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Abstract: In this paper we model the comb drive levitation effect quickly and accurately by using 
Schwarz-Christoffel mapping (SCM) and study the sensitivity of the levitation effect to the comb 
finger width and the gap between the comb fingers. The levitation effect occurs when the substrate is 
within close proximity to the comb fingers. Lumped comb drive models found in the literature ignore 
the levitation effect, which decreases their accuracy. Previously, potential theory method, finite 
element analysis (FEA) and boundary element analysis (BEA) were used to model the levitation effect. 
We show that the levitation effect can be modeled more quickly and accurately by using SCM in this 
paper. Our method is several times faster than FEA because it does not discretize the boundaries or 
subdomains into a large number of coupled equations. We find that the vertical forces on a rotor finger 
are in balance when the levitation is 1.239 ± 0.001 m for 4 m wide, 2 m  thick comb fingers with  

2 m gap apart from each other and apart from the substrate. This result is slightly larger and more 
accurate than previously reported values. Our improvement in accuracy is most likely because our 
model includes all the electric fields around the rotor finger, captures the effect of the periodic array of 
comb fingers, treats the electrostatic fields at the vertices exactly, and uniquely considers reflection 
due to a multitude of neighboring comb drive fingers. Copyright © 2012 IFSA. 
 
Keywords: Comb drive, Levitation, Modeling and simulation, Online tool, Schwarz-Christoffel 
mapping. 
 
 
 
1. Introduction 
 
Comb drives have been widely used in the field of microelectromechanical systems (MEMS) since its 
invention in 1980’s [1]. They have been playing important roles in many applications such as 
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resonators [2], accelerometers [3], gyroscopes [4], micro-manipulators [5], and material property test 
beds [6]. A comb drive typically consists of a stator anchored to a substrate and a moveable rotor 
attached to supporting flexures. The stator and rotor are electrically coupled with moveable 
interdigitated electrodes (comb drive fingers). See Fig. 1 [2]. The comb drive is usually used as a 
deflection sensor via capacitance or an actuator via an electrostatic force. 
 
 

 
 
Fig. 1. Comb drive folded flexure. This microdevice consists of two symmetric folded flexures coupled to a pair 
of comb drives. A voltage applied across a comb drive generates an electrostatic force to cause the in-plane 
deflection. However, due to charge asymmetry about the comb fingers, the comb drive also experiences a small 
out-of-plane deflection. Another effect of charge asymmetry can be seen in the scanning electron image, where 
the back bone of the structure produces a larger shadow than the shadow of the adjacent anchors. This particular 
out-of-plane deflection is due to the device being charged by a scanning beam of electrons while under 
inspection. 
 
 
Most of the aforementioned applications take advantage of the in-plane displacement of the rotor. The 
in-plane displacement is caused by the electrostatic force when there is a potential difference between 
the interdigitated fingers on the rotor and stator. Compared to other important electrostatic actuation 
configurations, such as parallel-plate configuration, comb drive provides relatively large in-plane 
displacement because of its relatively large stable region. 
 
