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Abstract: This paper is aimed as a concise, short introduction to semiconductor lasers and a presentation of a 
specific method to improve optical gain. We start with the short description of lasers and semiconductor lasers, in 
particular. They play an important role in current technological developments. They found applications in many 
popular devices and communication systems, like laser printers, DVD players, optical fiber communications, to 
just name a few. In this paper, we outline fundamentals of semiconductor lasers and concentrate on those based 
on quantum wells. Properties and operating parameters of those devices can be optimized for a certain application. 
Here we concentrate on the influence of growth directions on optical gain. We summarized mathematical 
formalism used to determine band structure and gain and have conducted numerical simulations for various 
orientations of the crystal. 

We illustrate the applicability of our formalism by presenting results (band structure and material gain) for 
only few high symmetry orientations of the substrate and concentrate on quantum wells fabricated from 
InGaAsN/GaAs. Modifications of band structure due to rotations significantly affect material gain. 

Our approach can also be extended to other semiconductor materials. They can help to design lasers with 
improved characteristics. 
 
Keywords: Semiconductor lasers, Band structure, Crystallographic orientation, Material gain. 
 
 
 
1. Introduction 
 

Generic laser consists of a resonator (cavity) 
typically formed by two mirrors and gain medium 
located between mirrors where the amplification of 
electromagnetic radiation (light) takes place. Such a 
system is an oscillator analogous to one in electronics. 
To form an oscillator, an amplifier (where gain is 
created) and feedback are needed. Feedback is 
provided by two mirrors which also confine light. One 
of the mirrors is partially transmitting which allows 

light to escape from the device. In short, a laser is an 
oscillator analogous to an oscillator in electronics. 

There must be an external energy provided into 
gain medium (process known as pumping). Most 
popular (practical) pumping mechanisms are by 
optical or electrical means. 

In this paper we concentrate on important class of 
lasers, namely semiconductor lasers (SL), see [1, 2] for 
recent general introduction to SL. They play an 
important role in today's technological developments. 
They can be found in popular devices, like iPhones, 
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DVD players and laser printers. In short, 
semiconductor laser (name laser diode is also often 
used) is based on p-n junction which is combined with 
an optical resonator. The p-n junction forms a diode 
which operates in a forward direction. 

 
 

2. Basic Facts of Semiconductor Lasers  
    Based on Quantum Wells 

 
Generally, semiconductor lasers (also known as 

laser diodes) can be broadly classified into two basic 
types: edge-emitting lasers, or surface-emitting lasers. 

A typical edge-emitting laser has the longitudinal 
direction of the optical cavity oriented perpendicular 
to the flow direction of electrical current in the device. 

On the other hand, in surface-emitting lasers the 
optical cavity is oriented along flow of electrical 
current and it is perpendicular to the growth direction. 
A popular example of the surface emitting laser is the 
vertical-cavity surface-emitting laser (VCSEL). In this 
structure the optical cavity is short, on the order of a 
wavelength of the light. To achieve reasonably low 
threshold current in such devices the mirrors must 
have very high reflectivity. 

Three-dimensional (3D) view of a generic edge-
emitting semiconductor laser (the so-called Fabry-
Perot) is shown in Fig. 1. 

 
 

 
 

Fig. 1. Schematic of Fabry-Perot laser. 
 
 

The main element of this structure is associated 
with the existence of the so-called Fabry-Perot 
resonator cavity where the optical feedback is 
provided by the difference in refractive indices 
between semiconductor structure and external 
environment. 

It is possible to have different types of mirrors as 
they also provide mode selectivity. Two basic types of 
SL are distributed feedback (DFB) laser and 
distributed Bragg reflector (DBR) [3]. 

In DFB lasers, grating (corrugation) is produced in 
one of the cladding layers thus creating Bragg 
reflections at such periodic structure. The structure 
causes a wavelength sensitive feedback. It should be 
emphasized that the grating extends over entire laser 
structure. When one restricts corrugation to the mirror 

regions only and leaves flat active region in the 
middle, then the so-called DBR structure is created, 
which also provides wavelength sensitive feedback. 

