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Abstract: Kalman information fusion filter is dealt with for WSNs (Wireless sensor networks), where
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1. Introduction

The standard Kaman filter is usualy calculated
by Ricatti equations and the used measurements are
supplied by one sensor. However, the measurements
from one sensor may be error owing to different
reasons, while it isn’t detected in time, so Kalman
filter may be wrong from one sensor [1-2]. Different
from one (or single) sensor, multi sensor information
fusion problem [3, 4] can overcome the above wrong
case, and has attracted much attention recent
years [4-6].

The above optimal multi-sensor information
fusion problem has been dealt with well for normal
systems [5, 7, 8]. Particularly, [5] proposes
information fusion Kalman filter fast algorithms, and
the optimal information fusion Kalman filter is given
under the LMSE sense in [8]. However, the above
references assume that the measurements can be used,
which may be impractical in application, for example,
for wireless channel, the above standard information
fusion result can't be used any more. Recently,
Kaman filter for wireless sensor networks systems

http://www.sensorsportal.com/HTML/DIGEST/P_2277.htm

has attracted much attention [9, 10, 16]. [9] is an
important result where two bounds of the steady error
covariance are given for wireless sensor systems with
the loss of measurements. In [10], the observation is
partitioned into two parts where each part can be lost
independently. The above references only consider
the case of systems with additive noises, for the case
of systems with multiplicative noises, the above
methods can’t be used. Moreover, they can't be used
for the information fusion case, for WSNs with both
additive noises and multiplicative noises, only [15]
has considered the case of | >2,m=2.

In the paper, the general case for the information
fusion for multiple WSNs with multiplicative and
additive noises will be given, which extends the
result of [15], i.e, there are | > 2 sub-systems, and
for each sub-system, there are m > 2 observations.
The information fusion filter also extends our
previous works [11, 13, 14] where multiplicative
noises are considered. The proposed numerical
example shows that the proposed approach
is efficient.
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2. Problem Statements
Consider the WSN systems

X (t+1) = Ax; (t) + Bx; ()w; (1) +u; (1), 1)
Yij t)= Clj X (t)+ Dini Ow, () + Vij t), (2
Vi) =70y, ®i=1...1;j=1..m (3

where I, m > 2. x()e R, y,(t)e R”, y, (1) are
state, measurements for origin and via WSNs.
ut)eR, w(t)eR, v, (t)e R” are input and
noises. X (t)|t:0: Xio ’<Vij (t)avkq(5)>: Rjé‘i,kéj,qé‘t,s'
Ul(t) Ul(S) Ql Qlj
E(|.. |, = .o
u®] lu©]) [ - Q
<Wi(t)aWj(t)>=Mi5i,15t,s and <Xi0'xj0>:Hi05i,j .
More assumptions can be referred to [15].
The information fusion Kalman filter problem for
multiple wireless sensors networks systems with

multiplicative and additive noises can be given as
follows,

P: For the known observations {y; (0),-,y; (1)},

4,

t,s?

and scalars {y,(0),--,7, (1)}, seek a Kalman filter
f(o(t [t) of x(t) satisfying the indexes below:

i) Unbiasedness, i.e., Exo(t |t) = EX(t) .
ii) Optimality, i.e., to seek the matrix weights
c,(t),---,q(t), suchthat

Xo(tlt) =Y aOx (t[), @)

wherein Xa(t|t),--x (t|t) denote | unbiasedness
filter of x(t), in order to minimize the trace of P(t|t),
i.e, tr{R(t[t)} =min{trP(t|t)}.

3. Main Resaults

The main results for multiple wireless sensors
networks systems with multiplicative and additive
noises will be presented in the section.

3.1. Scalar Weighting Criterion

Lemma 1 [7, 12, 15] Denote
€ (t|t)éx(t)—>A<i(t|t) . The covariance matrix is
g, (t|t) and the cross-covariance matrix is
@ (t1t) (1,j=1,2,---]) . Then the information fusion

Kalman filter Xo(t |t) is
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Xa(t]) =Y 6 Ox (t]0), (5)
where
[a®) o) ¢ ()] ©)
= (e"trP(t|t)e) e trP (L | 1)
R(tt) Rt
P(t[t)= N
R.(t]1) R(tIY) )
e =1 - 1.
the error covariance matrix is
R(tIt)=> c(t)c, MR (t]t), (8)

ij=1

and tre(t|t) <trg, (t|t) (i,j=1,2,---l). For the
convenience of discussion, P, () isreplaced by R().