However, out-of-plane displacement of the rotor, known as the comb drive levitation effect [7], could 
occur. The levitation effect is caused by an asymmetric electric field about the rotor fingers when the 
substrate is within close proximity to the comb fingers. If the substrate is at the same potential as the 
rotor fingers, then the surface charge density on the surfaces of the rotor fingers that are nearest to the 
substrate is lower than the surface charge density on the surfaces that are furthest away from the 
substrate. Static surface charge on a conductor produces a surface pressure that is outward and normal 
to the surface. This surface pressure is proportional to the surface charge density squared [8]. Hence, 
the greater the surface charge, the greater the surface pressure. Therefore, the net surface pressure 
about the rotor fingers directs away from the substrate, which forces the rotor fingers away from the 
substrate. 
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The levitation effect can be substantial for MEMS having out-of-plane stiffness on the same order as 
in-plane stiffness. The levitation effect is undesirable in many applications. In [9], the levitation effect 
caused the micromotor scanner performance to degrade as the rotor tilted out of the rotational plane 
producing sporadic rotation. The operating voltage of the scanner was limited to reduce the levitation 
effect. In [10], the levitation effect caused more than 50 % reduction in scale factor and more than  
0.1 % increase in cross-axis sensitivity of a typical surface micromachined gyroscope. It was 
concluded that the levitation effect should not be ignored in high grade gyroscope designs. And in 
[11], the levitation effect caused the misalignment between the beam and the post during the sidewall 
friction and wear tests. The misalignment was ignored when finding the contact area. Several methods 
have been proposed to eliminate or reduce the levitation effect. In [7], new electrode configurations 
and electrical routing schemes were proposed so as to reduce the levitation effect. In [12], the substrate 
underneath the fingers was removed by etching to promote a symmetric electric field about the rotor 
fingers to eliminate the levitation effect. However, these methods increase the fabrication complexity 
and increase comb drive size. 
 
On the other hand, the levitation effect has also been taken advantage of in some other applications. In 
[13], the levitation effect was used to design vertical-to-the-substrate actuation for optical phase 
shifting interferometry applications. In [14], the levitation effect was used to investigate the static 
friction effect between polysilicon surfaces. And in [15], the levitation effect was used to excite both 
the bending and torsion vibration modes of a comb drive resonant strain gauge. 
 
In order to better understand the comb drive levitation effect, several modeling methods have been 
proposed. In [16], potential theory method was used to derive the analytical levitation model; however, 
the electric field emanating from the lower surface of the rotor finger was ignored. In [7] and [17], 
FEA-based software and BEA were used, respectively; however, both methods often require large 
computational memory and time because they need to discretize the subdomains or boundaries into a 
large number of coupled equations. The accuracy of these methods relies on the meshing refinement. 
And they are not able to treat the electrostatic fields at the vertices exactly, which deteriorates the 
accuracy. For the same comb drive design (4 m wide, 2 m thick comb fingers with 2 m gaps apart 
from each other and apart from the substrate), the levitation found in [7] and [17] was 1.22 m and 
1.19 m, respectively, when the vertical forces on the rotor fingers are in balance. The results are  
2.5 % different. 
 
In our prior effort [18], we developed an online tool based on the SCM at nanoHUB.org through a web 
interface and remote computation. In this paper, we review the SCM-based algorithm of our tool, 
provide detailed verification, and investigate the sensitivity of the levitation effect to the comb drive 
design parameters. 
 
The rest of this paper is organized as follows. In Section 2 we review the algorithm of our tool. In 
Section 3 we present, compare, and verify our results. In Section 4, we investigate the sensitivity of the 
levitation effect to two comb drive design parameters. And in Section 5 we summarize what we learn 
from this effort. 
 
 
2. Algorithm 
 
In this section, we review the SCM-based algorithm presented in [18]. The comb drive configuration 
under investigation is shown in Fig. 2 (a). It consists of an array of interdigitated fingers. Fig. 2 (b) 
shows a cross section of a part of the array, showing a levitated rotor finger with the levitation, z . The 
domain of one pair of fingers is identified by dashed lines in Fig. 2 (b). In Fig. 2 (c), we show our 
SCM configuration. We capture the effect of the periodic array in the model by reflecting the image of 
the domain to both the left and the right directions. The boundaries of the substrate and the rotor finger 
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are grounded, and the boundaries of the stator finger have a constant potential, V. That is, they have 
Dirichlet boundary conditions. The reflective boundaries have Neumann boundary conditions, i.e. 

/ 0V y   . We assume that all structures are perfect conductors, have perfect vertices, and have flat 
sidewalls. 
 
