. Ren, Airy theory revisited and caustics in vectorial complex ray model, in Proceedings 
of the 7th World Congress on Particle Technology (WCPT’14), Beijing, China, May 2014. 

[18]. J. Lock, Ray scattering by an arbitrarily oriented spheroid. I. Diffraction and specular 
reflection, Appl. Opt., Vol. 35, 1996, pp. 500-514. 

[19]. J. Lock, Ray scattering by an arbitrarily oriented spheroid. II. Transmission and cross - 
polarization effects, Appl. Opt., Vol. 35, 1996, pp. 515-531. 

[20]. AMOCOPS, http://www.amocops.eu/ 
[21]. M. Yang, Y. Wu, X. Sheng, K. F. Ren, Comparison of scattering diagrams of large non - 

spherical particles calculated by VCRM and MLFMA, J. Quant. Spectrosc. Radiat. Transfer, 
Vol. 162, 2015, pp. 143-153. 

[22]. M. Yang, Computation of light scattering, radiation force, torque and stress of large non - 
spherical particles with multilevel fast multipole algorithm and Vectorial Complex Ray 
Model, PhD Thesis, University of Rouen, 9 December 2014. 

[23]. J. F. Nye, Rainbow scattering from spheroidal drops - an explanation of the hyperbolic 
umbilic foci, Nature, Vol. 312, Issue 5994, 1994, pp. 531-532. 

[24]. P. L. Marston, E. H. Trinh, Hyperbolic umbilic diffraction catastrophe and rainbow scattering 
from spheroidal drops, Nature, Vol. 312, Issue 5994, 1984, pp. 529-531. 

[25]. M. P. L. Sentis, F. R. A. Onofri, L. Méès, S. Radev, Scattering of light by large bubbles: 
coupling of geometrical and physical optics approximations, J. Quant. Spect. Rad. Trans., 
Vol. 170, 2016, pp. 8-18. 

[26]. K. F. Ren, F. R. A. Onofri, M. Yang, X. Sheng, The fine structure in the scattering diagrams 
of large ellipsoidal particle predicted by Vectorial Complex Ray Model, in Proceedings of 
the 9th International Symposium on Measurement Techniques for Multiphase Flows 
(ISMTMF’15), Sapporo, Japan, Sept. 2015. 

[27]. K. F. Ren, C. Roze, S. Idlahcen, Z. Ma, Observation of exotic scattering patterns of suspended 
droplets and their theoretical prediction by Vectorial Complex Ray Model, in Proceedings of 
the 27th Annual Conference on Liquid Atomization and Spray Systems (ILASS-Europe’16), 
Brighton, United Kingdom, Sept. 2016. 

 
 
 



Chapter 8. Magneto-Optical Effects Arising from Coupling of Magnetic and Dielectric Properties  
for Colloidal Particle System 

 233 

Chapter 8 
Magneto-Optical Effects Arising from 
Coupling of Magnetic and Dielectric 
Properties for Colloidal Particle System 

Jian Li and Xiangshen Meng1 

8.1. Introduction 

Magneto-optical effects, which are generally independent of intensity of light as linear 
optical effects [1, 2] and related to the strong field-responsive properties of magnetically 
controlled colloids, such as ferrofluids and some liquid crystals, have been intensively 
studied. However, the origins of these magneto-optical effects are different. For 
ferrofluids based on ferromagnetic/ferrimagnetic nanoparticles, the magneto-optical 
effects observed are regarded generally as resulting from structural transformation on 
chain-like aggregates produced by interparticle interactions, rather than the properties of 
individual particles [3-6], though a few reports disagree [7, 8]. Indeed Skibin et al. [9] and 
Scholten [10] have already proven theoretically that models based on long range 
orientation of permanent dipoles of single particles would never be able to account for the 
commonly observed high values of birefringence and dichroism in ferrofluids. Moreover, 
the light scatting by linear chains of magnetic nanoparticles in ferrofluids have been 
studied [11, 12]. Also, for liquid crystals, the additional magneto-optical effects result 
from the orientation of the anisotropic building blocks in the magnetic field [13-15]. In 
addition, there are two reports describing magneto-optical and light-effect experiments 
performed with ferrofluid-doped lyotropic liquid crystals in which chain formation with 
and without the application of an external magnetic field is discussed [16, 17]. 

In our previous work, magneto-optical effects of the colloids based on weakly magnetic 
goethite nanoparticles have been found [18, 19]. In this work, we show a mechanism of 
magneto-optical effects, which arise from the coupling of the magnetic and dielectric 
properties of colloidal particles rather than structural transformation in the colloid or long-
ranged spatial order of the particles. Also, it is proved that for magnetic colloids based on 
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spherical nanoparticles having cubic crystal structure, such as are employed in most of the 
experiments on ferrofluids, the reaction of single particles could not results in the 
magneto-optical effects. 

8.2. Theoretical Framework 

8.2.1. Origin of Magneto-Optical Effects for Colloidal Particle System 

So called magneto-optical effects or field-induced optical effects mean that the electro-
magnetic properties of the media change in an external magnetic field, so that the 
propagation behavior of light in the media also changes. The well-known magneto-optical 
effects are independent of intensity of light and linear optical effects. Therefore, such 
optical effects are related to the media's dielectric tensor [ε], conductivity tensor [σ] and 
permeability tensor [μ]. Generally, the optical effects take place in the high-frequency 
regime, as the visible region of the electromagnetic spectrum, so that the action of ε 
involves σ, and μ ≈ 1. As a consequence, field-induced optical effects can be discussed in 
terms of an effective dielectric constant [20]. For colloids consisting of nanoparticles and 
a carrier liquid, the relationship between the electric displacement vector D and the 
electrically polarized vector P is 

 D = [Є]E = [ε0]E+P, P = Pp+Pc,  (8.1) 

where E is the external electric field, [Є] is the dielectric tensor of the colloid and  
[ε0] = ε0δij, δij = 1(i = j), δij = 0(i ≠ j), ε0 is the dielectric constant in free space, and Pp and 
Pc are electrically polarized vectors of the colloid particles and carrier liquid, respectively. 
The colloids can be viewed as individual nanoparticles dispersed in the continuous phase 
of carrier liquid, so Pp and Pc, which depend linearly on optical field (E) in linear optics, 
can be described as 

    p 0 0Ρ [ε ] [ε ] ε [ε ]
N

p p p
i 1

1
V E E E ,

V




      [ ]   (8.2) 

where Vp and V are the volume of a particle and the colloid, respectively, N is the number 
of particles and [εp] = [ε(ω)p] is the dielectric tensor of a particle and in relation to the 
field frequency ω, Φ = NVp/V is the volume fraction of the particle system in the colloid, 
<[εp]> means the statistical average of the tensors of all particles and 

     c 0 c 0Ρ [ε ] [ε ] [ε ] [ε ]
cV

c 0

1
E E dV 1 E,

V
       (8.3) 

where Vc is the volume of the carrier liquid, (1-Φ) = Vc/V is the volume fraction of the 
carrier liquid in the colloid, and [εc] is the dielectric tensor of the carrier liquid, which is 
isotropic, i.e. [εc]ij = εcδij. Substituting Eqs. (8.2) and (8.3) into (8.1), the dielectric tensor 
of the colloid [Є] is given by 
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 [ ] [ε ] (1 )[ ].p cε    Є   (8.4) 

Eq. (8.4) shows that <[εp]> characterizes the optical action of colloids when the carrier 
liquid is isotropic and its magnetic effect can be neglected. Electron microscope 
observations have shown that nonsphericity of particles in ferrofluids is usually very 
small, so that the shape anisotropy of individual particles is very small. In the present 
work, only spherical particles are considered. For simplicity, we denote <[εp]> as [Є]. 

8.2.2. Magneto-Dielectric Properties of Crystals and Colloids 

Since magnetic perturbation have little effect on the optical properties of the medium, for 
a crystal having a spontaneous magnetization M, the dielectric constants of ɛij can be 
expressed in the form 

 
0 (1) (2) (3)(M) Μ M M M M M ,ij ij ijl l ijlm l m ijlmn l m nε ε f f f       (8.5) 

where 
0

ijε  is the dielectric tensor of a crystal in the paramagnetic state (for which M = 0), 

 1

ijlf  is a third-rank tensor which governs magneto-optical effects that are linear in respect 

of the magnetization, 
 2

ijlmf  is a fourth-rank tensor describing the quadratic effects, etc. 

[21]. The generalized principle of symmetry of the kinetic coefficients, i.e. Onsager 
relation, relates the components ɛij and ɛji as ɛij(M) = ɛji(-M), lead to the realization that 
some components are odd in M, some even in M. Thus, the requirement of reality of  
εij- tensor for a transparent medium is replaced with the requirement of its hermiticity:  
εij = ε̽ji, and [ɛ] can be written as [22, 23] 

  
11 12 13 12 13

12 22 23 12 23

13 23 33 13 23

M M

0
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0

symmetric even antisymmetric odd
in in
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ε ε ε ε i ε ε
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  (8.6) 

For M or H in the Z-direction and a crystal of lower than uniaxial symmetry, symmetry 
considerations lead to the [ɛ] of the following form 
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ε

   
        
      

  (8.7) 

where ɛ11, ɛ22 and ɛ33 are even functions of either M or H, and ɛ12 is an odd function [20]. 
In the description of Eq. (8.7), it is considered that like every symmetrical tensor of rank 
two, the tensor ɛij can be brought to diagonal form by a suitable choice of the coordinate 
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axes. Only considering the influence of terms linear in magnetization M, εii is independent 
on M and ε12 is linear function of the M. 

For spherical particles, it can be assumed that particles have identical intrinsic dielectric 
properties [ɛp] as Eq. (8.7) described and intrinsic magnetic moments m parallel to a 
particular crystal axis. When an external magnetic field H is applied, the moment m inside 
the particle interacts with the external field via the potential Um-H = -μ0mꞏH, and orienting 
torque acting on the moment Tm = μ0m × H, where μ0 is the permeability of free space 
[24]. Thus, the moment may follow Brownian rotation, accompanied by bulk rotational 
diffusion of the particle within the carrier liquid [25], and favor the orientation parallel to 
the direction of the magnetic field. Nevertheless, thermal motion tends to destroy the 
orientation. We set up a Cartesian coordinate system (X, Y, Z) representing the laboratory 
and a Cartesian coordinate system (ζ, η, ξ) along the axes of the particle, as shown in Fig. 
8.1. The external magnetic field is directed along the Z axis, and the moment fixed inside 
the particle m is in the direction of the ξ axis. By transforming [εp] from the coordinate 
system (ζ, η, ξ) to the coordinate system (X, Y, Z), the dielectric tensor of the particle in 
the coordinate system (X, Y, Z) [εp]tr can be obtained, as 

 
+[ ] A[ ]Ap tr pε ε ,   (8.8) 

where A is the transforming matrix of (ζ, η, ξ) to (X, Y, Z). This expression is given by  

 A

cos cos - cos sin sin , -cos sin - cos cos sin , sin sin

sin cos cos sin cos , - sin sin cos cos cos , -cos sin .

sin sin , sin cos , cos

           

           

    

  
 
 
 
  

  (8.9) 

 

Fig. 8.1. The relationship between the (X, Y, Z) coordinate system  
and the (ζ, η, ξ) coordinate system. 
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A+ is the adjoint matrix, and for the rotational transformation, Aij
+ = Aji. Assuming that a 

depolarizing field can be neglected in spherical magnetic particles, the dielectric tensor of 
the particles in the (X, Y, Z) coordinate system [Є] can be obtained by statistical averaging 
the dielectric tensor of the particle [εp]tr with respect to the Euler angles ψ, ϕ and θ, i.e. 

    
[ ]

2 2 1

p tr 0 B0 0 1

p 2 2 1tr

0 B0 0 1

d d d(cos ) exp( mH cos k T )
,

d d d(cos ) exp( mH cos k T )

 

 

     


    




 

  
  

Є  (8.10) 

where kB is the Boltzmann constant and T is the absolute temperature. Performing the 
averaging calculation for all components of the matrix [εp]tr, the dielectric tensor [Є] is 
finally obtained as 
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where 
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and α = μ0mH/kBT, L(α) = coth(α)-1/α is the Langevin function. 

For colloidal system based on such crystal particles, it can be assumed that their intrinsic 
optical properties are unaffected by intrinsic magnetic properties and by an external 
magnetic field, since the magnetic permeability of the particles can be assumed to be unity 
using at optical frequency and magnetic perturbation have little effect on the optical 
proportion [3, 21]. Accordingly, we can consider only the first team in Eq. (8.5). Thus, 
Eq. (8.11) is simply described as 
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where 
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and εζ = ε11, εη = ε22 and εξ = ε33 are known as the principal dielectric constants, in whose 
respect, all crystals fall into three types, cubic, uniaxial and biaxial [26]. Thus, for a 
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particle having an intrinsic magnetic moment m parallel to a particular crystal axis, it can 
be regarded as a dielectric ellipsoid with intrinsic moment along the same axis, with semi-
axis εζ, εη and εξ, as shown in Fig. 8.1. In addition, colloids are composed of the ellipsoids 
and the isotropic currier liquid. The magneto-optical effects are determined by the 
orientation of the ellipsoids in the presence of an external magnetic field. Eq. (8.12) shows 
that the dielectric constant of the ellipsoid system can still be described with three 
principle values, ЄX( = Є11), ЄY( = Є22) and ЄZ( = Є33). From Eq. (8.12), we give the main 
results as follows: 

1) When H = 0, L(α)/α = 1/3 and ЄX = ЄY = ЄZ = (εζ+εη+εξ)/3. This means that for the 
ellipsoid system of any crystal type, the dielectric constant is completely isotropic in 
the absence of a magnetic field. 

2) For a cubic crystal, since εζ = εη = εξ = ε, which means that the anisotropic dielectric 
ellipsoid reverts an isotropic dielectric sphere, Eq. (8.12) shows that ЄX = ЄY = ЄZ = 
ε. Therefore for the system of a cubic crystal, the dielectric constant remains isotropic 
at optical frequency, independent of the magnetic field. 

3) Under an externally applied magnetic field, beside cubic crystals, the dielectric 
constant of the ellipsoid system is anisotropic like that of the uniaxial crystal, i.e.  
ЄX = ЄY ≠ ЄZ. 

For the colloidal particle system, the colloidal particle dielectric constant is in relation to 
the carrier liquid [26]. Considering the inner and outer electric field of the colloidal 
particle in the coordinate system (ζ, η, ξ), the following relation hold between inner 
electric field E(i) and outer electric field E: 

   (i) (i)
k c k k k c k1-n ε E +n D =ε E , k =ζ,η,ξ , (8.13) 

where Ek
(i) and Ek are the k-th components of E(i) and E, nk is the electric depolarization 

factors of the particle, Dk is the k-th components of the electric displacement vector and 
εc is the dielectric constant of the carrier liquid. The inner electric field Ek

(i) can be 
described as [26] 

 (i) k
k (i)

k
k

c

E
E = ,

ε
1+ -1 n

ε

 
 
 

 (8.14) 

where εk
(i) is intrinsic dielectric constant of the particle, as Eq. (8.7) shown. Substituting 

the Eq. (8.13) into (8.14), Dk
(i) can be obtained as: 

  
(i)

(i) c k
k k(i)

c k k k

ε ε
D = E .

ε 1- n +ε n
 (8.15) 

Substituting Dk = εkEk, the dielectric constant of the colloidal particle is given as 
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For spherical particle, nζ = nη = nξ = 1/3. Thus, Eq. (8.16) can be written as: 

 
(i)

c k
k (i)

c k

3ε ε
ε = .

2ε + ε
 (8.17) 

Eqs. (8.16) and (8.17) show that the dielectric constant of the colloidal particle in  
Eq. (8.12) depends on not only the intrinsic dielectric constant of the particle εk

(i), but also 
the dielectric constant of the carrier liquid εc. 

8.2.3. Magneto-Optical Birefringence and Dichroism in Colloids 

The dielectric constants of the particles are, in general, complex to describe the attenuation 
taking place when light propagates in the medium and can be written [27] as: εζ = ε′ζ-iε″ζ, 
εη = ε′η-iε″η, εξ = ε′ξ-iε″ξ, where the minus sign is used to make the observed ε″ζ, ε″η and 
ε″ξ positive. The dielectric constants of the particle system can be written as 

  
X Y

X Y X Y

( )(1 L( ) ) 2 L( )

i[( )(1 L( ) ) 2 L( ) ]

( ) i ( ),

  

  

      

      

      

     

    

Є Є

Є Є Є Є

  

 
Z ζ η ξ

ζ η ξ

Z Z

( ε ε ) L( α ) α ε ( 1 2L( α ) α )

i[( ε ε ) L( α ) α ε ( 1 2L( α ) α )]

i .

     

     

  

Є

Є Є

  (8.18) 

After the application and removal of a magnetic field, the particles or ellipsoids with 
intrinsic moments return to equilibrium via two different mechanisms, namely Brownian 
rotation and Néel rotation [28]. Brownian rotation is connected with rotation of the 
particle itself within the carrier liquid, and has a characteristic relaxation time  
τB = 3V′η′/kBT, where V′ is the hydrodynamic volume of the particle and η′ is the dynamic 
viscosity of the carrier liquid. The Néel rotation is simply the rotation of the intrinsic 
moments, with a relaxation time τN = τ0exp(KV/kBT), where τ0 is usually approximated as 
10-9 s, K is the anisotropy constant and V is the volume of the magnetic particle core. For 
the orientation of the dielectric ellipsoids by a magnetic field, only Brownian rotation is 
expected, and the Néel rotation does not produce any relaxation. The dominant re-
orientation process of the magnetic moment is determined by the shortest characteristic 
time [29]. Thus, in Eq. (8.18), the parameter α should be multiplied formally by a weight 
factor f = τN/(τN + τB), to characterize the orienting power of the Brownian rotation. When 
τB ⪡ τN, f = 1 and the magnetically induced orientation is at its most effective. Such 
particles can be regarded as rigid dielectric ellipsoids. For magnetic nanoparticles, some 
local spins can be pinned to the surface [30] or the magnetic moments of the particles can 
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remain fixed with respect to the particles, due to the large anisotropy constant of the 
magnetic material itself [31]. This will prevent the moment from Néel rotating, so that the 
effective f value may be larger than the calculated value. 

Eq. (8.18) also shows that the dielectric constants perpendicular to the field Є ( = ЄX, ЄY) 
and parallel to the field Є∥( = ЄZ) have different variations with the field strength. The 
refractive indices (n , n∥) and absorption coefficients (κ , κ∥) of the particle system in the 
two directions can be described as [26] 
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κ ,
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and 
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  (8.20) 

Clearly, n , n∥ and κ , κ∥ should also have different variations with field strength. Such 
differences can lead to magneto-optical effects. For example, the difference between n  

and n∥ will cause birefringence, and the difference between κ  and κ∥ will cause dichroism. 
The magneto-optical effects are a coupling action of both magnetic and dielectric 
properties. It is worth noting that the results in Eqs. (8.19) and (8.20) are independent of 
any interparticle interaction (as with ferrofluids) and the shape of the particles (such as 
liquid crystals). 

Neglecting the effect of the carrier liquid, the birefringence Δn* and the dichroism Δκ* of 
the magnetic colloid are written as 

 / /n δn ( n n ),  
      (8.21) 

and 

  / /κ δκ ( κ κ ),  
      (8.22) 

where δn*( = n∥- n ), δκ*( = κ∥- κ ) are called the reduced birefringence and reduced 
dichroism of the colloid. Generally, the dielectric constant ε for a solid is very difficult to 
calculate theoretically [26], so that the Є, which characterize the coupling action of both 
magnetic and dielectric properties for the particles system, are similarly difficult. In 
practice, optical anisotropy measurements were used to determine the magneto-dielectric 
anisotropy effects [27].Moreover, from Eqs. (8.21) and (8.22), it is known that the 
coupling action can be revealed qualitatively by magneto-optical experiments. In other 
words, the coupling of the magnetic and dielectric properties of colloidal particles can 
produce magneto-optical effects. 
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8.3. Experiment Description and Results [32]  

8.3.1. Sample Description 

Goethite, i.e. α-FeOOH, has an orthorhombic crystal structure, in which the three principal 
values of the dielectric tensor, εζ, εη and εξ, are different and the positions of the principal 
axes coincide with the three crystal axes within the crystallographic unit cell [33]. 
Goethite is an antiferromagnetic material whose sublattice magnetization lies essentially 
along the [0 1 0] direction [34]. Such nanoparticles, where the bulk is antiferromagnetic, 
can exhibit superparamagnetism or weak ferromagnetism, since net spins can exist on 
their surface [35]. In addition, when considering Fig. 8.1, Z and Y, and ξ and η should be 
exchanged and for Eq. (8.6), the Z should be replaced with Y, since the direction of the 
particle moments is along the η axis. The nanoparticles were prepared by chemical 
precipitation. Transmission electron microscopy (TEM) observations showed that the 
particles are spherical, and the diameter corresponding to the average volume [36] is about 
8 nm. To make comparisons, spherical ZnFe2O4 nanoparticles and CoFe2O4 nanoparticles 
were produced by co-precipitation, and their diameters are about 5 nm and 12 nm, 
respectively. Typical TEM pictures are shown in Fig. 8.2 ZnFe2O4 and CoFe2O4 both have 
cubic crystal structures, and the bulk materials are anti- ferromagnetic and ferrimagnetic, 
respectively. Magnetization curves of these three nanoparticles were measured using a 
vibrating sample magnetometer (VSM) at room temperature, as shown in Fig. 8.3. Clearly, 
the magnetization of the α-FeOOH nanoparticles is the weakest of the three particles. The 
magnetization of the α-FeOOH nanoparticles is so weaker that the dielectric properties of 
a system based on such particles is very suitable to description using Eq. (8.12). For the 
ZnFe2O4 and CoFe2O4 nanoparticles, the coupling constants λ [37] are about 3.16 × 10-1 
and 4.13, respectively. Therefore, only the CoFe2O4 nanoparticle system is able to form a 
chain-like aggregate structure by magnetic inter- action, because its coupling constant λ 
is larger than 2 [38]. The three aqueous colloids were synthesized by Massart's method 
[39], in which these ferrite nanoparticles were treated in Fe(NO3)3 solution and dispersed 
in nitric acid aqueous of pH ≈ 3. The viscosity of the carrier liquid η′ is 0.911 mPa. The 
anisotropy constant for α-FeOOH is K = 6 × 104 J/m3 [40]. Therefore, for the α-FeOOH 
colloids, τB and τN are calculated at T = 300 K to be approximately  
1.88 × 10-7 s and 6.16 × 10-8 s, respectively, and f = 0.25. 

 

Fig. 8.2. Typical TEM pictures of α-FeOOH, ZnFe2O4 and CoFe2O4 colloidal particles. 
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Fig. 8.3. Magnetization curves of the colloidal particles at room temperature. 

8.3.2. The Optical Experiments and Results 

8.3.2.1. The Optical Effect of Light Beam Perpendicular to Magnetic Field 

The colloids were sealed into rectangular glass cells to form colloidal films of a thickness 
of about 0.3 mm. The incident light, from a He–Ne laser with wavelength 632.8 nm, was 
normal to both the applied magnetic field and the colloidal films. Since the measurement 
of the absolute transmission of the light can be greatly influenced by surface cleanliness 
of the glass of the sample [41], the normalized transmission was used to characterize the 
magneto-optical effect. This normalized transmission, or relative transmission coefficient, 
is defined as T = (Ia/I0)/(Ib/I0), where I0 is the intensity of the incident light and Ia (Ib) is 
the intensity of transmitted light after (before) the magnetic field is applied. Fig. 8.4 shows 
the measured results at H = 400 kA/4 πm for the three colloids, when the polarization of 
the incident light is perpendicular and parallel to the direction of the magnetic field. 

 

Fig. 8.4. The relative transmission intensity of (1) the α-FeOOH colloid; (2) the ZnFe2O4 colloid, 
and (3) the CoFe2O4 colloid. The external magnetic field H = 400 kA/4 πm is applied  

over a period 50–100 s. The polarization of the incident light is (a) perpendicular, and (b) parallel 
to the direction of the magnetic field. 
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These results show that in the magnetic field, the colloid based on ZnFe2O4 nanoparticles 
of cubic crystal type with weak magnetism (λ = 3.16 × 10-1 < 2) is optically isotropic, but 
the colloid based on α-FeOOH nanoparticles of orthorhombic crystal type, with weaker 
magnetism than the ZnFe2O4 particles, is optically anisotropic. Because the magnetization 
of the α-FeOOH particles is far weaker than that of the ZnFe2O4 particles, it is concluded 
that the α-FeOOH nanoparticles in the colloid cannot form any aggregates as a result of 
magnetic interaction between the particles to produce the optical effect, and the magneto-
dichroism of the α-FeOOH colloid clearly arises from the orientation of the dielectric 
ellipsoids. It can also be seen in Fig. 8.4 that the dichroism of the α-FeOOH colloid is 
even more apparent than that of the CoFe2O4 ferrofluid. 

For comparison of the switching times Δt of both the CoFe2O4 and the α-FeOOH colloids, 
the curves of (T-1)/(Ts-1) vs. t were drawn from T = 1 to T = Ts (see the inset in Fig. 8.4), 
where Ts is the static relative transmission intensity after the application of the magnetic 
field. From the curves, the switching times Δt were estimated to be about 2.1 s and 1.3 s 
for the CoFe2O4 and the α-FeOOH colloids, respectively. For the α-FeOOH colloid, the 
estimated switching time Δt, which is close to the roughly estimated Brownian relaxation 
time of 0.52 s (obtained by measurement of the magnetization of a colloid based on 
magnetic iron oxide nanoparticles [42]), is much longer than the calculated Brownian 
relaxation time τB, and the difference may arise from the influence of the distribution of 
particle sizes, the hydrodynamic interaction between particles on the Brownian relaxation 
mechanism [28, 43] and the delay time of field switching [44]. Even though the estimated 
switching times are only approximate, it is known from these values that after application 
of an external magnetic field, the response of the magneto-optical effects of the α-FeOOH 
colloid will be faster than that of the CoFe2O4 colloid. 

For the α-FeOOH colloid, the angular distribution of the relative intensity of the 
transmitted light T was examined by orienting the polarization direction of the incident 
light P at different angles θ corresponding to the magnetic field H (see the inset in  
Fig. 8.5). The results are shown in Fig. 8.5. 

It was found that the distribution of T vs. θ is a quasi-ellipse whose short axis is along the 
direction of the magnetic field, i.e. the minimum Tmin is at θ = 0° or 180°, and the long 
axis is normal to the magnetic field, i.e. the maximum Tmax is at θ = 90°. In addition, using 
circularly polarized light to illuminate the α-FeOOH colloid sample, the value of T was 
measured at different angles parallel to the magnetic field with an analyzer polarizer, in 
zero field and in a magnetic field of 400 kA/4 πm. The results are also shown in Fig. 8.5. 
Clearly, in the absence of a magnetic field, the α-FeOOH colloid is optically isotropic and 
the transmitted light is still circularly polarized, i.e. T is constant at different θ. When the 
external magnetic field was applied, the colloid became optically anisotropic and the 
transmitted light was elliptically polarized, with its intensity exhibiting a quasi-elliptical 
distribution similar to the result found when linearly polarized light illuminates the 
sample. However, the short axis was not along the direction of the magnetic field, 
deviating by an angle ∆θ of about 20° (see Fig. 8.5). This characterizes the magneto-
dichroism as well as the birefringence and can be explained as follows.  
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Fig. 8.5. The angular distribution of the relative transmitted intensity T of linearly and circularly 
polarized light illuminating the α-FeOOH colloid. T = Iθ/I0, where Iθ is the intensity of transmitted 
polarized light at the angle θ between the polarization direction of the incident light P (illuminating 
with linearly polarized light) or the polarization direction of the analyzer P (illumineting with 
circularly polarized light) and the external magnetic field H (as shown in the inset). I0 is the 
intensity before the field is applied. Δ-illuminating with linearly polarized light at H = 400 kA/4 
πm. ♦, ■-illuminating with circularly polarized light at H = 0 and at H = 400 kA/4 πm, respectively. 

The incident circularly polarized light can be divided into two beams of linearly polarized 
light with the same amplitudes and a π/2 phase difference, their electric vectors being 
perpendicular (E ) and parallel (E∥) to the field, i.e. E  = Acos(ωt) and E∥ = Acos(ωt+π/2). 
When the circularly polarized light is transmitted through the α-FeOOH colloidal sample 
under the influence of a magnetic field, the amplitudes of the two beams of polarized light 
will become different due to the dichroism and their phase difference will be increased by 
an amount ∆τ due to the birefringence [45]. Thus, the transmitted light can be described 
as E  = A cos(ωt) and E∥ = A∥cos(ωt+π/2-τ), where A  ≠ A∥ and ∆τ > 0. Accordingly, the 
transmitted light is an elliptically polarized beam whose short axis deviates from the 
direction of the applied magnetic field. 

For a α-FeOOH colloid with Φ = 0.15 %, the relationships between δn*, δκ* and the 
magnetic field H were obtained using circularly polarized light, as shown in Fig. 8.6. 
Clearly, the δn* and δκ* increase with the magnetic field. 

8.3.2.2. The Optical Effect of Light Beam Parallel to Magnetic Field 

In order to prove that the optical effects of α-FeOOH colloids are related to the coupling 
of both magnetic and dielectric properties, rather than the aggregation of the colloidal 
particles, the behavior of light transmitted parallel to the field direction was measured. 
The results are shown in Fig. 8.7, from which it can be seen that for CoFe2O4 ferrofluids, 
the transmittance exhibited a nonlinear relaxation process which is attributed to motion of 
the chains [46], but for α-FeOOH colloids, the transmittance was clearly enhanced. 
Clearly, the behavior of α-FeOOH colloids results from the dielectric properties of the 
colloidal particles and can be explained as follows. 
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Fig. 8.6. The relationships between δn*, δκ* and magnetic field H for the α-FeOOH colloid  
with Φ = 0.15 %. 

 

Fig. 8.7. The relative transmission intensity of (1) the α-FeOOH colloid and (2) the CoFe2O4 
colloid. The direction of the incident light is parallel to the magnetic field. The external magnetic 

field H ( = 300 kA/4 πm) is applied over a period 50–100 s. 

The α-FeOOH particle size parameter is Γ = (2πd/λ) < 1, so the particles can be regarded 
as absorbing Rayleigh scatters [47], in which the scattering cross- section σscat is much 
less than the absorption section σabs and the transmittance depends mainly on σabs [48]. 

The Rayleigh absorption cross-section is 
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where n͂c, n͂p are the complex refraction indices of both the carrier liquid and the particles, 
and described by n͂c

2 = Є′c-iЄ″c and n͂p
2 = Є′p-iЄ″p, respectively, and Im indicates the 

imaginary part. For the aqueous carrier liquid, the imaginary part of the dielectric constant 
may be neglected, i.e. n͂c

2 = nc
2 = Є′c = εc. 
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While the light propagates along the direction of magnetization, it is always polarized 
perpendicular to the magnetization and its absorption should thus be described by the 
dielectric constant perpendicular to the direction of an external field. For a moderate field, 
L(α) = α/3-α3/45, the field is defined as being in the Y direction since the magnetization 
of α-FeOOH lies essentially along [0 1 0] (the η direction). Thus, the dielectric constant 
perpendicular to the field can be described from Eq. (8.18) by  
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Consequently, when the light is transmitted through the α-FeOOH colloidal film along the 
direction of the applied magnetic field, the absorption cross- section can be written as 
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(8.25) 

Although the details of the dielectric constant of the α-FeOOH particle are unknown so 
that σabs is difficult to be calculated theoretically, Eq. (8.25) shows that the σabs is reduced 
with increasing magnetic field because, in the equation, the numerator and denominator 
increase with α2(∝H2) and α4(∝H4), respectively. 

In addition, for a cubic crystal, εζ = εη = εξ = ε, i.e. ε′ζ = ε′η = ε′ξ = ε′ and ε″ζ = ε″η = ε″ 
ξ = ε″. Thus, according to Eq. (8.23), the absorption cross-section of a magnetic colloidal 
system based on cubic crystal nanoparticles, along the direction of the magnetic field, can 
be written as 
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  (8.26)  

Obviously, in a model of single particles, the absorption cross-section of such a system is 
independent of the magnetic field. So, it can be further determined that for ferrofluids 
based on spherical CoFe2O4 nanoparticles, with cubic crystal structure, the behavior of the 
transmitted light can result only from the kinetics of aggregation and de-aggregation while 
switching the field on and off [49] rather than the orientation of individual particles. 
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8.4. Conclusions 

In linear optics, optical effects are independent of intensity of incident light, and dielectric 
constant can be used to describe the propagation behavior of light in the media. Both 
theoretical and experimental results indicate that the colloids based on non-cubic crystal 
nanoparticles with weak intrinsic moments are equivalent to a dielectric ellipsoid system 
and exhibit optical uniaxial anisotropy due to the orientational order of the ellipsoids by a 
magnetic field. Such mechanism of field-induced optical effects is different from the well-
known magneto- optical effect, which is proportional to the magnetization or to the 
magnetic field strength applied to a magnetic nanoparticles, film, etc. Instead of observing 
of a magneto-optical effect, the present effects are just results observing a collective 
optical effect exclusively coming from the optical anisotropy of the colloidal particles, 
which has a non-cubic crystal structure. Consequently, being magnetic at the same time, 
all the colloidal particles align its anisotropic axis with respect to the magnetic field and 
contribute to the optical change, whereas this does not happen with the other magnetic 
colloid particles that have cubic crystal structure. Since there is no structural influence on 
the orientation of the dielectric ellipsoids by a magnetic field, this relaxation time could 
be far shorter than those for ferrofluids and liquid crystals. 

Until now, the physical origin of the magneto-optical effects in ferrofluids remained 
controversial and two opposing theories have been put forward to explain the linear 
magneto-induced anisotropy [50]. On the one hand, this phenomenon could result from 
orientation by the applied magnetic field of single particles, or of pre-existing aggregates, 
and on the other hand, it might be due to a cooperative effect brought about by induced 
aggregation under such a field. The theory presented in this work shows that for magnetic 
colloid based on spherical nanoparticles with cubic crystal structure, such as are employed 
in most of the experiments on ferrofluids, the magneto-optical effects at optical frequency 
could not be due to the reaction of single particles. The transition from orientation disorder 
to order of the dielectric ellipsoids could also take place in ferrofluids based on non-cubic 
ferromagnetic /ferrimagnetic nanoparticles, but for these ferrofluids similar effects could 
be easily concealed by the magneto-optical effects of field-induced aggregates. 

In addition, the results corresponding to CoNi1-x nanoparticles show that smaller 
nanoparticles result in lower dielectric constant due to quantum size effects [51]. 
However, comparing experimental and theoretical results based on bulk properties, -
FeOOH nanoparticles have refractive index approximately 103 times larger than that of 
the bulk; according, dielectric constant could be approximately 106 times larger in the 
optical-frequency regime [19]. This better dielectric properties of -FeOOH nanoparticles 
are worth to be investigated further. 
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Chapter 9 
General Overview of Coherent X-Ray 
Diffraction Imaging and Ptychography  
and Their Developments and Applications 

Xiaowen Shi1 

9.1. Coherent X-Ray Diffraction Imaging 

9.1.1. Overview and Introduction 

Coherent X-ray diffraction imaging (CXDI) is a lensless imaging technique that utilizes 
both absorption and phase contrasts for studying objects of all length-scales, including 
nano-crystals and micron-sized biological chromosomes. Unlike most of other real-space 
imaging techniques that usually require aggressive sample sectioning to thin them down 
to a few nano-meters, which may result to alteration of sample original internal structures; 
CXDI is a non-destructive technique that often requires minimum amount of sample 
preparation and in principle, it is a diffraction-limited technique, which sets its ultimate 
spatial resolution to 1 nm to 1 Å in soft and hard X-rays regimes respectively. 
Conventional real-space X-ray microscopy methods are limited by the X-ray probe size 
that is determined by the availability of nano-size focusing optics. The smallest focused 
X-ray probe size is usually limited by the manufacture of high-quality X-ray mirrors and 
Electron Beam lithography (EBL). Currently, X-rays mirrors can produce high-intensity 
focused X-ray to around 1 μm and diffraction optics such as Fresnel Zone Plate (FZP) can 
focus X-ray to size of around 20 -30 nm. CXDI is expected to offer at least a factor of 
three better spatial resolution than real-space Transmission X-ray Microscopy (TXM), in 
both soft and hard X-rays. Fig. 9.1 illustrates some typical CXDI diffraction patterns.  

CXDI requires sufficient degree of coherence of X-rays, both in longitudinal and 
transverse directions of synchrotron X-rays because the technique heavily relies on 
constructive interference of coherent diffraction intensities to be detected on X-ray 
detector downstream to collect oversampled data. The general definitions of longitudinal 
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and transverse coherence lengths within the framework of a multi-dimensional coherence 
function are as follows:  

 

Fig. 9.1. Image is from [1] Typical CXDI experimental measurements of Pb nanoparticles,  
a and b images are two frames of the 3D rocking data frame collection, with scale‐bar shown here 

representing the reciprocal‐space lattice vector. 

 , (9.1) 

 , (9.2)  

where λ is the wavelength of incident X-ray and Δλ is the difference in wavelength 
between different incident waves, and  is the finite source sizes of accelerated 

electrons from which synchrotron X-rays are produced, R being the distance the incident 
X-ray travels and it is considered that R  . The distance, at which two incident X-

ray waves are just totally out of phase, i.e. out-of-phase by radians of, defines coherence 

length .  

The mutual coherence function (MCF) of the electric field is generally defined as:  

 . (9.3) 

And the normalized mutual coherence function is usually described as the follows: 
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 , (9.4) 

 and  are the position vectors of two points at a particular wave front in which two 

points are positioned.  and  are electromagnetic fields at these two 

points which are separated by a specific time interval of , after some time t in the initial 

starting point of measurement.  and  are expectation values (statistically 

average) of intensity of electromagnetic field at these two points in the wave front. The 
value  is defined to be between 0 and 1, with 0 being complete incoherence 

and 1 being perfect coherence, which means any values of  being between 0 

and 1 indicate that the X-ray source is somewhat partially coherent, and this is the case 
for real-life synchrotron radiation X-ray sources that are available for measurement.  

The “Phase problem” has been an extensive research field since the middle of the last 
century, scientists from various research fields such as applied mathematics and 
astronomy have been actively involved in solving “Phase problem” from various 
approaches. Due to the difficulties of solving the “Phase problem” directly, CXDI has 
promised to mathematically determine the phase solutions by using the theorem based on 
oversampling criterion. In CXDI, if recorded diffraction data satisfy oversampling 
conditions [2, 3], they contain enough information to solve the phase problem in most 
cases, however, cases that contain exceptional elementary symmetries are relatively non-
trivial to have general solutions. In theory, CXDI should record Oversampled measured 
data, which means the measured data should be recorded at a sampling frequency that is 
at least twice the maximum frequency of the reciprocal-space information, that is the 
usually defined as the sampling frequency of the reciprocal-space lattice point in a crystal 
is a sample is considered to be a single crystal structure. Sayre proposed the theorem that 
to ensure successful data reconstructions; at least a factor of 2 oversampling data has to 
be obtained4 owing to the fact that both absorption and phase image are to be 
reconstructed. In practice, the general consensus is that the minimum oversampling ratios 

required are  and  for 2D and 3D coherent diffraction intensities respectively.  

9.1.2. Bragg CXDI 

Bragg CXDI utilises the concept of Bragg diffraction of single crystals to study the 
structures of the crystals. Fig. 9.2 shows a typical Bragg diffraction in crystals.  

Typically crystal shape functions are complex, and they represent 3D electronic structures 
within the crystals, where the phase component measures displacements fields inside the 
finite-sized crystals and can be converted into measured phases by dot product of Fourier 
space Q vector of Bragg reflection and the displacements at specific location. The 
displacements fields measure amount of deviation of crystal lattices from their ideal lattice 
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points. This concept is reviewed by Robinson [2] and can be quantitatively calculated by 
the following equation:  

 

Fig. 9.2. Illustration of Bragg’s law of diffraction, Image is from Michael Hadmack, 
http://photonicswiki.org 

 . (9.5) 

A schematic diagram described the total phase shifts of X-rays relative to that of the ideal 
perfect crystal in Bragg CXDI by using equation 9.5. Fig. 9.3 illustrates how lattice 
displacements fields are calculated and analysed.  

 

Fig. 9.3. The red lines indicated correspond to the total phase shifts of X-rays relative  
to that of the crystal specimen, in Bragg reflection geometry, which can be calculated  

by . Image is from [2]. 

An exemplary Bragg CXDI reconstruction on single crystal is illustrated in Fig. 9.4. 

In Bragg CXDI, to obtain there-dimensional Bragg coherent diffraction intensities, one 
needs to rock the third dimension so that 3D coherent patterns are being measured. The 
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3D Bragg CXDI can measure lattice displacements or even quantitatively, the full (three-
dimensional) strain and stress tensors of single crystals if CXDI measurements are 
performed on three different Bragg reflections with none coplanar with each other. An 
example of reconstruction of full tensor is reported by Newton [5]. The typical 3D Bragg 
CXDI rocking dimension can be of along the plane perpendicular to the Kf, which is the 
direction of sample exit wave. Recent studies6 show that the rocking direction can also be 
of along the X-ray energies instead of rocking sample stage; that is, one can rock the X-
ray energies around Bragg energy as long as oversampling in the energy rocking direction 
is satisfied.  

 

Fig. 9.4. Image is from [1, 2] reconstructed amplitude and phase of typical diffraction intensities 
of Pb nanoparticles by using iterative algorithms. 

Bragg CXDI is a novel technique for investigation of strained single crystals when the 
displacements fields are relatively less than 2π that is less than a lattice unit cell. When 
the relative phase shifts exceeds 2π, reconstruction algorithms normally fail to converge, 
especially when objects under study have high degree of phase curvature in real-space. 
Shi has illustrated7 this problem by simulations on highly strained objects with both linear 
phase shifts and high levels of phase curvatures. The simulations show that 
reconstructions work well for linear phase shifted objects, while objects with high phase 
curvatures generally do not converge with conventional Error-Reduction (ER) [8] and 
Hybrid-Input-Output (HIO) [9, 10] algorithms. Figs. 9.5-9.7 show how CXDI fails data 
reconstructions when object phase structures are of high curvatures.  
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Fig. 9.5. Top Panel: Simulated amplitude and phase; where the support is 2D box with 4 pixels 
bigger than the original object on each sides of the box. Bottom Panel: Reconstructed amplitude 
and phase by using ER (500 iterations) + HIO (500 iterations) + ER (500 iterations). Figure is 

from Xiaowen Shi’s PhD Thesis, University College London, UK, 2013.  

 

Fig. 9.6. Top Panel: Simulated amplitude and phase; where the support is 2D box with 4 pixels 
bigger than the original object on each sides of the box. Bottom Panel: Reconstructed amplitude 
and phase by using ER (500 iterations) + HIO (500 iterations) + ER (500 iterations). Figure is 

from Xiaowen Shi’s PhD Thesis, University College London, UK, 2013.  
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Fig. 9.7. Top Panel: Simulated amplitude and phase of a strong phase structure in 2D; where  
the support is 2D box with 2 pixels bigger than the original object on each sides of the box. 

Bottom Panel: Reconstructed amplitude and phase by using ER (500 iterations) + HIO  
(500 iterations) + ER (500 iterations). Figure is from Xiaowen Shi’s PhD Thesis,  

University College London, UK, 2013.  

CXDI in both forward and Bragg geometries are overall techniques with limited sample 
sizes, i.e. the illumination X-ray probe has to be equal or bigger than the sample structure. 
In general, researchers do structural characterizations on extended samples. The 
constraints in CXDI are support constraint and modulus constraints in real-space and 
Fourier-space respectively [11]. The real-space constraint in CXDI sometimes can be 
difficult to satisfy due to the extended nature of samples in materials sciences, as a result, 
a new class of real-space constraints are required for extended sample studies. Rodenburg 
[12] combined both Scanning Transmission X-ray Microscopy (STXM) and CXDI to 
have successfully reconstructed extended samples, and the new technique is named 
Ptychography. The following diagram illustrates how the new real-space constraint called 
“overlap constraint” is used in Ptychography iterative algorithms.  

9.2. Ptychography 

9.2.1. Overview and Introduction 

Ptychography is an imaging ideology that was originally invented by Walter Hoppe [13] 
in 1960s, primarily aiming to study especially the phase problem by recording overlapping 
Bragg reflections in samples of scientific interests, especially in crystals. The word 
“Ptycho” is thought to be derived from the Greek word “Ptycho” relates to the folding of 
the diffractions via convolution of the Fourier transform of an illumination function in the 
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plane of the systems of interests. After the intense developments of Coherent  X-ray 
diffraction imaging (CXDI) [2, 3, 11] has been under intense developments for over a 
decade, Rodenburg [12] pioneered the advancement of merging both Scanning 
Transmission X-ray Microscopy (STXM) and CXDI, which is ptychography in modern 
age, to study arbitrarily large extended samples, ranging from crystals to amorphous 
materials. The following diagram illustrates how the new real-space constraint that is 
replaced by the “overlap constraint”, is usually used in Ptychography iterative algorithms 
for data reconstructions. Fig. 9.8 illustrates how initial ptychographic iterative algorithms 
operate.  

  

Fig. 9.8. Illustration of the earliest ptychographycal iterative engine. The update of object  
and probe function is in a sequential order. Image is from [12]. 

Detailed ptychographic iterative algorithms can be found in various literatures [12,  
14-16], the conventional algorithms used in ptychography are Extended Ptyhographic 
Iterative Engine (E-PIE) [15], difference-map [14, 16, 17] and RAAR [18], although new 
advanced ptychographic algorithms [19] are being developed and have been proven to 
have significant improvements over reconstruction performances. 

9.2.2. Forward Ptychography  

X-ray ptychography is usually divided into two geometries, forward and Bragg 
geometries. In forward geometry, sample, X-ray optics and X-ray detectors are co-linear, 
and depending on the Fresnel numbers, there are two divisions within forward geometry 
Ptychography, near field [20] and far field. 2D Ptychography can be trivially extended to 
Ptychography-Tomography [21], where tomographic reconstructions on series of 2D 
ptychographic projections that are reconstructed using conventional iterative algorithms 
for tomography reconstructions. Advanced tomographic reconstructions algorithm such 
as model-based iterative Reconstruction (MBIR) [22] has been demonstrated to have 
reduced artefacts and noises in reconstructed images using ptychography-Tomography. 
At present, the record spatial resolution for soft X-ray ptychography is 5 nm [23], where 
in hard X-ray regime, the resolution record is 16 nm in 3D [24] and roughly 20 nm in 2D. 
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In materials sciences application, such as in thin film magnetic domain sample, the record 
resolution is around 10 nm [25] in soft X-rays. One can also utilize Near-edge X-ray 
refraction fine structure microscopy recently developed in Advanced Light Source [26] to 
study elemental mapping of nano-battery materials using soft X-ray spectroscopy-
ptychography. Materials scientists have been heavily investigating structural, physical and 
chemical properties of high-performance battery systems by forward geometry 
ptychography, recent advancements [27] have attracted enormous attentions in advanced 
battery research community worldwide.  

Ptychography with upsampling method [54, 55] has been reported to be successful with 
hard x-rays, researchers have experimentally demonstrated that oversampling condition 
can be relaxed because of the nature of over-redundancies in ptychographic datasets. 
Recent studies show that introduction of diffuser in hard x-ray ptychography has 
marginally improved ptychographic reconstructions on test samples [56].   

9.2.3. Bragg Ptychography 

Ptychography in Bragg geometry, has its overwhelming advantage over conventional 
Bragg CXDI due to the fact that more reliable real-space overlap constraints are 
incorporated into the iterative algorithms. Not only the Bragg ptychographic data 
reconstruction convergence is more likely to happen, samples to be used in Bragg 
ptychography can be of extended structures with arbitrarily large scale in general.  

9.2.3.1. Bragg Ptychography on Single Crystals 

Various reports on single crystal structures using Bragg Projection Ptychography have 
been published, which include SiGe-on-SOI structure [28], Ferroelectric Thin Films [29], 
Nanoscale Semiconductor Heterostructures [30], and Single InGaN/GaN Core–Shell 
Nanowire [31]. For 3D geometry, various studies have been conducted, notably of which 
include 2D displacements fields retrieval from Silicon nanowires on a Silicon- insulator 
wafer [32], structure of an extended ZnO crystal [33], silicon-on-insulator nanostructure 
[34], an extended InP nanostructured layer bonded onto silicon [35] and nanoscale lattice 
behaviour and strain fields by using 3D Bragg projection ptychography (3DBPP) [36]. 
Fig. 9.9 shows reconstructions of a single InGaN/GaN Core–Shell nanowire at various 
Bragg rocking angles.  

9.2.3.2. Bragg Ptychography on Thin Film Phase Domains 

Bragg projection ptychography on niobium phase domains has been recently 
demonstrated [37] with spatial resolution of about 37 nm. In order to satisfy Projection 
approximation, the thin film thickness has been much smaller than the  X-ray probe size 
on sample [38]. In projection geometry, where the  X-ray footprint is relatively large due 
to small incident angle, this condition can be satisfied when thin film samples are of 
thickness of several hundreds of nanometer or less [38]. Further studies should be focused 
on quantitative analyses of thin film domain structures using Bragg projection 
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ptychography, namely the rotations and vibrations of random phase domains. Domains in 
other complex electronic systems such as those of orbital-order (OO), magnetic Skyrmion 
topological state or charge-order (CO) nature should also be looked at in great details by 
Bragg projection ptychography, because of its unique ability of high resolution phase 
contrast imaging in Bragg geometry. Fig. 9.10 shows reconstructions of random domain 
structures with Bragg projection ptychography in Nb thin film.  

 

Fig. 9.9. Results of 2D XBP reconstructions. Amplitudes (a), and phases (b) of the NW 
reconstruction for five angular positions of the rocking curve scan (see inset in Fig. 9.1 (a).  

Scale bars are equal to 100 nm. Image is from [31]. 

9.2.4. Partial Coherence and Multimodes in CXDI Diffraction Imaging 

9.2.4.1. Transverse Partial Coherence  

Conventional CXDI algorithms assume that the illuminating X-rays are fully coherent, 
both in longitudinal and transverse directions. The modulus constraint in reciprocal-space 
simply replaces the calculated square root of the diffraction intensities with the square 
root of the measured intensities. While this assumption is generally valid, it does not take 
into account of the fact that in most synchrotron X-ray beamlines, the coherent X-rays are 
never fully coherent. For transverse partial coherence, experimental CXDI data can be 
corrected mathematically when partially coherent X-rays are used. For transverse partially 
coherent illumination, one can consider the complex coherence function in real-space 
 x,y   can be approximated as two-dimensional Gaussian function as follows: 

         2 2 2, exp / 2x y r x y          
 

. (9.6) 
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Fig. 9.10. (a) Hue rendering of a central region of objects with suppressed phase ramps, according 
to Eq. 9.4 and phase difference map of the two reconstructions with random initial starts. The 
difference map image was performed on the image shown. (b) Same for a different sample area. 
Both white and black scale bars are 200 nm. (c) Phase retrieval transfer function  
of the data used in this study. Figure from [37]. 

The measured partially coherent diffraction intensities can be described by taking into 
account of the complex coherence function as follows:  

      ˆpc fcI q I q q  , (9.7) 

where  fcI q  is the fully-coherent diffraction intensities for ideal case when the 

illuminating X-rays are ideally coherent,  ˆ q  is the Fourier transform of the complex 

coherence function, and   represents convolution.  