3.2. Some Important Cases

Some cases of Kaman filter for each
fixed— subsystem will be given in this part, we can
use the similar definitions and denotations asin [15].

For the system (1)-(3), when i is fixed, there are
2" casessince y; can be equal to 0 or 1 for every j .

When no packet |oss occurs, we have the following.

Lemma 2. Consider the sate-space
description D-3 for fixed-i, if
Y. (t)=-=%,t)=1 and the system will be the

standard Kalman filter as,

Xi (t+2) = AX (0 + Ky i O ig. i ©)

- (9)
“Yig,im (O Ci,imXi (O],

Pt+1D)=[A Y. im®Ki in®xCy_ .IP(1)
x[Al,»»»,im"Yil,u-,im(t)Kil,u.,im(t)Cilw,’im]T
+[B, — Y. im (DK i (DD i 11T (1)
X[B; =Yg im (D Ky, i (1)
X Ry imK i () (20)

Hi(t+l):AHi(t)AT+B|Hi(t)BiTMi+Qi1 (11)

where

~ Yo (t)
Yi.m®2 1, (12)
Yim ()
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Yut) -+ 0
Vm@® = 1 Pl (13)
0 Vlm(t)
Cu D,
Cil,---,im 2. ) Dil,---,im £ , (14)
Clm Dim
Vi (1)
Vipom () 2] ], (15)
v im (t)
R4 (1) 0
Rii.im e : : , (16)
0 Rim (1)
with
Kipin® 2[AROCL in +BM, IL (D, i)
X[Cul---,imFi’(t)C.TL...,im + Dy im (17)

<[ (M, Dil---,im + Rl,~~~,im]71'

For y,(t)=---= Vi =17, =0,

Lemma 3. Consider state-space description (1)-
(3) for fixedHi, if 7,(t) == ¥y ) =1 %, () =0,
i.e., only the m"™ measurement is lost at time't for the
it sub-system, Kalman filter can be given as,

Xi(t+1) = Axi(t)
K imy O in e (1)
“Yit,i(m-1) (t)cil,--» Ji(m=1) )’(\i (01,

(18)

Xi(t+1) = AXi(t)
K imen O i i (D)
Firoitmy DCia sy Xi (D]
PE+D=[A Y msmn OKit sy OCitsmy]
<POALiom s ity DKy OCii ]
HB — s i OKiimny OB igmn) )
XIT OB ~ Yo DKty O] M,
+Q % smy DKy

xRy i KiTl,--.,i(nH) (®), (19

where
y (1)
i(m-1) (t) = E 1
yi(m—l) (t)

Yii,. (20)

Y () - 0
Yig, iz () 2 : ) (21
0  Yim-y (t)
C'l Dll
Citei(mey 2l Dig.i(mey = ) (22
Cl (m-1) Di (m-1)
Vi (1)
Vit i(m-1) ® = ) (23
Vi(m—l) (t)
Ru(t) - 0
Riimsy=| 1 ™ S (24)
0 - Ryl
with
Kil,-u,i(m—l) (1)
2[ARMC] . imy + BM I (D, ]
(25)

X[Cil,»-«,i(m—l)Pi (t)cil»-«,i(m—l) + Dil,«»-,i(m—l)
xIT; ()M, Di-:rl,u-,i(m—l) + R1,4~-,i(m71)]71'

For the case of y,(t)=""=¥my=0%,0=1
we have the following.

Lemma 4. Consider the state-space description
D-@), if 74O =+ =¥y =0¥n) =1 i.e, only
the m" measurement is not lost at time t, thus the
Kaman filter can be given as,

Xi(t+1) = Axi(t)

_ . (26)
K O im (1) = i (D Cip Xi ()],
Rt+D)=[A -7 OK,(1C,IR®)
X[A _Wim(t) Kim(t)Cim]T
+[B| - ’Ylm(t) Kim (t) Dim]Hi (t) (27)

X[BI _'Yim(t)Kim(t)Dim]T M;
+Q +7lm (t) Klm(t) RmK;Ir—n (t)!

where [1, isin (11) and

Kin() 2[ AR(M)CT, +BM, I1,(t) D}, |
x[CR®C+D,, I, MDD, +R, ]

For the case of y,(t)=:--=%,(t)=0, we will
give the following lemma
Lemma 5: [15] considers the state-space

description  (1)-(3), if y,(t)=---=#,(t)=0, the
Kalman filter can be given as follows since the open
loop,
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Xi(t+1) = Axi(t), (28)
P(t+1)=ARMA +BI[(1)B'M, +Q,  (29)
Hi(t+1):AHi(t)AT+B|Hi(t)B|TMi+Qi’ (30)

For the general case that some measurement are
lost, for example, the second measurement and the
m" measurement are available, and the other
measurement (the first, the third to the (m-1)™
measurement) are lost, we have the following.