Every laser structure consists of many layers of 
various materials, each playing a different role. Those 
layers are responsible for the efficient transport of 
electrons and holes from electrodes into an active 
region and also for confinement of carriers and 
photons into active region so they can strongly 
interact. 

In semiconductor laser diodes the emission of light 
is due to the radiative recombination of the  
electron-hole pairs. Electron-hole pairs are formed by 
electrons from conduction band (CB) and holes from 
valence band (VB). Between these bands there exists 
the forbidden band characterized by bandgap energy. 

Typical characteristic of SL is shown in Fig. 2. It 
shows output power vs driving electric current. The 
output power degrades fast with increased temperature 
of the sample. 

 
 

 
 
Fig. 2. Typical characteristic of SL showing output power 

versus current. 
 
 

Modern SL structures are based on so-called 
quantum well which form active region and where 
conduction-valance band transitions are taking place, 
see Fig. 3. 

 
 

 
 

Fig. 3. Schematic of the quantum-well structure. 
 
 
The structure is formed by two semiconductors 

with different bandgaps. They create the so-called 
heterostructure. Carriers (electrons and holes) can 
move freely within well (their dispersion relation is 
parabolic) but along direction perpendicular to the 
well their energies are quantized, see Fig. 4. 
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Fig. 4. Schematic of quantization of energies  
within the quantum-well structure. 

 
 
3. Methods of Improving Properties  
    (Characteristics) of Semiconductor  
    Lasers 
 

There is a long list of parameters of SL which 
could be optimized and improved. Over the years there 
were many efforts towards the improvement of their 
operating characteristics and also application of new 
materials. Various compounds and their 
functionalities have been analyzed in recent years. For 
example, applications in ultraviolet emitters were 
recently reviewed by Kudrawiec and Hommel [4]. 

In this work we briefly concentrate on high-power 
devices, fast devices (those which are directly 
modulated) and also on improving (making larger) 
material (optical) gain. 

Fundamental and technological reasons limiting 
the optical power of SL were analyzed by several 
groups, see e.g., Tarasov [5]. The design of high-
power SL discussed by Tarasov is based on separate-
confinement double heterostructures (SC DHs). Often 
the SC DH is used to confine an electromagnetic wave 
by a waveguide layer which results in decrease of 
threshold current density due to decrease of the active 
region thickness. The use of a quantum-well epitaxial 
layer as an active region of the laser SC DH allowed 
one to reduce the threshold current density to  
40 A/cm2 [5]. 

Another important problem is to increase speed of 
directly modulated SL [6]. SL can be modulated using 
two methods: direct modulation or using external 
modulators (costly approach). Common approach is to 
directly modulate diode current which leads to 
appropriately modulated output power. 

However, in this approach relaxation oscillations 
are created. They are characterized by a relaxation-
oscillation frequency which describes rate at which 
energy is exchanged between photon system and 
carriers. Another limit is introduced by parasitics. As 
a result, the maximum modulation frequencies range 
from 1 to 70 GHz, depending on the type of laser and 
its packaging. 

Carrier transport effects are another limiting factor 
for direct modulation of semiconductor lasers [7]. 

Optimizing transport of carriers, especially in the 
multiple quanta well systems results in faster devices. 
Based on rate equation model it was demonstrated that 
the tunneling injection mechanism increases the 
modulation bandwidth of the laser output compared to 
the classical injection mechanism [7]. 

Yet, another issue is to increase optical gain of SL. 
One possible method is to growth samples on rotated 
substrates. In the following we concentrate on  
this issue. 

It has been known for a long time that the growth 
of quantum wells (QWs) at the rotated substrates (as 
opposed to the natural (001) direction) results in the 
improved properties of semiconductor lasers based on 
various material systems. Over the years several 
material systems has been analyzed, both theoretically 
and experimentally. For a recent summaries of various 
growth methods, see [8]. Typical discussed material 
systems were GaAs-AlGaAs and InGaAsP-GaInAs. 
Theoretical approaches were based on 4- band, 6-band 
and 8-band Hamiltonians. 