The resulting reciprocal-space modulus constraint is modified to be as follows: 
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While this Richardson-Lucy (RL) algorithm has been widely adopted [39-41] for 
transverse partial coherence correction, others consider partial coherence of X-rays as 
electromagnetic illumination of multiple orthogonal modes [42]. By taking into account 
the multi-modal approach, CXDI reconstructions are significantly improved. 

Although partial coherence can usually be corrected in measured data, some argue that 
there is a fundamental limit [43] beyond which the measured CXDI data would no longer 
be useful. There has also been claims that simple partial coherence correction might 
degrade data reconstructions for highly-complex objects [44] due to the fact that an 
underdetermination of the phase problem in the case of partially coherent illumination. 

9.2.4.2. Longitudinal Partial Coherence  

Synchrotron X-rays that are generated from insertion devices always exhibit certain 
degrees of longitudinal partial coherence. In the case that X-rays monochromators are 
absent, illuminating X-rays are considered to be broadband or pink beams due to the 
nature of the spectra composed with multiple wavelengths. When measuring CXDI data 
using broadband or pink X-ray beams, partial coherence due to longitudinal coherence 
should be incorporated into the iterative algorithms to accommodate the effects of 
multiple wavelengths X-rays spectra used in study. Abbey proposed CXDI algorithms that 
include electromagnetic wave spectra as a function of energy to reconstruct measured 
CXDI data by using broadband X-rays produced by an insertion device [45], others used 
similar approach to optimise iterative algorithms to take into account multiple wavelength 
illumination [46]. Clark has elaborated [47] the general descriptions of mutual optical 
intensity (MOI) for both X-ray beam and sample. The two MOI can be described by the 
same principles, and they are mutually equivalent mathematically. Their mathematical 
formulations are as follows:  

      1 2 1 2
1

,
N

B n n n
n

J r r B r B r 



 , (9.9) 
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Batey have also studied [48] multiple wavelengths in CXDI, and their results have also 
demonstrated the feasibility of utilizing multiple wavelengths of X-rays to efficiently 
reconstruct CXDI data. Fig. 9.11 shows how probe modes reconstructions look like as a 
function of sample vibration modes in experiments.  

9.2.5. Resolution Limit and Inverse 4th Power Law (Flux and Resolution)  

CXDI is a diffraction imaging technique; it has overwhelming advantages for sample 
characterizations due to the ability to achieve sub-atomic spatial resolution, quantitative 
phase-contrast imaging, and study single dislocation/defects in single crystal samples. The 
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inherent limitation in general is the ultimate ability of scattering of samples under study, 
and the ability to reliably measure all reciprocal-Q range (especially the high reciprocal-
Q scattering signal) X-ray diffraction intensities on high-performance X-ray detectors. 
The immediate limitation lies in the fact that the minimum flux of required incident  
X-rays is inverse proportional to the 4th power of the best obtainable spatial resolution 
[49] according to the consensus of CXDI community worldwide. This suggests that we 
are only able to achieve diffraction-limited spatial resolution by using diffraction-limited 
3rd generation synchrotron sources. Other limitations might include trade-off between 
spatial resolution and field of view of samples. Also, to measure large field of view of 
samples, more measurement time is required. 

 

Fig. 9.11. The first three ( n = 1, 2, 3) recovered probe modes for the cases of (a) a static sample, 
(b) a square wave with amplitudes 1  μm and (c) 1.5  μm, and (d) a sine wave with amplitudes 1  μm 
and (e) 1.5  μm. Also shown is the square root of the summed intensity (rms, right column, linear 
scale) from five probe modes for the cases listed previously. The rms shows clearly how the probe 
forms can be manipulated using a vibrating sample. The scale bar is 1 μm. Figure comes from [47].  

Although the way forward is to massively increase X-ray doses on samples, soft materials, 
such as biological specimens are particularly prone to radiation damage, and they are 
usually relatively weak scatters. In principle, hard X-rays can be used to study structures 
of biological samples using phase contrast, however the weak scattering nature of these 
specimens results to unsatisfactory phase contrast images. Soft X-ray diffraction imaging 
is an alternative way of studying absorption contrast on biological specimens [Robinson 
submitted (2017)].  

To estimate the minimum amount of X-ray doses required to achieve particular spatial 
resolution, one can consider theorem by Howells [49] by using concept of Rose criterion 
[50]. The Rose criterion states that to reliably distinguish of a structure in background 
noises, the signals generating from the structure has to be at least 5 times larger  
than the root-mean-square (RMS) of that of the surrounding background when 
measurement takes place.  
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 , (9.11) 

where  is the energy of incident X-ray,  is the coherent scattering cross-section of 

3D unit volume, called 3D voxel of experimental specimens,  is the density of object, 
 is the intensity absorption coefficient, P is the number of X-rays scattered into the 

detector from a given voxel (three-dimensional pixel),  is the classical radius of an 

electron,  is defined to be the complex electron density, and d is the size of single voxel 

d × d × d in each dimension.  

The cross-sections of coherent X-ray scattering, which is proportional to the fourth power 
of pixel resolution is expressed as follows; 

 . (9.12) 

The requirement for minimum imaging dose is defined as , where N0 is the total 

number of incident X-ray per unit area. This estimation leads to the total number N0. 

9.3. Future Developments Aspects of Single-Shot Coherent  
Diffraction Imaging  

9.3.1. Diffract-and-Destroy Serial Femtosecond Nanocrystallography  
in 4th Generation Free Electron Laser Facilities 

Investigation of biological systems such as crystalized protein with ultra-fast femto-
second intense coherent X-ray pulses has not been feasible until recently, a 4th generation 
X-ray free electron laser at Stanford, California, United States has made researchers’ 
dreams become reality. As we have discussed in Section 9.2.5 in this chapter, high-
resolution X-ray imaging has been rather limited by the maximum amount of X-ray 
radiation doses that a typical biological specimen, such as a protein nanocrystal can 
tolerate, using existing methods, such as conventional CXDI or the scanning version of 
the technique, ptychography. Therefore, in order to achieve high spatial resolution 
imaging on samples of this category, one might consider using coherent imaging 
techniques that utilize single-shot ideology. A notably example of such techniques that 
has been under intense investigation is the diffract-and-destroy or alternatively named as 
serial femtosecond nanocrystallography (SFX). The first success of SFX has been carried 
out at FlASH soft-X-ray free-electron laser, Deutsches Elektronen-Synchrotron DESY in 
Hamburg, Germany, lead by Prof. Henry Chapman [51]. Research teams lead by  
Prof. John Spence from Arizona State University has pioneered this technique by 
measuring SFX data at the world’s first hard X-rays free electron laser facility, the Linear 
Coherent Light Source (LCLS) located in Stanford, California [52].  
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9.3.2. Single-Shot Coherent Modulation Imaging (CMI) for Materials Sciences 
Application  

Prof. Fucai Zhang has developed another strong contender for single-shot coherent 
imaging, that is the Coherent modulation imaging (CMI) technique [53], and his group 
has reported their first successful measurement recently. CMI is an advanced imaging 
technique that involves incorporation of a random phase modulator co-linear to the X-ray 
propagation direction in forward coherent imaging geometry. High contrast and resolution 
images are reconstructed on extended samples with arbitrarily large field-of-view.  

9.4. Conclusion and Future Outlooks 

Overall, CXDI and ptychography are of the newest emerging high-esolution X-ray 
diffraction imaging techniques that require sophisticated iterative algorithms, high-
performance computing power and most importantly, diffraction-limited synchrotron and 
4th generation X-ray free electron laser facilities. The advancements and explorations of 
the techniques during the past decade have been highly encouraging and fruitful. The 
immediate future work should focus on advanced characterizations of next-generation and 
nanotechnology materials using CXDI and ptychography to facilitate general scientific 
discoveries using high spatial and temporal resolution X-ray diffraction imaging in broad 
range of materials, including biomedical, hard condensed matter systems and spintronics 
nano-devices.  

Acknowledgements 

Xiaowen Shi acknowledge partial supported by the U.S. Department of Energy, Office of 
Basic Energy Sciences, Division of Materials Science and Engineering, under Grant  
No. DE- FG02-11ER46831.  

Xiaowen Shi gratefully acknowledges financial support from physical sciences division 
and Beamline I13 Coherence branch of Diamond Light Source, Didcot, Oxfordshire, 
United Kingdom.  

References 

[1]. M. F. Pfeifer, G. J. Williams, I. A. Vartanyants, R. Harder, I. K. Robinson, Three-dimensional 
mapping of a deformation field inside a nanocrystal, Nature, Vol. 442, 2006, pp. 63-66. 

[2]. I. Robinson, R. Harder, Coherent X-ray diffraction imaging of strain at the nanoscale, Nat. 
Mater., Vol. 8, 2009, pp. 291-298. 

[3]. P. C. Jianwei Miao, K. Janos, D. Sayre, Extending themethodology of X-ray crystallography 
to allow imaging of micrometre-sized non-crystalline specimens, Nature, Vol. 400, 1999,  
pp. 342-344. 

[4]. D. Sayre, Some implications of a theorem due to Shannon, Acta Cryst., Vol. 5, 1952, p. 843. 
[5]. M. C. Newton, S. J. Leake, R. Harder, I. K. Robinson, Three-dimensional imaging of strain 

in a single ZnO nanorod, Nature Materials, Vol. 9, 2009, pp. 120-124. 



  Advances in Optics: Reviews. Book Series, Vol. 1 

 266

[6]. W. Cha, et al., Three dimensional variable-wavelength X-Ray Bragg coherent diffraction 
imaging, Physical Review Letters, Vol. 117, 2016, 225501. 

[7]. X. Shi, Coherent X-ray diffraction imaging and ptychography on silicon-on-insulator 
nanostructures, PhD Thesis, Department of Physics and Astronomy, University College, 
London, 2013. 

[8]. R. W. Gerchberg, W. O. Saxton, A practical algorithm for the determination of phase from 
image and diffraction plane pictures, Optik, Vol. 35, 1972, pp. 237-246. 

[9]. J. R. Fienup, Phase retrieval algorithms-a comparison, Applied Optics, Vol. 21, 1982,  
pp. 2758-2769. 

[10]. J. R. Fienup, C. C. Wackerman, Phase-retrieval stagnation problems and solutions, Optical 
Society of America, Vol. 3, 1986, pp. 1897-1907. 

[11]. G. Xiong, O. Moutanabbir, M. Reiche, R. Harder, I. Robinson, Coherent X-Ray diffraction 
imaging and characterization of strain in silicon-on-insulator nanostructures, Advanced 
Materials, Vol. 26, 2014, pp. 7747-7763. 

[12]. J. Rodenburg, et al., Hard-X-Ray lensless imaging of extended objects, Physical Review 
Letters, Vol. 98, 2007, 034801. 

[13]. W. Hoppe, Beugung im inhomogenen Primärstrahlwellenfeld. I. Prinzip einer 
Phasenmessung von Elektronenbeungungsinterferenzen, Acta Crystallographica Section A, 
Vol. 25, Issue 4, 1969, p. 495. 

[14]. P. Thibault, et al., High-resolution scanning X-ray diffraction microscopy, Science, Vol. 321, 
2008, pp. 379-382. 

[15]. A. M. Maiden, J. M. Rodenburg, An improved ptychographical phase retrieval algorithm for 
diffractive imaging, Ultramicroscopy, Vol. 109, 2009, pp. 1256-1262. 

[16]. P. Thibault, M. Dierolf, O. Bunk, A. Menzel, F. Pfeiffer, Probe retrieval in ptychographic 
coherent diffractive imaging, Ultramicroscopy, Vol. 109, 2009, pp. 338-343. 

[17]. V. Elser, Phase retrieval by iterated projections, J. Opt. Soc. Am. A, Vol. 20, 2003,  
pp. 40-55. 

[18]. D. R. Luke, Relaxed averaged alternating reflections for diffraction imaging, Inverse 
Problems, Vol. 21, 2005, pp. 37-50. 

[19]. S. Marchesini, Y.-C. Tu, H.-T. Wu, Alternating projection, ptychographic imaging and phase 
synchronization, Applied and Computational Harmonic Analysis, Vol. 41, 2016, pp. 815-851. 

[20]. M. Stockmar, et al., Near-field ptychography: phase retrieval for inline holography using a 
structured illumination, Scientific Reports, Vol. 3, 2013, p. 1927. 

[21]. M. Dierolf, et al., Ptychographic X-ray computed tomography at the nanoscale, Nature,  
Vol. 467, 2010, pp. 436-439. 

[22]. S. V. Venkatakrishnan, et al., Robust X-ray phase ptycho-tomography, IEEE Signal 
Processing Letters, Vol. 23, 2016, pp. 944-948. 

[23]. D. A. Shapiro, et al., Chemical composition mapping with nanometre resolution by soft  
X-ray microscopy, Nat. Photon., Vol. 8, 2014, pp. 765-769. 

[24]. M. Holler, et al., X-ray ptychographic computed tomography at 16 nm isotropic 3D 
resolution, Scientific Reports, Vol. 4, 2014, 3857. 

[25]. X. Shi, et al., Soft X-ray ptychography studies of nanoscale magnetic and structural 
correlations in thin SmCo5 films, Applied Physics Letters, Vol. 108, 2016, 094103. 

[26]. M. Farmand, et al., Near-edge X-ray refraction fine structure microscopy, Applied Physics 
Letters, Vol. 110, 2017, 063101. 

[27]. A. M. Wise, et al., Nanoscale chemical imaging of an individual catalyst particle with soft  
X-ray ptychography, ACS Catalysis, Vol. 6, 2016, pp. 2178-2181. 

[28]. S. O. Hruszkewycz, M. V. Holt, C. E. Murray, J. Bruley, J. Holt, A. Tripathi, O. G. Shpyrko, 
I. McNulty, M. J. Highland, P. H. Fuoss, Quantitative nanoscale imaging of lattice distortions 
in epitaxial semiconductor heterostructures using nanofocused X-ray Bragg projection 
ptychography, Nano Letters, Vol. 12, 2012, pp. 5148-5154. 



Chapter 9. General Overview of Coherent X-Ray Diffraction Imaging and Ptychography and Their 
Developments and Applications 

 267 

[29]. S. O. Hruszkewycz, et al., Imaging local polarization in ferroelectric thin films by coherent 
X-Ray Bragg projection ptychography, Physical Review Letters, Vol. 110, 2013, 177601. 

[30]. M. V. Holt, et al., Strain imaging of nanoscale semiconductor heterostructures with X-Ray 
Bragg projection ptychography, Physical Review Letters, Vol. 112, 2014, 165502. 

[31]. D. Dzhigaev, et al., X-ray Bragg ptychography on a single InGaN/GaN core–shell nanowire, 
ACS Nano, Vol. 11, 2017, pp. 6605-6611. 

[32]. P. Godard, et al., Three-dimensional high-resolution quantitative microscopy of extended 
crystals, Nature Communications, Vol. 2, 2011, 568. 

[33]. X. Huang, R. Harder, S. Leake, J. Clark, I. Robinson, Three-dimensional Bragg coherent 
diffraction imaging of an extended ZnO crystal, J. Appl. Cryst., Vol. 45, 2012, pp. 778-784. 

[34]. V. Chamard, M. Allain, P. Godard, A. Talneau, G. Patriarche, M. Burghammer, Strain in a 
silicon-on-insulator nanostructure revealed by 3D X-ray Bragg ptychography, Scientific 
Reports, Vol. 5, 2015, 9827. 

[35]. A. I. Pateras, et al., Nondestructive three-dimensional imaging of crystal strain and rotations 
in an extended bonded semiconductor heterostructure, Physical Review B, Vol. 92, 2015, 
205305. 

[36]. S. O. Hruszkewycz, et al., High-resolution three-dimensional structural microscopy by single-
angle Bragg ptychography, Nat. Mater., Vol. 16, 2017, pp. 244-251. 

[37]. N. Burdet, et al., Bragg projection ptychography on niobium phase domains, Physical Review 
B, Vol. 96, 2017, 014109. 

[38]. S. O. Hruszkewycz, et al., Structural sensitivity of X-ray Bragg projection ptychography to 
domain patterns in epitaxial thin films, Physical Review A, Vol. 94, 2016, 043803. 

[39]. J. N. Clark, X. Huang, R. Harder, I. K. Robinson, High-resolution three-dimensional partially 
coherent diffraction imaging, Nature Communications, Vol. 3, 2012, 993. 

[40]. N. Burdet, et al., Evaluation of partial coherence correction in X-ray ptychography, Optics 
Express, Vol. 23, 2015, pp. 5452-5467. 

[41]. L. W. Whitehead, et al., Diffractive imaging using partially coherent X rays, Physical Review 
Letters, Vol. 103, 2009, 243902. 

[42]. P. Thibault, A. Menzel, Reconstructing state mixtures from diffraction measurements, 
Nature, Vol. 494, 2013, pp. 68-71. 

[43]. B. Chen, et al., Diffraction imaging: The limits of partial coherence, Physical Review B,  
Vol. 86, 2012, 235401. 

[44]. D. H. Parks, X. Shi, S. D. Kevan, Partially coherent X-ray diffractive imaging of complex 
objects, Physical Review A, Vol. 89, 2014, 063824. 

[45]. B. Abbey, L. W. Whitehead, H. M. Quiney, D. J. Vine, G. A. Cadenazzi, C. A. Henderson, 
K. A. Nugent, E. Balaur, C. T. Putkunz, A. G. Peele, G. J. Williams, I. McNulty, Lensless 
imaging using broadband X-ray sources, Nature Photonics, Vol. 5, 2011, pp. 420-424. 

[46]. B. Chen, et al., Multiple wavelength diffractive imaging, Physical Review A, Vol. 79, 2009, 
023809. 

[47]. J. N. Clark, X. Huang, R. J. Harder, I. K. Robinson, Dynamic imaging using ptychography, 
Physical Review Letters, Vol. 112, 2014, 113901. 

[48]. D. J. Batey, D. Claus, J. M. Rodenburg, Information multiplexing in ptychography, 
Ultramicroscopy, Vol. 138, 2014, pp. 13-21. 

[49]. M. R. Howells, et al., An assessment of the resolution limitation due to radiation-damage in 
X-ray diffraction microscopy, J. of Electron Spectroscopy and Related Phenomena, Vol. 170, 
2009, pp. 4-12. 

[50]. A. Rose, Television pickup tubes and the problem of vision, in Advances in Electronics.  
Vol. 1 (L. Marton, Ed.), Academic Press, New York, 1948, pp. 131-166. 

[51]. H. N. Chapman, et al., Femtosecond diffractive imaging with a soft-X-ray free-electron laser. 
Nature Physics, Vol. 2, 2006, pp. 839-843. 



  Advances in Optics: Reviews. Book Series, Vol. 1 

 268

[52]. J. Spence, X-ray imaging: Ultrafast diffract-and-destroy movies, Nat. Photon., Vol. 2, 2008, 
pp. 390-391. 

[53]. F. Zhang, et al., Phase retrieval by coherent modulation imaging, Nature Communications, 
Vol. 7, 2016, 13367. 

[54]. Edo, T. B. et al., Sampling in x-ray ptychography, Physical Review A, 87, 2013, 053850. 
[55]. Batey, D. J. et al., Reciprocal-space up-sampling from real-space oversampling in x-ray 

ptychography, Physical Review A, 89, 2014, 043812. 
[56]. Peng, L. et al., Multiple mode x-ray ptychography using a lens and a fixed diffuser optic, 

Journal of Optics, 18, 2016, 054008. 
 



Chapter 10. The Optical Anderson Localization in Three-Dimensional Percolation System 

 269 

Chapter 10 
The Optical Anderson Localization in  
Three-Dimensional Percolation System 

Gennadiy Burlak, Alfredo Díaz-de-Anda,  
Erika Martínez-Sanchez and Álvaro Zamudio-Lara1 

10.1. Introduction 

Disordered photonic materials can diffuse and localize light through random multiple 
scattering, offering opportunities to study mesoscopic phenomena, control light-matter 
interactions, and provide new strategies for photonic applications [1]. Wave transport in 
disordered systems is a fast developed topic, one of that is the optical wave in random 
dielectrics [2]. In disordered optical materials, the multiple scattering of light and the 
interferences between propagating waves lead to the formation of electromagnetic modes 
with varying spatial extent, depending on scattering strength, structural correlations, and 
dimensionality [3] of the system [4, 5]. This combination leads to a series of interesting 
physical effects and also creates large potential for new disorder-based optical 
applications [6]. It is well-known that at the optical Anderson localization (OAL) the 
counter-propagating waves form closed loops; interference along these loops lead to 
randomly shaped standing-wave patterns confining the light [6, 7]. In one and two 
dimensions, the chance of coming back to the same region a necessary requirement to 
form a loop is much higher than in three dimensions. For this reason, observing OAL in 
three dimensions is extremely difficult for light waves [6]. Three-dimensional disordered 
structures have been studied recently for investigation of complex optical phenomena, 
including light localization [6-11], and random lasing [12-14]. In most lasing random 
materials, the intensity is spread throughout the sample and, in general, there are several 
lasing modes. In certain cases interference of different modes can lead to light localization 
[15, 16]. 

The study for Anderson transition in 3-D optical systems still has not been conclusive 
despite considerable efforts. The localization transition may be difficult to reach for the 
light waves due to various effects in dense disordered media required to achieve strong 
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scattering (see e.g. [17] and references therein). The experimental observation of OAL 
[18] just below the Anderson transition in an open 3D disordered medium shows strong 
fluctuations of the wave function that leads to nontrivial length-scale dependence of the 
intensity distribution (multifractality). Such behavior can be specified by varying the 
system size and quantified deeper by using the generalized inverse participation ratios 
(IPR). 

Various schemes can be proposed to study OAL, e.g. the use a coherently prepared three-
level atomic medium provides a disordered scheme for realizing the Anderson localization 
(see e.g. [19] and references therein).  

Other perspective 3D disordered systems where the optical transport was studied belong 
to percolating crystals. In such materials the optical transparency assisted by disordered 
porous clusters was observed [20]. Also it was studied some interesting properties of 
optical nanoemitters incorporated into 3D spanning cluster [21]. In supercritical state, the 
field intensity is large enough to produce a dynamic high-density coherent field. For 
material with small losses the long-term coherence arises in the area close to the 
percolation threshold. It is found also the random lasing assisted by nanoemitters 
incorporated into such a disordered structure [22]. In this system the spanning cluster 
produces a global percolation that results in qualitatively modification of its spatial 
properties. One can argues that already in a vicinity of the percolating phase transition the 
fractal dimension of such system 

HD 2.54  considerably differs from the dimension of 

the embedded space D = 3  (multifractality). One of important question is whether the 
optical Anderson localization [23] can still be archived for a non-integer dimension case 
with a fractal (Hausdorff) dimension of 

HD < 3 , where the strong randomness for 

properties of the system is expected. 

In this chapter we study the optical localization associated with the structure of three 
dimensional (3D) disordered percolation system, where the percolating clusters are filled 
by active media composed by light noncoherent emitters. In such a non-uniformly spatial 
structure the radiating and scattering of field occur by incoherent way. We have studied 
the range of parameters where the wave localization can take place. The Fermat principle 
and Monte Carlo approach are applied to characterize the optimal optical path and 
interconnection between the radiating emitters. This allows considering the average free 
path of light as a mean that in a simplest case is a ratio of the length of path to number of 
emitters. This leads to formulating of condition when the localization can occur (similarly 
to Ioffe-Regel criterion) for a percolating model. Our 3D simulations allow calculating of 
such free path to study the situation where such condition can be satisfied. FDTD 
numerical simulations have shown that in such a system the localized optical modes arise 
closely to the percolation threshold. We also studied the properties of associated field 
inverse participating ratio (IPR) and found that mean free path, IPR and the percolation 
order parameter show well-pronounced critical behavior near the percolating threshold. 
Considered in this chapter random percolating system is specially challenging due to its 
spatial inhomogeneity and also multifractality in 3D. 
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The chapter is organized as follows. In Section 10.2 we formulate the main equations. In 
Section 10.3 we present the numerical results on the field distribution generated by the 
emitters in percolating medium. Section 10.4 contains the approach and formulation the 
conditions of optical localization in percolating system. In Section 10.5 we study the 
properties of the inverse participation ratio (IPR) for percolating systems. Section 10.6 
contains the results of our numerical simulations of the Anderson localization, and the last 
sections contain the discussion and conclusions. 

10.2. Basic Equations 

We study the integral emission of electromagnetic energy from a cubical sample
]l,[z)y,(x, 00 . The output flux of energy can be written as 

  . x y zs
I K n dS = I + I + I ,   (10.1) 

where K  is the Pointing vector, n is the normal unit vector to the surface S  of cube, 

and zy,x,I  indicate the fluxes from two faces of the cube perpendicular to a particular 

direction. To find the emission from the system we solve numerically the equation that 
couples the polarization density P , the electric field E , and occupations of the levels of 
emitters. In the case of uncoupled emitters this equation is [24]  
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Here 1
2

1
21 2  T+τ=Δωa , where 

2T  is the mean time between dephasing events, 
21τ  is the 

decay time from the second atomic level to the first one, and aω  is the frequency of 

radiation. The electric and magnetic fields, E  and H , and the current tP=j  /  are 

found from the Maxwell equations, together with the equations for the densities t)(r,Ni  

of atoms residing in i th level. In the case of four level laser 3210 ,,,=i  these rate 
equations read (see [25] and references therein)  
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An external source excites emitters from the ground level ( 0=i ) to third level at a certain 
rate 

rA , which is proportional to the pumping intensity in experiments. After a short 

lifetime 32τ , the emitters transfer nonradiatively to the second level. The second level and 
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the first level are the upper and the lower lasing levels, respectively. Emitters can decay 
from the upper to the lower level by both spontaneous and stimulated emission, and 

/ a(j E) ω   is the stimulated radiation rate. Finally, emitters can decay nonradiatively 
from the first level back to the ground level. The lifetimes and energies of upper and lower 

lasing levels are 21τ , 
2E  and 10τ , 

1E , respectively. The individual frequency of radiation 

of each emitter is then   /12 EE=ω a  . 

Below we consider the situation when incipient percolating cluster is completely filled 
with light sources. Such cluster (simple cubic lattice) is shown in Fig. 10.1, where all 
internal uncoupled clusters have been omitted. We indicate that the percolation cluster in 
Fig. 10.1 has a typical dendrite shape that, however, depends on the actual random 
sampling. Re-running simulation with another random seed value will lead to percolation 
cluster with somewhat different geometry, which will also have similar sponge structure. 
The cluster is grown in the x-direction indicated by the arrow in Fig. 10.1, which provides 
substantially asymmetric structure. The equations (10.2)-(10.3) are solved with initial 
conditions that correspond to inversion of occupations of the emitters levels and some 
random seed for the electromagnetic field that simulates the noise in the system  
[24, 26]. 

 

Fig. 10.1. (Color online) Typical spatial structure of the incipient percolating cluster near the 

percolation threshold at 0.32p =  in the cube 0 0 0l l l  , where 4
0 10l = m . The cluster is shown 

for 50 50 50   numerical grid. Only clusters coupled to the spanning cluster are shown, while all 
the internal clusters unconnected to the entry side are not displayed. In this configuration 
considerable quantity of the emitters are incorporated closely to the entry side (indicated by 
incoming arrow) of the crystal. The solid line connects the nodes jointed with the use of the 
variational Fermat's principle. 

The structure of field in disordered three-dimensional (3D) active media relies strongly 
on the huge amount of computational resources needed when dealing with 3D problems. 
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The simpler, low-dimensional models (1D and 2D) are quite unsatisfactory for many 
important reasons, including the critical nature of the random lasing in 3D [27]. Since the 
classical diffusion model does not correctly describe the propagation of photons in a 
scattering medium with non-uniformly distributed gain or loss [28] apply FDTD 
technique [29] for our numerical simulations. 

In calculations we considered the gain medium with parameters close GaN powder, 
similar to Ref. [30]. The lasing frequency aω  is 132 3 10π  Hz, the lifetimes are 

32 0.3τ = ps, 10 1.6τ = ps, 21 16.6τ = ps, and the dephasing time is 2 0.0218T = ps. The 

percolating cluster has been generated inside the cube of 0 1l = μm  edge having 3L  nodes, 

with 75L =  and 100L =  that was sufficient to simulate the percolating structure [20, 21]. 
Each node is supposed to indicate the position of many emitters, with the total 
concentration of emitters inside the percolation cluster being 

24 3
0 1 2 3 3.3 10N = N + N + N + N = m . The initial (at 0t = ) values of densities 

0 0 0.001N ( )= N , 1 0 0.002N ( )= N , 2 0 0.002N ( )= N , and 3 0 0.995N ( )= N  are used. 

The dielectric permittivity of a host material is  2.2n =   that is close to the typical values 
for ceramics 123 5Lu Al O , 3SrTiO , 2ZrO , see review [31]. The results of simulations are 

obtained for cw pumping given by  7 110rA = s  . At this pumping all the simulations 

show the formation a well-defined lasing for  st > t  , and we refer  st   as the lasing start 
time in what follows. To simulate the noise in our system the initial seed for the 
electromagnetic field has been created with random phases at each node.   

10.3. Lasing in Percolating System with Incorporated Emitters 

To simulate the laser medium we consider the situation when the incipient percolating 
cluster is completely filled with light sources. Such percolating cluster is shown in  
Fig. 10.1, where all internal uncoupled sites have been omitted. We indicate that the 
percolation cluster in Fig. 10.1 has a typical dendrite shape that, however, depends on the 
actual random sampling. Re-running simulation with another random seed value will lead 
to percolation cluster with somewhat different geometry, which will also have similar 
sponge structure. The cluster is grown in the x -direction indicated by the arrow in  
Fig. 10.1, which provides substantially asymmetric structure. The equations (1-3) are 
solved with initial conditions that correspond to inversion of occupations of the emitters 
levels and some random seed for the electromagnetic field that simulates the noise in the 
system [24, 26]. 

The theory of lasing from disordered three-dimensional (3D) active media relies strongly 
on the huge amount of computational resources needed when dealing with 3D problems. 
The simpler, low-dimensional models (1D and 2D) are quite unsatisfactory for many 
important reasons, including the critical nature of the random lasing in 3D [27]. Since the 
classical diffusion model does not correctly describe the propagation of photons in a 
scattering medium with non-uniformly distributed gain or loss [28], we apply FDTD 
technique for our numerical simulations. Briefly, the strategy of our simulations consists 
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in the following: (i) Calculating the geometry of the spanning percolating cluster,  
(ii) Calculating the photon field E  generated by emitters incorporated in spanning cluster 
with the use of FDTD technique [21, 29], and (iii) Solution of nonlinear dynamic coupled 

equations for field, polarization P  and the occupation numbers iN  for all the emitters in 

3D system. The Runge-Kutta algorithm with automatic control of the time stepping has 
been applied for the latter. 

In calculations we considered the gain medium with parameters close to GaN powder, 
similar to Ref. [30]. The lasing frequency  aω   is  132 3 10π Hz   , the lifetimes are 

32 0.3τ = ps , 10 1.6τ = ps , 21 16.6τ = ps , and the dephasing time is  2 0.0218T = ps  . The 

percolating cluster has been generated inside the cube of  0 1l = μm   edge having  3L   

nodes, with  75L =   and  100L =   that was sufficient to simulate the percolating structure 
[20, 21]. Each node is supposed to indicate the position of many emitters, with the total 
concentration of emitters inside the percolation cluster being  

24 3
0 1 2 3 3.3 10tN = N + N + N + N = m  . The initial (at  0t =  ) values of densities  

0 0 0.001N ( )= N ,  1 0 0.002N ( )= N ,  2 0 0.002N ( )= N , and  3 0 0.995N ( )= N   are 

used. The dielectric permittivity of a host material is  2.2n =   that is close to the typical 
values for ceramics Lu 3  Al 5  O 12  , SrTiO 3  , ZrO 2  , see review [31]. The results of 

simulations shown in figures 2-6 are obtained for cw pumping given by  7 110rA = s  . At 

this pumping all the simulations show the formation a well-defined lasing for  st > t  , and 

we refer  st   as the lasing start time in what follows. To simulate the noise in our system 
the initial seed for the electromagnetic field has been created with random phases at each 
node. 

Fig. 10.2 displays the dynamics of field and polarization as functions of time for emitters 
incorporated in a percolating cluster with occupation probability 0.32=p  in simple cubic 

lattice, which is close to the critical percolation value 0.3116cp  (see [32]). Panels (a) 

and (b) show the flux of energy xI  in the growth direction (see Eq. (10.1)), while panels 

(c), (d) display the polarizations (t)Px  corresponding to the deepest (with respect of the 

entry surface) emitter in the percolating cluster. Comparing the panels (a) and (b) in  

Fig. 10.2 we observe that the lasing start time st  increases with the system size (L3), or 

more precisely with the number of emitters incorporated in the cluster. This is due to the 
fact that increase of the system size increases the volume of the phase synchronization 
(number of emitters) in a percolating medium. Fig. 10.2 shows that the lasing begins with 
the spiking oscillations having strongly modulated shape, but after some time the 
amplitude of oscillations decreases. Note that the phenomenon of `laser spiking' shown in 
Fig. 10.2 has being observed at fast turn-on of some lasers [33]. Normally such oscillations 
occur when the gain changes rapidly due to the fluctuations of pumping. In our case, 
however, such oscillations appear due to considerably inhomogeneous distribution of 
emitters in the percolating medium. The other important feature of lasing from the 
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percolating media is that the energy flux at output side (L)I x
 it is about twice more than 

the flux at input side )(I x 0  indicated by incoming arrow in Fig. 10.1. The total emission 

along the growth direction is also more than twice stronger than the emission from the 
lateral sides. The presence of considerable directionality emission is presumably due to 
the substantial anisotropy of the incipient percolation cluster seen in Fig. 10.1. 
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Fig. 10.2. Showing the formation of laser generation. Panels (a) and (b) demonstrate the flux IX in 
the ᵡ-direction of system. Panels (c) and (d) show the polarizarion  x

tP  of the deepest emitting 

node in the cluster. In panels (a, c) and (b, d) the numerical grid with L=75 and L=100 has been 

used. The lasing start times are 012
4s

l
t

c
   ps and 028

9.3s

l
t

c
   ps for L=75 and  

100, respectively. 

To study the details of this lasing we investigated the spectra of the field output. The  
Fig. 10.3 displays the spectral structure of the output shown in Fig. 10.2 in panels (a) and 
(b) for 75=L  and 100=L , respectively. From Fig. 10.3 we observe that the spectrum has 
rather indented shape beyond the central line. Note that this line is placed closely to the 

single emitter frequency aω  but does not coincide with it exactly, and it shows substantial 

narrowing of the emission spectrum. The shift in the emission frequency appears because 
the surrounding media, in which the percolating cluster resides, serves as an effective 
cavity helping to keep the radiation inside the cluster and to form the lasing effect. As a 
result, at larger times after the excitation start, stt ≫ , great number of emitters become 
synchronized to contribute into the stimulating radiation. Contrary to the distributed 
random lasers, we observe that only one mode dominates at large times and this mode 
extends through the whole light emitted media, while all other modes are suppressed. 
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Fig. 10.3. The frequency spectrum of the field shown in Fig. 10.2. Panels (a) and (b) show  
the amplitudes of emission spectra for cases L=75 and L=100, respectively. An overall narrowing 

of the frequency spectrum is observed. 

Fig. 10.4 (a, b) exhibits the dynamics of population numbers Ni  (for the deepest emitter), 

where the levels 1  and 2 correspond to the laser levels. The emission intensity averaged 

over the total observation time, (ττ)dItt=(t)I ii
01

, is shown in Fig. 10.4, panels (c, d), 

again for the cases 75=L  and 100=L , respectively. The fluxes of the emission energy 

through the growth direction, xI , and the lateral sides, zy,I , demonstrate considerably 

anisotropic emission at least in considered case of the incipient percolating cluster. 

Fig. 10.5 shows the details of finite-difference time-domain (FDTD) calculation of 
distribution of the field intensity in the central intersection of 3D sample in a spanning 
percolating cluster for systems of different sizes. One can observe fluctuating, 
nonuniform, and likely speckle patterns. They are characterized by presence of “hot spots” 
of typical sub-micron sizes. We note that such patterns are generic near-field imaging 
feature for various 2D systems near percolation [34, 35]. 

Fig. 10.5(a-c) displays the complete FDTD simulations of 3D spatial structure of the field 

amplitude xE  generated by emitters incorporated in percolating cluster at different times 

after the pumping start. Initially, before the lasing start time ps=t s 4 , the emission 

appears from small-scaled uncoupled domains which give rise to weak incoherent 
radiation with random phases, see Fig. 10.5 (a). However, latter the radiation from nearest 
patterns is being synchronized that leads to formation of macroscopically large areas 
(patterns) of field. 

In every cluster the partial lasing state will be established and this leads to overall increase 
of coherent emission. For longer times, the other behavior of field is observed. From  
Fig. 10.5(b) one can see that the lasing modes are confined to 3D areas around the 
localization centers. Each mode has its own specific frequency and corresponds to a peak 
in the radiated spectrum inside the system (see Fig. 10.3). From Fig. 10.5 (b) we observe 
the random field structure where the coupled coherent field patterns are arisen. 
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Fig. 10.4. (a, b) Dynamics of population numbers Ni(i = 0, 1, 2, 3) where N1, 2 correspond  
to the lasing levels. The times t1, 2 of minima of the field output in Fig. 10.2(a) correspond  

to the intersections of lasing levels. (c, d) Integrated over the observation time t intensities zyxI ,,  

of radiation emitted along corresponding directions. See details in text. 

 

Fig. 10.5. Finite-difference time-domain calculation of the spatial distribution of the field 
intensity (in central intersection of sample) in 3D percolating cluster for different system sizes 

with (a) L = 75; (b) L = 83; (c) L = 82, and (d) L = 80. 
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As a result of nonlinear dynamical evolution, the areas with strong field are extended due 
to the merge of small-scaled structures and reconnecting of the field patterns. A coherent 
lasing occurs in this percolating system. Once the lasing has started, the gain no longer 
depends on the pumping rate but is controlled by the losses in the system. From  
Fig. 10.5 (c) we observe that the field is concentrated in a number of 3D spatially 
interconnected laser modes which practically are localized in the central part of the 
percolating medium. 

One can see from Figs. 10.5 (a-c) that the all optical 3D modes are strongly mixed and it 
is difficult to separate a dominated mode among others. To get insight into the structure 
of the lasing mode, in the next section we will apply the Fermat variation principle that 
allows finding the interconnecting trajectories between the emitters. 

10.3.1. The Case of Small Time 

First we restrict our attention by a time  that does not exceed the critical time  of 

lasing generation, such that . In this case the field amplitude  is small enough and 

in Eqs. (10.2)-(10.3) the nonlinear terms are negligible small. 

10.3.2. Numerical 3D Simulations 

In what follows we simulate the 3D radiated field distribution by FDTD technique for 
about indicated parameters. We will concentrate in values of the occupation probability 

closely to percolating threshold when the incipient cluster spans all the system in first 

time. Since the complicity to analyze the general shape of 3D field (see Fig. 10.6), we first 
consider the structure of radiated field in central intersection of the system. Fig. 10.7 
shows typical field distribution (in central intersection)  in the percolating system 

with  nearly  for cub with . From Fig. 10.7 we observe that the field 

structure consists of two different shapes. First one corresponds to the field of disordered 
emitters that is depicted in Fig. 10.7 as small color point-like squares in position of 
emitters. Such points correspond to radiated emitters that are placed an irregular cluster 
and its have an expected field shape. However one can see from Fig. 10.7 yet different 
field spots with localized smooth shape are observed in a free-source area. For instance, 
one of localized mode is situated in Fig. 10.7 around of  and it exhibits the 
amplitude of localized field. From Fig. 10.7 we observe that other localized modes are 
also generated beyond the source area (percolating cluster), but with lesser amplitudes. 
Clear that such spots correspond to optical localized modes. 

Fig. 10.8 exhibits the field distribution  in the percolating system with  for 

cub with  in different planes: panel (a)  and panel (b) . Again we 
observe various spots corresponding extended localized modes with quite large 
amplitudes in a source-free area. 

t
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Fig. 10.6. The FDTD simulations of 3D spatial structure of the fields amplitude 
xE , generated  

by emitters incorporated in percolating clusted (a) below the lasing regime, (b) at the lasing start 
time ts and (c) for well-developed lasing. 
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Fig. 10.7. (Color on line.) The typical field distribution (in central intersection) x| E |  in the 

percola-ting system with 0.316p =  nearly cp for cub with 100L = . In this case the number of 

emitters N is about 105. Small color squares display the radiated field in position of emitters inside 
the cluster. However the spot around x=20, y=40 exhibits the amplitude of localized mode beyond 
the cluster. Other modes are generated too, but with lesser amplitudes. 

 

Fig. 10.8. (Color on line.) The field distribution x| E |  in the percolating system with p=0.32 for 

cub with 75L=  in planes (a) 19z =  and (b) 32z = . We observe various spots corresponding to 
localized modes with quite large amplitudes in a source-free area. 

More details we observe from Fig. 10.9 that shows the colorized isosurface of 3D field 
amplitude  xE . In this case the field is generated by emitters incorporated in a percolating 

cluster with probability p  slightly below the percolating phase transition 

0.3180.317 =p<=p c . In Fig. 10.9 the smooth green inclusions are seen clearly and 
they occupy rather large domains. We observe from Fig. 10.9 that such localized modes 
are distributed not only in area the central intersection (shown in Fig. 10.7) but also in 
various parts of 3D sample.  
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Fig. 10.9. (Color on line.) The field amplitude x| E | , generated by emitters incorporated  

in a percolating cluster with probability p slightly below the percolating phase transition  

at 0.317 0.318cp = < p = . 

Fig. 10.10 displays with more details the structure of some 3D localized field that are 
shown in Fig. 10.9. We observe from Fig. 10.10 that the field localized structures situated 
beyond the source area and normally have the ellipsoidal shape. 

 

Fig. 10.10. (Color on line.) The same as in Fig. 10.9 but with detailing view of the central part 
that exhibits the localized Anderson mode indicated by symbol A . 
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10.4. Condition of Optical Localization in Percolating System 

The mentioned above probability of a light wave returning to the same point (closed loops) 
depends on the scattering mean free path avl . It is expected strong localization to occur in 

three dimensions when πλ<l av 2/ , which is known as the Ioffe- Regel criterion [36]. 

The optical field structures in 3D disordered system shown in the Figs. 10.7-10.10 (for 
time closely to the beginning of lasing) are generated by a significantly non-uniform 
distribution of radiated nanoemitters in a percolating cluster. The high level of the field 
localization allows rapid accumulation of nonlinear effects in this area that latter leads to 
a laser effect (random laser). It is of great interest to study the conditions when the 
localization happens. Since such phenomenon occurs in a highly disordered system it can 
be mentioned as one of variants of 3D optical Anderson localization. In considered 
percolating model similarly of widely used approaches in the theory of Anderson 
localization (see [37] and references therein) we will formulate the measure of localization 
by a dimensionless parameter g  that is a ratio between two spatial scales: the mean free 

paths of photons in a sample l  and the wavelength of radiated emitters λ . The first 

parameter  l   is proportional to the optimal distance  3Nl   that a photon can travel between  

N   emitters inside a finite size 3D-sample ( 0l   is a sample size) without visiting the same 

region twice, such that  3 /av Nl = l N   and  0 avl = l l  . The second parameter wavelength  

2 /a aλ = πc ω   corresponds to a transition frequency  aω   of the radiated emitters 

incorporated in a percolating cluster. So that the parameter g reads 

 .2/ 30

N

l

c

lω
π=λl=g Na

a
 (10.4) 

Such definition of the parameter g  in Eq. (10.4) leads to the following strategy of our 

numerical simulations: (i) First we define the 3D numerical grid as a LLL   nodes 
(where 10075605040 ,,,,=L  ) and simulate the percolation for various values of the 

probability occupation p  up to value 0.34=p  that slightly exceeds the critical 

percolation value 0.318=pc ; (ii) This allows to define the number and position of radiated 

emitters N  belonging to the cluster; (iii) Then we calculate the dimensionless optimal 

path Nl3 connecting such N  emitters found from step (ii) with the use of Monte Carlo 

technique. The well-known principle of Fermat [38] asserts that the optimal optical path 

S  between any two points 0r  and 
1r  is defined by minimization of  

1

0
min

r

r rdsnS  

where 
rn  is the refractive index of the media. In general, the definition of this optimal 

path is an advanced problem for structures with large number of randomly placed emitters. 
(We note that such optimization 3D problem for large N  is quite involved computer task 
due to its NP complexity (see [39] and references therein)); (iv) The average length of the 
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free path is calculated as Nl=l Nav /3 , and finally (v) we calculate the radiated field 3D 

structure from Eqs. (10.2)-(10.3) by FDTD technique (for more details see [22]). 

Fig. 10.11 shows the calculated dimensionless average free path between optical emitters 

3 /av Nl = l N  (defined in step (iv)), where Nl3  is the optimal optical path between N  

emitters for cases 75605040 ,,,=L . From Fig. 10.11 we observe that for small 

percolating probability 0.3<p  the value avl is small, but also is small the number of 

emitters. In area of the percolation transition 0.32p   the free path Nl3  shows well 

expressed critical behavior for all used scales L . In this area the number of emitters N in 
the percolation cluster grows very rapidly with the increase p . 

 

Fig. 10.11. (Color on line.) The dimensionless average free distance between field emitters 

3 /av nl = l N  in percolating system as function of the occupation probability p, where 3Nl  is total 

optimal distance between N emitters (calculated by the Monte Carlo method) for 3D numerical 

grids 3L  with 40 50 60 75 L = , , , . 

Fig. 10.12 displays the values of parameter g  from Eq. (10.4) for typical quantities: 

frequency of field 2 0.3aω = π THz , scale length 0 370l = μm , μm=λ=λ Vac  62.8  and 

dimensionless free path avl  from Fig. 10.11. We observe that the threshold (the 

localization criterion) 1∼g  can be achieved near the percolation threshold .3180∼p  

already for 50>N . It is worth to note that above shown Figs. 10.7, 10.9, and 10.10 are 
obtained for parameters for which the localization condition 1∼g  is fulfilled. This 

confirms the validity of above derived condition 1∼g  for threshold of the optical field 

localization. Also one can see from Fig. 10.12 that for the overcritical case cp > p  takes 

place 1>g , so for larger p  the field localization can not be observed. 
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Fig. 10.12. (Color online.) The values parameter g   from Eq. (10.4) for typical quantities: 

frequency of field 2 0.3 aω = π THz , scale length 0 370 l = μm  , 62.8 Vacλ = λ = μm  and 

dimensionless free path avl  from Fig. 10.11. We observe that the criterion 1g  can be satisfied 

near the percolation threshold 0.318p   already for 50N > . The increase of probability p leads 

to very long value of optimal path S , so becomes 1g >  and the localization does not occur. 

10.5. Inverse Participation Ratio 

Now we study if the field localization can be observed in area beyond the percolation 
phase transition. To evaluate quantitatively the degree of field localization, we calculate 
the inverse participation ratio (IPR) defined as 
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32
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rdE
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lI

  (10.5) 

From Eq. (10.5) one can see that I  is close to 1 for smooth homogeneous fields, and 
1<I  for inhomogeneous distributed fields. Fig. 10.13, 10.14 shows the values I(p)  and 

also the order parameters of percolation P(p)  as function of the occupation (percolating) 

probability p  for different grids with 10075 ,=L . We observe that 0.5∼I(p)  up to 

percolation transition zone for cp<p  and I(p)  changes sharply at cp p  where the 

percolating phase transition occurs. (Figs. 10.17, 10.18 display corresponded optical 
fields.) For larger cp>p the value IPR is 0.8∼I(p) , see also Figs. 10.19, 10.20.  That is 

in a good agreement with the above formulated condition of the field localization and 

explains why such effect occurs in area of the percolation phase transition cp . Our FDTD 

numerical simulations confirm this result. 
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Fig. 10.13. (Color online.) The inverse participation ratio IPR I(p )   for radiated field (see  

Eq. (10.5)) and the order parameters I(p )  of the spanning percolation cluster as function of the 

occupation probability p  in area of percolation phase transition 0.318cp p =   for 3D system 

L L L   with (a) 75L= ; (b) 100L = . 

 

Fig. 10.14. (Color online.) The order parameter P(p)  of the spanning percolation cluster for pores 

with fixed 0.6 cR = r = > r  and different random displacement with 0.1,  0.2,  0.3sσ = σ =  and 

0.4. (a) With nearest neighbors approximation (NNA); (b) without NNA. For large value >=0.3sσ  
the difference between both cases becomes considerable. 
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Fig. 10.15. (Color online.) The values of parameter g  from Eq. (10.4). We consider the radius of 

the pores fixed 0.6r =  and random displacement; 0.1s= . We observe that the criterion 1g   can 

be satisfied near the percolation threshold 0.31p   already for 60N > . The increase of 

probability p leads to very long value of optimal path S , so becomes 1g >  and the localization 

does not occur. 

 

Fig. 10.16. (Color online.) The values of parameter g  from Eq. (10.4). We consider the radius of 

the pores fixed 0.6r =  and random displacement; 0.2s= . We observe that the criterion 1g   can 

be satisfied near the percolation threshold 0.355p   already for 60N > . The increase of 

probability p leads to very long value of optimal path S , so becomes 1g >  and the localization 

does not occur. 
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Fig. 10.17. (Color online.) The typical field distribution (in central intersection) x| E |  in the 

percolating system with 0.319p =  nearly cp  for cub with L = 75 in planes (a) z = 51 and  

(b) z = 53. Small color squares display the radiated field in position of emitters inside the cluster. 
However the spot around 40 40x = , y = exhibits the amplitude of localized mode beyond the 

cluster. Random displacement is applied with 0.1s= . 

 

 

Fig. 10.18. (Color online.) The typical field distribution (in central intersection) | Ex |  in the 

percolating system with 0.425p =  nearly cp  for cub with L = 75 in planes (a) z = 22 and  

(b) z = 23. Small color squares display the radiated field in position of emitters inside the cluster. 
However the spot around 40 30x = , y = exhibits the amplitude of localized mode beyond the 

cluster. The random displacement is applied with the standard deviation 0.3s= . 
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Fig. 10.19. (Color online.) The inverse participation ratio I(p )  for the radiated field and the order 

parameters P(p)  of the initial percolation cluster as a function of the occupation probability p. We 

consider the radius of the pores is fixed 0.6r =  and random displacement has standard deviations: 
(a) 0.1s= , (b) 0.3s=  Percolation model with nearest neighbors approximation are applied, for 

3D system L L L  , with L = 75. 

 

Fig. 10.20. (Color online.) The inverse participation ratio I(p )  for the radiated field and the order 

parameters P(p)  of the initial percolation cluster as a function of the occupation probability p. We 

consider random radius of the pores ( 0.49R= ), with the standard deviation 0.4σ=  and fixed 
pore’s displacement. Percolation model with nearest neighbors approximation are applied, for 3D 
system L L L  , with L = 75. 

10.6. Localization for Large Time 

In this section we consider the properties of localization at large time ct > t , where ct  is 

the time when the random lasing begins. The results are shown in Figs. 10.21-10.38. 
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Fig. 10.21. (Color on line.) The field distribution x| E | , in the percolating system with 0.5p =  

for cube with 75L=  in planes (a) 40z =  and (b) 49z = . We observe various spots corresponding 
to localized modes with quite large amplitudes in a source-free area. For random pores the radius 

0.49R=  is considered. 