Lemma 6 Consider the  state-space
description (D-(3) for fixed-i, if
%Z(t) =7im =1 }/Il(t) = %3(t) == Yim) (t) =0, i.e,
only the second measurement and the m®
measurement are available at time t for the i" sub-
system, and Kalman filter can be given as,

Xi(t+2) = AX () + KiginOi2m®)

- (31)
~Yi2im(OCizimXi (V)]
Pt+D)=[A- 'Viz,im(t) Ki2,im(t)ci2,im] P
X[Azim = Vizim (O K2 (t)Cuz,im]T
HB —Yiim () Kigim (O Dy ] 1T (1) (32
x[B — 'Yiz,im(t) Ki2,im(t) Diz,im]T M;+Q
+ Viz,im(t) Ki2,im(t) Rz,imKiTz,im(t)v
where
- A _i t
Yizim (t) = XZ( ) ) (33)
yim (t)
A 7|2(t) 0
’Viz,im(t) o ) ) 39
c. 2 C, D A D,
i2,im Cim 1 =i2,im Dim 1 (35)
Van® 2| (36)
aR(t) O
Raim = 0 R (t) 37
with
Kiim(®) £[ARMCY,, + BM, IT, (1)D,,]
X [CiZ,imPi (t)CiTZ,im + Disim (38)

xII; (M, DiTZ,im + Riz,im]il'

3.3. Kalman Filter for Sub-system Equations

Five important cases have been given in the
above subsection, and we can give the main theorem
for WSN,

160

Theorem 1. Consider the sate-space
description (1)-(3) with the similar corresponding
assumptions and definitions in [15], one-step
predictor for it sub-systemis

X (t+2) = AX () + 7, (0720 Y O Koy
X[Yiz - n® = Y1 C i (O]
+ 91 OO Vg QA=Y (D)
<Ky O iy 1)

~ Yty OG- iy X (O]
Jr cee

+ (@7, O) 7, OQ—=,5(0) -+
X(1=,(1))-- '(1_ Vigm- (t)) Yim (1)
X Kim(t)[;,im(t) - ’Yim(t)c'm;(i ®),

(39)

P(t+1)=Q +74(t) %n(t)
XA = Vi OK i (0Ci i P ()
X[ A = Vaim Ky i ||
+[ B = Vit O Ko DDy iy [ TL (DM,
+[B ~ Vaim Ko Dyy i |
+ Vi i OKi i OR K (0}
+ 7720+ gy QA= 7 (1)
XA =7 imny OKig iy (©)
XCyy..imn IP()
XIA = Voo OKit iy OCi i ]
+[B, = Zinimny DKo iy (©)
X Dyy..imp I TT (DM,
X[ B, = Ziastm OKissmy Oty ||
+ Yiapeoimny O Koy (1)

X Rl,w.\(mfl) KIE\ (m-1) (t)}
4+

+ (1= 7, ()7, (A 75 (1) -+
X (1= Fimzy (1) Vi (1)
X[ A = ¥i2im K 2 ()C. i | R ()
X[ A = Haim O K OCipim |
+[ B = Y0im OKipim () Dig i [TT (DM,
X[ B = #aim® K ©Dign ||
+ Y 2im (DK i OR 21 K i (1}
.
R (9) R SN (3) BN ()
<{[A = % (OK (C, | R()
XA 4 (K OC,, ]
+[B =i (O Kigy () D ] TT (M,
%[B — YO Kiy () Dy |
+ Y (O K ORLK (O}

(40)

where I, (t+1) isasin (11).
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Remark 1: It can be easily seen from (39) and (40)
that, there are 2™ parts in the structures of X (t+2)

and P(t+1) , which shows the 2" cases of

Kalman predictors.