On the theoretical side it was concluded that 
selecting proper orientation of the substrate results in 
lower (compared to (001) direction) threshold current 
[9, 10]. It was also determined that differential gain is 
about 1.6 times larger for the (110)-oriented 1.55 μm 
strained QWs than for equivalent (001)-oriented QW's 
[11]. It was also found that linewidth enhancement 
factor in strained QW laser based on In0.7Ga0.3As-InP 
is smaller for (111) growth direction than in 
conventional strained QW lasers on (001) substrates 
[12]. Typical value calculated for the (111) rotated 
substrate was less than 1.4, much lower than for 
conventional strained QW lasers on (001) substrates. 
In addition to the above material systems, in recent 
years dilute nitride semiconductors such as InGaAsN 
attracted wide attention. Their study is motivated by 
potential applications in GaAs-based laser diodes 
operating at 1.3 and 1.55 μm. Those material systems 
are modeled using 10-band Hamiltonians which are 
combinations of 8-band model and BAC model [13], 
[14]. Currently, optical and electrical properties 
including band structure of InGaAsN/GaAs quantum 
wells (QWs) are well described in the literature. Most 
of the reported results were focused on the  
(001)-oriented substrates. Some of the papers for (001) 
oriented QWs were published by Ng et al [15] and 
Gladysiewicz et al. [16]. 
 
 
4. Theoretical Approach 
 
4.1. General 

 
To describe the system (laser) we used the kp 

method. It is based on the following Hamiltonian  
 

 
2

2 2
0 0

0

1
ˆ ˆˆ( )

2 4

   ,SO

H V V
m m c

H H

σ= + + ⋅∇ ×

= +

p r p =
 (1) 
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where H0 is the zeroth-order term and HSO describes 
spin-orbit interaction. The basic functions are 
summarized below 
 

( )
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( )
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( )
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2 2 36
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2 2 2
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2 2 3 3

1 1 1 1
( )

2 2 3 3

u r X iY

u r X iY Z

u r X iY Z

u r X iY

u r X iY Z

u r X iY Z

−= , = + ↑

−= , = + ↓ + ↑

−= , = − ↑ + ↓

−= , = − ↓

= , = + ↓ + ↑

−= , = − ↑ − ↓













 
(2) 

 
 

4.2. Description of Rotations 
 
Normally, the system is described assuming the  

z-axis to be perpendicular to the quantum well. In 
order to describe rotations of the substrate we follow 
method as described in [17], see Fig. 5. Below, we 
briefly summarize the approach. 

 
 

 
 

Fig. 5. Relationship of the general [11N] coordinate system 
to the conventional [001] crystal coordinate system. 

 
 

We use the following notation for coordinate 
systems, see Fig. 6: the (x,y,z) is associated with the 
(001) oriented QW and (1,2,3) coordinate system with 
arbitrary rotated QW. The growth direction for  
(001) -oriented substrate is along z axis and along  
3 axes for rotated substrate. To obtain rotated 
Hamiltonian from (001)-oriented Hamiltonian the 
following rotation matrix is used. 

 

 

cos cos cos sin sin

sin cos 0

sin cos sin sin cos

U

θ φ θ φ θ
φ φ

θ φ θ φ θ

− 
 = − 
  

 (3) 

 
The matrix has the following properties: 

1,TU U −=  TU U I=  and ik jk ijU U δ= . The 

components of vectors and tensors transform as 

 
' ,  ' ,     

' ,

i i ij i j

ijkl i j k l

k U k U U

C U U U U C

α α α β αβ

α β γ δ αβγδ

ε ε= =

=
 (4) 

 
where superscripts “-1” means matrix inverse and “T” 
means matrix transposition. Here φ  is the angle 

between x-z and 1-3 planes and θ  is the angle between 

axis z  and axis 3. Here k  and k ′  are wave vectors 
and and 'ij αβε ε  are strain tensors for (001) and 

arbitrary orientation, respectively. In other words, the 
angles θ  and φ  are Euler rotation angles about axes 2 

and z  respectively. The angles with respect to (001)  

direction for ( )hkl  Miller planes can be obtained by 

the following relations 
 

 
2 2

1 1tan tan
h k k

l h
θ φ− −+= =  (5) 

 
 

 
 

Fig. 6. General transformation for arbitrary rotation from old 
to new rectangular coordinate system using spherical 
coordinate system: Axes x, y, z transform to axes 1, 2, 3 
respectively, which are perpendicular to each other; x-z  
and 1-3 planes are indicated. 