 

 

Fig. 10.22. The shape of the field amplitude x| E | , corresponding to a localized mode in the 

percolating system, with 0.65p =  (in cube with 100L = ) localized in coordinates 29 34 65( , , )  at 

time 17t = . The random pores are considered with mean R = 0.49 and standard deviation 
0.04.σ=  
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Fig. 10.23. The field distribution 
x| E |  in the plane intercessions of the percolating system with  

p = 0.42 (cube with L = 100) in planes (a) z = 65, (b) z = 69, (c) z = 72 and (d) z = 79; at time  
t = 17. We observe various spots corresponding to localized modes, with quite amplitudes in a 
source-free area. Random pores have mean R = 0.49 and the standard deviation 0.3=s  

 

Fig. 10.24. The field distribution 
x| E |  in the percolating system with p = 0.42 for a cube with  

L = 100 in planes (a) z = 74, (b) z = 77, (c) z = 78 and (d) z = 80; at time t = 18. Comparing with 
Fig. 10.23, the field undergoes a displacement toward the edges of the medium. Random pores 
have mean R = 0.49. See details in the text. 
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Fig. 10.25. The field amplitude x| E | , generated by emitters incorporated in a percolating cluster 

with occupation probability p = 65 at time (a) t = 17 and (b) t = 18. We observe that at time  
t = 18, these modes move toward the boundary of the medium (output). Random pores is considered 
with mean R = 0.49 and the standard deviation 0.3s= .  

 

Fig. 10.26. The field shape x| E | , showing a localized mode in radiated percolating system with  

p = 0.7 for a cube with L100 and localized in coordinates (60, 28, 19) at time t = 19. Random pores 
have mean R = 0.49 and the standard deviation 0.3s= . 
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Fig. 10.27. The field distribution x| E |  in the percolating system with p = 0.7 for a cube with  

L = 100 at time (a) t = 19, (b) t = 20. We observe various field spots corresponding to localized 
modes, with quite large amplitudes in a source-free area. Small displacement of the mode localized 
in the  x,  y plane (60, 28) to the right side is observed. Random pores have mean  
R = 0.49 and 0.04.σ=  

 

 

Fig. 10.28. The dynamics of laser generation for percolating probability p = 0.47. The picture 
shown the energy fluxes Ix, Iy and Iz, in the x, y, z directions of the system, with random pores 
having mean R = 0.49 and standard deviation. The numerical grid L3 with L = 100 has been used. 
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Fig. 10.29. (a) The amplitude of the field mode 
x| E |  in the percolating system with p = 0.47 at 

time t = 8. (b) the eellipsoidal modes localized at the position (61, 18, 40) of the 3D medium. 
Random pores have mean R = 0.49 and the standard deviation 0.3=s  

 

 

Fig. 10.30. (a) Amplitude of the localized mode 
x| E |  in the percolating system with p = 0.47 at 

time t = 15. (b) One of the eellipsoidal modes localized at the coordinates (43, 23, 65) in the 3D 
system. We observe that in comparing with Fig. 10.29 when there is laser generation starts, the 
normalized amplitude of the field increases to Max = 0.653. Random pores have mean R = 0.49.  
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Fig. 10.31. The field distribution 
x| E |  in the percolating system with p = 0.47 for a cube with  

L = 100 at time t = 15. We observe various field spots corresponding to localized modes, with 
quite large amplitudes in a source-free area. In particular we observe here the mode showing in 
Fig. 10.30, in the xy coordinates (43, 23) at plane z = 65. Random pores have mean R = 0.49. 

 

Fig. 10.32. The field amplitude x| E | , generated by emitters incorporated in a percolating cluster 

with probability p = 0.47 at time t = 15. We observed some well-defined field bunches within  
the 3D percolation structure. Random pores have mean R = 0.49 and 0.3s= . 
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Fig. 10.33. (a) Amplitude of the mode 
x| E |  in the percolating system with p = 0.47 at time  

t = 26. (b) One of the eellipsoidal modes localized at the coordinates (62, 16, 39) in the 3D system. 
Random pores have mean R = 0.49. 

 

Fig. 10.34. The field amplitude x| E |  , generated by emitters incorporated in a percolating cluster 

with probability p = 0.42<pc at time (a) t = 18. We observed some well-defined field bunches within 
the 3D percolation structure. Random pores have mean R = 0.49 and the deviation 0.3s= . 
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Fig. 10.35. The laser generation in percolating system with probability p = 0.47. The picture shown 
the field fluxes Ix, Iy and Iz, in x, y, z direction of the system, with random pores having  
R = 0.49 and the numerical grid with L = 100 has been used. 

 

 

Fig. 10.36. (a) Amplitude of the mode 
x| E |  in the percolating system with p = 0.47 at time  

t = 4 < ts , where ts is the time when the laser generation starts. (b) One of the eellipsoidal modes 
localized at the coordinates (60, 21, 38) of the 3D system. Random pores have mean R = 0.49.  
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Fig. 10.37. (a) Amplitude of the mode 
x| E |  in the percolating system with p = 0.47 at time  

t = 19 > ts, where ts = 10 is the laser generation time start. (b) One of the eellipsoidal modes localized 
at the coordinates (62, 16, 37) in the 3D system. In comparing with Fig. 10.36; where the laser 
generation starts at t = 15, we observe that the normalized amplitude of the field increases to  
Max = 0.163. Random pores have mean R = 0.49. 

 

Fig. 10.38. The field amplitude 
x| E |  generated at time t = 20 by the emitters incorporated in a 

percolating cluster with probability p = 0.47. We observed some well-defined field bullets within 
the 3D percolation structure. Random pores have mean R = 0.49. 
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10.7. Discussion 

In this section we briefly discuss our results obtained by FDTD simulation of the 
generated optical fields whose dynamics are shown in Figs. 10.21-10.38. In 3D disordered 
percolating materials it is possible to incorporate the light nanoemitters by forcing the gas 
of emitters through the percolating channels (the optical percolation was registered in 
[20]). The external optical pumping will invert the 4-level integrated emitters to excited 
state where the laser generation becomes possible (random laser [22]). Due to fractal 
structure of the incipient percolating cluster (see Fig. 10.1) the emitters field has an 
intricate shape that allows forming the localized Anderson modes (see Figs. 10.7-10.10), 
and finally leads to increasing of the lasing lifetime. From the figures we observe that 
Anderson localization (AL) regions (having smooth shape) are normally beyond of point-
like fields of the radiated emitters incorporated into percolating clusters. Our 3D FDTD 
simulations show that both Anderson localized field and the sharp field peaks (in positions 
of emitters) can be met inside of the cluster, see Figs. 10.13—10.38. The 3D optical 
Anderson localization criterion shows that such effect occurs closely to the critical value 
of the occupation probability of percolating, Fig. 10.11. The system considered here has 
some advantages. Disorder in a percolating material is created naturally and therefore does 
not require any special technology. Besides, such system of percolating light nanoemitters 
can be repeatedly re-pumped that allows increasing the lifetime of such compact device. 

10.8. Conclusions 

We investigated the optical Anderson localization associated with the properties of three-
dimensional (3D) disordered percolation system, where the percolating clusters are filled 
by active media composed by light noncoherent emitters. We numerically studied 3D field 
structures where the wave localization occur and derived the expression for localization 
criterion that extends the optical Anderson localization condition to the percolating 
systems. The analysis of the Inverse participation ratio (IPR) shows that the localization 
arises closely to the threshold of 3D percolation phase transition and has critical behavior. 
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Chapter 11 
A Highly Directional Supercontinuum  
in the Visible upon Filamentation in Air 

N. G. Ivanov, V. F. Losev, V. E. Prokop’ev and K. A. Sitnik1 

11.1. Introduction 

Currently, there are many papers that present the observation and study of a 
supercontinuum (SC) in the visible spectrum range (white light laser) upon filamentation 
in air of the laser pulses with femtosecond duration [1–20]. The basis of SC formation is 
a non-linear optical space-time conversion of radiation of ultra-short high-intensity laser 
pulses in a dielectric medium with a cubic nonlinearity. The development of research in 
the field of SC generation in the visible spectrum range has shown the availability and 
great practical significance of this type of radiation for solving tasks in metrology, 
telecommunications, nanotechnology, optical coherence tomography, remote analysis of 
the atmosphere, and many others.  

Filamentation and SC generation in the visible region in air was first observed by Braun 
et al. [1]. The term "white light filament” was introduced in the publications resulting 
from the European Teramobile project [2, 3]. The authors report the existence of a white 
light beam, observed at an altitude up to 6 km upon the propagation of a chirped 
femtosecond radiation pulse in the atmosphere. The initial beam had energy of 350 mJ, 
pulse duration of 70 fs, diameter of 50 mm. Later the same authors say that the radiation 
of the Teramobile laser extends over long distances in the form of a set of narrow 
(millimeter-diameter) light channels in the absence of ionization and, accordingly, energy 
loss. Similar structures were registered in [4, 5], authors explain their presence by the 
Bessel-like distribution of radiation intensity. In [7], radiation with a modulated spectrum 
was used to decrease a short wavelength cutoff. It is shown that when the distance between 
the spectral peaks is increased, SC has a more shortwave cutoff (up to 230 nm). The 
authors attributed the main mechanism of radiation conversion to four-wave parametric 
mixing. In [9] an overview of works devoted to the study of SC in the visible spectrum 
range is presented and it is shown that the main mechanism of the appearance of an SC is 
by self-phase modulation. In the above mentioned works, the main share of SC radiation 
is distributed in the form of a cone, and the radiation is distributed along the axis only in 
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some cases. In [10], it was shown that the filament was formed upon the long focal length 
(F = 6–12 m) focusing of radiation at  = 950 nm in air, and this filament was the source 
of directional on-axis white light (axial SC). Its appearance and direction depended on the 
beam power and the lens focus. At low intensities, the SC spectrum range was spread in 
the short-wavelength region of 450–500 nm. With increasing intensity, the SC range 
expanded to  = 300–350 nm but became mostly conical. That is, the conditions of 
existence of axial SC are very limited.  

The existence of a filament in most papers is explained by the balance between the self-
focusing of laser radiation due to the Kerr effect and the defocusing of the radiation by 
the filament plasma. It is noted in [11] that the properties of the filament and the processes 
occurring in it largely depend on the numerical aperture of the focusing system  
NA = sin (R0/F), where R0 is the radius of the initial beam and F is the focal length. The 
authors introduce the concept of linear (NA  4 × 10-3) and nonlinear (NA  3 × 10-3) 
focusing modes.  

In the first mode, the balance between geometric focusing and plasma defocusing is 
important for the existence of a filament. In the second mode the relationship between 
Kerr self-focusing and plasma defocusing becomes the main one. The spectral distribution 
of SC after the filament changes depending on the regime. With linear focusing, the SC 
broadening occurs only in the short-wave region of the spectrum, for nonlinear focusing, 
the SC broadens in both directions from the central pump wavelength. Such a division of 
the focusing regimes, as was shown in a number of works [1, 10, 7, 12], is conditional and 
not always the spectral distribution of the SC corresponds to one or another regime 

Thus in [1], using a collimated beam, there was no shift of the spectrum to Stokes region, 
but white light was observed in SC. In [10], a supercontinuum in the visible region was 
observed at NA ≤ 1.5 × 10-3, with no broadening of the emission spectrum to the Stokes 
region. In [12], at NA = 1.3 × 10-3, the SC spectrum was broadened only in the UV range 
up to  = 200 nm, as well as in [7] with NA = 2.5 × 10-3. Thus, the available data are quite 
contradictory.  

The influence of aberration on the process of filamentation of radiation in air was first 
studied in [13, 14] where stabilization of the filaments position was recorded with 
introduction of astigmatism into the wave front of the focused beam. Subsequently, 
studies of the influence of astigmatism on the filament and supercontinuum were devoted 
to [15-18]. In [15], it is shown that the intensity of SC in the visible spectrum range 
decreases with the tilt angle of the lens with a focal length of F = 1 m. At the same time, 
in [16] it was shown that the short-wave boundary of the SC does not change with an 
increase in the slope angle up to 100. Observation of one or two bright light jets after the 
formation of a filament due to the shifting or tilting of the lens at a certain angle is 
presented in [17]. The filament is formed in air when the lens (F = 10 cm) focuses the 
radiation at λ = 800 nm and a pulse duration of 50 fs. It is shown that the brightness of the 
light jets is also dependent on the polarization of the laser beam. The authors associate the 
emergence of SC radiation with a four-wave parametric process. However, the authors do 
not explain in any way the reasons for the appearance of 2-jet beams. In [18], it is shown 
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that by focusing the radiation with femtosecond pulse duration in air, the pump intensity 
and electron density in the filament increase with the tilt angle of the lens. As can be seen 
from the above articles, the conditions of appearance of the SC in the visible range by 
interaction of the femtosecond radiation with air differ significantly among the different 
publications.  

The formation conditions of a highly directional supercontinuum in a visible spectrum 
range and its parameters are studied in this chapter. 

11.2. Experimental Setup and Research Methods 

In the experiments, we used a solid-state starter complex, "Start 480", developed and 
manufactured by the Russian company “Avesta-project”, to form the radiation of 
femtosecond duration. The complex includes a Ti:Sa master oscillator with a continuous 
pump laser, optical stretcher, one regenerative and two multi-pass amplifiers with pulsed 
lasers pumping at a wavelength of 532 nm, and a compressor on two diffraction gratings. 
The output radiation parameters were as follows: a central wavelength of 940 nm, an 
FWHM spectral width of 26 ± 2 nm, the pulse duration of 70 ± 3 fs, energy of 50 mJ, and 
a beam diameter of 10 mm. The complex operated with a pulse repetition rate of 10 Hz, 
and the energy stability was 3 %. The output radiation was linearly polarized 
(horizontally), and the beam quality factor M2 = 2. HR4000 spectrometer (Ocean Optics 
company) operating in the range of 193–1100 nm with a spectral resolution of 0.75 nm 
was used to measure the spectral parameters of radiation. The energy and power of the 
laser pump beam and the converted radiation were measured by Gentec and Ophir gauges. 
The duration of the radiation pulse was measured by ASF-20 femtosecond autocorrelators 
operating at wavelengths of 950 and 475 nm as well as by observing the interference 
fringes in the thin quartz plates. The spatial distribution of radiation was determined using 
a SP620U profilometer and the Beam Gage program, as well as by using beam patterns 
on photographic paper with subsequent processing in the Beam Gage program. In 
addition, the distribution of radiation intensity along the entire filament was recorded by 
removing the surface layer (photo paper, Al-mirror) method for a one or large number of 
pulses. Calculations of radiation propagation taking into account the third order 
nonlinearity of air and the aberrations were carried out in the Fresnel program. The 
nonlinear refractive index n2 in simulations was assumed to be 3×10-19 cm2/W. 
Measurement of electron density in the filament plasma was carried out from the rate of 
change of the charge on the electrodes installed across the axis of radiation propagation. 
Photographing of filaments and images on the screen of visible rays was carried out by a 
Canon EOS 7D camera. The images obtained in the RAW format were subsequently 
processed in order to increase the contrast and reduce a noise. 

11.3. Experimental Results and Discussion 

Our experiments shown that the directional axial SC in air in case without aberration 
focusing is a most stable with a low numerical aperture of focusing system. This is done 
either through the use of a long-focus spherical mirror or by reducing the diameter of the 
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beam when using a reflecting telescope. With a numerical aperture NA  0.01, only a 
conical SC whose directivity is extremely low is obtained. In our opinion, the observed 
difference is due to the fact that when using the short-length focusing, the geometric and 
nonlinear focuses are close to each other and a significant portion of the radiation passes 
through the filament in which the refraction on plasma electrons is large. In this case, after 
filament, the directional axial SC is virtually absent. The decrease of the numerical 
aperture reduces the plasma concentration in the filament and increases the field 
dominance length of Kerr nonlinearity over electron refraction. Under these conditions, 
an axial SC is possible. However, as experiments have shown, the range of conditions 
under which this possibility is realized is quite narrow. For example, when focusing 
radiation using a spherical mirror with F = 12.2 m, the red components of SC directed 
along the beam axis begin to appear at a radiation energy of 10 mJ. As the energy rises, 
the white components of SC arise. However, at the radiation energy of 15 mJ, the spectral 
components of axial white light acquire an angular dispersion that changes from pulse to 
pulse. The spectral composition of the SC is also extremely unstable. 

Research on the SC when astigmatism is introduced in the focused beam was carried out 
in the optical scheme shown in Fig. 11.1.  

 

Fig. 11.1. Optical scheme of experiments. 

At the minimum incidence angle of radiation on the focusing mirror, only a conical SC is 
observed after filament. With an increase in the incidence angle, the filament’s emission 
intensity decreases and it splits into two parts located on the same axis. The first one is 
brighter and corresponds to the meridional focus region; the second part corresponds to 
the sagittal focus region. At a certain incidence angle, a ray of white light with a high 
directivity arises behind visible filament. With a further increase of the angle, the second 
beam appears, and then both beams disappear in reverse order. Fig. 11.2 shows a 
photograph of SC radiation spread behind filament at an incidence angle of the radiation 
on the mirror of 15o in the polarization plane of incident radiation. The figure shows that 
behind filament there are two directed light beams diverging relative to each other at a 
certain angle. 
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Fig. 11.2. View of two rays of SC behind the filament at an incidence angle of the laser beam  
on the mirror of 15o. Inset: on the right, the photographs of SC on the screen at different distances 
from the end of the filament (10, 20, 40, and 80 cm); on the left, the spectral composition of SC at 
a distance of 100 cm from the end of the filament. 

As the distance from the filament increases, the colour of beams is changed from red at 
the beginning to blue at the end. The insets on the right show the photographs of radiation 
luminescence on a screen mounted at distances of 10, 20, 40, and 80 cm from the end of 
the filament. They also clearly show the dynamics of the change in the rays’ colour. The 
inset on the left presents the spectral composition of the radiation at a distance of 100 cm 
from the end of the filament. Upon further beam transport, its spectral range did not 
practically change. The emergence of white light depended to a large extent on the 
incidence angle of radiation on the mirror and the degree of restriction of the original 
beam. Close by the threshold its appearance when limiting the beam on the left, the left 
beam appeared, and when limiting it on the right, the right beam appeared. If the threshold 
was exceeded when limiting the beam on the left, the right beam disappeared, and when 
the beam was limited on the right, the left beam disappeared. Upon deviation of the mirror 
axis in the vertical plane perpendicular to the plane of laser beam polarization, two bright 
directed beams also appeared, but the energy threshold of their appearance was increased 
1.5-fold, roughly as in [8]. 

Fig. 11.3 shows the dynamics of the change of the spectral composition of directional SC 
for different distances of the wedge from the end of the visible filament (Fig. 11.1). It 
should be noted that a modulation in the laser radiation spectrum arises just before the 
filament (Fig. 11.3 (a)). A similar modulation was observed in [12], where it is explained 
by self-phase modulation. Just behind the filament the modulation increases substantially, 
and the maximum of the spectrum intensity envelope shifts to shorter wavelengths relative 
to the central wavelength of laser radiation (Fig. 11.3 (b, c)). Upon an increase in the 
distance from the filament in the SC emission, there is a growth of its short-wave part and 
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a shift of the maximum infrared (IR) component back to longer wavelengths  
(Fig. 11.3 (d)). Under certain conditions, depending primarily on the laser beam energy, 
this maximum becomes the Stokes shift relative to the laser radiation spectrum equal to  
~ 20 nm (Fig. 11.3 (d)). 

 

Fig. 11.3. Spectrum of reference and directional SC emission versus the distance  
from the visible filament. 

Laser beam patterns both in and beyond the filamentation area were recorded to determine 
the role of astigmatism in the formation of directed SC; additionally, the calculations of 
aberrations for the experimental conditions were also carried out. Fig. 11.4 presents the 
experimental and computational results. 

As can be seen from experiment (b) and calculation (d) under the condition of astigmatism 
in the meridional focus area (position 69 cm) the beam size along the x axis begins to 
increase with respect to the linear case (c). In the sagittal focus area behind the visible 
filament (position 75 cm) two areas with a higher intensity appear. Measurement of energy 
in these areas (position 75 cm) showed that they contain about 15 % of the laser beam 
energy. The presence of a ring structure (upper and lower half-rings) in the region of the 
focal waist (position 72) indicates the existence in the meridional focus area of the two 
high-intensity zones located above and below the filament. Their appearance is the result 
of two factors: astigmatism, which compresses the radiation in the horizontal planes, and 
the radiation refraction in the filamentation zone. Further, if a substantial fraction of 
radiation energy from these high intensity zones enters the rings due to the Kerr effect, 
two another high-intensity zones will occur in the horizontal plane at the location of their 
intersection. With further spreading in the sagittal focus area (75 cm), their intensity will 
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increase due to radiation compression in the vertical planes and refraction of radiation in 
the second part of filament. Thus, in contrast to the case without aberration, after 
filamentation, the existence of regions with increased intensity sufficient to exhibit a Kerr 
nonlinearity becomes possible. 

 

Fig. 11.4. Photograph of filament (a - the top view) and shape of the laser beam spots (b-d)  
for the different distances z from the mirror; (a, b) – experiment; (c, d) – calculation without (c) 
and with (d) taking into account the Kerr effect; (a-d) – the same scale along the z axis, angle  

of incidence on the mirror is 15o; (b-d) - the same scale along the x and y axes. 

Investigations of the intensity distribution in the filament by removing the surface layer 
technique were carried out to get a more information about the dynamics of zones 
occurrence with increased intensity. It was showed that the maximum radiation intensity 
is always in the central zone (on the filament axis). Fig. 11.5 shows the patterns of the 
laser beam on the Al-mirror for one pulse at different distances from the mirror. 

Light area of a laser beam patterns is partly deleted Al-layer. In the central zone (dark 
area), the Al layer deposited on the glass substrate is completely removed. Just at the 
center of this region there is a filament with dimensions of ~ 100 μm. Their origin occurs 
before meridional focus area (68 cm). In our opinion, these are the zones from which two 
white beams are subsequently formed. It is seen from Fig. 11.5 that the distance between 
the centers of these regions is ~ 350 μm before the meridional focus area. In the meridional 
focus area (69 cm) this distance decreases to 250 μm, and then begins to increase and at 
the end of the visible filament is 850 μm. 

Fig. 11.6 shows the calculated dependence of the distance between these highly intensive 
areas as the laser radiation propagates. As can be seen from the figure, the distance varies 
nonlinearly, and consequently the course of two beams formed in these zones is not 
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rectilinear. This is due to their propagation in a medium with an inhomogeneous refractive 
index in the filamentation region more precisely near the filament). If we calculate the 
angle at which they propagate relative to each other along the (two extreme points (74 and 
75 cm), then it exactly corresponds to the propagation angle (1.40) of the two white rays 
in Fig. 11.2. 

 

Fig. 11.5. Photographs of a laser beam patterns on an Al-mirror for one pulse at different 
distances from the mirror. Light area is partly deleted Al-layer. Scale of small division is 50 μm. 

 

Fig. 11.6. Distance between two highly intensive areas versus distance to the mirror. 
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The nature of the appearance of two zones of higher intensity can be determined if we 
consider the dynamics of phase change (wavefront) of the laser beam. Fig. 11.7 shows the 
calculated phase distributions under conditions of astigmatism for different distances from 
the mirror. It can be seen that at position 66 сm a dip on the wave front along the center 
of the beam is observed, since the nonlinear addition to the refractive index is positive. 
Later at position 67 сm along the center of the beam, the wave front becomes convex, 
while on the periphery it is concave. Thus due to the Kerr effect two minima located 
outside the beam axis are realized in the phase distribution, which lead to the appearance 
of two off- axis areas with higher radiation intensity. 

 

Fig. 11.7. Phase distribution over the cross section of the laser beam for different distances  
from mirror. 

We consider that two independent beams were formed namely in these regions. As our 
investigations have shown, two spatial quasi-solitons appear in the zone behind the 
filament in conditions of astigmatism [16]. Fig. 11.8 presents experimental and calculated 
beam patterns and distributions of the energy density of the one beam in this zone at 
various distances from the filament end (75 cm from mirror). 

The experimental distribution of beam energy density was built on the basis of beam 
patterns. In the calculations, the initial distribution of beam fluence was taken 
experimentally recorded fluence distribution at a distance of 15 cm from the filament. In 
this case the beam energy was 2.4 mJ. It should be noted that the calculation results were 
very critical to the energy of the laser beam, so an increase or decrease in energy by a 
factor of 2 led to a decrease of the quasi-soliton length.  

According to our measurements, the beam does not change its diameter (~ 300 µm) and 
peak intensity at a distance of ~ 100 cm, although due to the linear diffraction at the end 
of the path it should have a size of 4 mm. Thus in this area there is a stable structure similar 
to a spatial soliton, where conversion of the laser radiation into the visible and ultraviolet 
regions of SC occurs until  = 350 nm. A similar stable structure has been observed 
previously in a number of papers, for example [1, 19, 20]. Despite the fact that the 
radiation intensity in calculation gradually decreases with distance increase from the 
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filament, nevertheless, a qualitative agreement of the theory with experiment is observed. 
At the same time, the calculation of the propagation of a Gaussian beam with an energy 
of 2.4 mJ and a diameter of 0.3 mm in e-2 shows that at a distance of 50 cm its fluence 
drops by a factor of 5. According to our measurements and estimates the existence of a 
quasisoliton is due to a balance between Kerr self-focusing and diffraction spreading. 

 

Fig. 11.8. Beam patterns and distribution of the laser beam fluence at different distances  
from the filament end (75 cm from mirror). Experimental (overhead row) and calculated (lower 

row) beam patterns have the same scale. One distribution of the laser beam fluence in simulation 
(black color – 15 cm) is experimental data. 

Detailed studies of photographs in the field of filamentation from above and their 
processing showed that two thin filaments arise from the region of the meridian focus in 
the horizontal plane (Fig. 11.9). Their diameter is 20-30 μm and they diverge under the 
angle ~ 1.30. Their luminescence is much weaker than the axial filament. The plasma 
concentration in them is much lower and they exist, most likely, due to the balance of the 
Kerr self-focusing and diffraction spreading. These filaments also spread in the region of 
spatial quasi-solitons. 

We also carried out measurements of electron density ne in this area. According to the 
measurements and estimation, ne is in the range of 1012 to 1013 cm-3 all the way from the 
filament end to 1.5 m away from it. It is known that change of the refractive index on the 
electron density is given by Δne = – 0.5(ωp/ω)2, where ωp is the plasma frequency and ω 
is the frequency of laser radiation. Under our conditions, this ratio does not exceed  
4 × 10-9, while the contribution of the Kerr nonlinearity is Δnkerr = γI = 10-5, where  
γ = 3 × 10-19 cm2/W is the nonlinear refractive index coefficient and I = 3 × 1013 W/cm2 is 
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the peak intensity of the laser beam. According to our estimates, this positive contribution 
to Δn can be compensated by the diffraction spreading of the beam with a diameter of  
150 μm, which gives Δndifr = (1.22λ)2/8πnor2 = 10-5, where λ = 940 nm, r is the laser beam 
radius (FWHM), and no is the refractive index coefficient of air. Thus in this case it is 
possible to have a balance between Kerr self-focusing and diffraction spreading. 

 

(a) 

 

(b) 

Fig. 11.9. Photo of the filamentation area (view from above) in optimal conditions to form two 
white rays (a), (b) is an enlarged part of this photo. 

An important parameter for SC in the visible region is the conversion efficiency of the 
laser beam therein. Table 11.1 shows the dynamics of the change in energy for the laser 
beam and SC in one of the two rays. The measurements were made at a distance of 2 m 
from the filament. In order to cut off the infrared component with a large divergence 
before the power meter, the aperture was set with a diameter of 5 mm. Behind the 
diaphragm, the mirror of total reflection for the laser beam was set at an angle of 45o. 
According to Table 11.1, the conversion efficiency of radiation in the visible region of the 
SC is about 5 % relative to the energy of one beam measured behind the diaphragm and 
0.5 % is relative to the initial energy (including two divergent beams). It should be noted 
that our measurements of the IR radiation energy in the range of 1–2.5 µm with the help 
of interference filters showed that it was not more than 5–6 µJ.  

Table 11.1. Energy, pump, efficiency. 

Energy before 
filament, mJ 

Energy behind 
filament, mJ 

Energy behind 
diaphragm, mJ 

Energy of SC, 
mJ 

11 3 0.66 0.033 

 

Information about the pulse duration of the converted light component is extremely 
important from the point of view of understanding the formation mechanism of directional 
radiation of SC and from a practical point of view. Our attempts to measure the duration 
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of SC radiation in the range of 470 nm using an ASF-20 autocorrelator were unfortunately 
unsuccessful, probably due to insufficient radiation intensity. However, for the IR 
radiation of SC measured in the far field, the duration was set. Fig. 11.10 shows the 
autocorrelation function of laser radiation with  = 940 nm (top picture) and SC radiation 
in the range of 900–1000 nm (bottom picture), measured at a distance of 10 m behind the 
filament. As can be seen from Fig. 11.10, the duration of the SC pulse is less than half that 
of the initial laser beam. It can be expected that the other SC spectral components in visible 
will have the similar pulse duration. At least our measurements of white light pulse 
duration according to its interference in thin plates have shown that its duration is less 
than 1 ps.  

 

Fig. 11.10. Autocorrelation function of the laser beam with  = 940 nm (a) and SC radiation  
in the range of 900–1000 nm (b). 

Another important parameter of the obtained radiation, from the point of view of its 
application, is the beam divergence of the SC. Measurement of divergence was carried 
out by using a concave mirror with F = 326 cm installed at a distance of 7 m from the 
filament. Fig. 11.11 shows the intensity distribution of the SC in the visible range 
measured in the far field. The circle shows the dimensions of the focal spot in the 
diffraction-limited Gaussian beam with a diameter of 5 mm (the size of the near-field). 

The circle (a) corresponds to the diameter of the diffraction-limited Gaussian beam with 
a central wavelength  = 600 nm. If the size of the circle in (b) is more or less than a 
certain value, the size in (a) is undefined. Numerical processing of blue light ( = 415 nm) 
data (b) gives a quality factor of the beam M2 = 1.15. Measurement of radiation 
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polarization of the directed SC showed that, like the laser beam, it is linearly polarized 
with a polarization ratio of 95 %.  

 

Fig. 11.11. Intensity distribution of SC radiation measured in the far field. a – total radiation,  
b – part of the radiation with a central wavelength of 415 nm and half-width of 60 nm. The circle 

is the diffraction-limited dimension for a Gaussian beam with a diameter of 5 mm. 

11.4. Conclusion 

Thus, experimental and theoretical studies of conditions for the formation of a highly 
directional SC in the visible spectral region were carried out. The laser beam having a 
wavelength of λ = 940 nm, pulse duration of 70 fs and energy in the range 8 ÷ 15 mJ was 
used in these experiments. It was shown that directional axial SC in air in case without 
aberration focusing is possible only with a low numerical aperture of focusing system  
(NA ≤ 0.01). In this case the plasma concentration in the filament reduces and the field 
dominance length of Kerr nonlinearity over electron refraction increases. Under these 
conditions, an axial SC is possible. When using the short-length focusing (NA  0.01), 
the geometric and nonlinear focuses are close to each other and a significant portion of 
the radiation passes through the filament in which the refraction on plasma electrons is 
large. In this case, after filament, the directional axial SC is virtually absent. 

In case aberrational focusing of radiation the aberrations were determined by varying the 
angle of incidence of the laser beam on a spherical mirror. The most stable pattern of 
highly directional SC in the visible region of the spectrum is observed at the angle of 
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incidence of radiation on the focusing mirror 150. In this case two highly directional beams 
of light diverging relative to each other behind the filament are formed. 

The study of the conditions and the causes of nucleation of two highly directional beams 
showed that the initial regions with higher intensity from which these beams develop 
appear before the meridional focus area in the initial filamentation region on the right and 
on the left of the filament which has a size of ~ 100 μm. When they propagate along the 
filament, the path is not rectilinear, the distance between the beams increases nonlinearly 
up to the end of the filament. After this, they are extended rectilinearly in the angle of  
1.30-1.40. The nature of the appearance of two zones of higher intensity is due to the 
distortion of the wavefront of the laser beam in conditions of the astigmatism and the Kerr 
effect. In result two minima located outside the beam axis are realized in the phase 
distribution, which lead to the appearance of two off-axis areas with higher radiation 
intensity and as a consequence of this the formation of two laser beams. It should be noted 
that all the experimental results agree well with the results of the calculations, in which 
only the Kerr effect was taken into account and plasma was not taken into account. 

The main transformation of the emission spectrum into the short-wavelength region 
occurs in a stable spatial structure of length ~ 100 cm and diameter ~ 0.3 mm. This region 
is characterized by a low concentration of plasma (1012-1013 cm3) and one exists due to a 
balance between Kerr self-focusing and diffraction spreading of radiation. The infrared 
radiation component of the SC has duration 2.8 times shorter than the length of the laser 
beam. It is probable that the pulse duration of the visible supercontinuum has the same 
duration or shorter. The divergence of this radiation is close to the diffraction limit and it 
is linearly polarized with a polarization ratio of 95 %. Analysis of the literature and our 
experimental data showed that the self-phase modulation and cascading four-wave 
parametric processes in the area before filament, in the visible filament, and after it one 
play an important role in the formation of such radiation. 
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Chapter 12 
Study of Third-Harmonic Generation  
at Interfaces Taking into Account  
the Contribution of Self-Focusing Effect 
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and Lino Misoguti 

12.1. Introduction 

Self-focusing (SF) and third-harmonic generation (THG) are two fundamental third-order 
nonlinear effects that have great importance in nonlinear optics. Besides the same 
nonlinear order, they are very unlike in terms of behavior and origin, for instance, while 
THG has origin from pure instantaneous electronic nonlinearity, SF may have several 
contributions, including pure electronic and other non-instantaneous nonlinearities such 
as orientational effect. In this way, most of the time these two effects are studied separately 
in order to simplify the analysis. Here, we present a study of THG at interfaces under the 
influence of the SF effect.  

THG at interfaces [1] has long been of interest for third-order nonlinear materials 
characterization [2-4], ultrashort pulse measurements [5, 6], and nonlinear microscopy  
[7, 8]. Any of these applications requires the precise knowledge of the fundamental 
processes involved for a correct interpretation of the results. It is well known that for a 
thick sample (thickness much larger than the Rayleigh range of the laser beam), the THG 
vanishes in bulk media because the Gouy phase shift [9] leads to the destructive 
interference between third harmonics (TH) generated before and after the focus [3, 10, 
11]. The THG occurs only at interfaces because the focal symmetry is broken by the 
presence of two materials with different refractive indices and/or third-order 
susceptibilities. As a result, TH at interfaces  can be used to measure the discontinuity in 
the fast electronic part of the cubic susceptibility, (3)(-3;,,). However, there are 
cases where such a nonlinear process is not acting alone during the light-matter 

                                                      

Emerson Cristiano Barbano 
São Carlos Institute of Physics, São Carlos, SP, Brazil 



  Advances in Optics: Reviews. Book Series, Vol. 1 

 318

interaction, leading to difficulties in the reliable interpretation of the expected signal 
behavior. 

We have studied the THG of femtosecond (fs) pulses in glass slab [12] (where the sample 
was scanned along the beam propagation direction) and we observed the THgenerated at 
the entrance and exit interfaces are unequal. There are previous works where the 
asymmetry of THG peaks was observed and a few explanations were proposed. For 
example, we may quote the constructive interference due to the Fresnel reflections [12], 
the overcompensation of group velocity dispersion [13] at output interfaces, and even 
some theoretical studies where the non-negligible third-order susceptibility of air may 
cause asymmetry between front and back interface peaks [14]. Therefore, it seems 
worthwhile to investigate more carefully the contributions of linear and nonlinear 
refractive indices at the interfaces of different materials and the main goal of the research 
presented here is to study this asymmetry of THG peaks. 

We report on THG measurements carried out with a setup similar to the Z-scan technique 
[15, 16] at the tightly focused laser beam condition. We performed THG measurements 
at air-glass interfaces of several optical glasses, as well as at glass-liquid interfaces, where 
we have used a cuvette filled with selected organic solvents. In the first case, by carefully 
controlling the sample position and laser power, we could follow the evolution of the THG 
intensity at both interfaces (entrance and exit) of different glasses. We have found that the 
TH generated at the entrance interface follows the expected cubic power dependence, 
which is characteristic of a third-order process, but the THG at the exit presents a slope 
higher than three, indicating that another nonlinear effect is also present. We propose that 
SF strongly contributes to the THG asymmetry because the positive nonlinear refraction 
decreases the effective beam waist as the pulse propagates, resulting in higher laser 
irradiance at the exit interface. This unbalances the TH generated at the entrance and exit 
interfaces. In the case of a cuvette filled with different solvents, we extended our study to 
a different configuration. Such a system presents four interfaces separating three materials 
of different refractive indices and third-order nonlinear susceptibilities. Using different 
cuvettes and solvents we have a variety of interfaces with different linear and nonlinear 
optical properties. Although the THG is due to the electronic part of the nonlinear 
susceptibility, it can suffer from the influence of the SF effect, which can have both 
instantaneous electronic and slow nuclear contributions. This mixture of two distinct 
third-order nonlinear processes was never considered for such interfaces. Here, using the 
cuvette walls as a reference and taking into account the SF effect, we shall show how to 
determine the nonlinear refractive indices, n2, and third-order nonlinear susceptibilities of 
the solvents, (3), by the THG signals. 

We also proposed a study of the SF effect on the THG by changing the pulse duration of 
the pump beam. Due to the non-instantaneous nature of the orientational process, the SF 
from the solvent may be influenced by the pulse duration. In this case, the THG, which is 
an instantaneous electronic phenomenon, can be indirectly affected by pulse duration by 
means of the SF effect from non-instantaneous nonlinearity. 



Chapter 12. Study of Third-Harmonic Generation at Interfaces Taking into Account the Contribution  
of Self-Focusing Effect 

 319 

12.2. Basic Theory of Nonlinear Polarization and Nonlinear  
Refractive Index 

There are several theoretical details about THG (especially for tightly focused beam) and 
SF effects which we are not going to present here, but the reader can find those in Refs. 
[10, 17, 18]. In this text, we just mentioned one simple usual model to introduce the 
nonlinearity related to harmonic generation and nonlinear refractive index. For sake of 
simplicity, let us consider the simple case where the electric field is monochromatic and 
can be represented as plane wave: 

 	 	 , (12.1) 

where E0 is the amplitude of the wave,  is the wave’s angular frequency and t is a given 
point in time.	Considering the nonlinear interaction between light and matter up to the 
third order, we obtain the following expression for the induced polarization P:  

 	 	 , (12.2) 

where 0 is the permittivity of free space, (1) is the linear electric susceptibility, and (2) 

and (3) are known as second- and third-order nonlinear susceptibilities. It is possible to 
show by trigonometric identities that: 

 	 	 1 2  

 	 3 . (12.3) 

One can see from Eq. (12.3) the rise of a host of optical phenomena. The first term is the 
linear response of the material by the presence of light (the material’s response to the 
applied optical field is linear with the strength of the applied optical field). The second 
term presents the second-order polarization P(2) where we have two contributions, a 
constant one and another one at the frequency 2. The first contribution (at zero 
frequency) is a process known as optical rectification, which is a static electric field 
created across the nonlinear medium, and the second one (at 2) is related to the second-
harmonic generation (SHG) process. It is important to point out that we are considering a 
simple case in which the applied electric field is monochromatic. For the general case in 
which the field is made up of several frequency components, the second-order polarization 
is related to even more processes such as sum-frequency generation (SFG) and difference-
frequency generation (DFG) [10]. Here, the monochromatic approach is interesting since 
the expression for the third-order contribution to the nonlinear polarization (last term in 
Eq. (12.3)) is very complicated for the general case. The third-order contribution in  
Eq. (12.3) describes a nonlinear response to the polarization at the frequency of the input 
electric field and another one at frequency 3 that leads to the THG process. 

Equation (12.3) shows the second-order effects depend on (2) while the third-order effects 
depend on (3). For centrosymmetric materials, the response of the induced polarization to 
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an external electric field must respect the relation P(-E) = -P(E), that is, when the electric 
field is reversed, the polarization remains its magnitude but is opposite to the field [19]. 
Consequently, for centrosymmetric materials, all nonlinear susceptibilities of even powers 
of E, (2), (4), etc., have to be equal to zero and the nonlinear effects related to (3) are the 
most important. Therefore, in this case, the induced polarization can be written as: 

 	 	 cos cos	 3 . (12.4) 

From Eq. (12.4) we see the part of the polarization which influences the propagation of 
the beam at frequency  is  

 	 	 cos , (12.5a) 

 	 	 . (12.5b) 

Taking into account the wave equation for a beam that propagates at z direction and using 
c2 = 1/00 (where 0 is the permeability of free space), we obtain the following ratio 
between the speed of light in vacuum, c, and in the medium, v: 

 	 	 	 	1 , (12.6) 

where n is the refractive index. Therefore, considering the linear refractive index,  
n0 = (1+(1))1/2, we have  

 	 	 1
/

1 , (12.7) 

where the approximation comes from the Taylor series expansion considering that the 
second term is much smaller than 1. 

Using the irradiance as: 

 	 	 . (12.8) 

The effective refractive index as a function of I is: 

 	 	 . (12.9) 

An alternative way (and more commonly used) of defining the irradiance-dependent 
refractive index is: 

 	 	 , (12.10) 

where n2 is the material nonlinear refractive index. Then, in the SI system of units: 
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 	 	 . (12.11) 

One can see from Eq. (12.10) that the refractive index depends on the irradiance of the 
light. Usually, n2 values are relatively small, typical values are of the order of 10-20 m2/W 
for common optical glasses. 

SF effect is a consequence of the nonlinear refractive index. Briefly, it can be thought as 
an induced lens due to the nonlinear interaction between light and matter. Considering a 
medium whose refractive index is given by Eq. (12.10), with positive n2, and a laser beam 
with Gaussian transverse intensity profile, I = I(r), propagating into this medium, we have: 

 	 	 . (12.12) 

In this case, the laser beam induces a refractive index variation in such a manner that the 
beam is caused to come to a focus [10, 20]. The effective refractive index is larger at the 
center of the beam than at its borders, the beam is slowed at the center in comparison to 
the edge and, the material acts as a positive lens. For negative n2, the material presents a 
reduced refractive index on the beam axis and it acts as if it were a negative lens, self-
defocusing.  

There are different physical mechanisms that can produce an irradiance-dependent 
refractive index such as electronic polarization, electrostriction and thermal effects [17]. 
For short-pulse laser beam focused in solids and liquids, one of the most important 
mechanisms is the electronic polarization, also known as optical Kerr lens effect, and 
occurs due to electronic cloud distortion. But SF has been observed for different types of 
materials and with many types of laser sources [18]. For instance, SF of mode-locked laser 
pulses in liquid argon [21] and molecular gases [22], pulsed dye lasers in gases due to 
resonant interactions [23] and, also, SF of CW (continuous-wave) dye laser in sodium 
vapor has been reported [24]. 

The SF effect is a self-action phenomenon because the beam modifies its own propagation 
by means of the nonlinear response of the medium. As the beam propagates in the 
medium, the wavefront of the beam gets distorted and this distortion is similar to that 
imposed by a positive lens. SF is often responsible for optical damage of transparent 
materials. Since the propagation is perpendicular to the wavefront, the laser beam appears 
to focus by itself and the beam waist radius is decreased compared with that of a weak 
laser pulse [25]. More information about SF effect can be found, for example, in the books 
of Boyd [10] and Koechner [17]. 

12.3. THG under Influence of SF Effect 

In the previous section we discussed the THG and the SF effect separately. Now, we 
propose a simple model for analyzing the THG under the influence of the SF. In section 
12.2, to derive the nonlinear refractive index, we considered, in the wave equation for the 
light-matter interaction, the part of the induced polarization at frequency  in Eq. (12.4), 
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on the other hand, considering only the part at 3, one can see that this term of the 
nonlinear polarization acts as a source term for the THG process. In this case, solving the 
wave equation for the induced polarization at 3 and an electric field whose amplitude 
varies spatially according to a Gaussian distribution, it is possible to show that in the 
tightly focused beam condition [26]:  

 ∝ ∆ , (12.13) 

where I(3)
sample and I() are the irradiances of the TH and fundamental beam, respectively. 

(3) is the difference between the third-order nonlinear susceptibility of the two materials 
at the interface. For the case of a single glass slab, Eq. (12.13) can be rewritten as: 

 ∝ , (12.14) 

since the nonlinear susceptibility of air is negligible. As mentioned earlier, the THG at the 
entrance and exit interfaces are different and we propose the SF effect explains this 
asymmetry. In this case, the SF changes the beam waist, w, and the irradiance becomes a 
function of w, 

 ∝ . (12.15) 

Considering the beam waist radius changes with the laser power explains why the slope 
of the THG signal does not follow the cubic power law. In this simple model, we consider 
that the beam waist for a given laser power, P, depends on the sample’s nonlinearity 
because of the SF process. In the case of a positive nonlinearity, we assume that the beam 
radius at the exit surface is reduced to:  

 	 	 	 	 1 , (12.16) 

where w0 is the radius without SF, B is an empirical constant proportional to the sample’s 
nonlinearity, n2, and the product BP represents the amount of beam decrease. Since the 
laser irradiance is inversely proportional to the square of the beam radius:  

 ∝ ⁄ 	 	 ,⁄  (12.17) 

we propose the following empirical equation: 

 	 	 ′ , (12.18) 

where A’ is a constant that depends on the particular sample. For our purpose here we are 
going to define A = A’/w0

6 and, in this way,  

 	 	 . (12.19) 
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The quantity BP changes the slope of the logarithmic THG intensity versus the input 
power curve, while A adjusts its offset. 

The SF of light occurs when a laser beam with a Gaussian transverse intensity profile 
propagates through a medium whose refractive index is given by Eq. (12.12). For a 
positive nonlinearity, as is usual for the instantaneous electronic polarization of optical 
glasses, the refractive index is larger at the center of the laser beam than at its periphery, 
resulting in a positive lens whose focal length depends on the laser irradiance and sample 
nonlinearity [27]. In the Z-scan method, the interfaces translate through the laser focal 
plane. If the beam is tightly focused at the exit interface, Fig. 12.1 (a), the sample is in the 
pre-focus region, and the nonlinear interaction occurs just in this region. On the other 
hand, when the beam is focused at the entrance interface, Fig. 12.1 (b), only the post-focus 
region is important. It is worth mentioning that, in both cases, THG and SF effects occur 
in a typical Rayleigh range, zR, where the laser irradiance is strong enough to induce such 
nonlinear effects. 

As seen in Fig. 12.1 (a), stronger THG is expected due to the reduction of the beam waist 
at the exit interface. Furthermore, the THG at the entrance interface is not enhanced 
because the SF changes the beam waist just after the focus where the irradiance is smaller 
due to beam expansion. 

 

Fig. 12.1. Schematic SF action represented by the dashed line for beam focused at the exit (a),  
and entrance (b) interfaces. Source: [28]. 

As we have already mentioned, the THG, in the tightly focused laser beam condition 
(thick sample), is observed when the interface between two different materials, which we 
can label 1 and 2, is within the laser confocal parameter, and the THG intensity is 
proportional to the difference between the third-order nonlinear susceptibility of the two 
materials, Eq. (12.13). In a more general approach we have to consider the phase-
matching, J, integrals, since the sample dispersion may significantly affect the harmonic 
generation efficiency as well. If medium 2 is air, which has a very weak nonlinearity, we 
just need the nonlinear susceptibility of medium 1, 

1
(3) (glass, for example) to obtain:  

 	 	 / ∝ ,Δ . (12.20) 
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On the other hand, for two media with non-negligible nonlinearities, which are the cases 
of the internal interfaces of a cuvette with solvent: 

 / ∝ ,Δ ,Δ , (12.21) 

where J(b,k) is the phase-matching integral defined as,  

 ,Δ 	 	
∆

⁄
,

∞
 (12.22) 

b is the confocal parameter (2zR), and k is the wave vector mismatch, 

 ∆ 	 	3 	 	 , (12.23) 

where n1 and n3 are the refractive indices at the fundamental and the TH wavelengths, 
respectively. 

It is possible to determine the (3) ratio between two media (1 = cuvette wall and 2 = 
solvent) using Eqs. (12.20) and (12.21), according to: 

 	 	
,Δ

,Δ
1 /

/

/

. (12.24) 

In this case, one needs to know the values of J and use the correct signal, which is usually 
positive when the nonlinearity of the solvent is higher than that of the cuvette [29]. J can 
be numerically calculated with Eq. (12.22). For a practical evaluation of the nonlinear 
susceptibility ratio, it is possible to graphically obtain an empirical equation that fits J as 
a function of bk [29]. In this case we propose the following Sellmeier’s type of 
dispersion equation: 

 ⁄ 	 	
/
, (12.25) 

where x = bk, and C1, C2, C3, C4 and C5 are the constants to be determined by the fitting 
procedure. This expression can be justified by its similarity to the refractive index 
dispersion. 

12.4. THG at Optical Glasses Interfaces 

In experiments where the sample is scanned along the beam propagation direction, the TH 
generated at the entrance and exit interfaces are different [12]. The TH generated at the 
exit interface is systematically stronger than one generated at the entrance. It seems 
worthwhile to study more carefully this phenomenon since THG is an important third-
order process used in a variety of applications. In the present section we report on THG 
measurements, using femtosecond laser pulses, at the interfaces of several optical glasses 
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carried out in a similar way to that of the Z-scan technique [15, 16] at the tight focusing 
limit. By controlling the laser power, we could follow the evolution of the THG intensity 
at both interfaces for different materials. We found the TH generated at the entrance 
interface follows the expected cubic power law dependence while the TH generated at the 
exit presents a slope higher than three. We next show how this behavior can be explained 
considering the SF effect. 

12.4.1. Experiments 

In order to verify that SF effect affects the THG at interfaces , we carried out THG Z-scan 
measurements using a commercial optical parametric amplifier (OPA) (TOPAS, from 
Light Conversion), synchronously pumped by a chirped-pulse-amplified system (CPA 
2001-Clark MXR) with a 775 nm central wavelength and 150 fs pulse duration at 1 kHz 
repetition rate. The OPA was set to generate pulses at the near IR range (λ = 1300 nm) 
with about 120 fs of pulse duration (TH centered at 433 nm). In these pump and harmonic 
wavelengths, the samples used here (silica, BK7, SK11, and F2) present no significant 
linear absorption. As the Z-scan method requires, the sample translates through the focus 
of the laser beam located at z = 0. Negative values of  correspond to sample positions 
between the focusing lens and its focal plane such that the exit (entrance) interface appears 
at the negative (positive)  direction. The average laser power was carefully adjusted with 
a calcite polarizer in the range from 0.3 to 0.8 mW (I0 2.4 to 6.41016 W/m2) and was 
then focused with a 50 mm focal length lens (w0 ≈ 8 μm) such that the Rayleigh range  
(zR = 151 μm) was shorter than the sample thickness, allowing us to resolve the two THG 
signal peaks at the two interfaces. To avoid damage to the detector, we used dichroic 
mirrors (high reflectance to TH beam) to separate the strong fundamental beam from the 
TH beam. A lens placed after the sample was used to direct most of the TH light into a 
large-area silicon PIN detector coupled to a lock-in amplifier, Fig. 12.2. 