Furthermore, we can give the filter formulae asin
the following theorem

Theorem 2: Consider the state-space description
(1)-(3) with the similar corresponding assumptions
and definitions in [15], the Kalman filter is

xi(t+1]t+12)

=X (t+1)
7+ Y DSyt +D
XYy i+ =g it +D)
XCy X (t+1)]
+ %1 (1) %20 Vigmy O A=Y (1))
XSy iy D
X [§Ii1,---,i(m—1) t+)- Vit i(m-1) t+31
% Cipyimpy X D]
pe.
+ (=%, (1)) 7, (@ —7i5(1)) -
x (- Yi(m-1) (9) T3] Ki2,im(t)
X[Yiaim(t+1) = Yot DC,g i (£ +1)]
L.
+ @720 Q= Yigm g ) Vi (1)
XSy (L DY, (E+1) — 7, (t +DC, X (t +D)],

(41)

P(t+1|t+1)
={1-7,(t+D-- (1= % (t+1)
+ 7, +D -y, +D
X[ =S8y it +DCy ]
+ 7i1(t)7i1(t)"'7/i(m—1) (t)(l_ %m(t)) (42)
X[l _Sil,---,i(m—l) (t+1)c|l,---,im]
T
(@ 7 1) @ Finy E+D) 7 )
X[ =3, (t+DC, IR (t+),

and 3, can be given similarly as follows:

3, =PMOC][GRMC] + D, I ()M, D] + R, 1™,

j=1---m “)

or

Ss..m®=ROC

i1,---im

XHi (t)M| D|-IJ—.,|m + Rl---,im]& (44)

[C. imP®)CL. i+ D

11---im

3.4. Computation of P, (t|t)

The cross covariance matrix P, (t[t)(i = j) will
be given here, since B, (t+1[t+1) =R/ (t+1|t+1),
so B (t+1|t+1) only needsto begiven.

Theorem 3: Consider the state-space
description (1)-(3) with the similar corresponding
assumptions and definitions in [15], the cross
covariance matrix B, (t+4t+1) canbegivenas

P (t+1]t+1)
= FQ)+ 7 ) Vi (07, (0) 7 (1)
X[ =30 imE+DC ]
X[A = Vg imOKip i (0 Cip i By (1)
XA = Vi imOK i OC ] (45)
X[ =3 mE+DC ]
o

(175 (0) -+ (1Y ) L7, (1)
X (17, (D)AP, (DA,

where B, (t+1) is

P (t+1)

= QM)+ i () Yim Oy (1) v (1)
XA = Vg i QK g (DC i (D] P (D)
<[A =Y OK o (0C O] (46)

L

+@=yp (0)) o @= 7 (D)L= 7y, (1)

x (1= 7, (D) AP (DA],

and

F(Q; (1)
= Yu O Vi (O7 () (D)
)1 =S im(DCi i | Qy (1)
<[1 =S 1w ®OC o] (47)
.
+ Q=7 () = i ()@= 72 (1))
X (1=, (0)Qy (1),

with the other variables can be referred in the above.
Proof: For P, (t) . Asiswell known, for g (t+1),

there are 2™ casesin sum

(i =Dy, )= =7,t)=1
e(t+D)=[A -7 m®OKL n®Cy ile(t)
+ B, (H)w, (t) +u, (1)

= Yizim OKig i O Vig i (1) (48)
(i =2")yu(t) = =7,(t)=0
e (t+D = Ae )+ Bx W O +u®)  (49)
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For e, (t+1) of thej-th sub-system, there are also

2" cases:
(J-Dvp)=-=7ynt)=1
e+ =[A —7, m®OK n(1C, e )
(j _1)'711(t) == 'ij(t) =1

€ (t+)= [Aj ~ Vit jm (t)Kjl,-u,jm(t)cjl,,..vjm]ej (t)
+Bx; (t)w; (t) +u; (1)
- rle,u-,jrn(t)Kj1,-~~,jm(t)vjl,u-,jm(t) (50)

(i—=2"7u®)="=7nt)=0
e (t+1) = Ae () +Bx; ({t)w,(t)+u,(t). (52

Thus, from the definition of B, (t) , there are 2"
Cases as

(i —Dyu®) = =7, (0) =Ly, ()= =7, () =1
P(t+1) = [A =7 inOKy in()Cy i (]P; (1)
<[A =Y OK o (OC 0]+ Q) (1), (52)

(ij — 22™).
Yimt) =0
Pi(t+1) = AR (AT +Q; (1) (53)

'\/il(t) == "/im(t) = 0,"/j1(t) = =

So the proof of B, (t) isover.

For PR (t+1]t+1) , aso 2°" cases are
dealt with, for e(t+1|t+1) when
yil(t):”':%m(t):lyjl(t):"':7jm(t):1’ it can
be given as

P (t+1]t+1)
= Ele (t+1|t+De] (t+1[t+1)]
= [I _%|1|m(t+1)c|1,m}P” (t+1) (54)
X [I - %il,m,im(t + 1)Ci1,~~~,imr— "
For the last case of
rm®=-=%,00=0,y,)=--=y,)=0 , and
for e (t+1|t+1), it can begiven as
P (t+1[t+D
= E[e (t+1[t+De] (t+1]t+1)] (55)

The other parts are omitted, thus (45) can be
given.