 
 

Transformation matrix leads to the following 
relation 

 

 

X X

Y U Y

Z Z

′     
     ′ =     
     ′     

 (6) 

 
The spins in the original coordinate system are 

assumed to be along the growth direction z. For rotated 
system, spins will be rotated by the rotation matrix  
for spins 

 

 

2 2

2 2

cos sin
2 2 ,

sin cos
2 2

i i

s
i i

e e
M

e e

φ φ

φ φ

θ θ

θ θ

−

−

 
 

=  
 −  

 (7) 

 
which leads to the following relation 
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2 2

2 2

cos sin
2 2

sin cos
2 2

i i

i i

e e

e e

φ φ

φ φ

θ θ

θ θ

−

−

 
 ′   ↑ ↑

=     ′↓ ↓    −  

 (8) 

 
By combining matrices U and sM we can relate 

basis functions in rotated coordinate system 
T

X Y Z′ ′ ′ 
  

, ,  with spins 
T′ ′ 

  
↑ ,↓  and basic functions 

in original coordinate system [ ]T
X Y Z, ,  with spins 

.
T

 ↑,↓   Combining matrices U  and ,sM  we can 

obtain matrix that relates 
T

X Y Z X Y Z′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ 
  

↑ , ↑ , ↑ , ↓ , ↓ , ↓  and 

,
T

X Y Z X Y Z ↑, ↑, ↑, ↓, ↓, ↓   where superscript T  

means transposition. The combined matrix is obtained 
as a Kronecker product ⊗  (outer product for matrices) 
of matrices sM  and .U  

 
 c sM M U= ⊗  (9) 

 
The matrix cM  leads to the following relation 

between basis functions 
 

 ,c

X X

Y Y

Z Z
M

X X

Y Y

Z Z

 
 
 
 
 
 
 
 
 
 
 
 
  

′ ′   ↑ ↑
   ′ ′↑ ↑   
   ′ ′↑ ↑

=   
′ ′↓ ↓   

   ′ ′↓ ↓   
′ ′↓ ↓      

 (10) 

 
where empty space in square brackets corresponds to 
matrix cM . Full form of matrix Mc was provided  

in [17]. 
 
 

4.3. The Effect of Strain 
 

The strain effects are modeled using Bir and Pikus 
approach [19]. The strain tensor takes different 
explicit forms for various strain situations. The strain 
tensor components are represented by 

 

 GaAsBi GaAs
xx yy

GaAs

a a

a
ε ε −

= =  (11) 

 
The form of εzz varies with orientation, due to the 

fact that the elastic stiffness tensor is transformed. The 
relevant expressions are 

 

 
(001) 12

11

2 ,zz xx

C

C
ε ε= −  (12) 

 

 

(110) 12 11 44

11 12 44

3 2
,

2 4zz xx

C C C

C C C
ε ε+ −

= −
+ +

 

(111) 11 12 44

11 12 44

2 2
2

2 4zz xx

C C C

C C C
ε ε+ −

= −
+ +

 
(13) 

 
Other terms of the strain tensor are equal to zero. 

The components of Bir and Pikus strain Hamiltonian 
involve the following contributions (the zero terms are 
not listed below) 

 

 ( )0 0
1 2 3,  ,

6 3
xx yy zz

P P
T k i k U kε εε ε ε= + =  (14) 

 

 

( )

( )

( )

(001)

(110)

(111)

,

3
,

4

,
3

xx zz

xx zz

xx zz

Q b

b d
Q

d
Q

ε

ε

ε

ε ε

ε ε

ε ε

= − −

 += − −  
 

= −

 
(15) 

 

 ( )(110) 3

4 xx zz

b d
Rε ε ε

 −= −  
 

 (16) 

 
The strain contributions, which are independent of 

orientation are the following: for valence band 
 

 ( ) ,vP a Trε ε= −  (17) 

 
and for conduction band 
 

 ( )CB
cE a Trε ε=  (18) 