 

Fig. 12.2. Experimental setup for measuring the TH signal. DM, dichroic mirrors.  
Source: Adapted from [30]. 
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12.4.2. Results and Discussion 

Here, we have measured three optical glasses, BK7, SK11 and F2. In Table 12.1 we 
present their thickness and linear refractive index at 433 nm and 1300 nm. We have used 
silica as a reference because it has a well-known nonlinearity, n2 = 2.7110-20 m2/W [31]. 

Table 12.1. Optical glasses used with corresponding refractive index and thickness. 

Sample n0 (433 nm) n0 (1300 nm) thickness (mm) 

Silica 1.46693 1.44692 1.225 
BK7 1.52697 1.50370 0.925 
SK11 1.57564 1.54965 1.155 

F2 1.64271 1.59813 1.165 
 

Fig. 12.3 shows the THG curves as a function of z-position. As it can be seen, the THG 
peaks generated at the exit are systematically more intense than those generated at the 
entrance interface for all samples measured. It is worth mentioning that although the  
Fig. 12.3 shows THG curves for a fixed power (0.44 mW), this behavior of stronger peak 
at the exit interface (negative z) and a smaller one at the entrance (positive z) is observed 
for all laser powers used.  

 

Fig. 12.3. THG Z-scan signal for silica, BK7, SK11, and F2 obtained at an average laser power  
of ~0.44 mW. An offset of 0.1 between consecutive curves was introduced for better 

visualization. Source: [28]. 

It also possible to analyze the THG peak widths. Fig. 12.4 shows the normalized TH for 
the entrance and exit interface peaks presented in Fig. 12.3. One can see clearly in  
Fig. 12.4 that the harmonics generated at entrance and exit interfaces exhibit different 
widths. The TH generated at the exit interfaces are systematically narrower than those 
generated at the entrance interfaces. For silica (which presents the lowest nonlinearity) the 
width variation is more difficult to notice, however, with a higher power, 0.8 mW  
(I0  6.4  1016 W/m2), this difference becomes clear, Fig. 12.5.  
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This reduction in the width indicates a change in the Rayleigh range (or Rayleigh 
parameter)  of the Gaussian beam because it corresponds to the region where the laser 
beam is strong enough to generate TH. As predicted by the Gaussian beam theory, the 
reduction in the Rayleigh range may be related to a beam waist radius reduction [17].  

 

Fig. 12.4. Normalized TH peaks generated at the entrance (red) and exit (black) interfaces  
of optical glasses obtained with 0.44 mW pump power. The points are the experimental results, 

and the lines are fittings with Gaussian functions. Source: [26]. 

 

Fig. 12.5. Normalized TH peaks generated at the entrance (red) and exit (black) interfaces  
for silica obtained with 0.8 mW pump power. The points are the experimental results,  

and the lines are fittings with Gaussian functions. Source: [28]. 

Measurements as a function of the laser power reveal similar TH curve shapes, and 
considering only the peak values at the interfaces, we could establish the power law 
dependence through the log-log plots, Fig. 12.6. The slopes of the THG  for entrance 
interfaces (red circles) are exactly 3 while the slopes for exit interfaces (black squares) are 
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slightly higher than 3. The slopes in Fig. 12.6 were obtained by considering a simple linear 
fit in the log-log scale. As expected, F2 presents the uppermost slope because it has the 
highest nonlinear refractive index among the glasses studied here. The solid lines 
correspond to the fitting using Eq. (12.19), which takes into account the beam waist 
decrease. The fitting of the experimental data with Eq. (12.19) allows finding the sample 
nonlinearity using the value of silica as a reference. By comparing the relative B values of 
each fitting, one can estimate n2, once the ratio Bglass/Bsilica should be equal to n2glass/n2silica. 
Table 12.2 shows the results achieved by this procedure (THG slope).  

 

Fig. 12.6. THG peak values at the entrance (red) and exit (black) interfaces as a function  
of the incident laser power for silica, BK7, SK11, and F2. The symbols are the experimental data, 

while the solid lines are results obtained with the model proposed. The numbers in parenthesis 
indicate the slopes (THG dependence with laser power). Source: [28]. 

There is a trend of broadening (entrance) and shortening (exit) of the THG peaks  as a 
function of the laser power, Fig. 12.7, which can also be explained by the SF effect as the 
TH is generated near the focal plane. When the nonlinear sample is placed after the focus 
position (entrance interface), the SF effect tends to recollimate the beam, and zR increases. 
On the other hand, for a sample positioned before the focal plane (exit interface), zR 
decreases. The broadening of zR at the entrance interface does not affect the fundamental 
laser irradiance, since most of the TH is generated near the interface, where the SF did not 
take place yet because of the lack of beam propagation. This explains why the TH 
generated at the entrance interface follows the cubic power law. In the case of the exit 
interfaces, most of the THG occurs in the vicinity of the output face where the beam waist 
compression already took place due to SF and propagation along the Rayleigh distance. 
Due to this reduction of the beam waist radius, the laser irradiance increases and leads to 
a THG law with an exponent greater than 3. Such confocal parameter behavior can be 
understood considering the zR dependence with w,  
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 2 	 	 , (12.26) 

or, using Eq. (12.16), we have: 

 2 	 	2 1 , (12.27) 

where zR0 corresponds to the Rayleigh range in the absence of SF. The positive (negative) 
signal is relative to the entrance (exit) interface. In Fig. 12.7, the symbols are the 
experimental data, while the solid lines are obtained from Eq. (12.27). With the B values 
obtained by these fittings we also calculated the n2,glass/n2,silica ratio. Table 12.2 shows the 
results achieved by this procedure (2zR approach). 

 

Fig. 12.7. 2zR from the TH collected as a function of the pump laser power for silica, BK7, SK11, 
and F2 glasses. The solid lines were obtained from Eq. (12.27). Source: [26]. 

Table 12.2. Experimental n2 values obtained from the ratio Bglass / Bsilica. 

Sample 
n2 -THG slope-  

 (2.71  10-20 m2/W) 
n2 -2zR approach- 

 (2.71  10-20 m2/W) 

Silica 1.0 1.0 
BK7 1.7 1.3 
SK11 1.8 1.3 

F2 3.8 3.1 
 

In summary, in this section, we studied THG at interfaces of different optical glasses using 
femtosecond laser pulses. The TH intensities asymmetry can be explained by the SF 
effect, which increases the laser irradiance at the exit interface due to the reduction of the 
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beam waist. The beam waist radius should change as a function of sample nonlinearity 
and input laser power. It is important to mention that there are SF models already available 
in the literature [10, 17], but none of those correctly predict the results reported here. This 
is probably due to the simplifying assumptions they make such as flat-top beams or 
unchangeable beam waist radius at the focal plane. We proposed a simple empirical 
equation, Eq. (12.16), considering there is a change in the beam waist due to SF where the 
beam waist decreases as the laser power and/or material’s nonlinearity increases. Using 
our model we could follow the TH signal behavior as a function of the laser power and 
estimate the material’s nonlinear refractive index.  

12.5. THG at the Interfaces of a Cuvette Filled with Organic Solvents 

In the previous section, we discussed the effect of SF occurring in Kerr media with pure 
electronic nonlinear refractive index n2 (where n2(3)(-;,-,)) on the THG intensity 
profile at interfaces. We showed that SF effect clearly affects the THG at entrance and 
exit interfaces of a single slab, and that the power dependence, of the signal at the exit 
interface, can be greater than 3 due to the reduction of the beam waist radius. Now, using 
a cuvette containing liquid, we extend the study to a configuration with four different 
interfaces separating different materials which include liquids with the presence of both 
electronic and non-instantaneous nonlinearities. In fact, the linear and nonlinear optical 
properties of the surrounding medium significantly affect the THG signal depending on 
the propagation direction. Using silica and Schott B270 Superwhite crown glass cuvettes, 
filled with three organic solvents (acetone, chloroform, and dimethyl sulfoxide (DMSO)), 
we have a large variety of interfaces with materials of different linear and nonlinear 
properties. The nonlinearity of organic solvents may present significant contributions 
from both pure fast electronic nonlinearities and slow nuclear contributions, such as 
orientational effects. 

The TH peaks for each interface in a particular cuvette-solvent pair have their own 
magnitude and power dependence. Similar to the single slab interfaces, the cuvette 
interfaces are also very asymmetric in terms of beam propagation direction. In other 
words, the THG signal  observed when the laser beam propagates from the cuvette to the 
solvent may be completely different from that generated in the opposite direction. Such 
dependence was never carefully studied before and it is very relevant for materials 
characterization and the understanding of fundamental properties. There are several works 
studying the THG response at interfaces between liquid and solid media where the 
unknown third-order nonlinear optical susceptibilities of liquids are determined [3, 4,  
32-34]. All these works require the precise value of phase-matching integrals (J integrals) 
for the case of tightly focused beams. Here we also decided to consider the contribution 
of J since we have more complex material’s interfaces. This is not a simple task for 
interfaces between two media (1 and 2) with unequal dispersion (k1  k2) and nonlinear 
susceptibilities (1

(3)  2
(3)) [3]. It is possible to do a fast (3) ratio determination if the J 

integrals are previously determined with a numerical calculation [4, 29]. In this section 
we are going to present THG measurements at liquid-glass interfaces and interpret the 
results. We shall determine the nonlinear optical coefficients of the liquids using a method 
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that makes use of the phase-matching integral [4] and, also, show how we can obtain these 
coefficients using our approach that considers the SF contribution. In our method the 
nonlinear refractive indices, n2, and third-order nonlinear susceptibilities of the solvents, 
(3), are determined simultaneously by the THG signals using the cuvette walls as a 
reference. The results are compared and discussed. 

12.5.1. Experiments 

The experimental setup is the same one shown in Fig. 12.2, where the glass slab is replaced 
by the cuvette with solvent. The OPA was also set to generate pulses at 1300 nm, leading 
the TH to be centered at 433 nm. This fundamental wavelength was carefully chosen 
because it has negligible linear absorption, as does its TH, in all solvents studied. Note 
that organic solvents usually present several absorptions peaks in the IR range which 
severely restricts the useful spectral range of THG. 

As done in the previous experiment, the sample was scanned through the focus of the laser 
beam at z = 0. The laser is focused into the sample with a 50 mm focal length lens  
(b≈0.3 mm, w≈8 m) and a 60 mm focal length lens is placed after the sample to collect 
the TH light into the detector. Since we are using a relatively high laser irradiance (1.4 to 
2.01016 W/m2), the TH generated at the interfaces was strong enough to be detected by 
a large area silicon PIN detector coupled into a lock-in amplifier. Using the same setup 
with a germanium PIN detector, we carried out open-aperture Z-scan measurements [15] 
to verify the presence of any absorptive nonlinearity. With the irradiances used here, no 
significant two-photon absorption was observed in any of the solvents. 

As shown in Fig. 12.8 (I), there are four different interfaces for laser focus positioning 
when a silica cuvette is filled with solvent: (a) air-SiO2 (entrance interface), (b)  
SiO2-solvent, (c) solvent-SiO2, and (d) SiO2-air (exit interface). A similar configuration 
occurs for the B270 cuvette. Owing to these interfaces, there are four positions giving rise 
to THG, as depicted in Fig. 12.8 (II). 

 
(I)                                                             (II) 

Fig. 12.8. (I) Definition of the cuvette interfaces and, (II) typical TH intensity curve  
for silica/DMSO system. Source: [30]. 
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12.5.2. Results and Discussion 

As already mentioned, we used two cuvettes (silica and B270) and three different organic 
solvent: acetone, chloroform, and DMSO. Table 12.3 shows their linear refractive indices, 
n0, for the fundamental and TH wavelengths. Both commercial cuvettes have a  
2 mm internal optical path with two windows with 1.2 mm thickness each. The total 
cuvette thickness is 4.4 mm. 

Table 12.3. Dispersion properties of the materials used.1 

 
n0 

(0.43 m) 
n0 

(1.3 m) 
k 

(m-1) 
bk 

Silica 1.467 1.447 0.290 87 
B270 1.534 1.510 0.348 104 
Acetone 1.368 1.352 0.232 70 
Chloroform 1.458 1.434 0.348 104 
DMSO 1.492 1.464 0.406 122 

 

In order to achieve a fast (3) (n2) ratio calculation, we first found several values of J by 
numerically solving Eq. (12.22) (squares in Fig. 12.9), and then we found the best 
parameters that fit Eq. (12.25) to these points. We obtained the values C1 = -0.2396,  
C2 = 0.23924, C3 = 4.959, C4 = 19.40569, and C5 = 2.9310-8. 

 

Fig. 12.9. Open squares show values of J/b as a function of |bΔk| calculated with Eq. (12.22).  
The solid curve is the best fit obtained by using Eq. (12.25) and the inset is just an expanded 

view. Source: [30]. 

                                                      

1The refractive indices were obtained using the Sellmeier coefficients of Silica [35], B270 [36], acetone [37], 
chloroform [38], and DMSO [39]. The confocal parameter is  = 0.3 mm. 
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Fig. 12.10 shows typical TH profiles for the cuvettes containing the three solvents 
measured, where four TH peaks  with different amplitudes can be seen. By making 
measurements with different laser powers, each curve presents its own THG peak values 
at each interface. We first used the procedure described in Barille’s paper [4], based on 
the ratio between the THG peak values from two distinct interfaces: air/glass and 
glass/solvent, without considering SF, to find the nonlinear susceptibilities ratios of our 
solvents with respect to silica and B270. As it can be seen in Fig. 12.10, peaks (b) and (c) 
(or (a) and (d)) have different magnitudes due to the presence of SF. In this way, there are 
four possible values for the nonlinear susceptibility ratio for each laser power. These are 
obtained by using the proper I(3) ratio in Eq. (12.24), i.e., I(3) generated in surface (b) 
divided by those of (a) and (d), and from surface (c) with (a) and (d). Using these four 
values we determined an average value and the deviation of each of them from it.  
Fig. 12.11 shows that the nonlinear susceptibilities ratios are nearly constant with the laser 
power, but the deviations increase as a function of the laser power and nonlinearity 
strength. These deviations reflect the asymmetry existing in the TH profiles whose origin 
is the SF effect. DMSO has the highest discrepancy among all solvents because it has the 
highest nonlinearity. Table 12.4 shows the averaged (AVG) nonlinear susceptibilities 
ratios obtained with all different laser powers (Fig. 12.11) where the respective 
uncertainties came from the difference between the maximum (highest laser power) and 
the minimum values (lowest laser power). From the experimental data, we can also find 
that the ratio (3)

B270/(3)
silica is about 1.5 ± 0.2. It is important to observe that in this method, 

the error rapidly increases with laser power and nonlinearity due to the influence of SF. 
Note that in the model given by Barille et al. [4], no SF is taken into account. 

 

Fig. 12.10. THG signals for three different solvents as a function of the sample position  
for the four interfaces. We used two different cuvettes: silica (S) and B270 glass (G). The curves 

were obtained using pump powers of 0.430 mW and 0.415 mW for silica and B270 cuvettes, 
respectively. Other pump powers present very similar curves. Source: [30]. 
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Fig. 12.11. Nonlinear susceptibility ratios for all solvents obtained with TH peak ratios using  
Eq. (12.24) for different laser powers. We used two different cuvettes: silica (S) and B270 glass 
(G). The error bar for each laser power comes from dispersion among the four possible ratios. 

Source: [30]. 

Table 12.4. Nonlinear susceptibility ratios of the solvents obtained by averaging  
the experimental data of Fig. 12.111. 

Sample  J/b 
AVG 

 
AVG 

Silica 1 0.0209 - - 
B270  0.0195 - - 
Acetone 1.5 [40] 0.0252 1.7  0.1 1.1  0.1 
Chloroform 2.3 [40] 0.0195 2.4  0.3 1.6  0.1 
DMSO 2.4 [41] 0.0200 2.7  0.6 1.8  0.2 

 

Next, we determined the nonlinearity ratio using the procedure where SF is considered. 
The power-dependent TH signals for each interface of the two cuvettes are plotted in  
Figs. 12.12 and 12.13. As seen, the slopes of the TH peaks can be significantly different 
from 3, the value expected for a third-order nonlinear process. This can be explained by 
taking into account the SF effect. We propose a self-consistent procedure to explain the 
results by using Eq. (12.18) and one parameter, the nonlinear refraction of the cuvette, as 
a reference. In order to simplify our study, we start by separately analyzing the interfaces 
that present the same (3), that is, interfaces (a) and (d), and interfaces (b) and (c). 
                                                      

1Here we can consider the silica nonlinearity: n2 = 2.7  10-20 m2/W, (3) = 2.0  10-22 m2/V2 [31]. 
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According to Eq. (12.13), they should generate the same TH if no SF was present. As seen 
in Fig. 12.10, the harmonic generated at interface (d) is more intense than one generated 
at interface (a), and also, it presents a slope higher than 3 (Figs. 12.12 and 12.13) which 
agrees with previous results obtained with single glass slabs.  

In interface (c), the laser beam already propagated from the solvent to silica (or B270) 
and, as the nonlinearity of all solvents used here is greater than that of the cuvettes walls, 
the high value of the slope (> 3) can be explained with the SF effect in the output interface 
of the solvent. In our model, the SF in the output interfaces, which reduces the beam waist, 
explains why the slope is greater than 3, which is also responsible for the high magnitude 
of these peaks in comparison to peaks (b). 

Fig. 12.10 shows that the TH generated at the interface (c) is always greater than that 
generated at (b), except for acetone in the B270 cuvette. In this case, the THG signals are 
small because their nonlinearities are of the same order of magnitude. This implies that 
interfaces (b) and (c) experience roughly the same beam waste reduction and, even though 
the acetone nonlinearity is slightly greater than that of B270, it is not enough for the peak 
(c) to overcome the peak (b). Furthermore, acetone presents the largest linear absorption 
at the pump frequency which reduces the irradiance at the interface (c). This absorption 
can be noticed in peak (d), which is the output of the B270 cuvette, where the THG signal 
is somewhat smaller with acetone in comparison with other solvents. 

Nonlinear susceptibilities and refractions can be found by fitting the slope of the power 
dependence of each peak, as shown in Figs. 12.12 and 12.13. In order to do it, we fit the 
experimental data by means of Eq. (12.19) and obtain the coefficients A (A = A’/w0

6) and 
B for each solvent. The constant A is related to the symmetry breaking of the nonlinear 
susceptibility at the interface, (3), B is proportional to the nonlinear refraction, n2, 
responsible for changing the beam waist radius owing to the SF action. We assume that B 
must be the same at the interfaces (b) and (d), Bb = Bd, since the SF occurs in the same 
material of the cuvette (silica or B270), and must be zero at the interface (a), Ba = 0, since 
the THG slope  is unaffected by SF, i.e., the slope is constant and equal to 3. Also, we use 
the condition that the two internal interfaces must present the same value of A, Ab = Ac, as 
well as the two external interfaces, Aa = Ad. Using these considerations it is possible to 
carry out the adjustment at each interface by placing only one parameter as a variable, 
which provides more reliable values for each coefficient. We start with the interface (a) 
where we already know the coefficient B, (Ba = 0), and then we obtain the parameter  
Aa = Ad by the fitting. 

Ad must be used at the interface (d) to obtain Bd = Bb. The procedure follows by using Bb 
to find Ab = Ac at the interface (b). Finally, knowing Ac we obtain Bc at interface (c). Tables 
12.5 and 12.6 summarize all values found for silica and B270 cuvettes. Both A and B are 
related to n2 (or (3)) and it is possible to estimate the nonlinearity of each solvent by using 
directly the ratio Bc/Bb = n2,solvent/n2,silica or B270, or by using Eq. (12.24) just replacing I’s by 
respective A’s, since A carries information about the TH intensity. As can be seen, it is not 
possible to get the values of nonlinearity ratios by simply using the A’s ratios. It is 
necessary to use an indirect method based on Eq. (12.24). In this case, it is also necessary 
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to use the J values for each solvent and cuvette material. Using a linear fit in a log-log 
scale we can note the slope is equal to 3 only at the first interface, where there is no SF 
contribution in the TH peak value. For the other interfaces, the power law dependence of 
the THG is greater than 3 due to the influence of the Kerr lens effect. 

 

Fig. 12.12. Peak values of THG curves at the silica cuvette interfaces as a function of input laser 
power for all solvents and all interfaces. The symbols are the experimental data and the solid 
lines are the fits using the empirical model. The numbers in parentheses are the approximate 

slopes. Source: [30]. 

 

Fig. 12.13. Peak values of THG curves at the B270 cuvette interfaces as a function of input laser 
power for all solvents and all interfaces. The symbols are the experimental data and the solid 
lines are the fits using the empirical model. The numbers in parentheses are the approximate 

slopes. Source: [30]. 
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Table 12.5. Coefficients A and B obtained for the silica cuvette for interfaces (b) and (c)1. 

Sample (b) (c) 

Acetone 
A = 4.95  0.06 
B = 0.15  0.01 

A = 4.95  0.06 
B = 0.25  0.01 

Chloroform 
A = 5.6  0.1 

B = 0.15  0.01 
A = 5.6  0.1 

B = 0.41  0.02 

DMSO 
A = 8.5  0.1 

B = 0.15  0.01 
A = 8.5  0.1 

B = 0.55  0.02  
 

Table 12.6. Coefficients A and B obtained for the B270 cuvette for interfaces (b) and (c)2. 

Sample (b) (c) 

Acetone 
 = 1.62  0.02 
 = 0.28  0.02 

 = 1.62  0.02 
 = 0.24  0.01 

Chloroform 
 = 2.38  0.04 
 = 0.28  0.02 

 = 2.38  0.04 
 = 0.39  0.02 

DMSO 
 = 3.55  0.05 
 = 0.28  0.02 

 = 3.55  0.05 
 = 0.55  0.02 

 

As expected, interfaces (a) and (d) for both silica and B270 cuvette have about the same 
results independent of the solvent. 

Table 12.7 summarizes the results obtained for nonlinear refractive index ratios using 
coefficients B and A, in silica and B270 cuvettes. Here, we observe that the coefficients A 
and B lead to roughly similar n2 ratios. The discrepancies between the two values increase 
systematically with the sample’s nonlinearity as in the Barille’s method [4]. However, in 
our model, Eq. (12.18), the coefficients A and B have reverse contribution to the THG 
intensity. An overestimation of A’s corresponds to underestimation of B’s and, in this way, 
the most correct values can be obtained by averaging the two values. In fact, if we take 
the average ratio values of the n2’s in Table 12.7, for each solvent, we can get about the 
same values shown in Table 12.4. Since all measurements were carried out using the same 
laser configuration, we can also find the ratio of the n2(B270)/n2(silica) using the 
respective coefficients A and B. Using A’s (using Eq. 12.20) and B’s we got about 1.37 
and 1.87, respectively. The average value is about 1.6 ± 0.2 which is very similar to one 
obtained from intensity ratio measurements, 1.5 ± 0.2, and they are in the range of that 
expected for such borosilicate type of glass [42]. We believe that the main reason for the 
difference between the ratio’s values obtained by these two coefficients is the simplicity 
of our model. Despite this drawback, our model explains very well the contribution of the 
SF on the change of the slope for the THG versus P curves in organic solvents. 

                                                      

1For interfaces (a) and (d) for all solvents, A = 5.6 ± 0.1, B = 0 and A = 5.6 ± 0.1, B = 0.15 ± 0.01, respectively. 
2For interfaces (a) and (d) for all solvents, A = 9.2 ± 0.1, B = 0 and A = 9.2 ± 0.1, B = 0.28 ± 0.02, respectively. 
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Table 12.7. Ratios n2,solvent/n2,cuvette obtained with the coefficients B and A1. 

Sample 
Literat. 
(silica) 

B 
(silica) 

A 
(silica) 

AVG 
(silica) 

B 
(B270) 

A 
(B270) 

AVG 
(B270) 

Acetone 1.7 [40] 1.7 ± 0.1 1.6  0.1 1.7  0.1 0.9 ± 0.1 1.1  0.1 1.0  0.1 
Chloroform 2.3 [40] 2.7 ± 0.2 2.1  0.2 2.4  0.3 1.4 ± 0.1 1.5  0.1 1.5  0.1 

DMSO 2.4 [41] 3.7 ± 0.3 2.3  0.2 3.0  0.7 2.0 ± 0.2 1.6  0.1 1.8  0.8 

 

It is also possible to notice the contribution of the SF in narrowing the peaks (c)’s width. 
In each measurement, the peak (c) is the narrowest peak in the curve. Although this effect 
is expected at the exit interface in the presence of the SF, here, it is not clear about entrance 
or exit interfaces since both media no longer have negligible nonlinearities. In fact, 
according to our model, there is competition between narrowing (exit interface of the 
solvent) and broadening (entrance interface of the cuvette wall) in these interfaces. In this 
way, we have not considered this study here because no clear behavior was observed in 
terms of narrowing or broadening of the two, (b) and (c), internal interfaces. In general, 
we notice that both peaks, (b) and (c), were narrowed (beam waist reductions) and, 
consequently, an increase in the peaks’ slopes were observed. 

12.6. THG at Organic Solvents Interfaces as a Function of Pulse Duration 

As mentioned, although the TH is a pure electronic process, the SF may have electronic 
and other nonlinear mechanism contribution. The instantaneous electronic nonlinearity is 
a constant as a function of the pulse width, which is not the case for the orientational one. 
Orientational n2 is only constant for pulses much longer than the orientation response time 
[43]. Hence, it is possible to change the effective nonlinearity of a solvent controlling the 
pulse duration (chirp) if the orientational response time is in the order of the pulse 
duration. Here, we propose a study of the SF effect on the THG just changing the pulse 
duration of the excitation beam. 

In this experiment we have used the same laser system Ti:sapphire (CPA 2001 – Clark 
MXR)  which delivers pulses with 150 fs duration at 1 kHz repetition rate. This time, we 
did not use the OPA since we wanted to control the pulse duration. The laser emission is 
centered at  = 775 nm with THG at the ultraviolet, 258 nm. The laser beam is focused 
into the sample using a 50 mm focal length lens (zR  0.17 mm, w0  7 µm,  
I0  1  1016 W/m2). After the sample we use a 60 mm focal length lens to collect the TH 
light into the detector (UV-VIS USB 2000+, Ocean Optics). This collection lens must be 
transparent to 258 nm and, in this way, we have used a silica lens, instead of the BK7 lens 
typically used. The temporal pulse duration (~150 fs to ~2 ps) can be directly controlled 
by the laser pulse compressor already inside the laser system. The pulse duration was 
measured by nonlinear refraction measurements using Z-scan technique, in the thin 
sample condition and silica as a reference (n2 = 2.7  10-20 m2/W). The Z-scan Tpv for a 

                                                      

1AVG corresponds to averaged values obtained with the A and B coefficients. 
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refractive signature is proportional to the nonlinearity of the sample, the sample’s 
thickness and the laser irradiance. Using a well-known sample, silica, with known 
thickness and n2, it is possible to calibrate the irradiance necessary to obtain the Tpv 
measured. Finally, with the laser power and beam waist radius, w0, one can find the pulse 
duration. As sample we have used a silica cuvette filled with the same organic solvents: 
acetone, chloroform and DMSO. 

12.6.1. Result and Discussion 

In the cuvette we have four interfaces: air-silica (entrance interface), silica-solvent, 
solvent-silica and silica-air (exit interface), that were labeled as (a), (b), (c) and (d), 
respectively, as we did in the previous section, Fig. 12.8. The cuvette was scanned along 
the z axis and the TH signal was collected into the spectrometer. Due to the shorter TH 
wavelength, peaks (a) and (b) are strongly attenuated by the solvent absorbance and, in 
this way, we can only use the peaks (c) and (d) for analysis. 

Fig. 12.14 (I) shows THG measurements for different pulse durations. In order to preserve 
the same TH signal at the interface (d), that we can use as a reference due to the electronic 
origin of its nonlinear response, the irradiance was set to be approximately constant, for 
each solvent, for the different pulse durations.  

As it can be seen in Fig. 12.14 (I), the TH signal for acetone and chloroform at the interface 
(c) is enhanced for longer pulses and there is no significant variation for DMSO. These 
results indicate that, for long pulses, the orientational nonlinear refractive index increases 
its contribution on the SF effect  in acetone and chloroform. By our results, chloroform 
has somewhat stronger orientational nonlinearity in comparison with acetone, which is in 
agreement with Rau et al. [40]. In the case of DMSO, it seems that this solvent has no 
significant orientational nonlinearity for the pulse widths we have used here. That means 
the DMSO may have a low orientational contribution and most of its nonlinearity has 
electronic origin (the pure electronic nonlinearity of the solvent should have the same 
pulse width dependence of the silica and, consequently, no enhancement should be 
observed) [44]. Also, the TH generated at the entrance interface, peak (a), disappears for 
acetone due to the strong linear absorption at 258 nm. For chloroform and DMSO, it is 
possible to see the peak (a) because they have lower linear absorption at the TH 
wavelength, Fig. 12.14 (II). Peaks (b)s are not seen in the Fig. 12.14 (I), for none of the 
solvents, probably due to the presence of both linear and nonlinear absorption. Our results, 
are also in accordance with the expected by the SF model. 

12.7. Conclusions 

In this chapter, we have investigated the THG at the interfaces on different materials and 
understood the influence of the SF on its intensity profile. In a first experiment, we have 
studied slabs of different optical glasses using femtosecond laser pulses. The results have 
shown that the SF is the main reason for the TH intensity asymmetric profile and 
dependence of pump power at the interfaces.  
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(I)                                                                         (II) 

Fig. 12.14. (I) Integrated THG signal. The interfaces were labeled as (a) air-silica (entrance 
interface); (b) silica-solvent (there is no signal at this interface); (c) solvent-silica. and (d) silica-
air (exit interface). The TH profiles are presented for acetone, chloroform and DMSO for different 
pulse durations. (II) Absorbance spectrum for each solvent. The insets in (I) show the peaks (c)  
in more detail. Source: Adapted from [26]. 
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Although the THG is a pure third-order nonlinear process, the TH power dependence at 
the interfaces can be greater than 3 due to the influence of another nonlinear process, the 
SF, which changes the beam waist at the interfaces. Taking into account the SF 
contribution, it was possible to explain the TH behavior and obtain the glasses 
nonlinearity. 

In a second experiment, we have measured the THG of solvents inside cuvettes. To be 
clearer, THG at interfaces of solvent and cuvette walls using femtosecond laser pulses. 
The solvents may have, in addition to the electronic nonlinearity, also an orientational 
contribution, which is not present in optical glasses. Even with these differences, our 
model works and, again, the SF effect, which now has contribution of pure fast electronic 
and orientational nonlinearity, is important to explain the THG signal. 

Results related to the THG intensity profile as a function of pulse duration were reported 
and a clear variation on the TH peak values at the solvent-silica interface was observed. 
This indicates an enhancement of the SF due to the orientational nonlinearity contribution 
which increases with pulse duration. This result is in accordance with our expectation 
since SF from orientational nonlinearity is not instantaneous and does depend on the pulse 
width. 

In general, the studies presented in this text correspond to advancements in both basic and 
applied strands of research in THG and/or nonlinear optics. We were able to understand 
the contribution of the SF on the THG at interfaces, which is very important for 
fundamental and applied point of view such as for materials characterization. 
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Chapter 13 
Transformations and Evolution of Phase 
Singularities in Diffracted Optical Vortices 

A. Bekshaev, O. Angelsky and S. G. Hanson1 

13.1. Introduction 

Diffraction is one of the most traditional and deeply investigated phenomena of classical 
optics [1, 2], and it is difficult to believe that its further study can bring any peculiar news 
on the physical features of optical fields. Of course, there are many quantitative details 
and special cases of diffraction that still need refinement and further elucidation but the 
general principles of diffracted field formation and evolution seem to be firmly established 
and widely known. However, this is not the case with structured light fields that have 
become a hot topic of modern optics during the past decades [3], especially with light 
beams carrying optical vortices (OV) [4–6]. The edge diffraction of circular OV beams 
[7–23] shows many impressive non-trivial details associated with their special physical 
attributes: helical wavefront shape and transverse energy circulation. In case of the OV 
beam diffraction, common and well-studied diffraction effects (fringes, transverse 
diffusion of the light energy, etc. [1, 2]) are supplemented with the OV-specific diffraction 
transformations which seem bizarre and surprising at first glance. The first of such effects 
is the asymmetric penetration of light energy into the shadow region [9, 13–18] 
impressively testifying for the transverse energy circulation in the incident beam, which 
comes to light due to the beam symmetry violation caused by the diffraction obstacle [16] 
(see Fig. 13.2 below for an example). Beside this, much attention was recently paid to the 
distribution and migration of the OVs within the diffracted beam [7, 8, 11, 12, 14–15,  
19–21]; especially, it was shown that even if the incident OV is stopped by the obstacle, 
it is restored after a certain propagation distance (OV regeneration [7, 8, 10, 19]). The 
interest to the OVs in the diffracted beams is supported by the peculiar character of the 
OV cores as amplitude zeros  and phase singularities, whereby they are physically 
highlighted and can be precisely detected and localized [24–28], which is employed, e.g., 
in sensitive metrology [29–32]. 
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It is well established, both theoretically and in experiment, that after diffraction of an 
incident circular OV beam, at which its singular point is not ‘screened’ by the obstacle, 
the OV core shifts from its initial axial position, and an m-charged OV is decomposed into 
a set of |m| secondary single-charged ones thus forming the ‘singular skeleton’ [6] of the 
diffracted beam. During propagation of the diffracted beam, the OV cores move along 
intricate spiral-like trajectories [19, 23] carrying distinct ‘fingerprints’ of the incident 
beam and its disposition with respect to the diffraction obstacle. A similar transformation 
of the singular skeleton can be observed in a fixed cross section of the diffracted beam 
when the screen edge performs a monotonous translation in the transverse direction 
towards or away from the beam axis [20–22]. 

However, the singular skeleton evolution is not limited by the ‘smooth’ migration of the 
secondary OVs within the diffracted beam ‘body’. Generally, this process is accompanied 
by various topological reactions [4, 6]: the OV disappearance and regeneration [7, 8, 10], 
emergence of new OVs, their annihilation, etc. Normally, such events occur at the beam 
periphery and are related with the diffraction fringes, etc. [15, 19] but some sorts of 
topological reactions are intimately connected with the ‘regular’ OV migration and 
constitute its part [22]. Importantly, the progress of these reactions is highly sensitive to 
the incident beam properties and the diffraction conditions (e.g., the screen edge position 
or the propagation distance behind the screen plane). Therefore, in addition to the general 
physical interest, these topological events offer potentially valuable and prospective 
means for precise measurements and diagnostics of the OV beam’s characteristics. 

In this chapter, we make an effort for a systematic study of the singular skeleton formation, 
evolution and transformations associated with the diffraction of circular OV beams. The 
presentation is based mainly on the recent works [20, 21, 23, 33]. In contrast to some 
previous studies [7, 8, 15, 19], the consideration is mostly restricted to the case of ‘weak 
diffraction perturbation’ (WDP) when the screen edge is located far enough from the 
incident beam axis. We do not specify exactly which perturbation can be called ‘weak’. 
Practically this implies that the beam visually preserves the initial circular shape 
immediately after the screen, which for typical OV beams takes place if the screen is 
separated from the axis by two or more beam radii measured at e–1 intensity level (see, for 
example, Figs. 13.17 (a) and 13.18 (a) for the illustration), but realizing that some 
important conclusions of the WDP-based reasoning can be applicable well beyond any 
formal limits of its validity. Surprisingly enough, it is the WDP situations that appear the 
most favourable for explicit manifestation of the OV-related phenomena in the diffracted 
beam singular skeleton behaviour. 

We start with description of the experimental approach (Section 13.2) and of the general 
numerical means for the OV diffraction simulation (Section 13.3). The consideration is 
based on the Kummer [34] and Laguerre-Gaussian (LG) [4–6] models for the incident OV 
beam: the former adequately describes OV beams obtained from an initial Gaussian beam 
with the help of suitable vortex-generating elements widely used in experimental practice; 
the latter is a standard OV beam model convenient for calculations. Comparative analysis 
of the results obtained with the two different models will highlight the diffraction effects 
related to the vortex character of the incident beam ‘per se’ and separate them from 
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‘occasional’ consequences of the incident beam radial profile, etc. The physical nature of 
the diffraction-induced beam transformations is explained with the help of a simple 
analytical model of the diffracted field formation based on interference of the incident 
beam with the edge wave [2] formed due to the incident field scattered by the screen edge. 
The analytical model is refined by means of the asymptotic analysis of the Fresnel–
Kirchhoff diffraction integral [21, 33] (Section 13.4). 

Further, the developed theoretical instruments are applied to the singular skeleton analysis 
in the diffracted beam in both basic situations: when the screen edge is fixed but the 
observation plane moves along the propagation direction (z-dependent evolution,  
cf. Fig. 13.1) and when the observation plane is fixed and the diffracted beam structure 
changes due to the screen edge translation (a-dependent evolution). In Section 13.5, the 
simplified situation of diffraction of a low-order LG beam discloses the nature of the 
spiral-like OV trajectories (‘vortex filaments’) and its intrinsic relations with the vortex 
beam structure. 

In the first approximation, these trajectories look smooth but further examination reveals 
the existence of topological discontinuities that are studied both for the LG and Kummer 
beams’ diffraction in Sections 13.6 and 13.7. We describe the typical manifestations of 
such discontinuities (‘jumps’) as a series of topological reactions associated with the birth 
of the OV dipole at a remote point of the beam cross section followed by collision of one 
of the dipole constituents with the initial OV and their subsequent annihilation. This 
enabled us to introduce the numerical criterion for the OV trajectory ‘jumps’ whose 
validity is demonstrated in a number of examples of the singular skeleton transformation 
both for the a-dependent and z-dependent diffracted beam evolution. The observed 
discontinuities are also interpreted based on the transverse projections of the everywhere 
smooth and continuous 3D vortex filaments in the diffracted field. Possible applications 
of the results and the prospective lines of further research are discussed in the conclusion. 

13.2. Experimental Setup 

We start with outlining the typical experimental situation in which the OV diffraction is 
explored [7–15, 19, 20] (see Fig. 13.1 (a)). A circular OV beam whose axis coincides with 
the z-axis is directed onto the diffraction obstacle S – an opaque screen with sharp vertical 
edge, mounted with possibility of precise adjustment of the off-axis distance a in the 
horizontal x-direction. The diffracted beam formed behind the screen is observed with the 
help of a CCD camera positioned orthogonally to the incident OV beam axis at different 
adjustable distances z from the obstacle. The nature of the incident OV beam is less 
important; many previous works [7–13] deal with the standard Laguerre-Gaussian beams 
of various topological charges that are characterized by the Gaussian envelope parameters: 
the waist radius at e–1 intensity level b0, the corresponding Rayleigh range [2] 

 2
0R сz k b , (13.1) 

and the longitudinal distance from the waist to the screen zc (see Fig. 13.1 (b)). In 
particular, impressive experiments were performed by Arlt with the LG beams of zero 
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radial index zc = 0 [9], which clearly show internal energy circulation in the OV beams. 
In Fig. 13.2 the original results of [9] are re-arranged according to the geometry of  
Fig. 13.1 (a); here, as well as in the whole chapter, all views of the beam cross section are 
presented as seen against the beam propagation (from the positive end of the optical  
axis z). 

 

Fig. 13.1. (a) General view of the OV beam diffraction with the beam screening and the involved 
coordinate frames; schemes of (b) diffraction of the incident LG beam and (c) formation and 
diffraction of the incident Kummer beam. VG is the OV-generating element, S is the diffraction 
obstacle (opaque screen with the edge parallel to axis y, its position along axis x is adjustable), the 
diffraction pattern is registered in the observation plane by means of the CCD camera. Further 
explanations appear in the text. 

Now our aim is to study the individual singularities of the diffracted beam rather than its 
general amplitude and phase profile. The adopted experimental scheme presented by  
Fig. 13.1 (c) [20] includes the He-Ne laser (wavelength  = 633 nm, wavenumber 

2k    105 cm–1) that generates a Gaussian beam with the waist plane at the laser 

output window where its amplitude is distributed according to the equation 

  
2

0 2
0

exp
2

r
u r

b

 
  

 
, (13.2) 

with r being the radial distance from the beam axis, the waist beam radius equals 
b0 = 0.165 mm (corresponding Rayleigh range is 

R сz   27 cm). After passing a distance 

z0 = 27 cm, the beam impinges on the center of the vortex-generating element VG (in [20], 
the holographic grating with groove bifurcation – i.e., the ‘fork’ hologram [4, 5]); in the 
grating plane, the Gaussian beam radius b and its wavefront curvature radius R are 

 b = 0.232 mm;   R = 54 cm (13.3) 
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Fig. 13.2. Intensity distribution of the diffracted LG beams with the topological charge (azimuthal 
index) m = 4 (the beam waist plane coincides with the screen plane S, screen edge position a = 0): 
(a) immediately behind the screen and (b) at the distance z = zR (13.1). The gray arrows show the 
energy circulation handedness, dotted line indicates the rotation angle 45; the vertical line is the 
screen edge projection.  

(the value of b defines the transverse characteristic scale for the system geometry). The 
holographic grating produces a ‘fan’ of diffracted beams, ±n-th diffraction order carrying 
an OV beam with topological charge ±n. The selected grating-generated OV beam was 
directed to the screen. The total distance from the grating VG to the screen S was 
zh = 11 cm (see Fig. 13.1 (c)). In all cases, the OV beam approaching the screen plane was 
apparently circularly symmetric and of a negative topological charge m  
(m = –1, –2, –3); the transverse energy circulation in the screen plane is shown in Fig. 
13.1 (a) by the curve arrow. The intensity profile of the diffracted beam was registered by 
the CCD camera with the sensitive area 4.8  3.6 mm2, or 768576 pixels where the pixel 
size is 6.25 m. 

The exact localization of the OV cores in the diffracted beam cross section is not a trivial 
task; usual interference methods for the OV detection (by finding the fork-like defects in 
the fringe pattern formed due to interference with a reference wave without wavefront 
dislocation [4]) are hardly applicable because of the low spatial resolution. That is why 
several special approaches were proposed for the OV detection. For example, we can 
mention the procedures employing the Shack – Hartmann wavefront testing method  
[24, 25], 2D analytical signal representation and interpolation (‘OV metrology’) [26, 27], 
statistical algorithms based on reconstructed OV phase maps [28], etc. Since our primary 
goal is to precisely locate the OV cores in conditions where their existence is doubtless, 
these can be detected directly from the measured intensity patterns, searching the 

 

m =+4 

(a) (b) 
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amplitude zeros [20, 21]. Their coordinates were measured automatically by averaging 
over 150 consecutive snapshots, which facilitated a decrease in the fluctuation 
instabilities. To increase the spatial resolution, an interpolation procedure was employed: 
the near zero intensity distribution was approximated by an asymmetric paraboloid, and 
the exact zero position was recognized as a center of the equal-intensity ellipses with 
subpixel accuracy, ~ 1 m. 

This experimental scheme is adjusted for the study of a-dependent evolution of the 
diffracted beam pattern at several fixed distances z behind the screen; in the special 
conditions of [20, 21] z = 30 cm, 60 cm and 82 cm. 

13.3. Description of the Diffraction Model  

13.3.1. General Principles of the Singular Skeleton Analysis  

In conjunction with the experimental research, the diffraction of OV beams is analyzed 
by a mathematical model based on paraxial optics [2, 4, 5]. Let the incident 
monochromatic paraxial beam be described in the screen plane S (Fig. 13.1) by the slowly 
varying complex amplitude distribution  ,a a au x y ; then in the observation plane at a 

distance z behind S the diffracted beam complex amplitude can be found via the Fresnel–
Kirchhoff integral 

  , ,
2

k
u x y z

iz
      2 2

, exp
2

a

a a a a a a a

ik
dy dx u x y x x y y

z



 

         , (13.4) 

in any cross section, the instantaneous electric field of the paraxial beam field equals 

    Re , , expu x y z ikz i t  with ck  , c is the velocity of light. The integral (13.4) is 

calculated for different input distributions  ,a a au x y  characterizing the typical OV 

beams (see below) and the resulting distribution  , ,u x y z  is analyzed at given 

propagation distances z. Examples of the obtained intensity and phase patterns are 
presented in Fig. 13.3. The OV core positions are extracted from the calculated patterns 
in two mutually complementary ways: as the amplitude zeros (Fig. 13.3 (a, b)) and as 
points with indeterminate phase, where different contours of constant phase converge  
[15, 19] (Fig. 13.3 (c)). To enhance the visibility of the amplitude zeros, the calculated 

intensity distribution     2
, ,I x y u x y  (Fig. 13.3 (a)) can be transformed according to 

the formula 

      
12

, , , ,
n

tI x y I x y u x y  
   (13.5) 
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where n is a large enough positive integer, normally chosen n = 15. In addition to (or 
instead of) the transformation (13.5), the numerically calculated near-zero intensity 
distribution was approximated by a second-degree polynomial in x and y, and the OV-
core position was identified as the center of the equal-intensity ellipses for this distribution 
(similarly to the interpolation procedure used for the experimental data interpretation, see 
Section 13.2). 

 

Fig. 13.3. Pseudo-color maps of the (a) intensity distribution I(x, y), (b) transformed intensity 
distribution (13.5) with enhanced visibility of the amplitude zeros (n = 15) and (c) contours of 
constant phase (phase increment between adjacent contours is 1 rad). The images represent the 
profile of the diffracted beam with m = –2 at a distance 30 cm behind the obstacle, the screen edge 
is positioned at a = 0.6b; A and B mark the OV cores. All transverse scales are in units of b (13.3), 
the vertical cyan line is the screen edge projection, and the gray curved arrow shows the energy 
circulation in the incident OV beam. 

In the phase maps (Fig. 13.3 (c)) the OV cores are situated at the ends of cuts (curvilinear 
‘bundles’ of lines of different colors ‘tightly touching’ each other); along these cuts the 
phase experiences ± ‘jumps’. 

13.3.2. Description of the Incident OV Beams  

Now let us specify more rigorously the incident OV beams whose diffraction is studied 
numerically. Addressing the experimental situation of Section 13.2 [22, 23], we will 
consider the case where the incident OV beam is described by the Kummer beam model 
[34] which is typical when an OV beam is formed from an initial Gaussian beam with the 
help of a VG element (see Fig. 13.1 (c)). In this case, the input complex amplitude 

distribution is    , , ,K

a a a a a hu x y u x y z  where 
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where  arc tana a ay x   is the azimuth (polar angle) in the screen plane, m is the OV 

topological charge (corresponds to the phase increment 2m upon the round trip near the 
beam axis), I denotes the modified Bessel function [36]; 
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b being the Gaussian beam radius at the VG plane, see Fig. 13.1 (c) and Eq. (13.3).  
Eqs. (13.6)–(13.8) admit the non-planar wavefront of the initial Gaussian beam, R is the 
wavefront curvature radius; equation for zR in (13.7) just formally coincides with the 
Raleigh range definition [2] because for finite R, the quantity b is no longer associated 
with the beam waist. 

Another beam type is the standard LG beam, which is more suitable in theoretical analysis; 
here, for simplicity, we restrict our consideration by the modes with zero radial index. In 
many situations, the LG beam model is considered universal and is used for approximate 
description of more complicated circular OV beams occurring in practice. In this case 

   , , ,LG

a a a a a cu x y u x y z  where [2, 4, 5] 
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where  s g n 1m    , b0 is the Gaussian envelope waist radius, zc is the distance from 

the waist cross section to the screen plane (see Fig. 13.1 (b)), and 
2

0Rcz kb  is the 

corresponding Rayleigh length (13.1); the current beam radius bc and wavefront curvature 
radius Rc in the screen plane are determined by the known expressions 
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Substituting (13.6) and (13.9) into (13.4) one can find the diffracted beam characteristics 
for arbitrary propagation distance z and arbitrary screen edge position a. This enables 
further determining the OV positions numerically as was described in Section 13.2,  
Fig. 13.3, and some examples are presented in Figs. 13.4–13.6. However, for beams (13.6) 
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and (13.9), the approximate analytical description of the diffracted beam structure is 
possible, which is considered in Section 13.4. 

13.3.3. Migration of Singularities in the Diffracted OV Beams: Experimental Data 
Compared with Theory 

The main results relating the OV positions and their behavior with varying incident beam 
screening (a-dependent evolution) are illustrated in Figs. 13.4–13.6. Each image shows 
the a-dependent migration of the OV cores over the fixed cross section of the diffracted 
beam for the incident Kummer beam with parameters (13.3) and zh = 11 cm. In all cases, 
the transverse energy circulation is clockwise (see Fig. 13.3 (b)), and the OV cores 
describe spiral-like trajectories with opposite, counter-clockwise motion as is indicated 
by arrows. In compliance with the previous reports [7, 8, 19], as the screening grows  
(a diminishes to zero, and further down to negative values), the OVs move into the shadow 
region x > a and eventually vanish (annihilate). 

 

Fig. 13.4. Theoretical (solid) and experimental (dashed) trajectories of the OV cores within the 
cross sections of the diffracted Kummer beams with topological charge m = –1 (handedness of the 
energy circulation is as in Fig. 13.3 (b)); the cross section distance behind the obstacle is indicated 
above the images. All the transverse coordinates and the screen edge position a are given in units 
of the initial Gaussian beam radius b (13.3) at the VG plane. Arrows show the OV motion when 
the screen edge approaches the z-axis (4.4b ≥ a ≥ 0.25b, see Fig. 13.1 (a)). Filled circles mark the 
trajectories’ points corresponding to decreasing half-integer a/b = 2.0, 1.5, 1.0, 0.5. Final positions 
of the screen edge where the experimental OVs apparently disappear (cannot be reliably identified) 
are indicated near the trajectories’ ends. The insets show initial segments of the trajectories (for a 
within the ranges indicated below the images) that cannot be resolved in the main curves. 

The detailed analysis and interpretation of these results will be performed in further 
sections of this Chapter; now we only comment on some general qualitative features of 
the OV behavior. First to note, Figs. 13.5 and 13.6 confirm earlier observations [14, 15, 
19] that even very weak diffraction perturbation, when the screen edge merely ‘touches’ 
the far beam periphery and the diffraction practically does not affect the visible beam 
profile (which obviously takes place, for example, when a > 4b, cf. also Fig. 13.14 (a) 
below), is sufficient for the decomposition of an initial m-charged OV into a set of |m| 
single-charged ones – the singular skeleton is really formed. Each singularity regularly 
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evolves with the diffracted beam propagation (growth of z) forming the OV filament [6]. 
Different individual filaments are marked by different colors: blue and red in case |m| = 2 
(Fig. 13.5), and blue, red and green for |m| = 3 (Fig. 13.6). 

 

Fig. 13.5. Theoretical (solid colored) and experimental (dashed black) trajectories of the OV cores 
within the cross sections of the diffracted Kummer beams with topological charge m = –2 
(handedness of the energy circulation is as in Fig. 13.3 (b)); the cross section distance behind the 
obstacle is indicated above each column. All the transverse coordinates and the screen edge 
position a are given in units of the initial Gaussian beam radius b (13.3) at the VG plane. Arrows 
show the OV motion when the screen edge approaches the z-axis (see Fig. 13.1 (a)); the range of 
the screen edge positions a accepted for calculations is indicated below each image. Filled circles 
mark the trajectories’ points at which a/b accepts decreasing half-integer values starting from 
a/b = 3.0. The initial experimental points correspond to a/b = 4.0, final positions of the screen edge 
where the OVs could not be reliably identified are indicated near the final experimental points. The 
insets show magnified initial segments of the trajectories (marked by the rectangles), corresponding 
ranges of a are indicated below the images. 