 

 

 
Fig. 2. Comb finger configuration. In (a)-(c), the stators have a surface potential, V, and the rotors and substrates 
are grounded, denoted as GND . (a) We show an overhead view of a comb drive with a large number of comb 
fingers of width, w , and gap, g . We consider a subset of the periodic array of comb fingers that captures the 
contributions of the large number other fingers through reflective boundaries. (b) We show the levitation of the 
rotor, z , its net electrostatic force, and the substrate. The electrostatic force consists of a net distributed force 
normal to the upper and lower boundaries of the rotor upperF  and lowerF . (c) The vertical dashed lines are 

reflective Neumann boundaries and the substrate and the boundaries of the fingers are Dirichlet boundaries. The 
quantities H  and d  are the layer thickness and initial gap between the finger and substrate. The electric field is 
shown as red field lines perpendicular to surfaces, and the equipotential lines are shown as green field lines 
parallel to surfaces. The potential distribution along the segment AB , a small distance h  above the rotor 
finger, is used to find the electrostatic pressure along the upper boundary of the rotor finger by (1)-(3). The size 
of h  is exaggerated for better illustration purpose. 
 
 
We use a MATLAB-based numerical SCM tool [19] to model the domain shown in Fig. 2 (c) as a 
simply connected polygon. The potential distribution, ( , )y z , within the domain can be obtained. The 

electric field  ,y zE  is equal to the negative gradient of the potential distribution [8], 

 
    , , .y z y z E  (1)

 
We use bold letters to represent vectors in this paper. 
 
We use Newton’s difference quotient to find the electric field component in z-direction,  z yE , along 

the upper and lower boundaries of the rotor finger numerically, 
 
 

     , ,
,z

y z h y z
y

h

  
 


E  (2)
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where h  is the distance between the upper boundary of the rotor finger and the segment AB. Since 
we assume that the material of both the rotor and the stator is conductors, the electrostatic pressure 
component in z-direction can be calculated as [8] 
 
   2

0( ) ,
2
z

z

y
P y




E
 (3)

 
where 0  is the permittivity of free space. The magnitude of the electrostatic forces per unit depth 
along the boundaries of the rotor finger, upperF  and lowerF , can be calculated as 

 
 

0 0( ) ( ) ,z zF y P y dy  (4)
 
where dy  is the length of the small interval containing the point 0y . 
 
The algorithm is summarized in Fig. 3. We repeat the process for the rotor finger with different 
levitations in order to find the value, 0z , where the vertical electrostatic forces on the upper and lower 
boundaries of the rotor finger, upperF  and lowerF , are in balance. 

 
 

 
 

Fig. 3. The flow chart of our SCM algorithm. 
 
 
3. Result and Verification 
 
In this section, we find the potential distribution, ( , )y z , within the domain of interest using the 
numerical SCM tool and verify it by using an FEA-based software, COMSOL 3.5 a. Once the potential 
distribution is found and verified. We follow the algorithm presented in Section 2 to find the levitation 
where the vertical electrostatic forces on the rotor finger are in balance. That is, the net vertical 
electrostatic pressure on the rotor finger is zero. In order to compare our results to the ones of FEA and 
BEA, we use the comb fingers with the same geometric dimensions as those in [7] and [17]. That is, 
the width, w , and the thickness, H , of the comb fingers are 4 m and 2 m, respectively. The air gap, 
g , between the stator and the rotor fingers is 2 m. And the initial air gap, d , between the fingers and 

the substrate is 2 m. 
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3.1. Potential Distribution 
 