 
 
4.4. 8-band Hamiltonian 
 

In this basis the rotated Hamiltonian is 
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2
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(19) 
 
Standard definitions of terms of unrotated  

system are 
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 (20) 

 
Matrix elements related to conduction band 

interactions are 
 

 2'cS H S E A k A= + =  (21) 

 
Matrix elements for some particular orientations 

(001), (110), (111) are 
 

 (001) (110) (111) (112)A A A A A= = = =  (22) 
 
The values of matrix elements Q, R and S depend 

on orientation. For selected orientations they are 
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(24) 

 
 

5. Numerical Approach 
 

We start by expanding all position dependent terms 
in the Hamiltonian in the plane wave basis as 
 

 
1

 ( ) ,  ,miK z
m n

m

n
A z A e K

LL

π= =  (25) 

 
By multiplying from the left by 
 

 
1

 ( ) ,  ,miK z
m n

m

n
A z A e K

LL

π= =  (26) 

 
we arrive at an effective mass equation in plane wave 
basis of the form 
 

 ', , ',( ) ( ) , ',( )[ ] [ ] [ ]m m m n n m nH f E fα α=  (27) 
 
Here, square brackets denote matrix and arrays in 

plane-wave basis. The n-th envelope eigenfunction is 
 

 , ,( )
,

1
( , ) ( ) miK z

n p m n p
m

F z k f k e
L

α
α

=   (28)  

 

6. Gain 
 

In Fig. 7 we illustrate the origin of gain in an active 
system. External pump (in the case of semiconductor 
lasers the role is played by electric current) provides 
energy which is responsible for growth of photons. 
 
 

 
 

Fig. 7. Illustration of gain process. 
 
 

Material gain was determined using a conventional 
method [20] based on the relaxation time 
approximation convoluted with a Lorentzian function 
with broadening time (0.1ps). In this approximation, 
the transverse electric (TE) gain is given by 
 ݃ఉ்ா(߱) = ଵିߚ଴ܥ ∑ ൣ݇݀׬ ௡݂೎(݇) − ௡݂ೡ(݇)൧௡೎,௡ೡ 	 ×∑ ߝ|௡௖߰ۦ| ⋅ ఈ|߰௡௩ۧ|ଶ௜݌ ,௖݊)ܮ ݊௩, ݇), (29)
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where ( )2 2
0 0 0/C q m cωτ ε= , q is elementary charge, 

m0 is bare mass of an electron, ω is angular frequency, 
τ is a time constant, c speed of light, ε0 dielectric 
constant and β propagation constant of the TE mode. 
Index i labels the heavy and light hole subbands, fnc 
and fnv are Fermi-Dirac distributions for n-th electron 
and hole subbands in the QW, respectively. They are 
given below 
 

 

( )

( )

1

1

( )
( ), 1 exp ,

( )
( ), 1 exp

F
F c c

c c c
B

F
F v v

v v v
B

E k E
f E k E

k T

E k E
f E k E

k T

−

−

  −
= +     

  −
= +     

(30)

 
where kB is the Boltzmann's constant and T is the 
absolute temperature. 

Various transitions between conduction band and 
valence bands which contribute to gain, Eq. (29) are 
illustrated in Fig. 8. 

The squared optical transition matrix elements of 
TE mode which measure the transition between the 
hole subbands and the electron subbands are 

 

ߝ|௡௖߰ۦ|  ⋅ ఈ|߰௡௩ۧ|ଶ݌ 	= ௡ೡ,௜௡೎ܫଶቚ(௖௜்ாܯ) (݇)ቚଶ,ߙ	 = ,ݔ	 ,ݕ (31) ݖ

 
 

 
 

Fig. 8. Various transitions inside quantum well  
which contribute to material gain. 