Neither in experiment nor by the numerical study could we detect the initial ‘moment’ 
(the value of a) at which the central OV of the multicharged incident beam starts to ‘split’; 
likewise, we could not trace the earliest stages of the single-charged OV displacement 
from the axis z in case of the first-order beam diffraction (Fig. 13.4). With growing a  
(the screening weakens), the spirals of the OV trajectories seem to make infinite number 
of rotations around the axis z, gradually approaching the origin x = y = 0. For this reason, 
the initial points of all the trajectories correspond to certain finite OV displacement, after 
which its behavior becomes more regular and can be reliably traced both numerically and 
in the experiment. 
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Arrows show the OV motion when the screen edge approaches the z-axis (see Fig. 13.1 (a)); the range of the 
screen edge positions a assumed for calculations is indicated below each image. Filled circles mark the 
trajectories’ points at which a/b accepts decreasing half-integer values starting from a/b = 3.0. The insets in 
(d) and (g) show magnified initial segments of the trajectories (marked by the rectangles), corresponding 
ranges of a are indicated below the images. 

Fig. 13.6. (a)–(i) Theoretical (solid colored) and experimental (dashed black) trajectories of the 
OV cores within the cross sections of the diffracted Kummer beams, the cross section distance 
behind the obstacle is indicated above each column; (j) theoretical trajectories of the OV cores in 
the diffracted LG beam (13.9), (13.10) with parameters (13.11) for the distance behind the obstacle 
z = 30 cm. The topological charge of the incident OV is m = –3, all the transverse coordinates and 
the screen edge position a are given in units of b (13.3) or (13.11). The initial experimental points 
correspond to a/b = 2.2, final positions of the screen edge where the OVs could not be reliably 
identified are indicated near the final experimental points.  
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A good quantitative agreement between the experimental results and the simulation can 
be detected only for a single-charged OV (Fig. 13.4) whereas for two- or three-charged 
OVs just a qualitative correspondence is seen (see Figs. 13.5 and 13.6). This can be 
associated with the special character of the VG used in the experiment: With increasing 
order of the OV beams generated by the ‘fork’ hologram, the beams’ inclination with 
respect to the initial Gaussian beam axis also grows, which invokes the OV beam 
deformation [35] so that at the screen plane, the incident OV beam partly loses its 
symmetry, and a set of secondary OVs already exists instead of a single multicharged OV 
expected theoretically. Actually, Figs. 13.5 and 13.6 show that discrepancies between the 
experimental and theoretical trajectories grow with |m|. 

Another reason for this is that the spiral-like OV evolution is complicated by multiple fine 
details distinctly seen in the theoretical curves in Figs. 13.4–13.6: the spirals experience 
oscillatory pulsations, sometimes resulting in trajectory self-crossings, regions of 
retrograde azimuthal motion (loops), etc. (further we will show that this is a characteristic 
feature of the Kummer beam diffraction, see Section 13.4). These fine details are the most 
articulate under the WDP conditions (a >> b) but with decreasing a they disappear and 
the spirals become more regular. Presence of the fine details makes the experimental 
detection of the current OV positions difficult, as is the case of Figs. 13.5 and 13.6. In 
case of Fig. 13.4, these details only exist for very small radial deviation of the OV from 
the nominal beam axis (~0.001b, see the insets in Figs. 13.4 (a–c)), and the observable 
part of the OV trajectory is already a regular spiral favorable for the experimental 
observations. Note that for |m| = 2 (Fig. 13.5) one of the OV trajectories always intersects 
the point x = y = 0, which confirms the earlier suggestion that when an even-charged 
circular OV beam diffracts on a sharp edge positioned at a = 0, one of the diffracted beam 
OVs is fixed at the incident beam axis [19]. 

An interesting peculiar feature is seen in Fig. 13.6 (a). For certain conditions, the OV 
trajectory experiences a discontinuity denoted by the dashed straight-line segment: a 
minute advance of the screen edge induces an articulate ‘jump’ of the OV core to a remote 
point of the diffracted beam cross section. This situation is rather typical and will be a 
subject of special consideration in Sections 13.6 and 13.7. 

For comparison, the OV migration in the diffracted LG beam (13.9) is illustrated in  
Fig. 13.6 (j) for conditions corresponding to Figs. 13.6 (a, d, g) (z = 30 cm, m = –3). 
Numerical values of the LG beam parameters are chosen so that the transverse profile of 
the incident LG beam at the screen plane be in maximal possible similarity to the Kummer 
beam spatial profile of [20, 21]. This non-rigorous requirement is satisfied if we accept in 
Eqs. (13.9) and (13.10) 

 bc =b = 0.232 mm,  Rc = 57 cm,  b0 = 0.17 mm,  zRc = 28.5 cm,  zc = 27 cm. (13.11) 

The general pattern of the OV trajectories in Fig. 13.6 (j) looks qualitatively similar to 
that of the Kummer beam diffraction; even the discontinuity of the ‘red’ trajectory is 
confirmed. At the same time, the OV trajectories in the diffracted LG beam are much 
smoother and contain no radial pulsations, nor small-scale self-crossings (‘loops’). 
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13.4. Mathematical Model of the Singular Skeleton Evolution in Diffracted 
OV Beams  

13.4.1. Asymptotic Analytical Model 

If the incident beam is an LG beam, the integral (13.4) can, in principle, be evaluated 
analytically but when |m| > 1, the explicit representation is cumbersome and physically 
obscure [11, 12]; for the incident Kummer beams, an exact analytical representation is 
unknown. Nevertheless, the situation can be examined analytically by means of the simple 
model which is derived for a >> b (WDP case) but appears to be practically valid when 
the screen edge is separated by several b from the incident beam axis [21] (see Fig. 13.1). 
In this approximation, the diffracted beam (13.4) can be considered as a superposition of 
the unperturbed incident beam and the edge wave ‘emitted’ by the screen edge [2]. For 
any circular OV beam considered in this Chapter, near the z-axis its complex amplitude 
distribution can be presented in the form 

    inc 0 exp exp
m

r
E B im ikz

b
   

 
, (13.12) 

where 2 2r x y   and  a r c ta n y x   are the polar coordinates in the observation 

plane. The quantity 
0B  is a complex constant depending on the propagation distance and 

the beam type (e.g., Kummer or LG), as well as on its specific parameters, which can 
easily be derived from the explicit expressions (13.6) or (13.9). Near the origin of the 
observation plane, the edge-wave amplitude approximately amounts to 
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with the complex coefficient  0 ,D a z  decreasing with growing |a| and z. Eq. (13.13) 

differs from the similar expression used in Ref. [21] by the x-proportional term responsible 
for the wavefront inclination in the (xz) plane (see Fig. 13.1). The positions of the OV 

cores are determined by the condition edge inc 0E E  , which entails 
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where 

 
kra

M
mz

 , (13.16) 

and the coordinate-independent term 
1NC 
 possesses its own value for each secondary OV 

numbered by 0, 1, ... 1N m  , 

  1 0 0

1
arg , arg (2 1)NC D a z B N

m
        . (13.17) 

Despite their very approximate character, Eqs. (13.14) and (13.15) enable efficient 
qualitative analysis of the OV trajectories. First, one observes that under the WDP 
conditions, the OV off-axis displacement 0r , and the second summand in the left-hand 
side of (13.15) can be neglected (M  0). Then Eq. (13.15), in full agreement with the 
experiment [20], predicts the monotonous behavior of the OV azimuth upon monotonous 
variation of a or z. Together with the monotonous nature of  0 ,D a z  in  

Eq. (13.14), this dictates the spiral character of the OV trajectory, which (theoretically) 
makes infinite number of rotations near the z-axis while a →  (the focus-type singularity 
[16]). Also, Eq. (13.15) with M  0 makes it obvious that the rate of the OV spiral 
evolution should slow down with a decrease of a and an increase of z, which is also 
confirmed by experiments and numerical calculations [20, 21]. 

13.4.2. Refined Analytical Model 

This procedure can be substantiated and refined by employing the asymptotic 
representation of the diffracted beam field [21]. To this purpose, we resort to the 
asymptotic expression for the diffracted beam amplitude (13.4) derived in Appendix:  
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where zd is defined in Eq. (13.A17), 

 
 

1 1

1 3 2 122

m m
e R

m mm
h e e R

iz z
B

z z z z iz


 



 
    

,  (13.19) 

  
3 2

1

1

1 1

2
m h

h

zi
D m i k

z z z


   

    
   

, (13.20) 



Chapter 13. Transformations and Evolution of Phase Singularities in Diffracted Optical Vortices 

 359 

 
 

3 22 1

2 2 1

1 1

22

m
he R

m mm
h dhe he R

z zik i
D k

z z z zz z iz





  
    

    
. (13.21) 

Equations (13.18)–(13.21) are valid if a b  and only near the axis, x b , y b  
(see Eq. (13.A4)) but they express the physical essence of the diffraction process [2]. The 
first term of Eq. (13.18) describes the unperturbed incident beam and is an analogue of  
Eq. (13.12), while the role of the screen is accumulated in the second and third terms that 
describe a sort of ‘edge wave’ (13.13) which interferes with the incident beam, thereby 
forming the diffraction pattern. 

As a result, for the diffraction of the Kummer beam (13.6)–(13.8), instead of the simple 
relations (13.14), (13.15), the OV polar coordinates can be determined via equations 
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where M is defined by (13.16). 

Quite similarly, based on Eqs. (13.A1), (13.A8) and (13.A9), the analogs of Eqs. (13.18)–
(13.21) for the LG beam (13.9), (13.10) for large enough a >> bc can be derived: 
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Hence, again, the explicit expressions for the OV cores’ polar coordinates can be easily 
found by equating (13.24) to zero: 
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The quality and descriptive abilities of the described asymptotic model are illustrated in 
Fig. 13.7 where, for simplicity, the OV azimuths are calculated discarding the cosine terms 
in Eqs. (13.23) and (13.27). The most noticeable model limitation is that it describes all 
the secondary OVs by the same equations differing only by N thus predicting that their 
radial coordinates are identical and the azimuthal ones differ only by additive constants 
(in the case of Fig. 13.7 with |m| = 3 this additive constant defining the azimuthal 
‘distance’ between different OV positions is 2 /3). Nevertheless, one can see that the 
approximate solutions (13.22), (13.23) and (13.26), (13.27) fairly reflect main qualitative 
features of the a-dependent OV evolution in the diffracted beam cross sections: the dashed 
curve in Fig. 13.7 (a) explicitly shows the radial pulsations of the spiral trajectory (cf.  
Figs. 13.5 and 13.6); moreover, the dashed curves in Fig. 13.7 (b) contain segments where 
 decreases with growing a explaining the retrograde evolution of the spirals and 
formation of the loops well seen in almost all images of Figs. 13.4–13.6. In fact,  
Eqs. (13.22) and (13.23), to a certain degree, disclose the physical reason for the radial 
pulsations and loops that are characteristic for all images of Figs. 13.5 and 13.6 except 
Fig. 13.6 (j): these are consequences of the interference between the two summands in 
brackets of the right-hand sides of these equations. In turn, these interfering terms appear 
due to the oscillatory behavior of the Kummer beam amplitude (‘ripple structure’) [34] 
and the slow amplitude decay for large transverse radius 

ar   , so that the edge wave 

represented by the second line of Eq. (13.18) is formed as a superposition of contributions 
originating from different points of the screen edge with different amplitudes and initial 
phases that non-monotonously depend on a and/or z. With increasing zh in Fig. 13.1 (c) 
and Eqs. (13.6)–(13.8), oscillations of the amplitude and phase at the Kummer beams’ 
periphery are gradually mitigated, and the pulsations of the OV trajectories in 
corresponding diffracted beams are softened and eventually disappear (this is not shown 
in figures but was confirmed by numerical calculations). The same reasoning perfectly 
explains the ‘smooth’ OV trajectories in the diffracted LG beams (Figs. 13.6 (j), 13.7 (c), 
13.7 (d)) where the amplitude decays monotonously and very rapidly for 

ar   . 

Thus providing a good qualitative basis of the OV trajectories’ behavior for diffracted 
Kummer beams, the asymptotic model gives but a rather poor quantitative agreement with 
accurate numerical data, and even this poor agreement is only observed at large 
enough 3a b

 . In contrast, upon diffraction of LG beams, the good quantitative 
approximation for at least one of the OVs is realized up to a  b (Fig. 13.7 (c)). This is 
rather surprising in view of the asymptotic character of the model that was derived 
assuming a >> b. As to the azimuthal OV positions (Fig. 13.7 (d)), the main peculiarity 
of the model (dashed) curves is their perfectly smooth character in contrast to the accurate 
numerical data that demonstrate segments of relatively slow and rapid growth of . The 
‘steep’ segments of the solid curves near the points where  = – /2, 3 /2, 7 /2 (clearly 
seen in Fig. 13.7 (d) but masked by additional details in Fig. 13.7 (b)) as well as the jumps 
of the red curves near a/b = 2.35 in Fig. 13.7 (b) and a/b = 2.6 (corresponding to the 
discontinuities in Figs. 13.6 (a) and 13.6 (j)) in Fig. 13.7 (d) are associated with the 
discarded cosine terms in (13.23) and (13.27). The nature of these peculiarities will be 
discussed below in Section 13.6. 
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Fig. 13.7. Radial and angular polar coordinates of the OV cores in the diffracted OV beam with 
topological charge m = –3, cross section z = 30 cm. (a, b) Incident Kummer beam; (c, d) incident 
LG beam. Solid curves illustrate the numerically calculated evolution of r and  when the screen 
edge moves from large positive x towards the beam axis and slightly further; inverse horizontal 
scale indicates the screen edge position a in units of b (13.2) or (13.11). Curves of different colors 
describe different secondary OVs (curves of the same colors in (a, b) and in Fig. 13.6 (b, e, i) 
describe the same OVs); thin dashed curves represent the asymptotic approximation of (a, b) 
(13.22), (13.23) and (c, d) (13.26), (13.27) with M = 0.  

13.5. Theoretical Study of the OV Migration: LG Beams 

The first experimental observations that have stimulated this research and have been 
described in Section 2 dealt with the Kummer beams. However, some general features of 
OV diffraction can more easily be understood with the help of simpler examples of LG 
incident beams (Fig. 13.1 (b)). In this section we analyze the OV localization and 
migration in case of diffraction of the simplest low-order OV beams, mostly under the 
WDP conditions which enable efficient and insightful interpretation based on the 
asymptotic analytical model described above. In particular, in this case the OV 
displacement from the z-axis is supposed to be small, due to which M << 1, and the cosine 
terms in the left-hand sides of Eqs. (13.23), (13.27) can be discarded. The WDP 
requirements impose natural limitations on the range of possible variations of the screen 
edge position a; that is why in this section we mainly consider the z-dependent evolution 
of the diffracted beams for several fixed a. As everywhere in this Chapter, the transverse 
geometrical parameters are expressed in units of the incident beam transverse scale. For 
LG beams, this scale is represented by bc (13.10). In order to preserve geometrical 
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conditions of Section 13.2 and for determinacy of numerical examples, we chose bc to be 
equal to the Kummer beam transverse scale (13.3), i.e. in all further calculations we 
suppose 

 k = 105 cm–1  and  bc = 0.232 mm. (13.28) 

13.5.1. OV Displacements: Incident Beam with Plane Wavefront 

Following [14, 15, 19], we start with analyzing the single-charged incident LG beam  
( 1m   ) with its waist at the screen plane, i.e. in equations (13.9) and (13.10) 

 zc = 0,   bc = b0,   Rc = ,  (13.29) 

which means 

 zRc = 53.8 cm. (13.30) 

For a single-charged OV beam, the main consequence of the WDP is the OV displacement 
from its nominal position at the beam axis x = 0, y = 0. The main results relating the 
positions of the OV cores in the diffracted beam cross-section at different distances z 
behind the screen plane are given in Fig. 13.8 for four fixed screen-edge locations (see  
Fig. 13.1 (a)): a = 3bc, a = 2bc, a = bc, and a = 0.6bc. In order to divert from the trivial 
component of the OV migration associated with the beam divergence, the transverse OV 
coordinates are normalized by the current beam radius 

 
2

0 2
1d

Rc

z
b b

z
  . (13.31) 

As expected, the distinct spiral-like trajectories are only observed under conditions of 
weak OV-beam perturbation (a = 3bc and a = 2bc); the trajectories for a = bc and a = 0.6bc 
are given for comparison. Actually, these curves also contain certain spiral-like segments 
corresponding to the very small propagation distances, which are hardly available both to 
analysis and to observation because of the diffraction-fringes effects. On the other hand, 
under the WDP conditions, the OV displacement from the incident beam axis is rather 
small. This is noticeable, e.g., in Fig. 13.4 for the a-dependent evolution in the diffracted 
Kummer beam and is clearly seen in Fig. 13.8 (a) by matching the blue spiral for a = 2bc 
against the red and black curves for a = bc, and a = 0.6bc; in case of a = 3bc the spiral is 
so small that it is separately magnified in Fig. 13.8(b).  

The images of Fig. 13.8 are actually transverse projections of the 3D OV filaments that 
evolve within the “body” of the propagating diffracted beam. Such 3D spirals for a = 2bc 
and a = 3bc are illustrated by Fig. 13.9. Here the longitudinal coordinate z varies within 
the range 

 10 cm = 0.186zRc < z < 600 cm  11.15zRc. 
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Fig. 13.8. z-Dependent evolution of the OV core position in the cross section of the diffracted LG 
beam of equations (13.9), (13.10), (13.29) with m = –1 and Rc =  for (a) a = 2bc (blue), a = bc 
(red), a = 0.6bc (black) and (b) a = 3bc (brown); each curve is marked by the corresponding value 
of a in units of bc. Arrows indicate directions of the OV motion, initial points of the curves 
correspond to z = 10 cm = 0.186zRc (near field), and final points correspond to z =  (far field). 

Note that the ‘motion’ of the OV core along its trajectory is not uniform: practically the 
entire observable evolution happens for the first 10 % of the full range of z variation  
(cf. Fig. 13.10 below). To present the 3D trajectories more conveniently, in Figs. 13.9 (a), 
13.9 (b) the longitudinal scales are non-uniform: the real distance z is normalized by the 
scale factor (13.31). Remarkably, even with this precaution, the region z < 10 cm cannot 
be shown properly because with decreasing z, the rate of the spiral rotation (theoretically) 
infinitely grows while the spiral pitch (distance between consecutive coils) infinitely 
decreases. This is supported by the simplified asymptotic model (13.12)–(13.15) and 
(13.24)–(13.27) which at WDP conditions (M << 1) leads to the approximate rule 
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Obviously, with increasing z, the rotation practically stops whereas for small z the rate of 
rotation d dz  can be rather high. However, this implies no unphysical divergence for 

very small z because when z → 0, the relation 0D   also takes place (see (13.25)) and 
Eqs. (13.14) and (13.24) dictate that with growing rate of rotation, the OV off-axial 
displacement becomes so small that the “theoretic” spiral motion is practically 
imperceptible. 

Importantly, for z →  all the OV trajectories in Fig. 13.8 approach the vertical axis. This 
fact was noticed previously and interpreted based on the general concept that the diffracted 
beam intensity distribution rotates during propagation [9, 13, 19] (cf. Fig. 13.2). Just after 
the screen, the diffracted beam intensity distribution loses circular symmetry but preserves 



  Advances in Optics: Reviews. Book Series, Vol. 1 

 364

the mirror symmetry with respect to an axis orthogonal to the screen edge. In the course 
of further propagation, the beam shape continuously changes, generally, in a rather 
complicated way. But this transformation possesses a sort of regular rotational 
component, which, in the far field, results in an intensity distribution with another 
symmetry axis, orthogonal to the initial one and parallel to the screen edge. Accordingly, 
in the far field, the OV of the diffracted beam eventually approach this symmetry axis that 
in normalized coordinates of Fig. 13.8 coincides with the y-axis. 

 

Fig. 13.9. 3D evolution of the OV core positions in the diffracted LG beam (13.9), (13.10), (13.29) 
with 1m  and Rc =  for (a) a = 2bc and (b) a = 3bc; transverse coordinates are  
in units of bd (13.31). The blue and brown spirals in Fig. 13.8 represent projections of these 
trajectories viewed against axis z. 

13.5.2. OV Displacements: Incident Beam with Spherical Wavefront 

The last conclusion of the previous section was drawn from the OV diffraction analysis 
based on an assumption that the wavefront of the incident OV beam is plane. Now 
consider what influence can be caused by the wavefront curvature. Of course, this can be 
carried out by calculating the diffraction integral (13.4) with the input amplitude 
distribution (13.9), (13.10) corresponding to a non-planar wavefront, or with the help of 
the model equations (13.25)–(13.27) with the necessary value of Rc but it would be 
suitable to involve another simple rule for transformation of the diffracted beam complex 
amplitude that occurs if the incident beam is modified according to the equation 
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(e.g., the plane front is replaced by the spherical one with the same intensity profile) [14]. 

In this situation, if the initial distribution  ,a au x y  produces a diffracted beam with 

complex amplitude  , ,u x y z , the modified initial beam (13.33) produces the diffracted 

beam distribution 
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. (13.34) 

To elucidate the meaning of this rule, let us suppose that the incident beam  ,a au x y  

possesses a plane wavefront, except for the helical component associated with the term 

 m

a ax i y  in Eq. (13.9). Also, we suppose that this beam (‘prototype beam’), being 

diffracted, produces in the cross section z0 behind the screen such complex amplitude 
distribution, for which the OV core is situated in the point (x = x0, y = y0). Hence,  
Eq. (13.34) dictates that the modified incident beam (13.33) produces the diffracted beam 
in whose cross section 
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, (13.35) 

the OV core is located in the point 
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. (13.36) 

In particular, the far field of the modified spherical-front beam (13.33) is realized when 
z    which corresponds to the finite cross section of the prototype beam, 

0 cz R . 

Note that transformation (13.36) affects only the off-axial distance of the OV position 
while its azimuth    0 0a rc tan arc tanr r ry x y x    remains the same as in the prototype 

plane-front beam. 

This reasoning suggests a simple procedure for determining the azimuthal far-field 
positions of the OV cores in the diffracted LG beam with non-planar wavefront. It requires 
knowledge of the OV trajectory for the prototype plane-front beam (see Fig. 13.10 where 
the blue spiral of Fig. 13.8 (a) is magnified and furnished with marks denoting the 
propagation distances behind the screen in centimeters). For example, when the incident 
beam wavefront possesses the curvature radius Rc = 80 cm, Eq. (13.35) shows that the far 
field for the diffracted beam is realized at z0 = Rc = 80 cm. Accordingly, the corresponding 
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OV azimuth coincides with the azimuth of the red rectangle marked “80” in Fig. 13.10. 
And indeed, the independently calculated OV trajectory for the incident beam (13.9) with 
Rc = 80 cm (green curve) is oriented close to this direction, and the small discrepancy can 
be explained by the limited range of the propagation distances accepted for the green curve 
calculation (in fact, the ‘genuine’ far field with infinite propagation distance was never 
reached). The same is correct for other examples corresponding to z0 = Rc = 18 cm (red 
curve), 30 cm (brown curve) and infinity (black curve). This reasoning distinctly shows 
that the far-field OV position belongs to the symmetry axis parallel to the screen edge 
only if the incident LG beam possesses a plane wavefront. 

 

Fig. 13.10. Illustration of the far-field azimuthal OV positions in diffracted beams with non-planar 
wavefront for m = –1 and a = 2bc. Blue curve is the transverse projection of the OV trajectory in 
the prototype plane-front diffracted beam (cf. Fig. 13.8 (a), blue curve, and  
Fig. 13.9 (a)), pale grey dotted curve represents its branch for the negative propagation distances. 
The left and bottom scales show the current OV coordinates in normalized units (13.31), red 
(yellow) rectangles denote the propagation distance marked in centimeters. Red, brown, green and 
black curves are the transverse projections of the OV trajectories in the modified spherical-front 
diffracted beams (13.33) (radius of curvature is indicated near each curve, the OV coordinates are 
measured in units of bc, and marked in the right and top scales). 

Further application of this procedure to cases with Rc < 0 (converging beams) requires 
knowledge of the plane-front diffracted beam behavior at z0 < 0, which seems non-
physical. However, the Fresnel–Kirchhoff integral (13.4) formally is valid for any z; 
moreover, equations (13.4), (13.9) and (13.10) suggest that 

    0 0 0 0 0 0, , , , ,u x y z u x y z     

where the asterisk denotes complex conjugation. This means that positions for the 
amplitude zeros at negative z0 can be easily found once they are known for positive z0. 
Additionally, to get the far-field OV positions, we should take into account that in  
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Eq. (13.35) z tends to positive infinity, and for negative z0 this implies that transformation 
(13.36) inverts the signs of both transverse coordinates. As a result, the ‘prototype beam’ 
OV trajectory for negative z0 can be obtained by a mirror reflection of the blue spiral 
described above, and is presented in Fig. 13.10 as a pale grey dashed curve. This can be 
employed exactly in the same manner as the blue curve itself, with the help of 
corresponding distance marks, some of which are explicitly indicated. 

Whereas for diverging beams (positive Rc), the symmetrical structure of the intensity 
distribution, typical for the plane-front beams, does not exist in the ‘physical’ range z > 0 
(the far-field intensity pattern reproduces the prototype beam structure at finite z0), for 
converging beams with Rc < 0 such a possibility is realized at finite z. According to  
Eqs. (13.35) and (13.36), this occurs when z = –Rc > 0, which corresponds to z0 = . It is 
expectable because the plane z = –Rc > 0 is actually a focal plane of the ‘lens’ performing 
transformation (13.33), and in this plane the Fraunhofer diffraction takes place which is 
equivalent to the far field propagation [1, 2]. 

The resulting azimuthal OV positions in diffracted LG beams with spherical wavefronts 
are illustrated in Fig. 13.11. Note that when 

cR   , all the curves approach the azimuth 

values r = (3/2), (7/2) and (15/2), which means that the OV trajectories always end 
at the negative half-axis y, as was discussed above. This example also shows the 
advantages of the WDP conditions. Theoretically, in cases of strong beam screening, the 
wavefront curvature also affects the OV positions in the diffracted beam cross section but 
the red and black curves in Fig. 13.11 display a rather limited range of possible azimuthal 
deviations, and their sensitivity to the incident wavefront curvature appears to be low. 

 

Fig. 13.11. Far-field azimuthal OV positions in the diffracted LG beam (13.9) with m = –1 vs. the 
wavefront curvature radius: (brown curve) a = 3bc, right vertical scale; (blue curve) a = 2bc  
(cf. Fig. 13.10); (red curve) a = bc (cf. Fig. 13.8 (a)); (black curve) a = 0.6bc (cf. Fig. 13.8 (a)). The 
green curve represents the far-field orientation of the straight line connecting two secondary OVs 
in the diffracted LG beam (13.9) with m = –2, a = 3bc (cf. Fig. 13.13, dashed line). Each curve is 
marked by the corresponding value of a in units bc; dashed lines illustrate the analytical 
approximations (13.37) for the solid curves of the same colors. 
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All these conclusions are based on the numerical simulations but they are also justified by 
the approximate model of Eqs. (13.26), (13.27). First, we note that if we introduce a finite 
Rc by means of transformation (13.33), the set of parameters (13.28)–(13.30) becomes 
modified: bc remains the same as in Eq. (13.28) but it is no longer equal to the new waist 
radius b0, and zc is determined by the new waist position. Accordingly, the Rayleigh length 

of the modified LG beam 
2
0Rcz kb  differs from the value of Eq. (13.30) but Eqs. (13.10) 

entail the relation 

 
2

c c

Rc c

z kb

z R
 . 

Then, with the help of Eqs. (13.25) and (13.27) with negligible M one can easily derive 
the far-field ( z) representation of the OV azimuth: 
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. (13.37) 

The corresponding dependences  cR  for m = –1 (N = 0) are presented in Fig. 13.11 

by the brown, blue and red dashed curves (since the azimuth values differing by a 
complete angle are equivalent, upon constructing the dashed curves necessary integer 
numbers of 2 were added to the immediate results of (13.37)). One can see that 
expression (13.37) provides a rather good approximation for the precise numerical data, 
especially for large Rc and a = 2bc and a = 3bc; when the screening grows (e.g., for a = bc) 
and the WDP conditions are violated, the approximation loses its quantitative accuracy 
but remains qualitatively valid. 

13.5.3. Incident LG Beam with the Second-Order OV 

A similar WDP-induced behavior is typical for higher-order OV beams. As an example, 
we consider the diffraction of a LG beam (13.9) with m = –2 and the same parameters 
(13.28)–(13.30). The main difference from the charge-1 case is that diffraction makes the 
incident OV decompose into two single-charged secondary OVs which evolve separately 
within the diffracted beam ‘body’. At the WDP conditions, they form a ‘double spiral’ 
(Fig. 13.12), each component being quite similar to the OV trajectories observed in the 
diffracted beam with |m| = 1 (Fig. 13.9). Transverse projections of the trajectories shown 
in Fig. 13.12 are presented in more detail in Fig. 13.13; similarly to Fig. 13.10, the distance 
marks are added denoting the current longitudinal positions. Just as in Fig. 13.10, the 
distance marks can be used for prediction of the azimuthal orientation of the far-field OV 
displacement if the incident beam wavefront is not plane (see the black, green and cyan 
curves for Rc = 50 cm, Rc = 85 cm and Rc = , respectively). 
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Fig. 13.12. 3D evolution of the OV core positions in the diffracted LG beam (13.9), (13.29) with 
m = –2 and Rc =  for a = 3bc. As in Fig. 13.9, the transverse coordinates are in units of bd (13.31), 
and the longitudinal coordinate is normalized by the scale factor of (13.31). 

 

Fig. 13.13. Blue and brown curves represent trajectories of the two secondary OVs formed in the 
cross section of the diffracted LG beam with m = –2 and a = 3bc (cf. Fig. 13.12), red (grey) 
rectangles denote the propagation distance (longitudinal coordinate) marked in centimeters, left 
and bottom scales show the transverse OV coordinates in normalized units (13.31). Black, green 
and cyan curves are the transverse projections of the secondary-OV trajectories in the modified 
spherical-front diffracted beams (13.33) (radius of curvature is indicated near each curve, the OV 
coordinates are measured in units of bc, and marked in the right and top scales). Dashed line L 
shows the far-field orientation of the OV pair at Rc = 50 cm. 
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Note that the two secondary OVs are always situated opposite with respect to the nominal 
beam axis z. However, they never form a perfect central-symmetric pair (with the centre 
at the transverse coordinate origin) dictated by the approximate model (13.27) with M = 0, 
except in the asymptotic case z = , Rc = ; this is also a consequence of the slight 
symmetry perturbation upon the WDP. At the same time, the two secondary OVs define 
a straight line whose far-field orientation can be distinctly associated with the wavefront 
curvature of the incident LG beam (see, for example, the dashed line L in Fig. 13.13 that 
unites the two OV cores in case Rc = 50 cm). The rotation of this line with the incident 
wavefront curvature variation is illustrated by the green curve in Fig. 13.11. As in case of 
|m| = 1, its behaviour can be fairly approximated by Eq. (13.37), cf. the green dashed curve 
in Fig. 13.11. Its main difference from the simulation results is that it does not show the 
rotation accelerations near r = /2, 3/2 where one of the OVs crosses the negative y 
half-axis. These accelerations correspond to the trajectories’ ‘jumps’ observed in the 
diffracted Kummer OV beams (Fig. 13.6 (a)) and can be explained with allowance for the 
cosine term in (13.27) (see Section 13.7). 

In summary, the far-field pattern of the diffracted OV beam supplies an interesting 
example where the input wavefront curvature is transformed into the output azimuthal 
rotation of the secondary OV pair, which can possibly find applications for wavefront 
diagnostics and measurements. 

13.6. Discontinuities of the OV Trajectories and Topological Reactions  
in the Diffracted OV Beams 

The previous sections illustrate and explain the main regularities of the OV trajectories 
and the singular skeleton evolution in diffracted OV beams. Now we proceed with the 
study of apparent ‘irregularities’ which so far were beyond our attention. In essence, we 
will concentrate on the non-uniform velocity of the OV motion along its trajectory (while 
the screen edge moves uniformly), which is most articulately expressed by the enigmatic 
‘jump’ of the a-dependent OV trajectory in Fig. 13.6 (a). In this section based mainly on 
the recent results of Ref. [33] we are going to elucidate the nature and conditions of this 
and similar effects. 

13.6.1. The ‘Jump’ Description: Kummer Beams 

To this end, we reconsider the a-dependent OV trajectories for the diffracted Kummer 
beam (13.6)–(13.8) with m = –3 and parameters 

 k = 105 cm–1,  b = 0.232 mm,  R = 54 cm,  zh = 11 cm, (13.38) 

observed in the cross section z = 30 cm behind the screen (see Fig. 13.1 (c)). The results 
are given in Fig. 13.14 representing a supplemented and re-arranged left column of  
Fig. 13.6. Panel (a) illustrates the phase distribution in the observed bean cross section; 
the lines of different colors indicate the constant-phase contours with increment 1 rad  
(cf. Fig. 13.3 (c)). In Fig. 13.14 (a), three single-charged OVs are seen that originate from 
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decomposition of the incident 3-charged OV; Figs. 13.14 (b–d) show the trajectories of 
OVs B–D, respectively. 

 

Fig. 13.14. Trajectories described by the OV cores in the cross section z = 30 cm behind the screen, 
the screen edge moving from a = 4.4b to a = –0.5b (see Fig. 13.1 (c)), for the incident Kummer 
beam with topological charge m = –3 and parameters (13.38). The transverse coordinates are 
expressed in units of b (13.38); large grey arrow shows the energy circulation in the incident beam 
(cf. Figs. 13.1(a) and 13.3 (b)), small arrows show the directions of the OV motion. (a) ‘Initial’ 
positions of the three secondary OVs marked B, C and D for a = 4.4b, the thin black curve denotes 
the constant intensity contour at a level 10 % of the maximum; (b)–(d) trajectories of OVs B, C 
and D while the screen edge advances (the final values of a / b at which the corresponding OV 
disappears are marked near the ends of the curves), the beam axis is denoted by the black circle. 
The dotted line in panel (b) illustrates the OV ‘jump’. 

The non-uniformity of the OV motion along its trajectory is most impressively evident in 
the trajectory of the OV B (Fig. 13.14 (b)). While the screen performs a minute advance 
from a = 2.36b to a = 2.34b, the OV abruptly ‘jumps’ between the points marked by cyan 
circles so that the trajectory apparently looks discontinuous (compare this with the 
adjacent trajectory segments where much larger screen shifts from a = 2.5b to a = 2.36b 
and from a = 2.34b to a = 2.2b cause noticeably smaller changes in the OV positions 
marked by the red circles). Also, while the OV B performs this ‘jump’, the positions of 
other OVs remain practically unchanged. In what follows, we intend to investigate the 
nature and mechanism of this effect. 

To accomplish this, we return to the asymptotic analytical model of Eqs. (13.22), (13.23). 
We employed these equations in the previous sections but under the assumption that at 
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the WDP conditions, the off-axial displacements of the OV cores are small enough so that 
in Eq. (13.16) M << 1, and the cosine term in the left-hand side of (13.23) can be omitted. 
However, the trajectory details we are studying in this Section appear at not very small  
r-values when the cosine term cannot be discarded. Subsequently, the equations (13.15) 
or (13.23) for the azimuthal coordinate of the OV core become transcendent and, in 
contrast to what was made in Section 13.5, cannot be solved analytically. To inspect the 
main consequences of the trigonometric term, we investigate the simpler equation (13.15). 
Its qualitative analysis is illustrated in Fig. 13.15 (a). The left-hand side as a function of  
is imaged by the blue curve (for comparison, the thin light-blue line represents the left-
hand side in the limiting case 0M  ), and each horizontal line expresses a certain value 
of the right-hand side depending on a and z for a certain secondary OV number N. The 
solution  ,a z  is obtained as an intersection of the blue curve and the corresponding 

horizontal line. In the ‘normal’ situation, 0M  , there is only one intersection point (see, 
e.g., points 1 and 4 in Fig. 13.15 (a)). When applied to the case of m < 0 presented in 
Fig. 13.14, with a decreasing monotonically the horizontal line moves upward, and the 
corresponding   1,a z   also changes monotonically and continuously. However, due 

to the trigonometric term in Eq. (13.15), the left-hand side can be non-monotonic, and at 
certain values of a and z, the horizontal line reaches the region where the blue curve is 
nearly horizontal or decreases (e.g., between the red dashed lines in Fig. 13.15 (a), 
2 <  < 3). Obviously, in this region  ,a z  can change very rapidly; besides, there 

appear additional intersections that testify for nothing but emergence of additional OVs. 

The graphical solution of Eqs. (13.22)–(13.16) is performed similarly. Although the 
evolution of the blue curve is more complicated than was discussed in the above 
paragraphs because of the variable M (13.16), which depends on a explicitly as well as 
implicitly, via r and Eq. (13.22), and due to the more complex a-dependence of the right-
hand side of Eq. (13.23), the principal details remain the same [33]. 

The existence of several intersections of the horizontal line with the blue curve (as for the 
green line in Fig. 13.15 (a)) means that the smooth translational migration of the OV is no 
longer possible and is thus replaced by the topological reaction in which additional OVs 
emerge and annihilate [4]. Images of Figs. 13.15 (b–d) show the numerical example 
explaining the behavior of the OV B whose trajectory is depicted in Fig. 13.14 (b), within 
the ‘jump’ region. The OV positions are marked by the corresponding letters, as in  
Fig. 13.14 (b–d); additionally they are provided with curved arrows showing the local 
direction of transverse energy circulation, colored in agreement with the trajectory colors 
in Figs. 13.6 and 13.14. While a approaches the ‘jump’ region (a = 2.36 in Fig. 13.14 (b), 
point 2 in Fig. 13.15 (a)), there are three secondary OVs presented in Fig. 13.15 (b). At 
this moment, the small screen advancement towards the axis almost does not affect the 
OV positions but induces a topological event: in the area indicated by the black circle in  
Fig. 13.15 (b), the cut is torn and the dipole of oppositely charged OVs emerges (see  
Fig. 13.15 (c)). With further decrease of a, one of the new-born OVs, V, charged 
oppositely to all the other OVs (black curve arrow), rapidly moves against the ‘normal’ 
spiral OV motion. Subsequently it meets the OV B and annihilates with it, whereas the 
second member of the dipole pair, B', still remains and starts its migration as a 
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‘continuation’ of the OV B (Fig. 13.15 (d)). Note that singularities C and D are practically 
stable during this process, and the ‘virtual’ OV V moves from B' to B along the smooth 
arc looking as a natural ‘filling’ of the spiral-like trajectory between a = 2.36 and a = 2.34. 
This agrees with the approximate Eq. (13.22) that dictates that radial coordinates of all 
OVs, including the ‘virtual’ ones, are determined by a and z independently of the  
azimuth . 

 

Fig. 13.15. (a) Illustration for the solution of Eqs. (13.15) and (13.23): The blue curve is the plot 
of the left-hand side expression for |M| = 1.4, horizontal lines symbolize different (a, z)-dependent 
values of the right-hand side. (b)–(d) Equiphase contours and the secondary OV positions in the 
cross section of the diffracted beam of Fig. 13.14; curve arrows show the local energy circulation 
near the OV cores; the screen-edge positions are indicated above each panel (further explanations 
in text). 

The described anomalies of the OV trajectories in the diffracted beam are caused by the 
non-monotonic character of the left-hand side of Eq. (13.15) or (13.23), which takes place 
if the ‘jump criterion’ is realized, 

 1
kra

M
mz

  , (13.39) 

and near the points where 
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 . (13.40) 
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The latter condition explains why the jump of Fig. 13.14 (b), as well as the noticeable 
acceleration of the OV motion in Figs. 13.14 (c, d) [21] occur in the lower half-plane, near 
 = 3/2 (remember that m < 0 and, consequently, M < 0); this is also the reason for the 
‘steep’ segments of the solid curves in Fig. 13.7 (d) near the points where  = – /2, 3 /2, 
7 /2. In turn, Eq. (13.39) shows that the ‘jump’ can preferably take place at large enough 
a and not very high z; in particular, this explains why the numerical analysis reveals the 
‘jump’ anomalies at z = 30 cm but they cannot be detected, with the same incident beam, 
at z = 60 cm and z = 82 cm (see Fig. 13.6). In the present conditions of Eq. (13.38) and 
Fig. 13.14 (b) with z = 30 cm, a = 2.35b, r  0.72b, one finds |M|  1.01, which agrees 
with the ‘jump’ existence. Noteworthy, the trajectories of the OVs C and D differ from 
the considered OV-B trajectory by the values of a and r at which they traverse the vicinity 
of  = 3/2. For the OV C this occurs at a = 3.75b, r  0.25b (Fig. 13.14 (c)), which gives 
|M| = 0.56; for the OV D – at a = 3.1b, r  0.4b (Fig. 13.14 (d)) whence |M| = 0.74. This 
completely agrees with the absence of jumps and accompanying topological events in 
trajectories C and D. Similarly, one can easily verify that |M| < 1 for all curves of  
Figs. 13.4–13.6, except Fig. 13.6 (a) and the red curve in Fig. 13.6 (j). 

13.6.2. Discontinuities in the Laguerre-Gaussian Beams’ Diffraction 

Now let us consider the singular skeleton evolution upon diffraction of the LG beam 
(13.9). Instead of the previously analyzed beam with parameters (13.11), here we choose 
another example that enables us to expose the special features of the OV trajectories more 
explicitly: we take the LG beam with m = –3 and assume in the calculations the following 
values for the beam parameters: 

 k = 105 cm–1,   bc = b0 = b = 0.232 mm,   zc = 0,   Rc = , (13.41) 

(like in Section 13.5.1, the beam waist coincides with the screen plane). The numerically 
calculated OV trajectories in the diffracted beam cross section are presented in Fig. 13.16. 
As in the Kummer beam case (Fig. 13.14), there are three secondary OVs that evolve 
along the spiral-like trajectories and consecutively move to the shadow region where they 
vanish. The trajectories are marked by the same colors and the same letter notations as 
their counterparts in Fig. 13.14 (b–d). As expected, they show more regular and smooth 
behavior than in the case of a Kummer beam, which is associated with the slower decay 
and oscillations of the Kummer beam intensity at r >> b [21, 34] (see the remarks in the 
penultimate paragraph of Section 13.4.2). Accordingly, the analytical model of  
Section 13.4.2 not only provides qualitative but also a fair quantitative characterization of 
the trajectory B even if a  b, cf. Fig. 13.16(a) where the trajectory obtained analytically 
from Eqs. (13.26), (13.27) with M = 0 is presented as the thin dotted spiral; note that its 
final point corresponds to a = 1.2b. 

Upon calculations, the ‘jumps’ were identified as events for which an additional pair of 
OVs emerge. For example, in Fig. 13.16 (a), while a decreases, the ‘red’ OV with 
topological charge –1 moves along the segment B0B and at the moment it approaches 
point B, the OV dipole is distinguished with –1-charged OV in point B'. This event takes 
place at a = 1.98b; then, the oppositely charged dipole member – ‘virtual’ OV V – rapidly 
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moves along the black arc against the main spiral evolution. Meanwhile, the ‘old’ OV still 
continues its slow motion to meet the ‘virtual’ one until the annihilation occurs in the point 
marked by the circle at a = 1.94b.1 During the entire process, the OV radial coordinate 
remains approximately constant, r = 0.44b. Similar events happen to the OV C at 
a = 2.92b to 2.90b (Fig. 13.16 (b), r = 0.27b) and to the OV D at a = 2.52b to 2.48b  
(Fig. 13.16 (c), r = 0.35b). In contrast to the situation of Fig. 13.14, now all the OVs 
experience rather articulate ‘jumps’, which is explained by the high values of the jump 
factor (13.39): |M| = 1.56, 1.40 and 1.57 in cases of Fig. 13.16 (a–c), correspondingly. 

 

Fig. 13.16. Trajectories described by the OV cores in the cross section z = 10 cm behind the screen, 
the screen edge moving from a = 3b to a = –0.45b (see Fig. 13.1 (a)), for the incident LG beam 
with topological charge m = –3 and parameters (13.41). Each panel shows the trajectory of a single 
OV with additional explanatory details. The transverse coordinates are expressed in units of b 
(13.41), small arrows show the directions of the OV motion; the final values of a / b at which the 
corresponding OV disappears are marked near the ends of the curves. The trajectories experience 
‘jumps’ between points B and B', C and C', D and D', respectively; the black (cyan) arcs represent 
the motion of ‘virtual’ (‘old’) OVs before their annihilation in points marked by circles. In panel 
(a), the trajectory calculated analytically via Eqs. (13.26), (13.27) for 3b > a > 1.2b with M = 0 is 
depicted by the thin dotted curve for comparison. 

13.7. OV Jumps in the z-Dependent Singular Skeleton Evolution 

According to the general physical arguments based on the analytical suggestions supplied 
by Eqs. (13.14), (13.15), (13.22), (13.23), (13.26) and (13.27), the discussed mechanisms 
determining the OV trajectories are still in charge of the z-dependent evolution, and the 
trajectory discontinuities and topological reactions of the above-described type are 
expected to occur in this situation as they do in the a-dependent trajectories studied in 
Section 13.6. Some examples below will illustrate the relevant processes. 

                                                      

1Note that the ‘virtual’ OV distantly resembles the virtual particles in quantum theory [37]: it is short-lived, 
and its only role is to implement the reaction transforming B into B' 
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13.7.1. Kummer Beams 

Fig. 13.17 represents the z-dependent evolution of the secondary OVs in the same 
diffracted beam that was analyzed in Section 13.3.3, Fig. 13.6 (left column) and  
Section 13.6.1, Fig. 13.14 but for the fixed screen-edge position a = 4b illustrated in the 
panel (a). Note that, to make the beam structure better visible, the transverse amplitude 

distribution  , ,K

a a hu x y z  is presented instead of the more common intensity 

  2
, ,K

a a hu x y z . Anyway, the screen barely ‘touches’ the beam periphery, which, 

nevertheless, induces rich of details and quite observable perturbations of its singular 
skeleton displayed in Fig. 13.17 (b–d). In case of a propagating beam, there always is 
present the trivial component of the OV migration associated with the overall beam 
divergence; to abstract from this non-informative component, in Fig. 13.17 (b–d) the OV 
trajectories are displayed in the normalized transverse coordinates 
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. (13.42) 

In general, the OV trajectories of Fig. 13.17 (b–d) are similar to those of Fig. 13.14 (b–d) 
and show the same character of pulsating spirals. In the course of diffracted beam 
propagation (growing z), the pulsation period increases and in the far field the pulsations 
vanish. In contrast to the trajectories of Figs. 13.6 and 13.14, here are no self-crossings 
(‘loops’ as in Figs. 13.14 (b–d)); the apparent self-crossings near z = 20 cm in  
Fig. 13.17 (d) are illusive and appear only in the normalized coordinates (13.42). The most 
important feature is that in case of the z-dependent evolution there also exist regions of 
very rapid OV migration (the trajectories’ segments between the white-filled circles). In 
full agreement with the model of Section 13.6.1 (see Eq. (13.40) and Fig. 13.15 (a)), these 
regions are in the lower half-plane (near the OV core azimuth  = 3/2). However, the 
‘true’ jump only happens to the OV D in the panel (d). This agrees with the criterion 
(13.39) that can be checked based on the presented trajectories: in Fig. 13.17 (b), 
r = 0.18b, z = 14 cm, and |M| = 0.97; in Fig. 13.17 (c), r = 0.226b, z = 17.4 cm, and 
|M| = 0.93; and only in Fig. 13.17 (d) r = 0.171b, z = 11.4 cm, |M| = 1.08 – the conditions 
for the jump are realized, and it is indeed observed. 

13.7.2. Laguerre-Gaussian Beams 

Diffraction of an LG beam provides additional and rather conspicuous illustrations for the 
3D singular skeleton evolution [23, 33]. Like in Section 13.6.2, we consider the incident 
LG beam (13.9) with its waist in the screen plane and the Gaussian envelope parameters 
(13.41) but with the topological charge m = –2 (Fig. 13.18).  

Despite that the chosen screen edge position a = 2b can hardly be treated as a far periphery 
of the incident beam profile and the expected perturbation of its structure is rather strong, 
the OV migration looks remarkably regular (Fig. 13.18 (b)). As in Section 13.5, to remove 
the trivial migration component associated with the beam divergence, the coordinates are 
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normalized by the Gaussian envelope radius (13.31) of the supposed unperturbed incident 

beam, where, in view of Eq. (13.41), 53.8Rc Rz z  cm is the Rayleigh length of the 

incident beam. Again, as was noted during comparison of Figs. 13.16 and 13.14, the OV 
trajectories in the diffracted LG beam form almost perfect spirals, without pulsating 
irregularities observed in Figs. 13.17 (b–d) for the diffracted Kummer beam. 

 

Fig. 13.17. Transverse projections of the OV trajectories behind the screen whose edge is fixed at 
a = 4b (see Fig. 13.1(a)), for the incident Kummer beam with topological charge m = –3 and 
parameters (13.38) (cf. Fig. 13.14). (a) The screen edge position (blue line) against the incident 
beam amplitude distribution in the screen plane, the large arrow shows the energy circulation 
direction. (b)–(d) Separate OV trajectories for z growing from 10 cm to 200 cm, letters B, C and D 
denote the same secondary OVs that are shown in left column of Fig. 13.6 and in Fig. 13.14; thin 
black empty circles correspond to z values multiple of ten in centimeters, some of them are 
provided with corresponding numerical marks; colored white-filled circles mark the segments of 
rapid evolution. The horizontal and vertical coordinates are in normalized units of (13.42); small 
arrows show the directions of the OV motion. The trajectory ‘jump’ is seen only in panel (d) at 
z = 11.4 cm (dotted line). 

In Fig. 13.18 (b) the OV B trajectory (red) experiences the jump at z = 7.05 cm while the 
OV C (blue) only shows the rapid evolution between z = 13.1 cm and z = 13.7 cm. This, 
again, is in full compliance with the criteria (13.39) and (13.40): for the OV C, r = 0.234b, 
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and with m = –2, a = 2b, z = 13.1 cm this entails |M| = 0.96 whereas for the OV B, 
r = 0.191b, z = 7.05 cm, and |M| = 1.46. The jump mechanism is completely the same as 
in other examples: the OV dipole is born in point B' after which its oppositely charged 
‘virtual’ member V rapidly moves ‘backward’ towards the ‘old’ B and annihilates with it 
in point A corresponding to z = 7.65 cm. This example supplies a spectacular dynamical 
illustration of the topological reactions and the ‘virtual’ OV migration accompanying  
the jump. 

 
Fig. 13.18. Transverse projections of the OV trajectories behind the screen whose edge is fixed at 
a = 2b (see Fig. 13.1 (a)), for the incident LG beam with topological charge m = –2 and parameters 
(13.41). (a) The screen edge position (blue line) against the incident beam amplitude distribution 
in the screen plane, the large arrow shows the energy circulation direction. (b) Red (B) and blue 
(C) curves represent the trajectories of the two secondary OVs for z growing from 5.6 cm to 530 cm 
(9.85zRc); black empty circles denote the intermediate z values (marked in centimeters); colored 
white-filled circles mark the segments of rapid evolution The transverse coordinates are given in 
units normalized by (13.31); small arrows show the directions of the OV motion. At z = 7.05 cm, 
the OV B experiences the ‘jump’ into B' position shown by the dotted line; the cyan and black arcs 
represent the evolution of the ‘old’ OV B and of the ‘virtual’ OV V after the jump until they 
annihilate in the point A marked by the black empty circle. 