The potential distribution is found with the numerical SCM tool by solving the Laplace’s equation on 
the simply connected polygonal domain, subject to piecewise constant Dirichlet and homogeneous 
Neumann boundary conditions [19]. To verify the potential distribution found by the numerical SCM 
tool, we compare our results with the results in COMSOL 3.5 a. The domain under investigation in 
COMSOL 3.5 a is shown in Fig. 4 (a). The potential distribution found with initial mesh is color-
mapped. Note that the horizontal scale is 2.5 times larger than the vertical scale for better illustration 
purpose in Fig. 4 (a)-(c). The stator boundaries are at 20 V. The rotor boundaries and the substrate (red 
dash line) are grounded. And the rest boundaries of the air box (yellow dash lines) are set as zero 
charge/symmetry boundary conditions. That is, the potential distribution is symmetric with respect to 
these boundaries. Note that the upper boundary of the air box goes to infinity in the SCM, while the air 
box in COMSOL 3.5 a model has a finite size here. In order to reduce the effect of the size of the air 
box, we set the height of the air box as 20 m, 10 times as large as the thickness of the comb fingers. 
The levitation of the rotor finger shown in Fig. 4(a) is 1 m. 
 
 

 
 

Fig. 4. Potential distribution convergence analysis using FEA. Note that the horizontal scale is 2.5 times larger 
than the vertical scale for better illustration purpose in (a)-(c). (a) The domain simulated in COMSOL 3.5a FEA 
is shown with color-mapped potential distribution. The width w and the thickness H  of the fingers are 4 m 
and 2 m, respectively. The air gap g  between the stator and the rotor fingers is 2 m. And the air gap d  

between the rotor finger and the substrate is 3 m with 1 m levitation. The boundaries of the stator finger are 
20 V. The boundaries of the rotor finger and the substrate (red dash line) are grounded. The rest boundaries of 
the air box (yellow dash lines) are set as zero charge/symmetry boundary conditions. That is, the potential 
symmetric with respect to these boundaries. (b) We show the initial mesh quality around the finger area with the 
free mesh option in COMSOL 3.5a. (c) We show the mesh quality after six mesh refinements around the same 
finger area in COMSOL 3.5a. (d) The mesh convergence analysis result is shown. The solved DOF and the 
maximum relative change of potential after each mesh refinement are given. Due to our 4 GB RAM limitation, 
our maximum mesh refinement was only able to decrease the relative change to 9.65 % using FEA. 
 
 
We perform the mesh convergence analysis as shown in Fig. 4 (b)-(d). We use the free mesh option 
with triangular mesh elements in COMSOL 3.5a. The potential along the segment AB  which is shown 
in Fig. 2 (c) is evaluated. We choose the distance between the segment AB  and the upper boundary of 
the rotor finger to be h = 0.01 4 m. We choose the interval between each evaluation point along the 
segment AB  as 0.01m. In Fig. 4 (b) and (c), we show the initial mesh quality and the mesh quality 
after six mesh refinements around the finger area. In Fig. 4(d), we compare the potential along the 
segment AB  with increasing time of mesh refinement. The maximum relative change of potential is 
defined as the maximum of the ratio of the potential difference at each evaluation point with current 
mesh condition to the potential at the same evaluation point with the previous mesh condition. 
Therefore, the maximum relative change with the first mesh condition is not defined, shown as N/A in 
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Fig. 4(d). We stop the mesh refinement until the maximum relative change decreases to 9.65 %. The 
simulation of the model with further mesh refinement requires more than 4GB computer memory. 
 
We compare the potential along segment AB  found by SCM to the results in COMSOL 3.5 a with six 
mesh refinements in Fig. 5. The maximum relative difference is 1.69 % if we ignore the potential 
fluctuations identified with the black circle in Fig. 5. We find that the potential fluctuations happen 
when segment AB  is close enough to the rotor finger. For example, the potential distribution is smooth 
when h  is 0.1 m instead of 0.01 m. We think the undesired fluctuations are caused by the numerical 
instability in the numerical SCM tool, but further investigations are needed. For an FEA convergence 
of 9.65 %, our SCM method is over 3 times faster. We were not able to compare speeds to better than 
9.65 % FEA convergence due to the large FEA memory requirements and the 4GB memory limitation 
of our computer. 
 