3.5. Kalman Information Fusion Filter

The main result which extends the case of [15]
will be given in form of theorem in the paper
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Theorem 4: For the state-space description (1)-(3)
with - 7,(0),--- 7, (1), (i =1---,1,j=1---,m) , the
similar corresponding assumptions and definitions in
[15], the information fusion Kaman filter is given by

(5), where Xi (t|t) is calculated in (39), P(t|t) is
calculated in (40), and B, (t [t) iscalculated in (45).

4. Numerical Example

In the section, we will give an example to show
the efficiency of the presented results. For the
simplicity of discussion, let | =m=2, then the
optimal information fusion filter is

Xo(t|t) = ¢ ()xa(t [t) +C, ()Xa(t 1) (56)
where

o (t)
_ trP, (t [t) —trB,, (t |t)
TRt —trR, (t[t) —trPy (t 1) +trRy(t|t)

S (1)

(57)

_ trE(t|t) —trB,(t]t)
R (1) —trR, (t]t) —trB, (t[1) +rRy(t] 1)

and the corresponding error covariance matrix is

Rt =G ORI +cM)C,O)P,(t]t)

2 (59)
+aOCGOR () +c (DR ()

and trR,(t|t) <trP(t|t)(i=12).
Consider the system (1)-(3) with N = 100, and

04 01 04 0
A‘:{o 0.3}‘/3‘2:{0.1 0.8}'
03 01 02 0
Bl:{o 0.8}‘%:{0 0.6}'
c.=[05 01], ¢,=[1 02,
C,=[05 01],C,=[2 03],
D,=[05 02,D,=[2 01,
D, =[02 01],D,=[2 0.

(59)

The initial state value x,(0) =x,(0)=[1 05| ,
and noises u,(t) and w,(t) are white noises with
zero means and unity covariance
matrices Q =Q; =L M, =1(i,j =12) . Observation
noise v, (t)(i,j=12) is of zero means and with
covariance matrix R; =0.01.

We simulate four cases for fixed i-subsystem of
1) 7yu=7,=0,

2) vu=L7,=0,
3) ¥u=0,7,=1,
4) Yiu =72 =1,
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Since the simulated example has 16 cases, it's
complicate to give al cases, so we only give the

filters §<1(t|t) of the signa x,(t) based on

t
s=0 )

The following four figures show the origin and its
estimator under the case (4).

The tracking performance of Kaman filter

xu(t [t)
xu(t|1)
wheny, =1, %, =0, and they are aso given in Fig. 3

observation {§1j (s)}

} is drawvn in Fg.1 and Fig.2

and Fig. 4 when y,, =17, =1. Seen from the above

figures, the filter are good, and the estimate
performance when  y,=1y%,=1 is better

than them when 3, =1, %, =0, since the available
measurements are more.

when 7 1=1~'r12=0- the origin and its estimate for the first state of X (t)

0 20 10 0 20 100
Fig. 1. The origin and itsfilter for the first state of

xa(t | t) when %1 =17, =0, wherethebluelineisthe
origin signal, the red line is the smoother.

when 1 1=1.'r12=1. the origin and its estimate for the first state of xim

Fig. 2. The origin and itsfilter for the second state of

xu(t |t) when Y1 =17, =0, wherethebluelineisthe
origin signal, the red line is the smoother.

when Y |=1 .'r12=0 the origin and its estimate for the second state of x1{L]

8 T T T T
; ; ; ; i

0 2.[1 4.0 5.0 8.0 100
Fig. 3. The origin and itsfilter for the first state of ;<1(t [t)

when %, =17, =1, wherethebluelineisthe origin
signd, the red line is the smoother.

when y, =1,y =1, the origin and its estimate for the second state of x,(t]
8 T

0 20 40 60 80 100

Fig. 4. The origin and its filter for the second state of

xu(t |t) when %1 =17, =1, wherethebluelineisthe
origin signal, the red line is the smoother.

5. Conclusions

Information fusion Kaman filter for multiple
WSNs with multiplicative noises has been given. The
filter is given by the scalar weighting criterion and
the projection theorem. The proposed Kaman
filtering formulae for each sub-system can obviously
show the structure of results. The given examples
show the efficiency of the proposed approach. In
addition, the proposed approach can be used to ded
with many practice problems, for example Intelligent
Body Sensor Network [17].
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