13.7.3. 3D Trajectories and the Nature of Discontinuities 

To elucidate in more detail the discontinuous trajectory of the OV B in Fig. 13.18 (b), we 
present it as a 3D graph together with the trajectories of the ‘old’ OV B after the jump and 
of the virtual OV (cyan and black curves of Fig. 13.18 (b)). The result given in Fig. 13.19 
reveals that the three trajectories of Fig. 13.18 (b) are actually fragments of the single 
‘full’ curve that is perfectly continuous and smooth, so the jumps and topological reactions 
appear only in its projections (in particular, the red, cyan and black curves of Fig. 13.18 
(b) are projections of the corresponding segments of the curve of Fig. 13.19 viewed from 
the positive end of axis z). This agrees with the usual concepts of the OV filaments 
[6, 38, 39] and discloses the nature of the intriguing effects considered in the previous 
sections. 
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Fig. 13.19. 3D trajectory of the ‘red’ (B) OV of Fig. 13.18 (b) (incident LG beam with m = –2 and 
parameters (13.41), screen edge position a = 2b) in the near-jump region (5.6 cm < z < 9 cm). The 
transverse coordinates are given in units of b (13.41); plane P1 (z = 7.05 cm) crosses the trajectory 
in point B and is tangent to it in point B', plane P2 (z = 7.65 cm) is tangent to the trajectory in the 
annihilation point A (black empty circle); the red, cyan and black segments correspond to the red, 
cyan and black arcs in Fig. 13.18 (b). 

Let the ‘full’ OV trajectory of Fig. 13.19 be represented in parametrical form, i.e. the 
coordinates of a current trajectory point are expressed as functions of the trajectory length 
s measured from the starting point, say, at z = 5.6 cm: 

  v vx x s ,   v vy y s ,   v vz z s . (13.43) 

In a given transverse plane, the OV position is determined as an intersection between the 
plane and the trajectory. The ‘normal’ evolution implies that 0vdz ds   everywhere, and 
then in each observation plane only one intersection point can exist; however, in some 
configurations of the diffracted beam singular skeleton, regions of a ‘retrograde’ 
evolution, where 

 0vdz ds  ,  (13.44) 

may occur. It is such a situation that is depicted in Fig. 13.19 between the transverse planes 
P1 and P2. When the observation plane approaches P1 from the left, it ‘touches’ the 
trajectory at the additional point B' (a local minimum of the function  vz s ), which 

corresponds to the dipole emergence. With further advance, the observation plane will 
contain three intersection points with the curve, which are interpreted as the ‘teleported’ 
OV B', ‘old’ OV B and the ‘virtual’ oppositely charged OV V. In the position P2 the 
observation plane again touches the trajectory, now in point A with the local maximum of 
 vz s , and the intersections corresponding to B and V disappear: the two OVs annihilate. 

This picture completely explains the discontinuous trajectories of the OV cores not only 
in case of the z-dependent evolution (Sections 13.7.1, 13.7.2) but also in case of the screen 
edge translation (Section 13.6). In the latter situation, the observation plane is fixed but 
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the ‘full’ 3D curve is smoothly deformed with variation of a, and the 2D trajectory jump 
takes place if in the observation plane the condition (13.44) becomes true. In fact, the 
‘jump criterion’ (13.39) is equivalent to (13.44), and this is why it is equally applicable to 
both the z-dependent and a-dependent variations of the diffracted beam singular skeleton. 

Here we are touching the aspect in which the theory of OV diffraction becomes entangled 
into the rich and stimulating field of the vortex lines and their geometry (see, e.g., [6] and 
references therein). This aspect deserves a special investigation; now we only remark that 
the intricate and at first glance artificial patterns of the OV lines that are deliberately 
generated by means of special procedures [6, 39] can naturally exist in the edge-diffracted 
circular OV beams. 

13.8. Conclusion 

The main results presented in this chapter testify that the simple and ubiquitous situation 
of edge diffraction provides additional impressive manifestations of the helical nature of 
light beams with OV. The diffraction obstacle introduces the beam perturbation that 
causes the OV displacement from its original axial position (for an m-charged OV, |m| 
single-charged displaced OVs are formed around the axis). Then, while the diffracted 
beam freely propagates (z-dependent evolution), the displaced OVs migrate over the beam 
cross section along spiral-like trajectories, initially (at small post-screen distances) with 
high rotation rate, which rapidly decreases and practically stops far enough behind the 
screen. The similar OV migration takes place in a fixed cross section when the screen 
edge moves towards the beam axis (a-dependent evolution), in compliance with the 
approximate relations (13.32) or (13.15). The most articulate spiral-like trajectories occur 
under conditions of weak diffraction perturbation (WDP), when the screen edge is 
separated from the incident beam axis by two or more beam radii, i.e. when the beam 
circular shape is almost unaffected by the diffraction. This puts certain limitations to the 
practical employment of the predicted behavior, since the off-axial OV displacements are 
small and their measurement may impose difficulties. However, we emphasize the 
principal importance of the predicted features and their close relation with the physical 
nature of OVs. Besides, at least for a multicharged OV diffraction, even under the WDP 
conditions, the typical OV displacement can reach ~10 % of the current beam radius b 
(see Figs. 13.5, 13.6, 13.12, 13.13–13.18), which is quite measurable. 

It should be noted that the observed and predicted peculiar details of the singular skeleton 
behavior are rather common for light beams with well-developed singular structure, e.g. 
speckle fields [4, 6]. In this view, the diffracted OV beams can be considered as their 
simplified models and, possibly, produce efficient means to create controllable singular-
optics structures with prescribed properties, which can be useful in diverse research and 
technology applications. 

In particular, the presence of the well-developed, regular and easily interpretable singular 
structure makes the diffracted OV beams suitable objects for the general study of the OV 
filaments and their geometric regulations, evolution of individual singularities, their 
transformations, topological reactions and interactions. On the other hand, the OV 
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trajectories’ discontinuities, ‘jumps’, birth and annihilation events described in this 
Chapter are, as a rule, highly sensitive to the incident beam parameters and the diffraction 
conditions. For example, the OV positions in the diffracted beam cross section can be 
sensitive indicators of the screen edge position with respect to the incident beam axis, 
which can be employed for precise distant measurements of small displacements and 
deformations [15, 19]. From Figs. 13.16 (b) and 13.18 one can easily see that near the 
‘threshold’ conditions of topological reactions, the screen edge displacement of 0.01b 
induces a two orders of magnitude larger OV jump in the diffracted beam cross section. 
Note that such sensitivity is predicted without any special consideration; undoubtedly, a 
detailed analysis aimed at the search of the diffraction parameters most favorable for the 
distant metrology will improve these figures. This aspect of the present work enables us 
to suggest its applications for the problems of the precise OV metrology [29–32] as well 
as for the incident OV diagnostics, which can be prospective in the fields of laser beam 
shaping and analysis and in optical probing systems. 

Additional interesting possibilities are associated with relations between the incident 
beam wavefront curvature and the diffracted beam structure. First, we have refined the 
earlier statements [15, 19] that in the far field, the diffracted circular OV beam acquires 
the symmetry with respect to an axis parallel to the screen edge. In fact, this symmetry is 
only realized in the beam’s Fraunhofer (Fourier) plane, which can be real (if the beam 
converges, radius of curvature Rc < 0) or imaginary (if Rc > 0), and only for beams with 
plane wavefront it occurs at the propagation infinity (in the extreme far field). Importantly, 
the actual far-field pattern of the diffracted beam essentially depends on the incident beam 
wavefront curvature. In terms of the OV displacements, any change of the incident beam 
wavefront curvature–while preserving the intensity profile–induces the azimuthal rotation 
of the far-field OV position in the diffracted beam. This sensitivity may be useful for the 
OV beam diagnostic and for the wavefront measurements. 

Most of the quantitative results of this Chapter are obtained numerically but their 
interpretation is based on the asymptotic analytical model of Eqs. (13.15)–(13.17) with 
refinements (13.22), (13.23) and (13.26), (13.27). Remarkably, the model derived for the 
condition a >> b appears to be valid in the much larger and physically interesting domain; 
at least, for the LG beam diffraction it does not fail even at a  2b, and the model-based 
criterion (13.39) works perfectly well in all the considered examples. However, the model 
predicts monotonic behavior of the OV radial displacement r with growing z for Kummer 
beams, i.e. does not explain the radial pulsations of the spirals in Fig. 13.17 (b–d). 
Nevertheless, we hope that despite its approximate character, the model will give a reliable 
analytical basis for further research of the vortex beams’ diffraction. At least, all the 
conclusions concerning the spiral-like character of the OV trajectories and their jumps 
when the criteria (13.39) and (13.40) are satisfied, are absolutely reliable and supported 
by experiment [20, 21]. The fine details of the OV trajectories in diffracted Kummer 
beams (self-crossings and pulsations in Figs. 13.14 (b–d) and 13.17 (b–d)), that appear 
due to the slow fall-off of the Kummer beam amplitude, are expected to be sensitive to 
the incident beam behavior at the far transverse periphery. In this view, even the ‘routine’ 
approximations usually employed in the numerical simulations can become sources of 
errors, e.g., the integration domain limitation in the Fresnel–Kirchhoff integral (13.4). In 
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such situations, the explicit allowance for the specific conditions of the Kummer beam 
preparation and for the optical system it passes would be necessary. 

A possible direction for further research can be related with a more comprehensive 
characterization of the separate OVs in the diffracted beam. So far we were only interested 
in their positions; but no less informative can be their morphology and anisotropy 
parameters [5, 6]: the orientation and the axes ratio of the equal-intensity ellipses in the 
nearest vicinity of the OV core. Especially, under conditions close to topological 
reactions, the OVs are highly anisotropic, and this supplies additional markers to 
characterize the qualitative discontinuities in the singular skeleton evolution. Another way 
of possible further development of ideas and approaches introduced in the present work 
can be oriented at the search of special conditions of the OV beam preparation and 
diffraction, which provide high sensitivity for the metrological and diagnostic applications 
outlined two paragraphs above. 

Finally, we would like to note that the edge diffraction can be considered a special case 
of the OV beam transformation with symmetry violation. The specific response of OV 
beams to their symmetry breakdown is interesting from a fundamental point of view and 
supplies efficient means for their investigation and diagnostics [5, 14, 16, 18, 40, 41]. 
There is a wide variety of such transformations; in particular, the astigmatic focusing and 
telescopic transformations of OVs are studied in much detail (see, e.g., [42–44]). But they 
show quite different behavior of the secondary OVs within the transformed beam cross 
section, most likely due to preserving the central symmetry of the beam transverse profile. 
However, one can expect that some features of the OV migration, similar to those 
considered in this chapter, can be detected in OV beams subjected to the symmetry 
violation which destroys the central symmetry. It would be meaningful and instructive to 
inspect the response of an OV beam to the unilateral beam constraint, e.g., by a “soft” 
diaphragm, or even unilateral phase modification in some peripheral part of the beam 
cross section. These transformations are, properly, special cases of diffraction but they 
admit more ‘gentle’ conditions suppressing the edge waves, diffraction fringes [2], etc., 
which will be favourable for precise measurements. 
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Appendix 

Under the WDP conditions, it is suitable to represent Eq. (13.4) in the form 

    , , , ,Iu x y z u x y z
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          , (13.A1) 

where  , ,Iu x y z  describes the complex amplitude distribution of an unperturbed beam 

(what had occurred in the observation plane if the screen were absent), and for a b , 

ca b  the integral can be evaluated by means of the asymptotic analysis [45]. 

Let us start with considering the LG beam diffraction, then  , ,Iu x y z  

 , ,LG

cu x y z z   (cf. Eq. (13.9)) while, in the integral in the right-hand side of  

Eq. (13.A1), the expression (13.9) enters immediately. Then, omitting the coordinate-
independent multipliers of Eq. (13.9), the integral in Eq. (13.A1) acquires the form 
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. (13.A3) 

Under conditions of WDP, the sought OV cores’ positions are close to the beam axis, so 
one can assume 
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 0x y  , (13.A4) 

and neglect the summands proportional to 2x  and 2y  when compared to the coordinate-
independent terms but retain the terms in the first degree in x. Further, for large a, the 
internal integral in Eq. (13.A2) can be estimated with the help of an asymptotic formula 
valid for arbitrary function  f x : 

        2 2
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exp exp
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Consequently, 
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  , (13.A6) 

and the external integral of Eq. (13.A2) is estimated by the method of stationary phase 
[45] which in connection with condition (13.A4) gives 
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  . (13.A7) 

Hence, we obtain the final representation for the integral term in the right-hand side of 
Eq. (13.A1): 
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 (13.A8) 

The first term of Eq. (13.A1), with allowance for the near-axis condition (13.A4), reads 
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Now, gathering all terms of Eq. (13.A1) and omitting the common coordinate independent 

multiplier 

1

0
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m

Rcb iz

bm




 
 
 

, we find the asymptotic representation of the diffracted 

beam’s complex amplitude distribution (13.26), (13.27). 
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In case of the Kummer beam diffraction, in Eq. (13.A1)    , , , ,I K
hu x y z u x y z z  , 

and due to Eq. (13.6) and equations of Ref. [34] and the near-axis condition (13.A4), 
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where 
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In the integrand of Eq. (13.A1), we use the asymptotic expression for the Kummer beam 

amplitude (13.6) valid for  2 2 2 1a ax y b  , 
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. (13.A11) 

This expression is similar to the formal asymptotic of the Kummer function [46] modified 
with account for the non-zero wavefront curvature of the incident Gaussian beam [14]; 

however, in the considered range of  2 2 2 10a ax y b  , the formal asymptotic expansion 

is not sufficiently accurate. To improve the approximation, the numerical coefficient in 
the second line of the asymptotic (13.A11) is modified, from 2 m i  in [45], to 22 m i  in  
Eq. (13.A11); validity of this correction was checked numerically. 

Now both summands of (13.A11) should be substituted into the integral term of  
Eq. (13.A1). The first summand yields the corresponding summand of the integral term, 
which with omitted coordinate-independent coefficients obtains the representation (cf. the 
expression (13.A2)) 
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 , (13.A12) 

where function  , ,a hP x x z  is defined in Eq. (13.A3). Then, via the corresponding 

analogs of Eqs. (13.A6) and (13.A7), we obtain 
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and, after restoring the coordinate-independent coefficients, arrive at the total contribution 
of the first summand of (13.A11) to the integral term of Eq. (13.A1) 
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Similar operations with the second summand of Eq. (13.A11) lead to the expression (cf. 
Eqs. (13.A2) and (13.A12)) 
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where 
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which, finally, results in the following contribution to the integral term of Eq. (13.A1): 
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Then, combining Eqs. (13.A1), (13.A10), (13.A15) and (13.A18), we find the complex 
amplitude representation (13.18)–(13.21). Note that due to relation 
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expressions (13.A17) and (13.A18) contain the radius  hb z  and the wavefront curvature 

radius  hR z  that the initial Gaussian beam, incident onto the VG, would have possessed 

in the screen plane if it had propagated ‘freely’, without the VG-induced transformation. 
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Chapter 14 

Wavefront Reconstruction with  
Rotational Fields 

Travis W. Axtell and Roberto Cristi1 

14.1. Introduction 

Closed-loop Adaptive Optics (AO) systems require an estimate of the wavefront phase to 
command the two-dimensional controllable Deformable Mirror (DM) actuators [1, 2]. The 
AO community has developed several computationally efficient and robust algorithms for 
wavefront phase reconstruction. 

The original wavefront reconstruction techniques are based on matrix vector multiplies 
[3-6] with computational complexity of 2O( )n  or higher, with n  the total data size. Later, 
a more efficient technique based on the Fast Fourier Transform was proposed by 
Freischlad [7] with further refinement by Poyneer [8] with complexity )log(O 2 nn . During 
the same time period as Poyneer, Gilles [9] produced a multigrid preconditioned 
conjugate-gradient method with the same computational complexity. 

The first )(O n  work in accurate wavefront reconstruction was performed by MacMartin 
where he developed a multi-resolution hierarchic reconstructor [10]. His work is based on 
downsampling the data by factors of 4 or more and results show that the larger 
downsampling factor decreases the relative performance and increases the noise 
sensitivity. 

Additional )(O n  work followed, such as from Gilles [11]. This work was a direct 
application of a multi-grid solver of a minimum-variance reconstructor based on a sparse 
approximation of the wavefront inverse covariance matrix. Vogel also improved sparse 
matrix methods [12] and a multigrid least-squares algorithm [13]. Another minimum-
variance solver that followed is the Fractal Iterative Method (FrIM) [14, 15] which 
performs a change of basis (using a fractal preconditioner). Minimum-variance 
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reconstruction is an excellent choice, as it is optimal in the sense of maximizing the Strehl 
ratio [16]. 

In the last few years, several new wavefront reconstruction algorithms have been 
proposed. Rosensteiner has produced the Cumulative Reconstructor (CuRe), which is a 
direct integration reconstructor [17]. More recently, de Visser has shown the SABRE 
algorithm using B-spline basis functions [18]. 

Wavelets were first applied to wavefront reconstruction by Dowla [19]. This original work 
did not fully exploit the features of the discrete wavelet transform, and was an 
approximation. Peter Hampton and colleagues developed an algorithm that used the 
complete discrete wavelet transform and was able to perform reconstruction using the 
Haar wavelet [20, 21] in conjunction with a a Poisson smoother or a de-noiser as a follow-
on step [22]. 

In this research, we present a wavelet based based phase reconstruction algorithm which 
can be extended to other wavelets other than the Haar. This results in an algorithm with 
complexity )(O n  and, for certain classes of wavelets (such Haar or Biorthogonal) all 
operations involve integer arithmetic. In the particular case of the simplest Haar wavelet 
the algorithm can be implemented with no multiplications, only additions and 
subtractions. 

A major limitation of this approach is the assumption that the 2D data has to be irrotational 
(i.e. with zero curl) and arranged in a square matrix of dimensions NN , with N  a 
power of 2. In most applications of interest data are collected by non-square apertures, 
usually circular, and also are based on measured wrapped observations of local phase 
variations. 

The issue of non-square aperture is addressed in this research by defining the aperture by 
a binary correcting mask, applied to the square matrix assumed by the algorithm. 

The problem of rotational data, (with non-zero curl) is of particular interest in systems 
which require long, horizontal paths through the atmosphere. In this case the cumulative 
turbulence can create branch points in the phase function, which are located in areas of 
low amplitude intensity of the Electric field. Branch points were first observed by Nye 
and Berry in 1974 [23]. 

The original work in reconstruction when branch points are present was done by Fried 
and Vaughn [24], followed by Fried [25] and Tyler [26] on the analysis work of branch 
points in wavefront reconstruction. In both works, the observed gradient phase field is 
decomposed into irrotational and rotational components, associated to a scalar 
(irrotational) and a vector (rotational) potentials. Both components are orthogonal to each 
other and the rotational component is hidden in the null space of the standard least squares 
reconstructor. Follow on works by Fried include [25] and [27]. A different approach by 
Tyler [26], is based on the Fourier Transform to characterize the phase in terms of scalar 
and vector potential functions. 
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In this chapter, we address the problem by adding a correcting factor to the rotational 
vector field, to make it irrotational, thus solving for the scalar potential function. It is 
shown in [28] that, in the case of wrapped phase observations, the phase error estimation 
is a multiple of   and in principle it can eliminated with further processing. 

14.2. Theoretical Framework 

14.2.1. Two-Dimensional Signal Processing 

The derivation for wavelet phase reconstruction requires some building blocks from multi-
dimensional signal processing. We begin by defining a 2D sequence, ],[ 21 nnx , which is a 

known quantity at each lattice point ],[ 21 nn . We define the lattice to be finite in extent 

and have dimension lengths of powers of 2, usually of the form NN 22  . 

We define two unit-shift operators, 1z  and 2z , where the subscript denotes either the 1n  

or 2n  direction. These definitions arise from the two-dimensional z -Transform  

 1 2
1 2 1 2 1 2

= =1 2

( , ) = [ , ] .
n n

n n

X z z x n n z z
 

 

 
   (14.1) 

A two-dimensional filter 1 2( , )H z z  is separable if it can be factored as two functions of a 

single variable as in 1 2 1 1 2 2( , ) = ( ) ( )H z z H z H z . To express the two-dimensional filtering 

convolution [29], we can write  

 1 2 1 2 1 1 2 2= ( , ) [ , ] = ( ) ( ) .y H z z x n n H z H z x  (14.2) 

To simplify notation, we use operator notation and disregard the indices. Eq. (14.2) is 
written with the sequence on the right side as the operand. When multiple operators are 
written, they are performed from right to left starting from the operand. The presence of a 
filter in operator notation implies the convolution operation (traditionally expressed as 
h x   for two-dimensional convolution). Since the filter is separable, we observe that 

1 1 2 2 2 2 1 1( ) ( ) = ( ) ( )H z H z x H z H z x  and that the order of operation does not change the final 

result. 

The algorithm proposed here is performed on a multi-grid and it is multi-resolution [30]. 
To move between the resampled lattices, the downsample and upsample operators are 
used. We define downsampling by a factor of 2 as:  
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The downsampling operator discards the odd-index entries for the downsampling phase 
of 0 and discards the even-index entries for downsampling phase of 1, the latter of which 
is not shown in Eq. (14.3). The use of phase in the terminology is not wavefront phase – 
rather, it is in the sense of periodicity in the signal processing literature. 

Likewise, the upsampling operator can be defined as  
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nny
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, (14.4) 

for each dimension. Eq. (14.4) shows the relationship for upsampling phase of 0; swap 
the ],[ 21 nnx  and 0 to show upsampling phase of 1. 

Eq. (14.4) is also separable and the relationship xUUxUUy 1221 ==  shows that the order 
of operations can be swapped. Although downsampling and upsampling by any positive 
integer factor is possible, this algorithm only uses a factor of 2. Thus, both operator forms 
do not show the resampling factor, only the dimension in which the operator performs. 

Separable filters have useful properties to simplify implementation by dealing with only 
one dimension at a time. However, when a serial grouping of operators perform in the 
same dimension, in general the order of operations cannot be changed arbitrarily. This 
restriction is shown in Fig. 14.1. We must use the Noble identities to correctly establish 
the relationship in instances such as  

 
.)(=)(=

,)(=)(=

22
2
222

11
2
111

xDzHxzHDy

xDzHxzHDy
 (14.5) 

 

Fig. 14.1. Noble Identities in block diagram showing equivalence of Eq. (14.5) for both 
dimensions. The serial combination of two operations that both occur in the same dimension 

cannot change order without changing the filtering operation. 
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14.2.2. Tree Structure and Two-Dimensional Quadrature Mirror Filters 

A tree structure is a signal processing technique to decompose a single-dimensional signal, 
][nx , into multiple channels. In the case of this algorithm, each branch has two channels. 

In multi-rate systems, the channels are usually a low-pass and high-pass filters. 

A special circumstance of the tree structure is referred as a Quadrature Mirror Filter 
(QMF) shown in Fig. 14.2. It is comprised of four filters, two used for analysis (with 
tildes) and two used for synthesis (without tildes). We can express the output as a function 
of the input using 

  = ( ) ( ) ( ) ( ) .y G z UDG z H z UDH z x   (14.6) 

 

Fig. 14.2. Tree structure of a Quadrature Mirror Filter for single dimensional signal ][nx . Tree 

structures with the perfect reconstruction property result in ][ny  being equivalent to ][nx .  

The channel with ( )G z  is a low-pass filter and the channel with ( )H z  is a high-pass filter. 

The filters that are used in a QMF system are specifically designed in a manner to cancel 
out aliasing effects due to non-ideal frequency response of the filters such that  

 ( ) ( ) ( ) ( ) = 1,G z UDG z H z UDH z   (14.7) 

which means that the output y  is a perfect reconstruction of x . With the perfect 
reconstruction property, the addition in Eq. (14.7) cancels the aliasing. Details on 
designing Quadrature Mirror Filters and their applications are found in numerous 
references such as [31]. 

In the case of a 1D signal ][nx  the two channels ][mxL  and ][mxH  are associated to the 
lower half and the upper half of the spectrum respectively and they are usually named 
“approximation” ( Lx ) and “details” ( Hx ) at half the number of samples. 

In the case of a 2D signal ],[ 21 nnx  the decomposition is performed along  
the two dimensions independently and it yields four channels 

1 2 1 2 1 2 1 2[ , ], [ , ], [ , ], [ , ]LL LH HL HHx n n x n n x n n x n n  as shown in Fig. 14.3. 
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Fig. 14.3. Two-dimensional Quadrature Mirror Filter for the analysis section. 

The four output channels can be described similar to the QMF terminology where LLx  is 

the approximation and LHx , HLx  and HHx  are the details. Fig. 14.3 depicts the two-
dimensional discrete wavelet transform. 

Likewise, if the four channels are known, we can perform the two-dimensional inverse 
discrete wavelet transform to perfectly reconstruct the original two-dimensional sequence. 

14.2.3. Wavelets in Tree Structure and Factoring Wavelets 

The condition expressed in (14.7) relating the four filters guarantees perfect reconstruction 
of the signal by the QMF structure. Filters satisfying this condition belong to a number of 
classes having different properties and are associated to the Wavelet decomposition of a 
signal. There are many classes of wavelets based on their inherent properties including 
orthogonal, vanishing moments and others. The proposed algorithm relies on the 
orthogonal property, which means the Haar, Daubechies family and Biorthogonal family 
of wavelets can be used. 

The Haar wavelet is the simplest and the low-pass and high-pass filters are defined as:  
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To define the wavefront reconstruction algorithm, we will make use of the following 
factorization property of the the Haar high-pass filter:  
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In general it can be shown that the filters associated to all classes of wavelets have the 
Haar filters as factors, as follows  

 

).(
~

)(=)(
~

),(
~

)(=)(
~

),()(=)(

),()(=)(

0

0

0

0

zHzgzH

zGzgzG

zHzgzH

zGzgzG




 (14.10) 

In the particular case of the Haar wavelet, the factoring can be 1=)(=)( 00 zHzG  , 

0 0( ) = ( ) =G z H z z  . The factoring of Eq. (14.10) makes phase reconstruction possible for 
wavelet families with the orthogonal property. 

14.2.4. Relationship of Wavelets to Shack-Hartmann Measurements 

The Fried model of a Shack-Hartmann sensor [3] is shown in Fig. 14.4. The model defines 
the relationship between slope measurements and phase point values as 

 

1
[ , ] = ( [ , 1] [ 1, 1] [ , ] [ 1, ]),

2
1

[ , ] = ( [ 1, ] [ 1, 1] [ , ] [ , 1]).
2

F

F

X m n m n m n m n m n

Y m n m n m n m n m n

       

       
 (14.11) 

  

Fig. 14.4. The Fried geometry relationship between phase points and their measured slopes lattice 
for a single lenslet. A Shack-Hartmann sensor will have an array of these lenslets. Note that  

the vector field with magnitudes FX  and FY  has a relationship to the scalar field  . 

Eq. (14.11) was rewritten from its original form in [3] to appear in causal form. By doing 
so, close observation of Eq. (14.11) reveals that the slope measurements can be written as 
a separable filtering operation on the phase points. It involves one low pass filter and one 
high pass filter and is stated in operator form as  

 2 1

1 2

= ( ) ( ) ,

= ( ) ( ) .
F

F

X g z g z

Y g z g z

 
 

 (14.12) 
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The relationship of Eq. (14.12) is the connection of the Haar wavelet to the Fried 
geometry; FX  and FY  are the slope measurements. Fig. 14.5 depicts the block diagram 
relationship of the Hudgin [4] and Fried geometries to the wavefront. However, as we will 
see in Section 14.4.1, there is not a direct solution to solve for    based on these 
equations. In order to reconstruct   from the slope measurements, the tree structure 2D 
QMF is employed. We are then able to specify some additional information to reconstruct 
the wavefront. 

  

Fig. 14.5. The block diagram relationship between the phase points and the Hudgin and Fried 
geometries. 

14.3. Phase Reconstruction Algorithm 

In this section, we review a wavelet phase reconstruction algorithm that we first presented 
in [32] as an extension of the work done by Hampton, et al [20, 21]. 

14.3.1. Iteration for Level 1 

From observation of the 2D QMF in Fig. 14.3, we can write equations which relate the 
phase points to the four channels of the 2D QMF as 

 

.)(
~

)(
~

=

,)(
~

)(
~

=

,)(
~

)(
~

=

,)(
~

)(
~

=

1212
1

1212
1

1212
1

1212
1






zHzHDD

zHzGDD

zGzHDD

zGzGDD

HH

HL

LH

LL






 (14.13) 

We have swapped the order of the operators in Eq. (14.13) for a convenience of notation 
and use the superscript 1 to denote the first iteration, not an exponent. Using the factoring 
of Eq. (14.10) in Eq. (14.13), we can make the substitutions 
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The remaining two quantities, 1
LL  and 1

HH , do not have a simple relationship to the slope 

measurements FX  and FY , because the filters of Eq. (14.13) are both low pass or high 

pass, whereas the slope definitions require one of each. 

If they did have a trivial relationship, then reconstruction would be a simple 2D inverse 
discrete wavelet transform. We need to further explore 1

LL  and 1
HH  in order to determine 

if such a reconstruction is possible. 

14.3.2. Iteration for Level 2 

In this algorithm, when there is an unknown quantity, we apply the 2D DWT and break 
apart the unknown quantity into 4 new channels. We now explore the second iteration to 
determine if any further substitution of   is possible with known slope measurements. 

Because we have two unknown quantities, we must do this for both the 
1
LL  and 

1
HH  

channels. First we will only consider 
1
LL ; we start by writing out the expressions for the 

four channels in the analysis: 
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We are using the superscript 2 for the second iteration and add the /L subscript for the 
1
LL  data. There is additionally a /H analysis for the 1

HH  data. For brevity, we will only 
state the HH results at the end of this section since their development follows the same 
analysis, but we emphasize the resulting expression is not exactly the same. Examining 
Eq. (14.15) reveals that while 2

/LL L  is only comprised of low pass filters, the remaining 
three channels have a combination of low and high pass filters. If we factor the filters as 
in Eq. (14.10), we will again find substitutions with the measured slope data. For 2

/LH L  

we obtain  
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where the final step uses the high-pass filter simplification of Eq. (14.9). Using the same 
procedure, we can also solve for 2

/HL L  as 
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 (14.17) 

The final channel, 2
/HH L , yields two possible simplifications  
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The two possible substitutions arise from the flexibility of having two high pass filters. 
Either simplification is exact when using noise-free data. Rather than choose one 
definition over the other, we take an average 

 
 

 

2
/ 2 1 0 2 1 2 1 2 0 1 2

2 1 2 0 1 2 1 0 2 1 1

1
= ( ) ( ) ( ) ( ) ( ) 2

2
1

( ) ( ) ( ) ( ) ( ) 2 .
2

HH L F

F

D D H z H z D D G z G z g z X

D D H z H z D D G z G z g z Y





  

  
 (14.19) 

The averaging of Eq. (14.19) allows for some robustness to noise in the slope 
measurements at very little computational cost. The 1 / 2  coefficient simply assumes 
additive white Gaussian noise. Correlation statistics analysis may provide a better 
coefficient. Using the same process for the HH data, we now state the results as  
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We have now completed the derivation of the second iteration and show it in Fig. 14.6. 
While the equations look complex on paper, actual implementations are straightforward 
and efficient in processing performance. Every expression is simply a serial grouping of 
the filter-filter-downsample-downsample block. 



Chapter 14. Wavefront Reconstruction with Rotational Fields 

 401 

14.3.3. Further Iterations 

We are able to generalize the formulation for additional iterations and include the 
necessary information in Appendix Section B. 

By developing this level k  implementation, we are able to scale the algorithm for any 
power of 2 sized data quickly. This algorithm is possible due to the flexibility of the high 
pass filter combined with the simplification of Eq. (14.9); hence, the nomenclature 
wavelet phase reconstruction is appropriate. Due to these features, we are able to swap 
out definitions of channels with   using the known, measured quantities FX  and FY . 

 

Fig. 14.6. The 2D QMF diagram of the channels at the second iteration. The upper left and lower 
right are each divided into four channels. The axes show digital frequencies of the Discrete 

Fourier Transform. 

14.3.4. Setting the Mean and Waffle Values 

At the final iteration, we have two sets of 22  matrices and no further downsampling is 
required. The upper-left scalar value of each is significant and represents the LL  channel 
that has gone undetermined for all prior iterations. Each value represent undetected modes 
of the Fried geometry: the piston and waffle modes. The piston represents the mean of the 
entire   data set. Since the Shack-Hartmann sensor only measures differences between 
phase points and not absolute values, the mean value cannot be known. We can assign it 
a value of zero and accept that we are within a constant value of the actual piston of the 
wavefront. A separate sensor is required for measuring piston. The waffle mode represents 
a nuisance checkerboard pattern along the phase points with a mean of zero. We show the 
completed 2D QMF analysis section structure in Fig. 14.7, where all values are known. 
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14.3.5. Synthesis Section 

Up until this section, all of the previous algorithm code has been used to iteratively create 
the four channel blocks of the analysis section. We separated each unknown channel into 
four sub-channels. While we did not have the direct information for each channel, we were 
able to substitute for it using the measurements that were available. The analysis section 
is now complete and must now take the four channel blocks and perform the inverse 
discrete wavelet transform as shown in Fig. 14.8. In doing so, we recreate the unknown 
channel of the previous iteration. We recursively perform this until we have no more four 
channel blocks, which is the final solution of the wavefront phase surface. 

  

Fig. 14.7. The 2D QMF is performed iteratively on the upper left and lower right until scalar 
values remain. 

 

Fig. 14.8. Synthesis section of the 2D QMF. 
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14.4. Rotational Phase Fields 

When the relative phase measurements have a non-zero curl, the standard wavefront 
reconstruction algorithms have a failure condition. Since this time, other approaches have 
addressed the rotational phase problem [24-27, 33, 34]. In this section, we will cover a 
new correction technique that enables standard wavefront reconstruction algorithms to 
function properly. 

The key insight into this work is the following: The original definition of a Fried gradient 
in Eq. (14.11) did not include the realization of a phase wrapping operation. When the 
measured relative phase differences are small, the wrapping function is not necessary. 
However, in the presence of phase singularities, the wrapping can occur. By adding the 
wrapping operation into the definition of a Fried gradient, we obtain a more general 
purpose Fried gradient that models the correct behavior. 

14.4.1. Continuous Vector Fields 

The Helmholtz decomposition states that a vector field 3   in the three dimensional 

space is represented by a gradient component and a rotational component as  

 = ,A   (14.21) 

where = [ , , ]T
x y z     represents the gradient operator, ( , , )x y z   is the scalar 

potential and 3( , , )A x y z   is the vector potential, with the outer product   defining 
the curl operation of the vector. In particular, in the case of a two-dimensional vector field 
in the ,x y  plane  

 
( , )

( , ) = ,
( , )

x

y

x y
x y

x y





 
 
 

 (14.22) 

where we assume the component along the z  axis to be identically zero, the scalar 
potential is ( , )x y  and the vector potential is along the z  axis as 

( , , ) = [0,0, ( , )]TA x y z c x y . This leads to a simple expression of the decomposition (14.22) 

in matrix form as  

 
( , ) ( , )

= .
( , ) ( , )

x x y

y xy

x y x y

x y c x y




      
          

 (14.23) 

14.4.2. Discrete Vector Fields 

Like the previous section, the derivation for a discretely sampled vector field can be  
stated as: 
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 1 2 1 2

1 2 1 2

[ , ] ( , )
= .

[ , ] ( , )
F X Y

Y XF

X n n n n

Y n n c n n

     
         

 (14.24) 

Up to this point we assume that the measured gradients FX  and FY  come from 
irrotational data, without singularities. However this is not always the case, and it has been 
shown that with rotational data (i.e. with nonzero curl) the phase cannot be reconstructed 
by simple least squares – this indicates that 1 2 1 2[ , ] 0 ,c n n n n  . In fact, the  
two-dimensional curl is defined as  

 1 2 1 2 1 2[ , ] [ , ] [ , ].Y F X Fc n n X n n Y n n   (14.25) 

where we define the gradient operators to be  
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zzzz

zzzz

Y

X

 (14.26) 

Notice how each definition of X  and Y  has a single difference. Any time there is a 
relative phase difference measurement, there is an implied phase wrapping operation. 
When the phase difference is less than 2 , the operator has no discernible change on 
the numerical difference; this is what explains why the consideration of the phase 
wrapping to be overlooked. In this section, we now define a broader definition of the Fried 
gradient which does have a wrapping operator after the difference operator. By operator  
linearity we can move the wrapping to the last step. We define the phase wrapping 
operation W  as  

 ],[2][])[(=][ nnnn  W  

with ][n  indicating a generic 2D sequence of integer values only. In this case, choose 

[ ]n  values such that [ ] <    n    n . When the W  operator is applied in a 

wavefront sensing context, it implies that phase differences of 2  are not sensed. 

From Eq. (14.25), we can make an important observation: the curl is exclusively defined 
by measurements FX  and FY  – from this information, we can seek a method to enforce 

1 2 1 2[ , ] = 0 ,c n n n n  thus making the wavefront reconstruction algorithm work as 

intended. Stated another way, we want to move 1 2[ , ]c n n  to the left hand side of  
Eq. (14.24), but in working through the details a special mathematical trick must be 
applied. The general concept is that only one of the sets of measurements 1 2[ , ]FX n n  or 

1 2[ , ]FY n n  needs to be modified to make the curl equal to zero. 

As stated previously, the mean and waffle modes are not detectable by the Fried geometry. 
Using the gradient operators it can be shown that, if for 1 2, 0n n  :  
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 1 2 1 2
ˆ[ , ] = [ , ],X Y X Yn n n n       

then  

1 2
1 2 1 2 0 1

ˆ[ , ] = [ , ] ( 1) ,n nn n n n C C       

for arbitrary constants 0C  and 1C . Thus, we can cast the original problem into an alternate 

form where we find a wrapped-equivalent wavefront ̂  of wavefront  . The vector field 
  can be expressed as  

 1 2 1 2

1 2 1 2

( , ) ( , )0
= .

( , ) ( , )
X X

Y YY

n n n n

n n c n n




    
         

 

with c  defined as  

 1 2 1 2[ , ] [ , ].X Yc n n c n n    (14.27) 

Call W  the wrapped Fried derivative gradient so that the two X  and Y components are 
now defined as  

 1 2
1 2

1 2

[ , ]
= [ , ].

[ , ]
F X

F Y

X n n W
n n

Y n n W

   
      

 

From the definition of the wrapping operator W  and the factor 1/2  in the averaging 
second block we can relate   and W  as  

 ][][=][ nnn W , (14.28) 

with ][n  again a generic sequence of integers. 

What distinguishes between rotational and irrotational fields in the previous sections is 
that we assumed the field to be irrotational, when the curl is zero. When this is the case 
the vectors FX , FY  are gradients of a function. When the curl is not zero, then there are 
singularity points and the arguments developed cannot be applied without further 
considerations. The following result is shown in [28]: 

Main Result. Let ],[ 21 nnX F , ],[ 21 nnYF  be the vector field of the wrapped Fried gradient 

of the phase ],[ 21 nn , defined as  
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= [ ].
[ ]
F X

F Y
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n
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Let the terms of its curl, ][nc , due to phase wrapping, be zeros or integer multiples of  

 , as  

 ,][=][ nn c  

and call ],[ 21 nn  the gradient vector augmented by the curl as follows  

 ,
][][][

][
=

][

][

















nnn

n

n

n

qcY

X

F

F

Y

X




 (14.29) 

with   denoting 2D convolution and ][nq  defined as  

 1
1 2 1 2[ , ] = 2( 1) [ ] [ ],

n
q n n u n u n  

where ][nu  is the discrete unit step function.  

Then the following holds:  

1. The curl of the vector fields ,X Y   is zero, i.e.  

 1 2 1 2[ , ] [ , ] = 0.Y X X Yn n n n    

2. Therefore, the problem can be stated as a gradient: 

 
[ ] ˆ= [ ].
[ ]

X X

Y Y




   
      

n
n

n
 (14.30) 

3. There exist constants 0C , 1C  for which  

 1 2
0 1

ˆ[ ] = [ ] ( 1) 2 [ ].
n n

C C      n n n  (14.31) 

Since the “waffle” term is zero, i.e. 1 = 0C , then this implies that there exists a constant 

0C  such that 

  0
ˆ[ ] = [ ] .W W C  n n  (14.32) 

Although a detailed explanation is given in [28], the fact that the vector field X , Y  is 
irrotational (i.e. its curl is zero), is very simple, once we realize that the 2D z -Transform 
of [ ]q n  is given by 

   1 1
1 2 1 2( , ) = 2 1 1 ,q z z z z    (14.33) 
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and therefore [ ] = [ ]X q  n n , with [ ] n  the unit impulse. 

The comparison of this algorithm with the traditional approach is given in Fig. 14.9. 

14.5. Conclusion 

In this chapter, we addressed the problem of estimating a phase signal based on 
observation of wrapped local measurements. This approach is based on a particular 
representation of the vector field in terms of a non-orthogonal basis which seems to be 
better suited than the standard orthogonal basis associated to scalar and potential fields. 

  

Fig. 14.9. The block diagram comparison of the traditional least-squares approach to the new 
form that is capable of handling branch points. When the curl is equal to zero, the output is 

exactly the same for both forms. 

It is shown that, correcting the observed gradient with a filtered curl, the overall phase 
(including what has been called the “hidden phase”) is estimated by standard least-squares 
solver. 

This approach is able to efficiently determine a wavefront surface that is a member of the 
ensemble of wavefronts that all have the same wavefront measurements. The approach is 
as computationally efficient as the least-squares or equivalent reconstructor chosen. The 
approach does not unwrap the phase, as we leave that as a follow on step to the output of 
our algorithm presented here. 
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Appendix. Further Proof Details 

A. High-Order Wavelet Simplification Proof 

This proof shows how the results of Eq. (14.9) are determined. We start with the definition  
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and the definition of the geometric series  
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We immediately observe that Eqs. (14.34) and (14.35) can be combined. 
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 (14.36) 

We have now shown the first result. The second result takes some manipulation similar to 
the concept of polyphase decomposition where we split the sequence up into an even and 
odd component. We proceed from the result of Eq. (14.36) in 
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 (14.37) 

The first simplification is the realization that the sum of the two sequences can be factored 
to 11  z . The final factoring swaps with the Haar scaling function and needs a 2  to 
cancel the denominator. 

B. Iteration for Level k  

After the second iteration, there are two unknown quantities 
2

/LLL  and 
2

/HLL . We now seek 

to generalize the formulas for each level 2k . Until the final iteration, there will still be 
two unknown quantities. We first write out the formulas 
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The intent of the exponential notation is that the operations inside occur 2k   times. We 
choose to express these equations as three groups since the left group will be used to 
modify the right group. Again we will factor the ( )H z  on the left side, then move the 

( )g z  to the right. As it is swapped position with the downsampling operators, the Noble 

identities will apply, resulting in 
12( )

k
g z


 . Then the high-order filter will be simplified 
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to a delayed summation of the first-order filter. The relationship to the slope 
measurements can then be made. The end result for the LL data is 
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with a combination summation for the /HH L  channel  
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The HH data is again developed through the same manner and results in definitions with 
some slight differences  
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and the final channel, /HH H , is again defined as a combination  

    2

/ 2 1 0 2 1 2 1 2 1

1
= ( ) ( ) ( ) ( )

2

kk
HH H D D H z H z D D G z G z

    

  2 1 2 0 1( ) ( )D D H z H z   

 
22 1

2
2 2

=0

2 ( )
k

Fz g z Y
 


  
   
    
 


  

    2

2 1 2 0 1 2 1 2 1

1
( ) ( ) ( ) ( )

2

k
D D H z H z D D G z G z


     

  2 1 0 2 1( ) ( )D D H z H z   

 
22 1

2
1 1

=0

2 ( ) .
k

Fz g z X
 


  
   
    
 


  (14.42) 

The summations represent either a zero-padded shift or a circular shift of the data, and it 
should match the preferred implementation of how the sequences are treated for boundary 
conditions. 

C. Branch Point Boundary Condition Proof 

Let ),( yxw  be such that  

 ( , ) = 0x yw x y   

for all ,x y  real. Then ( , )w x y  can be written as  

 ( , ) = ( ) ( ).w x y a x b y  
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To show this, define  

 ( , ) = ( , )xg x y w x y  (14.43) 

Then ( , ) = 0y g x y  and therefore,  

 ( , ) = ( ,0),g x y g x  

i.e., independent of y . Substitute in (14.43) to obtain  

 
0

( , ) = (0, ) ( ,0) ,
x

w x y w y g d    

which shows the result.  
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Chapter 15 
Fresnel Nearfield Space-Grating Optics  
in the Human Retina Explains Human Color 
and Dimlight Vision 

Norbert Lauinger1 

15.1. The Gap in the Physics of Colors 

Newton demonstrated that the sunlight is split up into its rainbow colors due to refraction 
in a prism. At diffraction of white light on a line grating the colors of the rainbow will 
occur in the Fresnel nearfield behind the grating and this color sequence will also appear 
in the Fraunhofer farfield behind a one-layered planar grating. This is a sound stock of the 
physics of the colors. When at the beginning of the 20th century crystal optics 
demonstrated that by means of diffracting white x ray light into the farfield, the colors 
would again occur; however, in this instance in a completely new sequence and in the case 
of a high number of gratings in the crystal in a monochromatic manner, the triumph of the 
farfield space grating optics was able to get started with the help of the von-Laue-equation. 
Nearfield and farfield are of importance in acoustics and/or telecommunications 
engineering and display different physical characteristics. The nearfield is located directly 
behind the source of radiation and is marked by the interference effects of the waves, 
whereas the farfield is located at a greater distance behind and displays planar waves in 
space. It was possible to explain the structure of the elements and of many inorganic and 
organic molecules successfully by means of x-ray crystallography. Although Ewald [1] 
emphasized the validity of crystal optics also for visible light (380–760 nm) at an early 
stage in 1965 with the title of his essay “Crystal optics for visible light and x rays”, space 
grating optics did not achieve any success in this spectral range. Bergmann-Schäfer [2] 
described the situation as follows: “Diffraction at a space grating is of no importance in 
actual optics since there have been hardly any successes in creating a space grating of 
sufficient preciseness”. The gap in the physics of colors is located - as shown in Fig. 15.1 
- in the space grating optics for the Fresnel nearfield. With it, it can be demonstrated that 
the RGB-colors in daylight vision and the luminosities in dimlight vision represent the 
product of a cortical layer of cell bodies located lightwards before the photoreceptors in 
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the ‘inverted’ retina. It will be possible to demonstrate that it is not photochemistry, but 
rather space grating optics which transforms the visible spectrum into the RGB-color 
space.  

Refraction
Newton

Prism

Fresnel 
Nearfield 
Diffraction

Fraunhofer
Farfield
Diffraction

Space Grating
Diffraction
Fraunhofer
Farfield  

Fig. 15.1. The gap in the physics of colors. (left) refraction of white light in the prism; (center left 
and right) diffraction of white light on a one-layered planar grating in the nearfield and farfield; 

(right) diffraction of white x ray light by a crystal space grating into the Fraunhofer farfield.  

The simple observation that the luminosity is not reduced to half upon closing one eye in 
binocular vision proves that we are concerned with ‘diffraction and interference ‘of light 
in this case. “The non-additivity of luminosities is an indication of interference” 
[Bergmann-Schäfer, 2]. It appears to be consistent that due to the immediate arrangement 
of the photoreceptors directly behind the retina, we can only be dealing with Fresnel 
nearfield interferences. 

15.2. Human Color and Dimlight Vision 

The tri-chromatic additive RGB- (RED-GREEN-BLUE) color vision at daylight in which 
colors complement each other to become white (Fig. 15.2, left) as well as the light-dark 
dimlight vision are to be explained first of all by means of space grating nearfield optics. 
The basis for this is represented by a new interpretation of the brain layer of the retina in 
which three layers of cell bodies achieve a layered image information processing which 
in turn is far more common in other cortical visual centers (Corpus Geniculatum Laterale 
CGL and V1). 

The peak values of the photometrically measured absorption curves of the cone photo 
pigments were indicated by Rushton [3] in the visible spectrum at R = 570 nm,  
G = 535 nm and B = 445 nm. On this basis, it was proven that there are three types of 
cones in the photoreceptor layer of the retina which in turn are each arranged on one of 
these three RGB-components. Thus, it was possible to ascertain that photo chemistry is a 
determining value for RGB-color vision. With this it was also possible to reason that the 
color of things is only present “in the eye” and not on the objects themselves; that “the 
colors are a result of the activity of the retina” and “color being a function of the eye is of 
a subjective nature and consequently adheres to the eye directly and only secondarily and 
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indirectly to the objects” [Schopenhauer, 4]. It also became possible to understand 
dimlight vision on the basis of a comparable photometric measurement of the photo 
pigments in the outer segments of the rods. Thus, it appears to have been clarified that 
photo chemistry is responsible for the transformation of visible light into the RGB-color 
space. The same was valid for the perception of brightness in dimlight vision.  

 

Fig.15.2. (left) the tri-chromatic additive RGB-color vision (Th. Young) and (right) the spectral 
brightness sensitivity curves of the cones (Rushton). 

15.3. What a Space Grating Optical Explanation of Vision Ought To Be 
Able To Achieve 

In order to supplement the explanations so far with a space grating optical component, it 
ought to be able to explain three central aspects of vision: the RGB-colors in daylight 
vision, the luminosities in dimlight vision and the relativization of the local colors on to 
the global light conditions in object space. While Fig. 15.2 provided the photometrically 
measured curves of the spectral brightness sensitivity of the cones, Fig. 15.3 (left) now 
shows the photometrically measured spectral brightness sensitivity curve of the rods in 
dimlight vision with a peak at 512nm. The so-called Purkinje-Shift describes how during 
the transition from daylight to dimlight vision, by means of the shift of the peak of the 
curves towards shorter wavelengths a blue flower will appear brighter and a red rose 
darker. Fig. 15.3 (right) documents the relativization of the local to the global RGB-values 
in a partial manner which E. Land [5] studied in the Retinex experiments. He was able to 
demonstrate that the eye perceives a gray or white upon any random Mondrian-Patch 
provided the RGB-values of the total illumination achieve the same percentages as the 
RGB-values of the radiation reflected from the patch to the eye and an RGB-equilibrium 
of 33 % of each is present. All percentage RGB-inequalities however, result in the 
perceptions of color. By means of the intensification of green in the total illumination 
(18.8 units) for example, the previously gray patch is perceived in the complementary 
color of green to be red (R = 65 %) provided the RGB-values reflected towards the eye 
are kept constant [Lauinger, 6]. 
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Fig. 15.3. (left) Spectral brightness sensitivity curve of the rod receptors; (right) the relativization 
of the local RGB-values on to the global RGB-values in object space. 

15.4. The Development of the Cortical Retina to Become a Three-Layered 
Cell Body Grating 

Up until the 7th pre-natal month there are no photoreceptors (cones and rods) in the eye; 
during this time, the brain is busy with the development of the cortical retina to become a 
cellular three-layered grating. Ida Mann [7] documented these developmental steps.  
Fig.15.4 (left) illustrates the development of two hemispheres at opposite sides of the 
embryonal forebrain which develop to become the eye stalk in each case. A cellular planar 
epithelium surrounds each eye stalk which is filled with liquid (Fig. 15.4, right). After the 
contact of the anterior ball of the eye stalk with the exterior skin of the body in the region 
of the face the invagination of the planar epithelium into the eye cavity follows. During 
this, a piece of tissue of the body is incorporated into the eye cavity which is then used for 
the development of the lens in the anterior part of the eye (Fig. 15.5, left and center). The 
retina develops from the invaginated planar epithelium. During this process, the cells of 
the planar epithelium produce further cells which while becoming smaller from layer to 
layer make up the second and third granular layer. Especially the third layer is extremely 
densely packed with cell bodies; it forms a hexagonal, cellular space grating which is 
present in all regions of the retina. 