 

 
 

Fig. 5. Verification of the potential distribution. We compare the potential distribution along the segment AB  
found by SCM against the results found in COMSOL 3.5a with the six mesh refinements shown in Fig. 4(c). We 
find that the potential fluctuations happen when the segment AB  is close enough to the rotor finger. The 
maximum relative difference is 1.69 % if we ignore the potential fluctuations noted with the black circle. 
 
 
3.2 Electric Field and Electrostatic Pressure 
 
Once we find the potential distribution, (2) and (3) are used to find the electric field and the 
electrostatic pressure along the upper and lower boundaries of the rotor finger. We set the step size h  
as 0.1 m where the SCM potential fluctuates to avoid numerical instability, and as 0.01 m elsewhere 
along the boundaries. The electric field and the electrostatic pressure along the upper boundary of the 
rotor finger found by our tool are compared against COMSOL 3.5a results in Fig. 6(a) and (b), 
respectively. The maximum relative differences between the results found by two methods are 1.69 % 
for the electric field and 3.4 % for the pressure. And the results are smooth along the entire boundary 
after choosing larger step size for the positions where the potential fluctuates. 
 
 
3.3. Levitation 
 
We plot the electrostatic force per unit depth of the rotor finger with respect to different levitation for 
three applied voltages in Fig. 7. The levitation is 1.239 ± 0.001 m when the vertical forces on the 
rotor finger are in balance. That is, the electrostatic force per unit depth is 0 nN/ m on the rotor finger. 
Note that we assume that the rotor does not connect any flexures providing vertical mechanical 
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restoring force. We evaluate the electrostatic force per unit depth of the rotor finger with the levitation 
step size of 0.01 m. That is why the uncertainty for the result presented here is 0.001 m. More 
precise result can be found by reducing the levitation step size, however, more computational cost is 
expected. Fig. 7 shows that the levitation we found is independent of the applied voltage. And the 
electrostatic force per unit depth on the rotor decreases linearly with the increase of the levitation. Our 
result is larger than those reported previously, 1.22 m in [7] by FEA and 1.19 m in [17] by BEM. 
This is possibly because our SCM configuration captures the levitation contributions due to the 
multitude of other fingers in the comb finger array and due to a more accurate and precise electrostatic 
pressure at the corner edges. 
 
 

 
 

Fig. 6. Electric field and electrostatic pressure along the upper boundary of the rotor finger shown in Fig. 2 (c). 
(a) We compare the electric field against the COMSOL results, and the relative error is 1.69 %. The negative 

value means the electric fields point in the negative z-direction. (b) We compare the electrostatic pressure 
against the COMSOL results, and the relative error is 3.4 %. 

 
 
 

 
 

Fig. 7. Electrostatic force per unit length of the rotor finger vs. levitation. The levitation is 1.239 ± 0.001 m 
when the vertical forces on the rotor finger are in balance. This levitation result is independent  

of the applied voltage. 
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4. Sensitivity Analysis 
 
In this section, we use our tool to investigate the sensitivity of the comb drive levitation effect to two 
comb drive design parameters. We find the levitation where the vertical forces on the rotor are in 
balance while sweep the width of the comb fingers, w , and the gap between two adjacent comb 
fingers, g . We choose these two parameters because the in-plane parameters can be easily adjusted in 
layout design. That is, the out-of-plane parameters such as the thickness of the comb fingers, H , and 
the gap between the comb fingers and the substrate, d , cannot be changed as easily as the in-plane 
ones in layout design. 
 
In Fig. 8, we show the levitation of the rotor finger with the change of the finger widths and the gap 
between adjacent comb fingers. The other geometries remain the same as the model described in 
Section 3. The vertical forces on the rotor finger are in balance at the levitation we find. We find that 
the levitation is about linearly proportional to the increase of both design parameters. We use the  
1st-order polynomial to fit the data as shown by the red dash lines in Fig. 8. We define the slope of the 
1st-order polynomial fit as the sensitivity of the levitation effect to the corresponding design parameter. 
The sensitivities of the levitation effect to the finger width, w , and the gap between adjacent comb 
fingers, g , are about 0.058 and 0.892, respectively. 
 