At an early stage, the optic nerves grow out of the cells of the inner layer - from the approx. 
one million ganglion cells. By means of cell divisions, a second layer with a larger number 
of smaller cell nuclei develops being the so-called MNL-layer of the bipolars. It in turn 
produces the third ONL-layer of even smaller cell bodies from which only after the 
seventh pre-natal month approx. 110 million rods and 6 million cones emerge into the 
space between the outer limiting membrane and the pigment epithelium (Fig. 15.5, right). 
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Thus far, this space had been empty. They are located behind the cortical cell gratings 
which form the so-called ‘inverted’ retina in a lightward direction in front of them. Fig. 
15.6 shows the final retina development in the region of the fovea, the location with the 
most acute vision in daylight vision. 

 

Fig. 15.4. (left) Forebrain with hemispheres (length of embryo 2.6mm) which (right) develop to 
become the eye stalk (embryo length 4mm = week 3-4) [I. Mann, 7, Fig.6, p.7 and Fig. 17,  
p.20]. © 2013 reproduced by permission of the British Medical Association. 

 

Fig. 15.5. (left) Invagination of the retina into the eye cavity taking a piece of boundary tissue of 
the body with it. (Center) Eye cavity with invaginated retina and developing lens [I. Mann, 7,  
Fig. 28, p. 31]; (right) Emerging of the photoreceptors from the ONL-layer of the retina [I. Mann, 
7, Fig.83]. © 2013 reproduced by permission of the British Medical Association. 

 

Fig. 15.6. Three-layered structure of the retina in the fovea region of a rhesus monkey (V = 250x) 
(hematoxylin-eosine-staining) [Bargmann, 8, Fig.654, p.709]. INL = inner nuclear layer,  
MNL = middle nuclear layer, ONL = outer nuclear layer. REC = Photoreceptors, PE = pigment 
epithelium. Average thickness of the layer of the retina = 200-225 µm; thickness of the 
photoreceptor layer approx. 50-70 µm. © 2013 with permission of Georg Thieme Verlag/Stuttgart. 
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Blechschmidt [9, Fig. 9] documented the differentiation of the layers during the prenatal 
developmental months. Fig. 15.7 shows the still undifferentiated accumulation of cell 
bodies (39 mm embryo length); in the center of the illustration there is the INL-layer  
(115 mm embryo length); in the right part of the illustration (retina of a new-born) all 
granular layers are differentiated and the photoreceptors (V = 450x) are present in the 
central area of the retina perpendicular to the cell layers. Even in the Fovea the ONL-cell 
layer remains anterior in a lightward direction to the cones which are solely present there. 

 

Fig. 15.7. Gradual differentiation of the retinal granular layers up until the time of birth. 
Blechschmidt [9], (© 2013 with permission of S. Karger AG, Basel. 

15.5. The Layered Processing of Information in the Cortical Visual Centers 

It is proven that a layered processing of information takes place in the visual cortical 
centers CGL (Corpus Geniculatum Laterale) and V1 (area 17) which are located directly 
posterior to the retina. In the central optic tract, the right hemispheres of the two eyes are 
joined in the left and the left hemispheres in the right CGL after the optic chiasm and are 
now superimposed in 2×3 = 6 layers as shown in Fig. 15.8 (right). In V1, the information 
from both eyes and/or CGL-centers is joined and at the same time more layers and ‘optical 
pillars’ are differentiated. Still, also Ramon y Cajal provided evidence for three nuclear 
layers being located in V1 [Fig. 15.8, left]. It is noticeable in the CGL that 2×2 = 4 layers 
(3+5 as well as 4+6) of the sequence follow contra-ipsi, thus originating from the eye on 
opposite sides or the same side. Contrary to that, for the 3nd layer (1+2) the inverse 
sequence ipsi-contra from both eyes is valid. 

There is no apparent reason, why the layered processing should not be valid in the brain 
layer of the retina also. Which functions can the individual layers take on? The assumption 
which for several reasons is the most plausible claims that the layers INL and MNL have 
functions which are already guaranteed in light-dark vision: the spatial frequency filtering 
(visual acuity performance), the 3D-depth map and the log-polar object classification 
[Lauinger, 6].  



Chapter 15. Fresnel Nearfield Space-Grating Optics in the Human Retina Explains Human Color  
and Dimlight Vision 

 421 

 

Fig. 15.8. (left) Three granular layers in the visual cortex (V1) [Ramon y Cajal, 10, Fig. 64,  
p. 151]. ©2013 by permission of Oxford University Press, USA). (Center) Three granular layers in 
the retina [Bargmann, 8, Fig. 654, p. 709], © 2013 permission by Georg Thieme Verlag/Stuttgart. 
(right) 2×3 = 6 granular layers in the CGL [Rodieck, 11, p. 282] © 2013 with permission of Sinauer 
Associates Inc., Sunderland, MA. 

Thus, the functionality of color processing which is probably developed last in evolution 
can be attributed to the third granular layer, the cellular space grating ONL of the retina. 
To support it, the following Fresnel nearfield space grating calculation is presented. 

15.6. The Calculation of the Achievements of the ONL Space Grating  
of the Retina  

The densest packing of cell bodies having both a nucleus and cell plasma in the ONL layer 
of the retina leads to hexagonal gratings whose grating constants are located at the  
2-10-fold of the wavelengths of the visible spectrum. The cell bodies are completely 
transparent for light. Diffraction of incident light in the space grating and interference of 
light in the Fresnel nearfield occur due to the fact that only differences in the refraction 
index between cell nucleus and plasma occur which transform the space grating into an 
optical phase grating. Fig. 15.9 illustrates how the Fresnel interferences on a simple line 
grating result in the so-called Talbot-light carpet. The interference levels nearest to the 
grating are the richest in contrast, the T/4-level displays a periodicity of interference 
maxima corresponding to a halving of the grating constants. In the case of the hexagonal 
space grating, the Fresnel carpet is replaced by a three-dimensional spatial interference-
field. The fundamental periodicity is at 3g²/2λ. 

Fig.15.10 (left) illustrates the hexagonal densest packing of cell bodies in a one-layered 
grating. The ONL-layer is shown in Fig. 15.10 (right) with 3 cell layers in the space 
grating. In contrast to the crystal gratings, only few grating layers are to be expected in 
the ONL-space grating so that also no strictly monochromatic interference maxima are to 
be expected in the diffraction image. 
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Fig. 15.9. Fresnel-/Talbot-/Lau-interference carpet at a line grating with the grating constant  
g = 50 µm [Tomandl, 12]. © 2013 with permission of M. Tomandl, Vienna. In the case of a 
fundamental periodicity g²/λ the T/4 level for the wavelength λ = 625 nm lies at 2000 µm, the 
distance between the interference maxima there is at 25 µm being half of the grating constant. 

 

Fig. 15.10. (left) Hexagonal, cellular space grating; (right) hexagonal space grating  
as a 3rd grating in the construction of the granular layers of the retina. 

The calculation of the diffraction orders of the hexagonal space grating starts with the 
double cone directional cosine in Fig. 15.11. The associated equations are: 
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In the cosine segments of the angles α°, β°, γ° and α, β, γ and/or in their squared binomial 
segments, the light which is incident in focused light cones into the space grating is linked 
to the light which is diffracted into diffractive orders by the space grating. The diffractive 
orders are defined by means of whole number h1h2h3-triples. The fact that each resonant 
instrument must be tuned to a fundamental wave also applies to a space grating. The triple 
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for the diffraction order of the so-called fundamental wave therefore receives the triple-
number h1h2h3 = 111. If one chooses the angles α°= β° = 90° and γ°= 0° for α°, β°, γ°, 
then the directional cosine is reduced to the equation (15.1a), to the case of a light beam 
perpendicularly incident into the space grating. Equation (15.1b) is identical to (15.1a), 
but it emphasizes a different aspect of space grating optics which is to be proven using 
specific numbers. 

 

Fig. 15.11. Geometry of the double cone directional cosine in the Cartesian coordinate system. 

 
  02 0222   CosCosCosCosCos

, (15.1a) 

 

1
²²²

2








CosCosCos

CosCos

. (15.1b) 

Another decisive step consists of the fact that instead of the classic von-Laue formulation 
of the Cos α, β, γ -segments, namely Cosα = h1λ/gx etc., which is valid for the farfield, the 
reciprocal Fresnel periodicity with g/λ, thus Cosα = h1gx/s (s = kλ, k = integer) is chosen. 
Fig. 15.12 (left) illustrates this.  

The geometry of the hexagonal space grating cell is included in the equations with the 
three grating constants formulated in the Cartesian coordinate system (in each case in µm) 
gx: gy: gz = 2: √3: 1. The spatial Pythagoras valid in the hexagonal space grating cell is 
illustrated in Fig. 15.12 (right). 
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In the denominator of the equation (15.2a) λ is not selected, but rather s is taken to be the 
indicative reference. Its reference to λ and/or vλ will soon be clarified. In equation (15.2b), 
the quantity s is in the numerator after the solution of (15.2a) according to s. 

 

Fig. 15.12. (left) Fresnel formulation of the directional cosine instead of the von-Laue concept. 
(right) geometry of the hexagonal space grating cell. 

With this Fresnel formulation, the double cone directional cosine (15.1a) and (15.1b) for 
the light beam incident perpendicularly into the space grating adopts the shape in (15.2a) 
and (15.2b). 
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The clarification of the reference quantity s is carried out by means of the crystal-optical 
resonance factor vλ [Ewald, 1]. With the grating constant of the hexagonal geometry and 
the diffraction triple of the fundamental wave h1h2h3 = 111, 4111 s (µm) in (15.4) 

corresponds to the second term in νλ = 1 (µmµm-1) in (15.3). 
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With s = s111 = 4 in (15.2a) and (15.2b) for the h1h2h3 = 111-triple of the fundamental wave 
λ111 the equations (15.5a) and (15.5b) result. In these, the two different aspects of the 
identical equation which were named (a) and (b) become clear. The a-version moves the 
spatial Pythagoras into the center whereas the b version centers upon the crystal-optical 
resonance factor. The spatial Pythagoras states that the three Cos² steps which lead from 
the original source of the interferences in the space grating to the location of the 
interference maxima in the Fresnel space must be identical with the Cosine² value above 
the space diagonals back to the source which the interference term 2h3gz/s111 = 0.5 in 
(15.5a) provides for the h1h2h3 = 111-triple of the fundamental wave λ111. In (15.5b) 
however, it must always be: νh1h2h3λh1h2h3 = ν111λ111 = 1. Every admitted resonance 
wavelength must suffice to these two conditions in order to achieve a constructive 
interference with the help of the space grating. 
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With the results of these equations, the hexagonal space grating resonator has been fully 
described in its geometry. On this basis, the search for the resonator wavelength of the 
111-fundamental wave and its harmonic waves may now begin. The geometry demands 
upon the space grating interference optics do not provide any information regarding the 
resonator or the resonance wavelengths in the space grating. As a resonant instrument, the 
space grating must first of all be tuned to a fundamental wave λ111 in order to disclose its 
harmonic waves. Since the hexagonal space grating gy is strictly bound to gx, only gx and 
gz represent free resonant parameters. Together they form the angled sender antenna of the 
resonator. Its product is the diagonal s11 = √(gx

2
 + gz

2) = √5. If one transforms s111 upon 
λ111 and sets s111λ111 = s11, then the fundamental wavelength λ111 results in (15.6) with 
559nm:  
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In (15.6), if one varies the diffraction triples between the h1h2h3 = 111-333 (24 triples), 
then the R-fundamental wave h1h2h3 = 111 is joined by only two harmonic waves with 
h1h2h3 =123 and h1h2h3 = 122. These three resonance wavelengths make up the crucial 
RGB-triple. For these, the following is valid:  

.5/5/;167.4/5/;4/5/ 122111221231112311111111  ssssss    
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(Aside from the RGB-diffraction orders only one more h1h2h3 = 213-triple forms a 
resonance of poor intensity for the wavelength λ = 479nm. It is conceivable that it 
influences the RG-curves in Fig. 15.16 with their unexplained bend at the spectral location 
in an interfering manner). 

The result that an RGB-triple is the sole determining factor of the chromatics of the 
diffractive orders, represents a completely unexpected result. However, it is commented 
for example in the space grating optics by Bergmann-Schäfer as follows: “If you have 
white light and thus a whole wavelength continuum at your availability then the space 
grating will select only the wavelength(s) fulfilling the resonance conditions” [Bergmann-
Schäfer, 2. p.296]. 
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Fig. 15.13 illustrates the result of the calculations, the RGB-Fresnel nearfield transmission 
system with the space grating resonator as sender tuned to the R-fundamental wave λ111 
= √5/4 = 0.559µm and with the three RGB space waves in an RBG-sequence 
corresponding to the crystal-optical resonance in equation (15.6):  

 111 111 0.25 4 1     , 123 123 0.24 4.17 1      and 122 122 0 .20 5 1     . 

The outer segments of the photoreceptors in the central region of the retina - exclusively 
cones - can be taken into consideration as RGB- receiver antennae. 

 

Fig. 15.13. (left) RBG-sequence of the diffraction orders; (right) the RGB-Fresnel nearfield 
transmission system with the space grating as RGB sender antenna, RGB-space waves  

and RGB receivers.  
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The four quantities forming the resonator have been drawn into the space grating: the three 
grating constants and the diagonal s11 = √(gx

2 + gz
2) = √5 = 4λ111. On the diagonal sh1h3, the 

sending antenna of the resonator, only R and B form integer waves with s11 = 4λ111 =  
= √5 µm; s123 = 4.167λ123 = √5 µm; s122 = 5λ122 = √5 µm. Only in the case of six-fold values 
6√5=√180=13.42 µm all the three standing RGB-waves consist of integers. The 
relationship of the RGB-wavelengths is at 1: 0.96: 0.8 = 25: 24: 20. The three  
RGB-wavelengths achieve an optimum transmission in the space grating, neighbored 
wavelengths are more strongly dimmed as the distance from the peak wavelengths 
increases. R is located on the most inner circle, B on the middle circle and G on the outer 
circle around the z-axis. Each circle has six maxima. As is valid in the von-Laue equation 
which applies to the Fraunhofer interferences, the Cos α, β, γ segments in the directional 
cosine describe three light cones centered upon the axes x, y, z which must intersect at a 
common point in the space. Accordingly, the interference maxima in the case of the 
hexagonal space grating are located in the intersection points of three pairs of hyperbolas 
which in turn are located on a circle. With reference to this, Bergmann-Schäfer [2, p.296] 
commented on a cubic space grating: “Brightness is only present where the two pairs of 
hyperbolas and the selected circles intersect at a point and this is generally not the case. 
Only if the wavelength λ has been selected correctly, this incident can occur; it can 
therefore no longer be selected at random”. λ is “completely determined” by the geometric 
requirements of the directional cosine, i.e. the spatial Pythagoras. Fig. 15.14 (left) 
illustrates the product vλ = 1 as a constant and (right) the von-Laue cone requirement for 
farfield interferences which also applies to Fresnel nearfield interferences. 
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Fig. 15.14. (left) crystal-optical resonance factor as a vλ-constant and (right) von-Laue 
requirement for the occurrence of resonance wavelengths. 

Finally, Fig. 15.15 proves that the wavelength triple corresponds to the peak wavelengths 
of the spectral brightness sensitivity curves of the cones. 

Just like the fundamental wave 559 nm (R) in equation (15.5a) and (15.5b), the two 
harmonic waves meet the requirements of the spatial Pythagoras and the crystal-optical 
resonance factor: 
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 123(G): (0.2304+0.6912+0.5184) - 1.44 = 1.44 – 1.44 = 0, 

 122(B): (0.16 + 0.48 + 0.16) – 0.8 = 0.8 – 0.8 = 0 and 
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Fig. 15.15. The three RGB-resonance wavelengths correspond to the peak values of the spectral 
brightness sensitivity curves of the cones. The calculated RGB-values are indicated under  

the photometrically measured peak values. 

The results of these calculations prove that the optical transformation of the visible 
spectrum into the RGB-color space can be realized via the space grating optics of the third 
cortical granular layer and not - as had been assumed up to date - by means of the 
chemistry of the photoreceptor pigments. Instead, the pigments are programmed by means 
of the space grating optics. In this way, the geometric and resonance requirements of the 
space grating interference optics in the Fresnel nearfield are met. Every resonant 
wavelength must correspond to the spatial Pythagoras and the crystal-optical νλ resonance 
factor. Fig. 15.16 demonstrates how the RGB interference maxima are displayed in a top 
view. Optically they are linked by means of concurrence and provide the basis for 
overlapping receptive fields. 

Fig. 15.17 illustrates how one ought to imagine the development of optical pillars by 
means of hierarchically ordered cell gratings with graduated grating constants. Such 
pillar-like information processing has been proven particularly in the visual cortical 
centers CGL and V1. The Fresnel diffraction images behind two hexagonal gratings with 
graduated grating constants demonstrate which field structures are to be expected in the 
Fresnel space.  
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Fig. 15.16. (left) RGB-interferences in the top view; (right) distribution in the area.  
Optical basis for overlapping receptive fields. 

 

Fig. 15.17. (left) hierarchically ordered hexagonal gratings with graduated grating constants 
develop optical pillars. (right) Fresnel interferences behind two hexagonal phase gratings; (top) 
100µm- with a 20µm grating, (center) 16µm- with a 8µm grating, (below) image of an object 

behind the 2ndgrating.  

The most important argument in favor of Fresnel nearfield interferences in the retina is 
based upon the fact that the local image information is retained while it is lost in the 
farfield and/or is present having been transformed there into Fourier-optical data 
constellations. 
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15.7. The Space Grating Optical Explanation of the Purkinje-Shift: RG(B) 
in Dimlight Vision 

The Purkinje-Shift describes the transition from colored daylight to colorless dimlight 
vision in decreasing brightness. Whereas the photo pigment of the rod receptors reaches 
its peak in its brightness sensitivity curve at 512 nm and therefore in comparison to the 
RG-curves there is a transition to a shorter wavelength, a flower which is perceived as 
being blue during the day is then perceived to be brighter and a red rose to be darker. 
Using the data in Fig. 15.18, space grating optics explains the Purkinje-Shift as an adaptive 
shortening of the third grating constant gz in the space grating. Equation (15.6) with  
gz = 0.913µm and s = √(2²+0.913²) = √4.834 leads to: 
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Fig. 15.18. Purkinje-Shift (left) with the merger of the G and R diffraction orders at 512 nm; 
(right) equal tuning of R and G. 

This corresponds to a transformation of the round-shaped cells into a flattened rotational 
ellipsoid. In this way, the RG-diffraction orders fuse at 512 nm which is the peak of the 
spectral brightness sensitivity curve of the rods. At the same time, the contribution of B 
becomes nearly insignificant. The transition from Trichroism to Achromatism occurs via 
the instable blue-yellow Dichroism in both directions. 
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15.8. The Space Grating Chromatic Adaptivity in Daylight Vision 

The adaptive tuning of the space grating not only occurs by means of a shortening of gz in 
the direction of the shorter wavelengths as in the Purkinje-Shift, but rather by means of a 
prolongation of gz - as proven in Fig. 15.19 - also in the direction of longer wavelengths 
with corresponding fundamental and harmonic wave RGB-triples in daylight vision.  

This in turn corresponds to a transformation of the cells of the space grating into an 
elongated rotational ellipsoid. A calculation example for the RGB-triple at 612 nm (R), 
560 nm (G), 482 nm (B) is shown in the figure on the right. In this way, the function of 
the third grating constant gz has been completely explained. It plays a significant role in 
determining the RGB-chromatics from 512 nm over 559 nm and up to and beyond  
612 nm. 
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Fig. 15.19. (left) Space grating optical chromatic adaptation in daylight vision with  
gz -prolongation to long-wave spectral ranges; (right) calculation example for a long-wave  

RGB-triple. 

15.9. The Aperture Angle of the Light Cones of the Diffracted Light 

While the third grating constant gz determines the RGB-chromatics significantly, the two 
grating constants gx, gy are of decisive importance for the aperture angle of the light cones. 
Here, the angle γ being the angle related to the z-axis is of the highest importance. The 
calculation of the α-, β- and γ angles is carried out via the three segments of equation 
(15.7) in which the value sh1h2h3 occurs in their denominator and has to be calculated via 
equation (15.4). 
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Fig. 15.20 demonstrates the full range of the space grating optical available variation of 
the γ angles and the RGB-chromatics. In it, the γ angles of the light cones are indicated 
for the three RGB-chromatic locations (R559nm; R512nm; R612nm) which were 
previously discussed. The left half of the illustration, the smallest space grating cell with 
gx: gy: gz = 2: √3: 1 (µm) provides the γ angle in the middle line; in the right half, the γ 
angle of the cell enlarged with V = 6x in gx, gz to gx: gy: gz = 12: 6√3: 1. The  
RGB-chromatics remains the same on each side of the line, the γ angles become 
considerably smaller due to the enlargement of V = 6x of the gx, gy - grating constants. 
The same holds true for the top and bottom line which in each case result from a decrease 
of gz to gz= 0.913µm in the Purkinje-Shift and/or an enlargement from gz to gz = 1.1 µm 
in the case of an adaptation to the longer R612nm wave.  

 

Fig. 15.20. γ angle of the diffraction order light cones in relation to the z-axis and RGB-chromatics 
for the three selected RGB-triples with R = 512, 559 and 612nm based on a change in size of the 
3rdGrating constant gz (left) for the smallest hexagonal space grating cell in each case, (right) for 
the by V = 6x in gx gy enlarged space grating cell. 

Amongst other things, the γ angles prove the RBG-sequence of light cones shown in  
Fig. 15.13 and the stronger widening of the γ angles as the gz - grating constants increase. 
In the case of a percentage-wise equal enlargement or diminution of the three grating 
constants, i.e. in the case of a preservation of the linking of the three grating constants, the 
corresponding γ angles and RGB-chromatics of each line remain constant; the space 
grating then acts like an inflatable ball. This changes when the 3rdgrating constant is 
released (shift from the middle to the top or bottom line) and gx gy is kept constant. The 
space grating cell at gz< 1 acts like a flattened and at gz> 1 like an elongated rotational 
ellipsoid. The adaptive deformations of the cell geometry have a direct functional 
significance so that particular importance is placed on the decoupling of gz and gx, gy. 

15.10. The Retinal Space Grating Becomes a ‘Living Crystal’ 

By means of the deformation into a flattened or elongated rotational ellipsoid in 
association with the decoupling of the grating constants, the hexagonal space grating cell 
of the cortical retina becomes a ‘living crystal’ [Geguzin, 13] which has the ability to 
achieve adaptive accomplishments in this way. Similar adaptive cell geometry 
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deformations have been found in acoustics research in the human inner ear. The 
interpretation of the retina as a crystal-like brain layer is close to the statement made by 
the brain researcher Creutzfeld [14. p.118] He emphasized that the uniformity of the 
construction plan of the brain is not a case of construction elements or ‘chips‘ separated 
from each other, but a continually repeating structure of interwoven single elements, 
“similar to a crystal grating in complex molecule systems”. The cell body layers have so 
far been completely neglected in brain research in comparison with the neuronal nets. This 
is all the more tragic because the cell bodies are the real producers of the action potentials 
upon which the neuronal nets rely. 

15.11. The Individual and the Whole: The Relativization of Color of the 
Local on to the Color of the Global 

E. Land [5] and J. J. McCann [15] agreed due to the retinex experiments that “Human 
color vision is a spatial calculation involving the whole image”. The necessary calculation 
work was attributed to the cortex due to a lack of alternatives. Now, however, it seems to 
become possible to attribute this relativization of the local to the global in RGBs to the 
optics in the eye. In the pupil - the aperture space of imaging optics - the eye possesses 
the information about the sum of the radiation of all self-radiators and reflectors which 
make their way into the eye from the object space. In 1948, E. Zernike [16] described it 
as follows: „The image that will be formed in a photographic camera is present in an 
invisible, mysterious way in the aperture of the lens, where the intensity is equal at all 
points”. There is one possibility how this Information which has never been measured in 
a targeted manner is used: that it is scattered by means of polygonal gratings in the cornea 
into the image space and is transformed there together with the local information of the 
object image into RGB so that the individual is related to the whole as a ‘coherent 
background’ in RGB. This is supported by: “The human eye exhibits considerable 
scattering“ [J. J. McCann,15]. Fig. 15.21 gives an impression of the complete grating 
optical correlator of the eye where irregular polygonal cell gratings in the aperture space 
undertake the scattering of the light. In this way, the diffraction of the light in the space 
grating of the cortical retina is supplemented by means of refractive optics.  

15.12. Summary and Outlook 

The results presented here prove that with Fresnel nearfield space grating optics a new 
interpretation of human vision in three relevant aspects succeeds; namely in the 
transformation of the visible spectrum in daylight vision into RGB-space, in the Purkinje-
Shift to the RG(B)-dimlight vision and in the optical relativization of the colors from the 
local to the global. Therefore it can be claimed to have been explained that it is not the 
photo pigments of the receptors, but rather the diffractive Fresnel nearfield space grating 
optics which transforms the visible spectrum into RGB-color space. In this, the retinal 
hexagonal space grating resonator represents a transmission and receiver system with an 
RGB-sender, RGB space waves and RGB receiver antennae. The sender being the 
resonator produces interference optically standing RGB-space waves in the Fresnel 
nearfield, the nano antennas of the outer segments of the receptors represent the receivers. 
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Fig. 15.21.The grating-optical correlator: By means of the scattering of the light at the gratings in 
the aperture space, local information could be relativized to global information in RGB. 

Since the ‘inverted’ retina represents a brain layer, with its three granular layers - analogue 
to CGL and to V1 - as an optical multilayer image processor, it may be understood to be 
a building block of optical nearfield computing. By means of the diffraction of the visible 
into the RGB and thus into the ‘reciprocal grating space’ of the ‘living crystal’, the 
‘inversion’ of the retina has decisive importance in evolution as a ‘jump function’ because 
it places visual experience in the eye on the (adaptive) RGB-basis of crystal optics. The 
sentence by Bergmann/Schäfer [2] is still valid for the practical implementation of the 
results: “Diffraction at a space grating is really of no importance in actual optics since 
there have been hardly any successes in creating a space grating of sufficient preciseness 
for the visible light”. The mathematical calculation merely shows a way for the technical 
reconstruction of the retinal space grating structures. In the NAMIROS-BMBF-Project 
[17] in which the author was involved as the initiator and leader from 2006-13 with 
competent partners (Fraunhofer-IAP/Golm, mrt Berlin, TU Optisches Institut Berlin, 
Physik at the University of Siegen, Vitronic/Wiesbaden), progress in the development of 
polymers was successfully made which made an optical inscription of phase gratings 
possible. Unfortunately, the optical inscription procedures were only able to produce high-
performance space gratings for farfield interference optics, but not for Fresnel nearfield 
interferences which rely on short lengths of the 3rdgrating constants. Accordingly, space 
gratings which can be used experimentally remain to be an open target which may be 
achievable with 3D print and Nano imprint procedures in the near future. Space grating 
optics will continue to be practically relevant especially for retina implants. The 
experimental reappraisal of the diffractive Fresnel nearfield space grating optics is a 
necessity and a chance for the further development of optics. Due to the shift of the visual 
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information processing into the ‘reciprocal grating space’ of crystal physics, it has a key 
function for a better understanding of the cortical layers. Only due to the fact that in the 
image space of the eye, the optical RGB-transformation of the visible occurs in the ONL 
space grating which is located anterior to the receptors, can the colors of things become 
perceivable on the objects. In this, the local RGB-shares are at all times simultaneously 
available and therefore do not require a neuronal linking. 
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Chapter 16 
Characteristics of Unbalanced  
Mach-Zehnder Interferometers  
in Metal/Insulator/Metal Plasmonic 
Waveguides 

Shun Kamada, Toshihiro Okamoto and Masanobu Haraguchi1 

16.1. Introduction 

The integration of nanoscale optoelectronic devices is rapidly approaching the limitations 
below the diffraction limit of light. The diffraction limit of light does not allow the 
confinement of light in nanoscale regions much smaller than the wavelength of light. 
Plasmonic waveguides (PWGs) are able to concentrate and manipulate light below the 
diffraction limit. Plasmonic devices have attracted a great deal of attention for developing 
next-generation integrated optical systems. Plasmonic devices provide the facility for 
ultra-compact optical integrated circuits with the bandwidth of photonic networks [1-3]. 

Optical modulators are one of the most effective and important parts in optical signal 
processing of optical integrated circuits. Many plasmonic modulators based on PWGs 
have been reported [4-9]. In particular, Mach-Zehnder interferometers (MZIs) are typical 
structures used in electro-optic modulators. MZIs based on gap PWGs [10-13], ridge 
PWGs [14], and V-groove PWGs [15] have been investigated. Gap PWGs allow the 
plasmonic mode to be confined and propagates in the middle of the gap. In recently 
reported MZIs based on gap PWGs, the surface plasmon polariton (SPP) propagates not 
in the center but on the edges of the gap [10]. In such cases, the SPP will be subjected to 
some scattering loss due to the waveguide curvature (i.e., bending losses) or some defects 
and surface roughness of the fabricated structure [16]. In multilayer metal/insulator/metal 
(MIM) PWGs, there are no such the problems [1, 17, 18]. MIM PWGs for propagating 
SPP have recently been proposed [17-23]. In this study, we propose MIM PWGs based 
on the deposition of a metal thin film and dielectric layer. The proposed structure 
possesses the strong stability to confine light [24] and has low loss in bending waveguides 
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[25]. Our proposed structure combines a simple design with a rapid fabrication process. 
A number of researchers have numerically investigated the optical properties of MZI 
using MIM PWGs [26-28]. To the best of our knowledge, no experimental investigations 
on MZIs have been reported using multilayer MIM PWGs. 

Furthermore, the propagation length of the plasmon mode in MIM PWGs, defined as the 
distance for the SPP intensity to decay by a factor 1/e, is short (~ 10 μm at near-infrared 
region) [1] compared with those of guided modes in the dielectric waveguide. In order to 
realize a large change in light intensity using an MZI modulator, it is necessary to have 
interference in the optical path length that can apply a π phase shift. However, the mode 
length must be short to be compatible with the short propagation length of the SPP. Hence, 
we cannot obtain enough change in light intensity for a typical MZI structure if the electro-
optic material has low electro-optic coefficients r33 ~ 32 pm/V [29]. Therefore, in our 
study we focus on a normally OFF-type unbalanced MZI, which provides a theoretically 
high ON/OFF ratio. We experimentally confirmed the interference of SPPs propagating 
in each propagation path of the proposed structure. The proposed structure can be used in 
a modulator by replacing the electro-optic materials in the insulator. In this chapter, we 
report a passive unbalanced MZI as the first step in the development of a compact electro-
optic modulator. 

16.2. Design and Analysis of the Unbalanced MZI 

First, the configuration and performance of the MZI structure were analyzed by numerical 
simulations. To evaluate the optical properties of the unbalanced MZI, a 2D finite 
difference time domain (FDTD) method was employed to stimulate the transmission 
characteristics [30]. 

When the length in depth of MIM PWGs is a finite (~μm), the SPP mode propagating in 
PWGs will become multimodes [24]. It is difficult and complex to analyze the propagating 
multimode SPP. This multimode also leads to a biased electric field distribution in PWGs 
[31]. For this reason, propagated light easily scatters unless we carefully design the 
distance from the input port to the branch and bend of the MZI. Furthermore, because the 
biased electric field distribution depends on incident wavelength, this MZI has a 
wavelength dispersion property. We consider slub-type PWGs to clarify the fundamental 
properties of the MZI based on an MIM PWG. The mode of SPPs propagating in slub-
type PWGs become single mode as shown by the following dispersion relation [1]: 

 , (16.1) 

where k0 and t are the vacuum wavenumber of the incident light and insulator thickness, 
respectively; and εm and εi are the dielectric constants of the metal and insulator, 
respectively.  
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The spatial cell size in the 2D FDTD method has been set to be 2 nm. Fig. 16.1 shows a 
typical schematic diagram of the MZI based on MIM PWGs used in FDTD simulations. 
Silver was used as the upper and lower metal layers of the MIM structure, where the 
dielectric constant of silver is employed from previous work [32]. The dielectric layer of 
the MIM structure is composed of a sodium p-styrenesulfonate homo-polymer (PSSNa) 
with refractive index of n = 1.395. Because this refractive index is similar to the refractive 
index of other polymers, the simulation does not lose generality. The PSSNa thickness are 
d0 = d1 = d2 = 100 nm. The input port was illuminated by light with Ez component to excite 
the plasmon. The input light is confined in the dielectric layer and will propagate along 
the waveguides. SPP waves will be obtained and guided along the branch waveguide, and 
then divided into paths P1 and P2. Transmittances were calculated from the ratio (EOut/EIn)2 
of the electric field intensity in the input port EIn and output port EOut. The difference in 
path length ΔL between P1 and P2 has three different Ag thickness d3 values of 400 nm, 
600 nm, and 800 nm, as shown in Fig. 16.1. To confirm constructive and destructive 
interference at wavelengths 1100–1600 nm, different path lengths ΔL were chosen at  
400 nm, 600 nm, and 800 nm. 

 

Fig. 16.1. A typical schematic diagram of the MZI based on MIM PWGs used in the 2D FDTD 
simulations. (d0 = d1 = d2 = 100 nm, d3 =100 nm, 200 nm, 300 nm). 

The results of the FDTD simulations were used to evaluate propagation loss in bends and 
splitters of PWGs. The transmittance in 90° bends of PWGs was 80 % compared with 
straight PWGs. The transmittance ratio between straight and 90° bends and splitters of 
PWGs were 55 % and 45 %, respectively. Fig. 16.2(a) shows the results of our calculations 
of the transmittance spectra. Transmittances varied with the wavelength of input light λ0. 
The transmittance at λ0 = 1420 nm was found to be a maximum for ΔL = 800 nm. The 
maximum transmittance for ΔL = 800 nm, as shown Fig. 16.2, is 79 %. This transmittance 
is similar to the theoretical transmittance in straight PWGs with the same path length. The 
transmittance at λ0 = 1300 nm was found to be a minimum for ΔL = 400 nm. Fig. 16.2 (b) 
shows the transmission spectra of path length differences of 400 nm, 600 nm, and 800 nm 
deduced by the analytical solution. The spectral shapes determined by the numerical 
solution were quite similar to those determined by the analytical solution. These indicate 
that SPPs propagating in each path of MZI at λ0 = 1300 nm for ΔL = 400 nm undergo 
destructive interference. For SPPs with wavelength λSPP propagating in MIM PWGs, the 
condition of destructive interference can be expressed as the following equation: 
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 ΔL ≈ NλSPP + λSPP/2, N = 1, 2, 3, … (16.2) 

The wavelength λSPP of SPPs propagating in the waveguide, as shown Fig. 16.1, is 750 nm 
at λ0 = 1300 nm, which was calculated from the MIM SPPs dispersion relation expressed 
as Eq. 1. Therefore, according to Eq. 2, we may conclude that for destructive interference, 
Eq. 2 approximately tends to (λSPP/2 = 375 nm). Thus, by increasing the path length 
difference ΔL, the wavelength of input light λ0 for maximum (minimum) transmission will 
shift to longer wavelengths. Therefore, the phase difference between P1 and P2 leads to a 
change in transmittance, which is clearly shown in Fig. 16.2. 

 

Fig. 16.2. (a) Transmittance spectra of proposed unbalanced MZI by numerical analysis.  
(b) Transmittance spectra of path length difference of 400 nm, 600 nm, and 800 nm deduced  

by the analytical solution. 

16.3. Fabrication and Experimental Results in Straight MIM PWGs 

In this section, we evaluate the propagation properties of MIM PWGs. The fabrication 
process is shown in Fig. 16.3, where a PSSNa diluted by pure water is adapted for an 
insulator material. The thickness of PSSNa film on a substrate was controlled by the 
rotational speed of the spin coating method. At first, we determined the optimum 
rotational speed for spin coating of the PSSNa film. The PSSNa concentrations were  
100 wt %, 50 wt %, and 25 wt %. The PSSNa was dropped onto the Si substrate and then 
rotated at high speed in order to spread the fluid. It was annealed at 120 °C to evaporate 
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the solvent. Then, PSSNa thickness was measured by scanning probe microscopy. The 
relationship between rotational speed and PSSNa thin film thickness is shown in Fig. 16.4. 
The thickness values were obtained from the average of three thickness values measured 
on the same substrate. The error bars shown in Fig. 16.4 express standard deviations. It is 
found that PSSNa film thickness decreases with increasing rotational speed and 
decreasing concentration. The PSSNa concentration of 50 wt % and rotational speed of 
6000 rpm are the optimum values for setting film thickness to 100 nm. 

 

Fig. 16.3. Fabrication process of single-layer PWG. (a) Ag film (100 nm) of the bottom layer was 
deposited on a Si substrate by thermal evaporation; (b) PSSNa films were used to coat the Ag 

film by the spin coating method; (c) Ag film (100 nm) of the upper layer was deposited;  
(d) Input/output ports were fabricated using focus ion beam milling. 

 

Fig. 16.4. Relationship between spin speed and PSSNa thin film thickness. PSSNa was coated  
on Si wafers using different speeds and baked at 120 °C for 60 s. Film thickness was measured  

by scanning probe microscopy. 

V-like channels were fabricated by a focus ion beam (FIB) to serve as the input and output 
ports. If the ion beam is scanned in one direction, the sputtered atoms were deposited on 
the wall and became V-like channels. The V-like channels were designed to have an angle 
of 45°. 

Fig. 16.5 shows a schematic diagram of the experimental setup in order to evaluate 
input/output light properties of the fabricated PWG. The tunable laser source  
(wavelength λ0) is an optical parametric oscillator (OPO) that pumped a Ti: Sapphire laser 
(wavelength = 835 nm), which was utilized as the incident light source. A λ/4 plate was 
used to turn plane-polarized light into circularly-polarized light. The laser polarization 
was controlled by a polarizer. A laser light was illuminated at the input port of the 
unbalanced MZI through an objective lens. The intensities of the scattered light at the 
output port of the unbalanced MZI were recorded by an infrared charge-coupled device 
(IR-CCD) camera through an objective lens and a half mirror. 
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Fig. 16.5. A schematic diagram of the experimental setup for input/output light observation. 

We confirmed the propagation of SPPs in the fabricated MIM PWG. A CCD camera 
image of an MIM PWG, with a distance 25 μm between input/output ports, is shown in 
Fig. 16.6 (a). The incident light at wavelength 1.3 μm was irradiated toward the input port. 
The incident light propagating in the z-direction refracts at the input port and propagated 
in the y-direction. The yz plane was assumed as the incident plane in this experiment. 
Transverse magnetic (TM) polarized light is characterized by its magnetic field, which 
was perpendicular to the incident plane. For TM light, the electric field was parallel to the 
incident plane. For transverse electric (TE) light, the electric field was perpendicular to 
the incident plane. CCD camera images of incident TM and TE polarized light are shown 
in Figs. 16.6 (b) and (c), respectively. Scattered lights are observed at the output port (Fig. 
16.6 (b)), whereas there were no scattered lights at the output port (Fig. 16.6 (c)). Incident 
lights that illuminate the input port were reflected to an edge of the MIM PWG. In this 
case, when the incident light has TM or TE polarization, the incident light that illuminates 
the edge of the MIM PWG has a polarization direction that is vertical or parallel to the 
direction of a substrate, respectively. In general, the polarization direction of SPPs that 
propagate in layered MIM PWGs will be in the vertical direction of the metal-insulator 
interface [1]. When the incident light in Fig. 16.6(b) leads to an observed scattered light 
at the output port, with a polarization direction in the vertical direction of the MIM PWGs, 
the propagation condition of SPPs is satisfied. Therefore, the propagation of SPPs in the 
fabricated straight PWG has been verified. 

 

Fig. 16.6. CCD images of the MIM PWG. (a) The irradiation of halogen lamp; (b) Illumination 
of TM polarized light at the input port; (c) Illumination of TE polarized light at the input port. 
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Next, the propagation length of the fabricated MIM PWG was estimated. Light scattering 
intensities at the output port were evaluated by changing the distance between the input 
and output ports from 10 μm to 22 μm. Light scattering intensities at the output port were 
measured according to the brightness of images taken by the CCD camera. Light 
scattering intensities at the output port with changing distance between the input/output 
ports are shown in Fig. 16.7. The wavelength of incident light was tuned at a wavelength 
of 1.5 μm. As shown in Fig. 16.7, output light intensity weakens with increasing distance 
between input/output ports. We assumed that output light intensity decreased 
exponentially. The output light intensity curve was fitted by the least squares method. The 
results show an SPP propagation length of 13.5 μm. The theoretical value of the 
propagation length estimated by dispersion relation in Eq. 1 is 16.0 μm. It is presumed 
that the experimental propagation distance is less than theoretical value because of the 
roughness of the Ag surface. It is inferred that the propagation distance became shorter 
because the propagating SPP was scattered by the roughness of the Ag surface. 

 

Fig. 16.7. Relationship between distance of input/output ports and light scattering intensity  
at output port. The incident wavelength is 1.5 μm tuned by the OPO. 

The coupling efficiency of the SPP and the space propagation of light at the input/output 
ports were estimated. Light scattering intensity at the output port Is expressed as 

 Is = η2I0e-y/L (16.3) 

where η is the coupling efficiency at the input/output ports, I0 and L are the incident light 
intensity and propagation length, respectively, and y is the distance in the PWGs. Is and I0 
were measured by CCD images. The coupling efficiency η was estimated using Eq. (16.3). 
As a result, the coupling efficiency η is approximately 0.118. Hence, approximately 
11.8 % of incident light is coupled to the PWG at the fabricated input port.  

16.4. Fabrication and Experimental Results in MZI Based on MIM PWGs 

Fig. 16.8 shows a schematic diagram of the whole fabrication process of the MZI structure. 
The process begins with the thin film deposition of Ni (approximately 10 nm) on a Si 
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substrate using a sputtering method to improve adhesion, as shown Fig. 16.8 (a). Then, 
Ag thin films (100 nm) were deposited by a thermal evaporation method. The PSSNa film 
of the first layer was used as a dielectric layer, which was deposited using a spin coating 
method. The Ag thin film of the middle layer (300 nm) was deposited by a thermal 
evaporation method, as shown in Fig. 16.8 (b). The PSSNa film of the second layer was 
deposited as shown in Fig. 16.8 (c). Finally, a second Ag thin film (approximately 72 nm) 
was also deposited by thermal evaporation method at an incident angle of 45° and -45°, 
as shown in Fig. 16.8 (d). V-like channels were fabricated by FIB milling to serve as input 
and output ports, as shown in Fig. 16.8 (e). To fabricate a modulator in this structure, the 
PSSNa will be replaced to electro-optic polymer materials. The structure using electro-
optic materials can be fabricated using the same fabrication process shown in Fig. 16.8. 

 

Fig. 16.8. Fabrication process of the unbalanced MZI based on MIM PWGs. (a) The patterns of 
the Ag film (100 nm) and PSSNa film were formed by electron beam (EB) lithography; (b) The 
pattern of the Ag film (300 nm) was formed by overlay exposure of EB lithography; (c) The PSSNa 
film was coated by a spin coating method; (d) The Ag film (72 nm) was deposited by the thermal 
evaporation of silver at incident angles 45° and -45°, respectively; (e) Input/output ports were 
fabricated using focus ion beam milling. 

Fig. 16.9 shows scanning electron microscope (SEM) images of the fabricated unbalanced 
MZI structure based on MIM PWGs. Fig. 16.9 (a) shows the top-view of the fabricated 
structure. Fig. 16.9 (b) shows the cross-section image of the fabricated structure along the 
region from A to B in Fig. 16.9 (a). Fig. 16.9 (b) shows that the thickness of the PSSNa 
film before a branch (d0) is approximately 350 nm. The thickness of PSSNa films after a 
branch (d1, d2) are the same at approximately 130 nm. The SPPs can be confined and 
propagate within the thicknesses PSSNa with Ag cladding. The propagation length of the 
fabricated MIM PWGs constructed by Ag/PSSNa/Ag films was evaluated. The 
propagation length at λ0 = 1500 nm was 13.5 μm. 

Ag-1 and Ag-2 films shown in Fig. 16.9 (b) are in a conductive state. If we apply an 
electric field between Ag-1 (Ag-2) and Ag-3, the structure can be used as a modulator 
owing to the phase shift. 

The experimental setup shown in Fig. 16.5 was employed to measure input/output light 
properties in the fabricated MZI. The wavelength of the incident light was varied from 
1150 nm to 1550 nm (50-nm step) by the OPO. We confirmed that only the propagating 
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TM polarized light is in the structure. Because SPPs were only excited by TM polarized 
light, we believe that SPPs propagate in our structure.  

 

Fig. 16.9. SEM images of the fabricated unbalanced MZI. (a) SEM bird's-eye view image; (b) A 
cross section of the fabricated structure produced through focus ion beam milling from A to B. 

Fig. 16.10 shows the experimental spectrum of light intensities scattered at the output port 
as a function of the wavelength of incident light λ0. The experimental results were obtained 
from the average values of 15 data points from three samples measured five times at the 
same substrate and fabrication conditions. The error bars in Fig. 16.10 express standard 
deviations. Light intensities at the output port were normalized by the intensities of 
incident light. Normalized light intensity Io was found to change as a result of the changing 
wavelength of incident light, as shown in Fig. 16.10. Io is maximum at λ0 = 1250 nm and 
gradually decreased at longer wavelengths, reaching its minimum at λ0 = 1500 nm. In the 
fabricated structure, it was assumed that constructive and destructive interference were 
achieved at λ0 = 1250 nm and 1500 nm, respectively. 

As previously shown in Fig. 16.2, the experimental results of the spectrum of light 
intensities at the output port were not in agreement with numerical simulation results. This 
may be related to the film thickness of PSSNa for a branch of incoming and outgoing 
waveguides. The film thickness variation resulted when the PSSNa was spin coated twice. 
To investigate the effect of thickness d0, the transmittance spectra of the unbalanced MZI 
was calculated using 2D FDTD simulation by changing the parameter from an SEM image, 
as shown in Fig. 16.9. The PSSNa thickness before a branch d0 was found to have different 
thickness values of 130 nm, 240 nm, and 350 nm. Other sizes of the unbalanced MZIs are 
d1 = d2 = 130 nm, l = 6 μm, and d3 = 300 nm based on the SEM image shown in Fig. 16.9 
(b). 

Transmittance spectra for different thicknesses are shown in Fig. 16.11. Transmittance 
spectra varied with changing thickness d0. The transmittance at a wavelength of input light 
λ0 = 1350 nm was found to be a maximum for thickness d0 = 130 nm. By increasing the 
thickness d0, the transmittance spectra shifted to the shorter wavelength. 
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Fig. 16.10. Closed diamonds show the experimental results of normalized light intensity in output 
port of the unbalanced MZI. Open circles show the numerical simulation results of transmittance 

in the MZI. 

 

Fig. 16.11. Numerical analysis of the transmittance spectra as a function of the thickness d0  
of PSSNa. 

If the thickness of the PSSNa layer d0 increases, the SPPs were quicker to reach the upper 
branch waveguide. Therefore, transmittance spectra will be subject to shifts toward shorter 
wavelengths owing to the change in interference condition. 

The thickness of the PSSNa layer before a branch in the fabricated structure was close to 
d0 = 350 nm. The transmittance spectrum from 2D FDTD simulation at such thickness is 
shown in Fig. 16.10. The experimental and numerical simulation results were found to be 
in good agreement and the fabricated structure behaves as an MZI. 
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16.5. Conclusion 

In this study, we proposed and designed unbalanced MZIs based on MIM PWGs. The 
characteristics of the proposed structure were analyzed and discussed. We fabricated the 
proposed structure by electron beam lithography techniques. The optical measurement 
results show that the normalized light intensity at the output port varied with incident light 
wavelength, and was a maximum and minimum at λ0 = 1200 nm and 1500 nm, 
respectively. The experimental and numerical spectra were in good agreement 
qualitatively. The proposed structure is expected to realize an ultra-compact modulator by 
replacing part of the insulator with an electric-optic polymer. 
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Chapter 17 
Stable Solitons of Higher Order Cubic 
Quintic Nonlinear Schrödinger Equation  
with a -Symmetric Potential 

İlkay Bakırtaş and İzzet Göksel1 

17.1. Introduction 

In the field of optics, a soliton denotes any optical field that does not change its shape 
during propagation because of the sensitive balance between linear and nonlinear effects 
in the medium [1]. Interest in optical solitons has grown steadily in recent years. The field 
has considerable potential for technological applications, and it presents many exciting 
research problems from both a fundamental and an applied point of view. Over the past 
thirty-five years, soliton research has been conducted in fields as diverse as particle 
physics, molecular biology, quantum mechanics, geology, meteorology, oceanography, 
astrophysics and cosmology [2]. Nonlinear Schrödinger (NLS) equation is usually defined 
by the nonlinear dynamics of pulses on a picosecond time scale. A considerable amount 
of research work has been devoted to the study of nonlinear Schrödinger equation with a 
variety of nonlinearities. Several methods, numerical and analytical, have been effectively 
used to handle these problems [3]. The inverse scattering method, Lax pair, Backlund 
transformation are some of these methods. These works and results have important 
scientific values and application prospects such as transmitting digital signals over long 
distances. Mathematical and numerical analysis of NLS equation with further application 
areas can be found in the reference [2]. 

Nonlinear Schrödinger equation is usually defined as the propagation of an optical pulse 
in optical materials and is given as 

 
2

0.z xxiu u u u     (17.1) 
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In optics, u  corresponds to the differentiable complex-valued, slowly varying amplitude 
of the electric field, xxu  corresponds to diffraction, z  is a scaled propagation distance and 

the coefficient α  represents the cubic nonlinearity of the medium. 

On the other hand, the dynamics of pulses with widths smaller than 1 picosecond cannot 
be governed by the cubic NLS equation. For example, in a solid state laser, pulses are 
generated with generated time durations shorter than 10 femtoseconds and the 
approximation of the standard NLS equation breaks down. In order to describe the 
dynamics in such systems, higher order dispersion terms are necessary. One needs to 
consider the third order dispersion (3OD) for performance enhancement along trans-
oceanic and trans-continental distances. Also, for short pulse widths where the group 
velocity dispersion changes, within the spectral bandwidth of the signal, this necessity can 
no longer be neglected; one needs to take into account the presence of fourth order 
dispersion (4OD) [4]. From now on, fourth order dispersion term will be denoted as 4OD. 
Evolution of the ultrashort optical pulses for cubic NLS equation with the presence of the 
4OD term was investigated by Karlsson and Höök [5]. Also, in [6] and [7], the dynamics 
and interactions of bright solitons in an optical fiber with 4OD are investigated and for 
particular values of the propagation constant (eigenvalue), the existence of the solitons 
with oscillating tails is reported. Soliton type solutions to cubic NLS equation with higher 
order corrections are derived in [8, 9]. In [10], 4OD cubic-quintic nonlinear Schrödinger 
equation without a potential is solved through the extended elliptic sub-equation method. 
Consequently, many types of exact traveling wave solutions are obtained including bell 
and kink profile solitary wave solutions, triangular periodic wave solutions and singular 
solutions. Band-gaps and stability properties of solitons for the higher order NLS equation 
with a periodic lattice are studied in [11]. Recently, soliton dynamics in the higher order 
multidimensional NLS equation is deeply analyzed in [12]. 

The Hamiltonians that are defined in quantum mechanics are required to be Hermitian to 
ensure the spectra to be real. In recent years, Bender et al. have demonstrated that non-
Hermitian Hamiltonians can exhibit entirely real spectra provided that they have the so-
called parity-time ()symmetry property [13, 14]. The real part of a symmetric 

complex potential must be an even function and the imaginary part must be odd. 
Numerical existence of the optical solitons in -symmetric periodic potentials is shown 

to be stable over a wide range of potential parameters in [15]. Optical solitons in various 
-symmetric optical lattices in NLS type equations are investigated by many researchers 

[16-22]. 

In this chapter, we numerically investigate higher order (we will refer to 4OD), cubic-
quintic nonlinear Schrödinger equation (CQNLS) with a -symmetric optical potential 

given below: 

 
2 4

0z xx xxxx PTiu u u u u u u V u       ,  (17.2) 
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where γ  is the fourth order diffraction coupling constant, α  and β  represent the cubic 

and the quintic nonlinearities of the medium respectively and PTV  is the -symmetric 

external potential (lattice). Depending on the signs of the nonlinearity coefficients, four 
different media can be presented, namely self-focusing cubic, self-defocusing quintic  
(α 0 , β 0 ), self-focusing cubic, self-focusing quintic (α 0 , β 0 ), self-defocusing 

cubic, self-defocusing quintic (α 0 , β 0 ), self-defocusing cubic, self-focusing quintic 

(α 0 , β 0 ). 

17.2. -Symmetric Optical Lattices 

Any measurement of a physical observable in our universe obviously yields a real 
quantity. In quantum mechanics, observables correspond to eigenvalues of operators. 
Hence, the reality requires all the eigenvalues of operators to be real. 

Consider the Hamiltonian operator H  which is the sum of the kinetic energy operator T  

and potential energy operator V : 

      
2

( ),
2

p
H T V V x

m
      (17.3)  

where p  is the momentum operator, m  is the mass and x  is the position operator. 

Real eigenvalues of (17.3) correspond to a real energy spectrum. To guarantee a real 
spectrum, it was postulated that all observables corresponded to eigenvalues of Hermitian 
(i.e. self adjoint) operators by recalling the result from linear algebra that Hermitian 
matrices have real spectra. In fact, a Hermitian Hamiltonian ensures a real energy 
spectrum. However, Bender et al. investigated non-Hermitian Hamiltonians in 1998 and 
found out that many of them have entirely real spectra given that they have the so called 
parity-time () symmetry property [13, 14]. Furthermore, they showed in many cases a 

threshold value above which the spectrum becomes complex. This threshold is the 
boundary between the -symmetric and broken symmetry phases and in literature, the 

transition is referred to as spontaneous  -symmetry breaking. 

 -symmetry is defined by means of the parity operator P  and time (reversal) operator 

T  whose actions are given as follows: 

 
    

     * * * *

:   ,                    ( ( ))( ) ( ) ( ),

:   ,  ,         ( ( ))( ) ( ) ( ).

P p p x x P a b x a x b x

T p p x x i i T a b x a x b x

   

   

        

       
 (17.4) 
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A Hamiltonian is said to be  -symmetric if it has the same eigenfunctions as the  PT  

operator and satisfies the commutativity 

    PT H H PT .  (17.5) 

On one hand 
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and on the other hand 
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2

HPT f x t HP f x t

H f x t

p
f x t V x f x t

m



 

   

 (17.7) 

One speaks of broken  -symmetry if Eq. (17.5) is satisfied but the same eigenfunctions 

are not shared. 

 -symmetric structures have been realized in optical models governed by NLS type 

equations by which the propagation distance z  replaces time in quantum mechanics [10]. 
The necessary (but not sufficient) condition in Eq. (17.5) implies 

 

 

  

2

*

2

*

( )
2 ( ) ( )

( )
2

p
H PT V x

m V x V x
p

PT H V x
m


 
  


   

.  (17.8) 

Consider the complex potential  

 ( ) ( ) ( )    ,    ,PTV x V x iW x V W   .  (17.9) 

As 

 * * *( ) ( ) ( ) ( ) ( ) PTV x V x iW x V x iW x         ,  (17.10) 
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the real part of the potential, ( )V x  must be an even function and the complex part of the 

potential, ( )W x  must be an odd function so that Eq. (17.8) holds. 

17.3. Numerical Solution of Higher Order (1+1)D CQNLS Equation 

In this subsection, we explain the Spectral Renormalization (SR) method which is 
modified to find the numerical solution to the (1+1)D higher order cubic-quintic NLS 
equation with a  -symmetric potential. 

It is known that various techniques have been used to compute localized solutions such as 
soliton solutions to nonlinear evolution equations. In this chapter, numerical solutions to 
Eq. (17.2) are investigated by using the Spectral Renormalization method. This method is 
essentially a Fourier iteration method that was proposed by Petviashvili [24]. 

Later, Ablowitz and Musslimani improved this method to a generalized numerical scheme 
for computing solitons in nonlinear wave guides [25]. Transforming the governing 
equation into Fourier space and finding a nonlinear, nonlocal integral equation coupled to 
an algebraic equation is the essence of the method. This coupling prevents the numerical 
scheme from diverging. 

The optical mode is then obtained from an iteration scheme, which converges rapidly. 
This method can be applied to a large class of problems, which include higher order 
nonlinear terms with different homogeneity. 

Using the ansatz ( , ) ( ) i zu x z f x e   where ( )f x  is a complex-valued function and   is 
the propagation constant (or eigenvalue), we have following expressions: 

 
2 2

4 4

( , ) ,

( , ) ,

( , ) ,

( , ) ,

( , ) .

i z
t

i z
xx xx

i z
xxxx xxxx

i z i z

u x z i fe

u x z f e

u x z f e

u x z fe fe f

u x z f







 











  



 (17.11) 

Substituting the set of the terms in Eq. (17.11) into Eq. (17.2), the following nonlinear 
equation for f  is obtained 

 
2 4

0.i z i z i z i z i z i z
xx xxxx PTfe f e f fe f e f fe V fe                 (17.12) 

Canceling the exponential terms yields 

 
2 4

0.xx xxxx PTf f f f f f f V f            (17.13) 
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By applying Fourier transformation to Eq. (17.13), we obtain 

 
2 4

{ } { } { } { } { } { } {0},
xx xxxx PT

f f f f f f f V f                  

 (17.14) 

where   denotes Fourier transform. Considering the properties of the Fourier transform, 
we obtain  

 2 42 4ˆ ˆ ˆ( ) { } ( ) { } {( ) } 0,
x x

f ik f f f ik f f f V iW f                 (17.15) 

here ˆ( )f f  and xk  is the Fourier variable. Solving Eq. (17.15) for f̂  yields 

 
2 4

2 4

{ } { } {( ) }ˆ
x x

f f f f V iW f
f

k k

 
 

  


 
  

.  (17.16) 

In order to find ( )f x , this equation could be indexed and utilized, but the scheme does 

not converge. At this point, we define a new field variable ( ) ( )f x w x  where R   

is a parameter to be determined. The equation with the new variable w  can be written as 

 
2 2 4 4

2 4

{ { {( ) }
ˆ

x x

w w w w V iW w
w

k k

      


 
  


 

  
.  (17.17) 

After simplifying this equation, we get 

 
2 2 4 4

2 4

{ } { } {( ) }
ˆ

x x

w w w w V iW w
w

k k

   
 

  


 
  

.  (17.18) 

In order to solve for w , Eq. (17.18) can be utilized in an iterative method. For this 
purpose, we can calculate ŵ  using the following iteration approach: 

 
2 2 4 4

1 2 4

{ } { } {( ) }
ˆ ,n n n n n

n
x x

w w w w V iW w
w n N

k k

   
 

  
 

 
  

, (17.19) 

with the initial condition taken as a Gaussian type function:
2

0 ,xw e where the 

convergence criterion is 12
1 10n nw w 
   .  

By multiplying both sides of Eq. (17.18) by 2 4( )x xk k   , we obtain 

 
2 2 4 42 4 ˆ( ) { } { } {( ) } 0.x xk k w w w w w V iW w                (17.20) 
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Multiplying Eq. (17.20) by the conjugate of ŵ , i.e. by ŵ  yields 

 

2 2 22 4

4 4

ˆ( ) { }

ˆ ˆ{ } {( ) } 0.

x xk k w w w w

w w w V iW w w

   

 



 

  

   



 
 (17.21) 

Integrating Eq. (17.21) leads to 

 

22 4

2 2 4 4

ˆ{( ) } ( )

ˆ ˆ{ } { } 0.

[ ]x xV iW w w k k w dk

w w w dk w w w dk

 

   

 



  

 

     

  


 



 
  (17.22) 

Eq. (17.22) is nothing but a fourth order polynomial in terms of  , i.e.
4 2( )P a b c      and   can be calculated as 

 
2

1;2

4

2

b b ac

a
   

  ,  (17.23) 

where 

 
4 ˆ{ }a w w w dk

 


   , 

 
2 ˆ{ }b w w w dk

 


   , 

 
22 4ˆ[ {( ) } ( ) ] .x xc V iW w w k k w dk 

 


          (17.24) 

Then, the required soliton will be computed as 1 ˆ( ) ( ) ( )f x wx w     . 

17.4. Linear Stability Analysis via Linear Spectrum 

Next, we turn our attention to the question of stability. In order to investigate the stability 
of the obtained solitons with SR method that is explained in Section 17.3, we analyze the 
linear spectrum. In this section, we derive the linear spectrum analysis for NLS equation 
with fourth order dispersion, a potential V  and general type of nonlinearities. 

Consider the following (1+1)D nonlinear Schrödinger equation: 

 
2

( , ) ( , ) ( , ) ( ( , ) ) ( , )+ ( ) ( , ) 0z xx xxxxiu x z u x z u x z F u x z u x z V x u x z    , (17.25) 

where ( )F    and (0) 0F  . As seen before, (17.25) admits soliton solutions of the 
form 
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 ( , ) ( ) i zu x z f x e   , (17.26) 

where ( )f x is a complex-valued function and 
( , )

lim ( ) 0
x y

f x


 .  

Substituting  

 

2 2* * *

,

,

,

,

i z
z

i z
xx xx

i z
xxxx xxxx

i z i z

u f e i

u f e

u f e

u u u f e f e f f f







 





  

 

 

       

  (17.27) 

into Eq. (17.25) and multiplying by i ze   leads to 

 
2

( ) 0xx xxxxf f f F f f V f        .  (17.28) 

To analyze the linear stability, the soliton solution is perturbed as follows 

  
**( , ) ( ) ( ) ( ) ,z z i zu x z f x g x e h x e e          (17.29) 

where g  and h  are perturbation eigenfunctions and   is the eigenvalue.  
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 (17.30) 
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 (17.31) 

Using linear Taylor expansion 2( ) ( ) '( ) ( )F x h F x h F x O h     ,  
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* *

2 2 * * *

2 2* * *
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  (17.32) 
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Hence, 
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(17.33) 

By substituting Eq. (17.29), (17.30) and (17.33) into Eq. (17.5), we obtain 
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  (17.40) 

Grouping the terms yields 

 
  *

2

2 2 22

2 2 2* * * * * * 2 * * *

( )

( ) '( )

( ) '( ) 0 .

xx xxxx
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xx xxxx

z
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f f f F f f V f

i g g g g F f g f h f g F f V g e

i h h h h F f h f g f h F f V h e





 

  

  

     

        

         

  
  

  

 

(17.41) 

Here, the first bracket is identically zero as f  is a solution. For Eq. (17.41) to hold true, 
the factors of the exponentials must be equal to zero. Hence, one has 

  2 2 22( ) '( ) 0xx xxxxi g g g g F f g f h f g F f V g           ,  (17.42) 
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which can be rewritten as 

 
2 2 2 2 2( ) '( ) '( )xx xxxxg g F f F f f V g F f f h i g            ,  (17.43) 

and on the other hand 

  2 2 2* * * * * * 2 * * *( ) '( ) 0xx xxxxi h h h h F f h f g f h F f V h           ,  (17.44) 

which can be rewritten as 

 
2 2 2 2* * * 2 * * *( ) '( ) '( )xx xxxxh h F f F f f V h F f f g i h            .   (17.45) 

Taking the conjugate of Eq. (17.45) gives 

  *2 2 2 2* 2( ) '( ) '( )xx xxxxh h F f F f f V h F f f g i h           .   (17.46) 

Multiplying Eq. (17.46) by 1  gives 

  *2 2 2 2* 2( ) '( ) '( )xx xxxxh h F f F f f V h F f f g i h             .  (17.47) 

Writing Eq. (17.43) and Eq. (17.47) in matrix form yields 
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(17.48)

 or in a shorter form as 

 1 2
* *

2 1

L L g g
i

L L h h


     
           

, (17.49) 

where 

 

2 2 2
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2 2
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  (17.50) 
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For the cubic-quintic nonlinearity, 

 
2( ) ,

'( ) 2  .

F x x x

F x x

 
 

 
 

  (17.51) 

Using (17.51) in (17.48) yields 

2 4 2 2

2 2 42 **

2 3 ( 2 )

( 2 )( ) 2 3
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  (17.52) 

or in a shorter form as 

 1 2
* *

2 1

,
L L g g

i
L L h h


     

           
  (17.53) 

where 
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2 .
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  (17.54) 

For only the cubic nonlinearity, by taking 0  , Eq. (17.54) reduces to 
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2 ,

.

xx xxxxL f V

L f

  



      


  (17.55) 

For only the quintic nonlinearity, by taking 0  , Eq. (17.54) reduces to 
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2 2
2

3 ,

2 .

xx xxxxL f V
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  (17.56) 

If the soliton and potential are real i.e. ,f V , Eq. (17.52) becomes 

2 4 2 4

2 4 2 4
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  (17.57) 
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or in short 

 1 2

2 1

L L g g
i

L L h h


     
           

,  (17.58) 

where 

 
 

 

2 2
1

2 2
2

2 3 ,

2  .

xx xxxxL f f V

L f f

   

 

       

 
  (17.59) 

In any case, the eigenvalues   can be calculated numerically by some eigenvalue 
algorithm [21]. If any of the calculated eigenvalues in the spectrum has a positive real 
part, then the soliton will blow up as z  grows due to the exponential term in the 
perturbation in Eq. (4.5); in other words, the soliton is linearly unstable. If however the 
spectrum only consists of pure imaginary eigenvalues, the perturbations will only cause 
oscillations and in this case, one can speak of linear stability [22]. 

17.5. Nonlinear Stability Analysis 

If a soliton is considered as nonlinearly stable, then it should preserve its shape, location 
and maximum amplitude during direct simulations. To analyze the nonlinear stability of 
solitons, we directly compute Eq. (17.2) over a long distance ( 100z  ). In order to do 
this, split-step Fourier method is employed to advance in z  [26]. 

The split-step Fourier method is a pseudo-spectral numerical method for solving nonlinear 
PDE’s like the NLS equation due to its easy implementation and speed compared to other 
methods, notably finite difference methods [27]. It is actually a split-step method whose 
linear step is taken in the frequency domain while the nonlinear step is taken in the time 
domain. The name comes from the Fourier and inverse Fourier transforms which are 
necessary for going back and forth between these domains. Eq. (17.2) can be rewritten as 

 
2 4

( ) ( )z xx xxxxu i u i u u V u          ,  (17.60) 

and hence can be split with the linear operator ( )xx xxxxM i      and the nonlinear 

operator 
2 4

( )N i u u V     . The linear step zu Mu  is solved by means of 

Fourier transform. Taking the Fourier transform of both sides of 

 ( ) ,z xx xxxxu i u      (17.61) 

gives 

  42 2 2ˆ ˆ ˆ( ) ( ) ( )  .z x xx xu i ik ik u i k k u          (17.62) 
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This is nothing but an ordinary differential equation (ODE) of û  and its exact solution is 
given by 

  2 4 1 2 4
1 1

ˆ ˆˆ exp ( ) exp ( )  .x x x xu C i k k z u C i k k z                (17.63) 

The nonlinear step zu Nu , i.e. 

 
2 4

( ) ,zu i u u V u       (17.64) 

has the exact solution 

 
2 4

2 exp ( ) .PTu C i u u V z        (17.65) 

Having found solutions to both parts, the split-step Fourier method can now be employed 
for the CQNLS with 4OD equation by using any splitting scheme. 

17.6. Cubic Nonlinear Schrödinger Equation with Fourth Order Dispersion 

In this subsection, we briefly explain the previous findings about cubic NLS equation with 
4OD. 

In [5], cubic NLS equation with negative fourth order dispersion term is analyzed for 
0  : 

 
2

0z xx xxxxiu u u uu   .  (17.66) 

Eq. (17.66) has an exact, stationary solution:  

 23 4
( , ) sech exp

10 2520

x
u x z i z

 
         

.  (17.67) 

The effect of the fourth order dispersion on the shape and stability of the soliton solutions 
is investigated in [5] and [6, 7]. In [28, 29], the effect of the 4OD on the shape of the 
soliton is demonstrated and solitons with oscillating tails are reported. We should note 
that there are no localized solutions to Eq. (17.66) for 0  . In Fig. 17.1, mode profiles 
corresponding to various eigenvalues ( 0.16, 1, 5  ) are depicted for fixed 1  . As it 

can be seen from this figure, as the propagation constant (eigenvalue)   increases, 
maximum amplitude increases as well and the soliton becomes more localized; moreover, 
oscillatory behavior of the soliton tails becomes more pronounced. 
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Fig. 17.1. Soliton profiles for NLS with 4OD, fixed 1   and various eigenvalues:  

(a) 0.16  , (b) 1  , (c) 5  . 

17.7. Cubic Quintic Nonlinear Schrödinger Equation with Fourth Order 
Dispersion 

In this subsection, we investigate the effect of 4OD on the band-gap regions and on the 
stability properties of the numerically obtained solitons of the cubic-quintic NLS equation 
(CQNLS) given in Eq. (17.2). In this study, we only consider self-focusing cubic, self-
focusing quintic (α 1 , β 1 ) medium and negative 4OD ( γ 0 ). Following that, the 
model equation in this study is given as 

 
2 4

0.z xx xxxx PTiu u u u u u u V u        (17.68) 

In Fig. 17.2, we demonstrate the soliton solutions of CQNLS-4OD without a potential for 
fixed 4OD: γ 1  and various eigenvalues: μ 1,4,7.  As the propagation constant 
(eigenvalue) increases, the soliton amplitude increases and soliton becomes more 
localized. On the other hand, compared to NLS-4OD solitons, the amplitudes are smaller.  

Recently in [30], one-dimensional cubic-quintic NLS (CQNLS) equation with a -

symmetric potential (given in Eq. (17.69)) is investigated both numerically and 
analytically and an exact soliton solution is obtained. The stability properties of the 
obtained solitons are also investigated and it is shown that, depending on the signs of the 
cubic and quintic terms (α  and β  respectively), there exist stable and unstable regions 
for various potential depths. In the aforementioned work, for self-focusing cubic, self-
focusing quintic media ( α 1 , β 1 ), majority of the solitons are found to be both 
linearly and nonlinearly unstable due to the presence of the quintic nonlinearity and non-
periodic -symmetric potential.  
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Fig. 17.2. Soliton profiles for CQNLS with 4OD, fixed 1    and various eigenvalues:  

(a) 1  , (b) 4  , (c) 7  . 

In order to observe the effect of fourth order dispersion on the band-gap regions and on 
the stability properties of the numerically obtained solitons, we will compare our results 
with the results found in [30].  

The -symmetric potential considered in this work is as follows: 

 2 4
0 1 0( ) ( ) [ sech ( ) sech ( )] [ sech( ) tanh( )]PTV V x iW x V x V x W x x     , (17.69) 

where 0V , 1V  and 0W  represent the depths of the real and imaginary parts of -

symmetric potential, respectively. This potential is essentially an extension of the so-
called complexified Scarff II potential for a Kerr medium and it is of interest due to its 
physical significance [31]. For more detail and restrictions for the -symmetric potential 

given in Eq. (17.69) cf. [30]. In Fig 17.3 the real part, imaginary part and cross sections 
of the -symmetric potential are depicted. 

In Fig. 17.4, we plotted the gap regions of CQNLS equation with -symmetric potential 

for various potential depths and fourth order dispersion parameter γ . One can see from the 

figure that, as γ  gets smaller (stronger fourth order dispersion), gap size increases 

drastically. In Fig. 17.5, the soliton profiles of CQNLS in a -symmetric potential are 

plotted on top of the real and the imaginary parts of the potential for various 4OD 
coefficients. In all three figures, potential depths are taken as 0V 2 , 0W 1.9 , and the 

eigenvalue is taken as μ 1 . This figure reveals that, as the coefficient of 4OD gets 
smaller (more negative), soliton becomes less localized.  
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Fig. 17.3. (a) Real part; (b) Cross section of the real part; (c) Imaginary part,; and (d) Cross 
section of the imaginary part of the -symmetric potential with 0 1 0 1V V W   . 

 
Fig. 17.4. Numerically obtained solitons of (a) CQNLS equation without 4OD; (b) CQNLS 

equation with 4OD for γ 0.5  ; and (c) CQNLS equation with 4OD for γ 1  for varying 

potential depths of the -symmetric potential. 

 

Fig. 17.5. Numerically obtained solitons on top of the -symmetric potential with 0 2V    

and 0 1.9W   for (a) CQNLS equation without 4OD; (b) CQNLS equation with 4OD for 

0.1   , and (c) CQNLS equation with 4OD for 1   . 
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In order to demonstrate the effect of the increasing eigenvalue and 4OD on the soliton 
shape and amplitude, we plotted the soliton profiles corresponding to 1   and 7   in 
Fig. 17.6 (a) and (b), respectively. As it is seen from the figure, as the eigenvalue increases, 
soliton amplitude increases as well and as a result of this fact, soliton becomes more 
localized. This figure also reveals that, if 4OD effect is considered ( 1   ), soliton 
becomes less steep. On the other hand, oscillatory tails of the higher order dispersion 
soliton corresponding to 1    become more pronounced as the eigenvalue increases. 

 

Fig. 17.6. Numerically obtained solitons of CQNLS equation with/without 4OD in -symmetric 

potential with 0 2V   and 0 1.9W   for varying eigenvalues: (a) 1  ; (b) 7  . 

Now, the important question about the stability arises: What is the effect of the higher 
order negative dispersion on the stability of the solitons obtained in a -symmetric 

potential? To investigate the effect of 4OD to nonlinear stability, obtained solitons are 
computed over a long distance ( 100z  ). If a soliton preserves its shape, location and 
maximum amplitude during direct simulations, it is considered to be nonlinearly stable. 
The results of the nonlinear stability analyses are depicted in Fig. 17.7. This figure reveals 
that, as the effect of the 4OD gets stronger, more stable solitons can be obtained. So, one 
can conclude from this figure that, negative 4OD improves the nonlinear stability of the 
solitons and for 1   , majority of the solitons become nonlinearly stable in comparison 

to 0   (without 4OD).  

To demonstrate this fact, we picked a nonlinearly unstable CQNLS (without 4OD) soliton 
shown in Fig. 17.7 (a) corresponding to 1   and potential depths 0 2V   and 0 1.9W  . 
In Fig. 17.8, we demonstrate the nonlinear evolution of this soliton and it can be seen from 
this figure that, as the propagation distance increases, the maximum amplitude of the 
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soliton becomes highly oscillatory and after 50z  , the shape of the soliton is 
deteriorated which leads to nonlinear instability for the chosen potential depths. 

 

Fig. 17.7. Nonlinearly stable (marked as green) and nonlinearly unstable (marked as red) solitons 
of (a) CQNLS equation without 4OD; (b) CQNLS equation with 4OD for 0.5  ; (c) CQNLS 

equation with 4OD for 1  , for varying potential depths of the -symmetric potential. 

 

Fig. 17.8. (a) Nonlinear evolution of the CQNLS (without 4OD) soliton in a -symmetric 

potential for 0 2V   and 0 1.9W  ; (b) View from the top; (c) Maximum amplitude as a function 

of the propagation distance z . 

In order to see the positive effect of the 4OD to the nonlinear stability, now we set 
0.1    and keep all other parameters fixed. The evolution of this soliton is depicted in 

Fig. 17.9 and it is observed that the highly oscillatory behavior of the soliton amplitude is 
now suppressed for a long distance, but after 50z  , the maximum amplitude of the 
soliton starts to decrease and a small oscillation in the amplitude is observed. Although 
this soliton cannot be assumed as a stable soliton, one can see the dramatic change between 
the Fig. 17.8 and Fig. 17.9.  

Now, the effect of the fourth order dispersion is strengthened by setting 1   . In  
Fig. 17.10, we show the nonlinear evolution of the corresponding soliton. This figure 
reveals that, for a stronger 4OD, the soliton preserves its shape, location and maximum 
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amplitude for a long distance. It should be noted that the behavior of the soliton during 
the evolution does not change drastically for a stronger 4OD, namely 2   (see  

Fig. 17.11). 

 

Fig. 17.9. (a) Nonlinear evolution of the CQNLS with 4OD ( 0.1   ) soliton in a -

symmetric potential for 0 2V   and 0 1.9W  ; (b) View from the top; (c) Maximum amplitude  

as a function of the propagation distance z . 

 

Fig. 17.10. (a) Nonlinear evolution of the CQNLS with 4OD ( 1   ) soliton in a -symmetric 

potential for 0 2V   and 0 1.9W  ; (b) View from the top; (c) Maximum amplitude as a function 

of the propagation distance z . 

 

Fig. 17.11. (a) Nonlinear evolution of the CQNLS with 4OD ( 2  ) soliton in a -symmetric 

potential for 0 2V   and 0 1.9W  ; (b) View from the top; (c) Maximum amplitude  

as a function of the propagation distance z . 
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To investigate the effect of the 4OD to the linear stability of CQNLS solitons, linear 
spectra of the solitons are investigated starting from solely cubic-quintic nonlinearity 
without 4OD and extending this to CQNLS with 4OD gradually by setting 0  , 

0.1    and 1   . It can be concluded from Fig. 17.12 that, as the effect of the 4OD 
gets stronger, the eigenvalues with non-zero real parts in the spectra begin to disappear. 
As a result, all solitons computed for 1    are found to be linearly stable and this result 
is in good agreement with the results that are obtained for nonlinear stability. 

 

Fig. 17.12. Linear spectrum of (a) CQNLS equation without 4OD; (b) CQNLS equation  
with 4OD for 0.1   ; (c) CQNLS equation with 4OD, for 1    for 0 2V   and 0 1.9W  . 

17.8. Conclusion 

In conclusion, in this chapter, the solitons of CQNLS equation in a -symmetric 

potential with 4OD are computed numerically by means of the Spectral Renormalization 
method for various potential depths. These solitons tend to have larger amplitudes and as 
a result, they become more localized as the eigenvalue (propagation constant) increases. 
An interesting feature of these solitons is the existence of the oscillatory tails and these 
tails become more pronounced for larger eigenvalues. It is numerically shown that, adding 
a stronger 4OD to the model equation enlarges gap size; meaning that the number of the 
obtained solitons is increased. The linear and nonlinear stability properties of obtained 
solitons are investigated by means of linear spectrum analysis and by direct simulations. 
Nonlinear stability regions are depicted for various potential depths. It is observed that 
4OD affects both nonlinear and linear stabilities in a positive way.  

In this study, only solitons in self-focusing cubic, self-focusing quintic media ( 1  , 
1  ) are investigated. For future studies, solitons in different media and with different 

-symmetric potentials can be analyzed. Moreover, the methods applied in this study 

can be extended to higher order models and different type of nonlinearities. Our results 
can be expanded by adding third order dispersion (3OD) to the model equation. 
Considering other complex potentials that may provide pulse shaping mechanisms, may 
also be very interesting and fruitful for future studies. 
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Index 

2N-Component Bright Solitons, 183 
2N-Component Dark Solitons, 182 
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Aberration, filament, 302 
a-dependent evolution, 347, 350, 353, 360, 

362, 370, 375, 380 
Airy theory revisited, 224 
Amplitude  
    of rays. see Ray, amplitude of 
    vectors, 99 
    zero, 345, 350, 351, 366,  

see also OV core 
Anderson localization, 269-271, 282, 298 
Arising, filaments, 310 
asymptotic analytical model, 347, 358, 360, 

361, 363, 370, 371, 381, 385-387 
attosecond streaking, 42, 43, 45, 51 
average power flow, 108 

B 

Band-gap regions, 452, 464, 465 
Bragg, 30, 41, 45, 48, 53, 253-255, 257-259 
Branch points, 392, 407 
Bright Soliton Pair, 175, 186 
Bright-Dark Soliton Pair, 193 

C 

central projection, 69 
centrosymmetric photorefractive media, 

161-165, 167, 173, 197, 198 
chirped mirror, 31, 47 
chirped-pulse-amplified system 

CPA, 325, 338 
circular 
    OV beam, 345-347, 352, 356, 357, 380, 

381 
    symmetry, 346, 349, 363, 380 
circularly polarized incident case, 111 
Coherence, 260, 262, 265 

Longitudinal, 262 
Transverse, 260 

Coherent lasing, 278 
coherently coupled soliton, 173 
colloids, 233-235, 238, 241-244, 247 
conical mounting, 97 
constructive interference, 439, 445 
convergence, 255, 259, 456 
Convolution, 393, 406 
coupled-wave equations, 98 
Coupling, 233 
    efficiency, 443 
critical  
    angle, 114 
    percolation value, 274, 282 
cubic crystal, 234, 238, 241, 243, 246, 247 
Curl, 392, 403-407 
curvature, 255 
Curvature matrics 

of dioptric surface, 215 
of wave front, 215 

cut-off, 23, 39, 40-42, 45 
CXDI, 251-255, 257-260, 262-265 

D 

Dark Soliton Pair, 171, 188 
Deformable Mirror, 391 
destructive interference, 439, 440, 445 
dielectric  
    constants, 235, 237, 239, 240 
    ellipsoid, 238, 239, 243, 247 
    grating, 97, 112, 114 
    Properties, 233, 235 
    tensor, 234-237, 241 
difference-frequency generation 

DFG, 319 
diffraction, 251, 253-255, 258, 260-263, 

265, 452, 453 
    amplitudes, 108 
diffraction imaging, 251, 258, 262, 263, 265 
Diffraction of white light on a line grating, 

415 



  Advances in Optics: Reviews. Book Series, Vol. 1 

 474

colors of the rainbow in the Fraunhofer 
farfield, 415 

colors of the rainbow in the Fresnel 
nearfield, 415 

Diffraction of white light on a space grating 
colors in the Fraunhofer farfield, 415 
gap of the physics of colors lies in the 

Fresnel nearfield, 415 
Dimlight vision and Purkinje-Shift 

fusion of R+G in RGB at 512 nm, the 
peak of the rod's spectral brightness 
sensitivity curve, 430 

space grating nearfield optics explains 
Purkinje-Shift to rod vision as 
adaptive shift (shortening of the 
grating constant gz), 430 

Disordered optical materials, 269 
Dispersion, 452, 457, 463, 465, 467, 468 
    relation, 438, 440, 443 
    fourth order, 452, 463-470 
    third order, 452, 470 
Divergence factor, 210, 211, 218 

in VCRM, 218 
Divergence, SC, 312 
Downsampling, 391, 393, 394, 401, 410 

E 

edge  
    diffraction, 345, 356, 380, 382 
    wave, 347, 357, 359, 360, 382 
effective refractive index, 320, 321 
Eigenfunction, 454, 458 
eigenvalue, 101, 453, 462-465, 467, 470 

matrix eigenvalue, 104 
    degeneracy, 96 

eigenvalues degenerating, 115 
eigenvectors in extended eigenspace, 102, 

103 
    matrix, 99, 101 
electric field, 22, 24-27, 42, 45, 50, 51 
Electric field, 452 
electromagnetic wave, 24, 26, 28 
electron  
    beam evaporation, 21 
    density, 310 
electro-optic  
    coefficient, 438 
    material, 438 
    polymer, 444 

energy  
    circulation, 345, 348, 349, 351, 353, 354, 

371-373, 377, 378 
    conservation, 111 
    flux, 275 
    kinetic, 453 
    potential, 453 
error of approximation, 121 
evanescent incident wave, 110 
Evolution, nonlinear, 455, 467, 468 
existence curve, 173, 176, 180, 187, 190, 

192, 195 
extinction coefficient, 24, 25 

F 

FDTD technique, 273, 278, 282 
ferrofluids, 233, 234, 240, 244, 247 
Filament,  
    conditions, 302 
    supercontinuum, 301 
filtering, 21, 23, 24, 27, 37, 42, 45, 47 
finite difference time domain, FDTD, 438, 

439, 445, 446 
flux density, 116 
Focal lines, 211, 217 

phase of, 211, 219 
Fourier 
    expansion, 98 
    limit, 39, 40, 44, 45 
    series, 98 
    space, 455 
    transform, 391, 392, 401, 456, 462 
Frequency spectrum, 276 
frequency-resolved optical gating 

FROG, 42 
Fresnel equations, 26, 34 
Fresnel formulas, 205, 214 

in vector form, 214 
Fresnel–Kirchhoff integral, 347, 350, 366, 

381 
Fried 

geometry, 397, 398, 401, 404 

G 

Gaussian  
    beam, 327 
     function, 152 
    pulse, 30, 45 
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genetic algorithms, 123, 129 
Geometrical optics, 204 
goethite, 233 
Gouy phase shift, 317 
Green function, 144, 146 
Grey Soliton Pair, 178, 191 
group delay dispersion 

GDD, 31, 35, 41, 47 

H 

Hamiltonian, 452, 453 
hard X-ray, 251, 263, 264 
Helmholtz equation, 142, 146, 164, 166 
Hermite polynomial, 142 
Hermite–Gaussian beams, 142 
Hermite–Laguerre–Gaussian (EHLG) 

waves, 144 
Hermite–Laguerre–Gaussian beams, 137 
Hermitian, 452, 453 
High Harmonic Generation, 21, 22, 23 
homogeneous  
    coordinates, 69 
    matrix, 69 
hybrid genetic algorithm, 130 

I 

imaging, 251, 257, 260, 262-265 
Incipient percolating cluster, 272 
incoherently coupled  
    multicomponent, 162, 163, 166, 182-184, 

197 
    coupled spatial solitons, 162 
index of refraction, 24-28 
Initial condition, 456 
interdiffusion, 32 
interface roughness, 32-35, 53 
Interference optics (RGB diffraction orders) 

in the Fresnel-nearfield of the ONL-
space grating, 421 
crystal-optical resonance factor vλ, a 

condition for resonances in the space 
grating, 424 

double cone directional cosine, 422 
Fresnel-/Talbot interferences on a 

hexagonal space grating, 421 
Fresnel-/Talbot-interferences on a line 

grating, 421 

Fresnel-cosine reciprocal to the von-
Laue cosine, 423 

hexagonal space grating cell for the 
fundamental wave h1h2h3 = 111, 424 

light beam perpendicularly incident into 
the space grating, 423 

resonator wavelength of the 111-
fundamental wave = 559 nm (R in 
RGB), 425 

RGB interference maxima located in 
intersections of three pairs of 
hyperbolas, 427 

RGB triple corresponds to the peak 
wavelengths of the cone's spectral 
sensitivity curves, 427 

RGB-Fresnel nearfield transmission 
system with space grating resonator 
(sender), RGB space waves and RGB-
receiver antennae, 426 

RGB-triple with RGB-wavelength 559 
nm (R), 537 nm (G), 447 nm (B), 425 

spatial Pythagoras, a condition for 
resonant wavelengths in the space 
grating, 423 

two harmonic resonance wavelengths 
with h1h2h3 = 122 and 123 (B+G in 
RGB), 425 

intermixing, 32 
Inverse participation ratio, 271, 284, 285, 

288 
inverse rule, 98 
Inverted retina, three nuclear layers 

lightwards before the photoreceptors, 
418 
layered information processing in 

cortical visual areas CGL/V1, 420 
outer nuclear layer ONL, a hexagonal 

cellular space grating, 418 
prenatal differentiation of the three 

nuclear layers INL, MNL, ONL, 418 
Ioffe- Regel criterion, 281 
ion beam sputtering, 21 
irrational angle, 85 
isolated attosecond pulses, 23, 37, 42, 46, 

52 
iterative improvement, 129 

J 

jump criterion, 347, 373, 376, 380, 381 
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K 

Kerr  
    lens effect, 321, 336 
    medium, 465 
Kronecker’s delta, 99 
Kummer beam, 346-348, 351, 353-357, 

359-362, 370, 371, 374, 376, 377, 381, 
382, 387 

L 

Laguerre Gaussian Beams, 137, 142, 346-
349, 352, 355-357, 359-370, 374-379, 
381, 385 

Lasing  
    modes, 269, 276 
    start time, 274, 276, 279 
Lattice, optical, 452, 453 
LED array, 122 
left-circularly (LC) polarized wave, 111 
Levels of emitters, 271 
linearly polarized incident case, 111 
local search algorithms, 123 
Localization criterion, 283, 298 
Localized field, 278, 281, 298 
low grazing limit, 95, 109, 112 

M 

Mach-Zehnder interferometer, MZI, 437-
439, 441, 443-447 

magnetic and dielectric properties, 234, 
240, 244 

magnetic field, 233, 234, 236-239, 242-247 
magnetization, 235, 236, 241, 243, 245, 247 
magneto-optical effects, 233-235, 238, 240, 

243, 247 
magnetron sputtering, 21, 36 
matrix  
    diagonalization, 96 
    eigenvalue problem, 99 
    eigenvalues method, 95, 97 
MAX error, 121 
Maxwell equations, 140, 271 
Maxwell’s equations in dimensionless form, 

98 
Medium, self-defocusing  
    quintic, 453 

    cubic, 453, 464, 470 
Medium, self-focusing quintic, 453, 464, 

470 
Meridional, sagittal, focus, 306 
merit function, 35, 36, 49 
metal/insulator/metal (MIM) PWG, 437-

440, 442-444, 447 
MI gain. See Modulation Instability 
Mode, optical, 455, 463 
modified diffracted  
    waves, 95 
    diffraction amplitudes, 107 
    diffraction efficiencies, 111 
modulation instability, 163, 167-169, 186, 

197 
modulator, 437, 438, 444, 447 
moire effect 

lowest spatial frequencies, 74 
Moiré Effect, 61 
Moire Effect in 

3D bodies, 68 
3D vodies, 64 
cylinder, 82 
cylinder (horizontal component), 83 
cylindr (vertical component), 84 
parallel gratings, 78 
parallelepiped, 68, 78 
sphere, 68 
wedge, 67 

Moiré Effect in 
3D bodies, 78 

Moire Effect, 
examples, 64 
interesting issues, 85 
logical halves of a 3D object, 62 
lowest spatial frequwncy, 73 
planar case, 69 
rays of divverent nature, 62 
spatial case, 78 

Moiré Effect, 
around Us, 64 

Moiré Lens, 87 
Moire  
magnification factor, 74 
mirror, 82 
orientation, 74 
patterns, 61 
period, 65, 73 
phenomenon, 61 
probability, 85 
spectra, 
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overlapped, 76 
spectrum, 74 
moire spectrum, 

octagon, 88 
spectral peaks, 75 
Spectral Trajectory, 76 
square, 88 

moire statistics, 85 
moiré wavevector, 63, 72 
Momentum, 453 
multicharged OV, 346, 353, 354, 356, 380 

decomposition, 346, 353, 354, 368, 371 
Multi-dimensional, 393 
multilayer stack, 28, 29, 31, 37, 48 

N 

N Component Grey Solitons, 184 
nanoparticles, 233, 234, 239, 241, 243, 246, 

247 
Nature, appearance, two, zones, 309 
needle optimization, 35, 36, 41, 47 
Névot-Croce, 33, 36, 48 
Newton's method, 123 
NLS equation, 451, 452, 454, 455, 457, 

462-464 
NLS equation, cubic, 452, 463 
NLS equation, cubic-quintic, 452, 455, 461, 

463-470 
Noble identities, 394, 410 
nonlinear  
    microscopy, 317 
    refractive index, 319, 321, 328, 330, 337, 

339 
nonlinearity 

electrostriction, 321 
fast electronic, 317, 318, 323, 330, 334, 

338, 339, 341 
nuclear, 318, 330 
orientational, 317, 330, 338, 339, 341 
thermal, 321 

Nonlinearity, cubic, 452, 461 
Nonlinearity, quintic, 461, 464 
Nonparaxial  
    Beams, 138 
    parabolic rotational coordinate beams, 

148 
    Parabolic Rotational Coordinate Beams, 

147 
    Pearcey Gaussian Beams, 146 

    Radially Polarized Beams, 138 

O 

observation plane, 347, 348, 350, 357, 379, 
385 

octagon in moire spectrum, 88 
Optical beam propagation, 137 
optical glass 

B270, 330-333, 335, 337 
BK7, 325, 326, 338 
F2, 325, 326, 328 
silica, 325, 326, 328, 330-333, 335, 337-

339 
SK11, 325, 326 

Optical  
    localized modes, 278 
    parametric amplifier 

OPA, 325, 331, 338 
Optilayer, 35, 47, 48 
optimization algorithms, 123 
organic solvent 

acetone, 330, 332, 335, 339 
chloroform, 330, 332, 339 
DMSO, 330, 332, 333, 339 

OV (optical vortex), 345-382 
OV core, 345, 346, 349-351, 353-357, 359, 

361-365, 369-373, 375, 376, 379, 382, 
385 

OV dipole, 347, 372, 374, 378, 379 
annihilation, 346, 347, 353, 372, 375, 

378, 379, 381 
birth (emergence), 346, 347, 372, 379, 

381 
OV filament (OV line), 347, 354, 362, 378, 

380 
OV migration, 345, 346, 353, 356, 361, 

362, 372, 376, 378, 380, 382 
OV trajectory, 346, 347, 353-356, 358, 360, 

362-381 
3D trajectory, 347, 362-364, 369, 376, 

378, 379 
discontinuity, 347, 356, 360, 375, 381, 

382 
loops, 356, 360, 376 
pulsations, 356, 360, 376, 381 
spiral, 346, 347, 353, 354, 356, 358, 360, 

362-368, 372-377, 380, 381 
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P 

paraxial  
    approximation, 138 
    beams, 148 
    equation, 164, 166 
    theory, 138 
partial coherence, 260, 262 
Pedestrian bridges 

parallel gratings, 66 
penetration depth, 26, 39 
Percolating threshold, 270, 278 
period  
    number, 29, 30, 35 
    thickness, 29, 30, 38, 53 
Perturbation, 458, 462 
Phase 

error, 393 
field, 392 
function, 392 
points, 397, 398, 401 
reconstruction, 391-393, 397, 398, 401 
signal processing, 394 
wrapped, 393, 405 

Phase  
    of rays. see Ray, phase of 
    wrapping, 403, 404, 406 
phase-matching integral, 323, 324, 331 
photometry, 122 
Photorefractive effect, 161 
photovoltaic solitons, 161, 162 
Plain Coplanar Case 

planar coplanar gratings, 69 
plasmonic waveguide, PWG, 437-444, 447 
Position, 453 
Potential,  
    complexified Scarff II, 465 
    external, 451-455, 457, 461, 464-470 
primary excitation, 95, 106 

oblique primary incidence, 96 
Prismmoire effect in 

prism, 80 
probability of the moire effect, 85 
projected period, 70 
Projection  
    matrics, 215 
    of grating, 70 
    transformation, 70 
propagating incident wave, 109 

Propagation, 451, 452, 454, 455, 463, 464, 
467-470 

Propagation  
    constant, 452, 455, 463, 464, 470 
    length, 438, 443, 444 
    loss, 439 
    matrix, 96, 100, 106 

improved propagation matrix, 104 
PT-symmetry, 452-455, 464-470 
Ptychography, 251, 257-259 
pulse  
    train, 51 
    duration, SC, 311 
    optical, 451, 452, 470 
pulsed laser deposition, 21 
pyroelectric  
    effect, 162, 163, 169, 170, 187-190, 192, 

195-198 
    Photorefractive Materials, 186 
    spatial solitons, 162 

Q 

quadratic electro-optic coefficient, 164 
Quadrature Mirror Filter, 395, 396, 398, 

401, 402 

R 

RABBITT, 23, 48, 51 
radial polarization, 141 
Radially polarized beams, 137 
Random lasing, 270 
rational angle, 85 
Ray, 204 

amplitude in VCRM, 218 
amplitude of, 204, 208, 217 
direction of, 204 
phase of, 205, 208, 211, 219 
polarization of, 204 
properties of, 204, 214 

Rayleigh 
parameter, 327 
range, 317, 323, 325, 327-329 

Rayleigh range, 347, 348, 352, 368, 377 
reconstruction, 254, 255, 258-260 
reflected diffraction efficiencies, 109 
refractive index, 320, 321, 323, 324, 326, 

332 
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Relativization of the color of the local on to 
the color of the global light conditions in 
object space 
at the aperture of the lens the global 

infornation is available, the intensity 
is equal on all points, 433 

grating-optical correlator with global and 
local information processing, 434 

polygonal gratings in the cornea exhibit 
considerable scattering, 433 

scattered global information could be 
transformed into RGB space together 
with local image information, 433 

Resolution, 262 
right-circularly (RC) polarized wave, 111 
rigorous coupled wave analysis method, 95 
RMS error, 121 
Rotational Fields, 391 

S 

Scalar potential, 393, 403 
scattering, 21, 23, 25, 26, 34 
scattering factor, 95, 107 
screen edge, 346-349, 351-357, 360-362, 

364, 366, 370, 371, 373, 375-381 
screening solitons, 161, 162 
screening-photovoltaic solitons, 162 
secondary OV, 346, 356, 358, 360, 361, 

367-374, 376-378, 382 
second-harmonic generation 

SHG, 319 
self trapping, 161-163, 173, 176, 180, 187 
self-defocusing, 321 
self-focusing 

SF, 317, 318, 321-323, 328-331, 333-
339, 341 

SF effect, 317-319, 321-323, 325, 328-
330, 333-335, 338, 339, 341 

SF model, 339 
SF process, 322 

Sellmeier, 324, 332 
Shack-Hartmann, 397, 401 
shadow theory, 95, 102 
single interface reflectivity, 27, 29, 38, 53 
single mode, 438 
single-charged OV, 346, 353, 354, 356, 

362, 368, 370, 380 
singular skeleton, 346, 347, 350, 353, 357, 

370, 374-376, 379, 380, 382 

Snell law, 205, 214 
in vector form, 214 

sodium p-styrenesulfonate homo-polymer, 
PSSNa, 439, 440, 441, 444-446 

Solution, numerical, 455 
space charge field, 161, 162, 164, 165, 169, 

170, 173 
Space grating ONL - and not 

photochemistry - transforms the visisble 
spectrum into RGB space in color vision, 
428 
Fresnel nearfield interferences retain 

object information in the objects 
images, 429 

nearfield optics programs the 
photochemistry, 428 

RGB interference maxima become the 
optical bases for overlapping 
Receptive Fields, 429 

three nuclear layers with hierarchically 
graduated cell gratings develop optical 
pillars, 428 

Space, soliton, 309 
Space-grating optical chromatic adaptivity 

from achromatism to trichromatism 
retinal space grating become's a 'living 

crystal', 432 
shortening or prolongation of the grating 

constant gz, 431 
spacing function, 86 
spatial  
    harmonics, 98 
    light intensity distribution, 121 
spectral  
    phase, 22, 23, 35, 38-41, 43, 45, 47, 48, 

52 
    renormalization method, 455, 470 
    trajectory in ire spectrum, 76 
    trajectory in moire spectrum, 76 
Spectrum, 452, 453, 457, 462, 469, 470 
Spectrum, change, 305 
spherical particle, 235, 236, 239 
spin coating, 440, 444 
Split-step Fourier method, 462, 463 
square in moire spectrum, 88 
Stability,  
    linear, 457, 458, 462, 469 
    nonlinear, 462, 467, 468, 470 
steepest descent, 128 
Strehl ratio, 392 
sum-frequency generation 
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SFG, 319 
Supercontinuum, 301 
symmetry perturbation, 345, 370, 382 
Symmetry, broken, 453, 454 

T 

Tail, oscillatory, 463, 467, 468, 470 
thin film, 259 
third harmonic 

TH, 317, 318, 324-328, 331, 335, 338, 
339, 341 

TH at interface, 317 
TH curve, 327 
TH intensity, 335, 339 
TH light, 325 
TH peak, 330, 333, 334, 336 
TH profile, 333 
TH signal, 334, 339 
TH wavelength, 332 

third-harmonic generation 
THG, 317-319, 321-324, 327, 328, 330, 

331, 336-339, 341 
THG asymmetry, 318 
THG at interface, 317, 325, 329, 339, 

341 
THG curve, 326 
THG intensity, 318, 323, 325, 330, 337, 

341 
THG law, 328 
THG peak, 318, 326, 328, 333 
THG process, 319, 322 
THG response, 330 
THG signal, 318, 322, 325, 330, 331, 

335, 341 
THG slope, 328, 335 

third-order susceptibility, 317-319, 322, 
323, 331 

Threshold, 453 
tightly focused, 318, 319, 322, 323, 330 
topological  
    charge, 349, 352-355, 361, 371, 374-378 
    reactions, 346, 347, 375, 378, 380-382 
transformation matrix, 96, 106 

new transformation matrix, 104 
Transformation of the visible light into 

RGB color space, 416 
by photochemistry of cone and rod 

photopigments, 416 

by space grating optics in the Fresnel 
nearfield, 417 

spectral brightness sensitivity curves of 
the photo pigments of cones and rods, 
417 

transmitted diffraction efficiencies, 109 
Tree structure, 395, 398 
Two-dimensional, 391, 393, 396, 403, 404 
two-photon absorption, 331 

U 

upsampling, 259, 394 

V 

Variable aperture angle of the light cones of 
the diffracted light 
enlargenent of the grating constants gx 

and gy, 431 
VCRM, 204 

for a prolate spheroid, 229 
for an ellipsoid, 227 
for an elliptical cylinder, 225 
for an oblate spheroid, 227 
hyperbolic umbilic foci, 227 

VCRMEll2D, software, 227 
Vector  
potential, 392, 403 
vector sum in spectrum, 75 
VG (vortex-generating element), 348, 349, 

351, 352, 353, 354, 356, 389 
'virtual' OV, 373-375, 378, 379 
visibility circle, 75, 77 

W 

water window, 27, 43, 47-49, 52, 53 
Wave front equation, 215 

in a symmetric plane, 216 
of a circular cylinder, 223 
of a plane diopter, 221 
of a spherical diopter, 222 

Wavefront 
irrotational, 392, 393, 404, 405, 406 
phase, 391, 394, 402 
reconstruction, 391, 392, 396, 403, 404 
rotational, 392, 393, 403-405 

Wavelet, 392, 393, 396-398, 399, 401, 402 
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Haar, 392, 396-398, 410 
transform, 392, 396, 399, 402 

wavevector of grating, 63 
wavevector of moire patterns, 63, 72 
WDP (weak diffraction perturbation), 346, 

356-358, 361-363, 367, 368, 370, 372, 
380, 385 

X 

x-ray reflectometry, 35, 42, 45, 48 

Z 

z-dependent evolution, 347, 361, 363, 375, 
376, 379, 380 

Z-scan, 318, 323, 325, 331, 338 
z-Transform, 393, 406 
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