 

 
 

Fig. 8. Sensitivity analysis of the levitation effect to two design parameters. The vertical forces on the rotor are 
in balance at the levitation we find. We use the 1st-order polynomial to fit the data as shown by the red dash 
lines. We define the slope of the 1st-order polynomial fit as the sensitivity of the levitation effect to the 
corresponding design parameter. (a) Levitation VS. Finger width; (b) Levitation vs. Gap between fingers. We 
find that the levitation is about linearly proportional to the increase of both design parameters. The sensitivities 
of the levitation effect to the finger width and the gap between adjacent comb fingers are about 0.058 and 0.892, 
respectively. 
 
 
With the increase of the finger width while keeping the other geometric parameters unchanged, the 
electric field around the rotor finger becomes more asymmetric. That is, the electric field lines become 
more difficult to reach the lower boundary of the rotor finger while they can reach its upper boundary 
as easily as before. Two insets in Fig. 8 (a) show the electric field plotted by COMSOL 3.5 a 
streamline plot when the finger width is 4 m and 6 m. We apply 20 V on the stator finger (yellow) 
and ground the rotor finger (blue). We use the Magnitude Controlled option with density value set as 
12 when plotting the electric fields in both insets for qualitative comparison. By using Magnitude 
Controlled option, the plotted field lines accord to the magnitude of the electric field. As we can see 
that the electric field lines are denser underneath the rotor finger when w=4 m. Note that the density 
of the electric field lines indicates the density of the charge distribution. And the electrostatic surface 
pressure is proportional to the surface charge density squared as mentioned in Section 1. Thus we can 
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expect that the initial electrostatic surface pressure on the rotor finger becomes larger with the increase 
of the comb finger widths. Therefore, the rotor finger needs to levitate more so as to balance the 
electrostatic surface pressure vertically. 
 
Similarly, with the increase of the gap between fingers while keeping the other geometric parameters 
unchanged, the electric field around the rotor finger becomes more asymmetric as well as shown by 
two insets in Fig. 8 (b) qualitatively. Both insets are created by using the same method as the one 
mentioned above. The electric field lines are less dense along the lower boundary of the rotor finger 
because the rotor finger is relatively far away from the stator finger when the distance to the substrate 
remains the same. However, the electric field density on the upper boundary of the rotor finger should 
be less affected with this distance change. Therefore, the levitation of the rotor finger is expected to 
increase with the increase of the gap between fingers. 
 
 
5. Summary 
 
In this paper, we presented the algorithm of our online tool that can model the comb drive levitation 
effect more quickly and accurately than previous efforts using finite element analysis (FEA). We 
compared our results to the ones reported previously and verified our results by comparing them to the 
ones found by FEA with convergence analysis. And we used our tool to find the sensitivity of the 
levitation effect to two comb drive design parameters: the width of the comb fingers and the gap 
between two adjacent comb fingers. Our SCM method is more computationally efficient and accurate 
compared to conventional methods. We found that the levitation is 1.239 ± 0,001 m for 4 m wide,  
2 m thick, comb fingers separated from each other and the substrate by 2 m gaps. Our value is  
1-10 % larger than the values reported previously (1.19 m and 1.22 m). We think this is because our 
SCM configuration captures the levitation contributions due to the multitude of other fingers in the 
comb finger array and accurately accounts for the fringing field charges at the corners of the geometry. 
Compared to the time FEA takes to compute with 9.65% convergence, our SCM method is over  
3 times faster. We studied the sensitivity of the levitation effect to the comb finger width and the gap 
between adjacent comb fingers. In both cases, the levitation increases with the increase of these two 
design parameters, while the levitation effect is more sensitive to the gap between fingers. Future 
research directions might include curved edges, course sidewalls, and the development of a lumped 
element model for this comb drive levitation effect. 
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