 
 
The overlap integral is defined as 
 

 ቚܫ௡ೡ,௜௡೎ (݇)ቚ 	= 	න߰௡௖(݇)߰௡௩(݇)݀(32) ݖ

 
The element ܯ௖௜்ா	is evaluated for TE modes within 

dipole approximation. The broadening function is 
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Carrier densities in conduction (N) and valence (P) 

band are obtained as 
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n

N k f E k E dkρ=   (34)
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0

( ) 1 ( ),
v

v

k
F

v n VB
n

P k f E k E dkρ  = −    (35)

 
Material gain was evaluated for several carrier 

densities. For each density we have determined the 
quasi-Fermi levels F

CBE and F
VBE  for the CB and VB, 

respectively. The carrier density in a given band of the 
QW is defined by integration of the product of density 
of states, ρ (k,z): 

 

 ߷(݇, (ݖ = ௞்గℏమ ∑ ቚܫ௡ೡ,௜௡೎ (݇)ቚଶ௠ೞ,ഀ ଵଵାୣ୶୮	(ಶ೎,೑ಷೖ೅ ), (36)

 
and occupation probability of carriers (i.e., the  
Fermi-Dirac distribution) over the entire band. For 

non-parabolic bands, the integration is carried out in k 
space with the density of states determined from kp 
calculations. maxk  is the integration limit determined 

by the convergence of integrals used to determine  
N and P. 

 
 

7. Results 
 

Calculations were performed for 7 nm quantum 
wells made of In0.36Ga0.64As0.973 N0.027 /GaAs. Our 
numerical approach was described in an earlier 
Section. All parameters which depend on 
compositions were obtained using linear interpolation. 

Some of the results are summarized in Figs. 9 and 
10. All results are compared with a standard direction 
(001). In Fig. 9 we show band dispersion, i.e., 
dependence of energy vs k-vector. 

 
 

 
 

Fig. 9. Band structure calculated for In0.36Ga0.64As0.973 N0.027 
/GaAs QW grown on directions: (a) (001) gray line, (110) 
red line, (b) (001) gray line, (111) red line, (c) (001) gray 
line, (112) red line. 
 

One can observe that results of the band structure 
calculations show significant differences for 
substrates oriented along (110), (111) and (112) with 
respect to (001) direction. Differences in the band 
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structure are particularly significant for the valence 
band. One can notice that for each direction effective 
masses of holes differ from the (001) direction. The 
changes in the conduction band for different directions 
are relatively small. 

Some of the results of the material gain spectra are 
shown in Fig. 10. The calculations were performed for 
carrier concentrations ranging from 1×1018 cm-3 to 
6×1018 cm-3. The maximum gain values, dependent on 
carrier concentration, are illustrated in Fig. 11.  

 
 

 
 

Fig. 10. Material gain calculated for In0.36Ga0.64As0.973 N0.027 
/GaAs QW grown on directions: (a) (001) dash line, (110) 
solid line, (b) (001) dash line, (111) solid line, (c) (001) dash 
line, (112) solid line. Calculations were performed  
for carrier concentrations from 1x1018 cm-3 to 6x1018 cm-3. 
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Fig. 11. Gain peak for TE mode vs carrier's 
concentration for various directions of growth. 

 
 
Notably, there are discernible differences in the 

gain values calculated for various crystallographic 
orientations. Specifically, directions (110) and (111) 
yield higher values compared to the standard (001) 
direction, while direction (112) results in smaller 
values. This correlation is attributed to the band 
structure calculations. The curves in the valence bands 

exhibit an upward trend, which is associated with 
lower gain values. The changes in carrier distribution 
within the valence band are depicted in Fig. 12. Carrier 
distributions were precisely computed using the  
Eqs. (34) and (35), with density of states determined 
from Eq. (36), with a fixed carrier concentration of 
5×1018 cm-3 for each direction, namely, (001), (110), 
(111), and (112). The color map, transitioning from 
blue to red, represents carrier localization calculated 
under each scenario. Fig. 12 also includes the potential 
shape in the valence band and the hole Fermi level 
calculated for the given carrier concentration. 

 
 

8. Conclusions 
 

In this paper we described method of determining 
band structure and material gain for In0.36Ga0.64As0.973 
N0.027 /GaAs material system on arbitrary oriented 
substrates. We used the 8-band kp method. We 
presented general expressions for arbitrary 
orientations of the substrate. Detailed results of band 
structure are shown for quantum wells grown on 
(001)-, (110)-, (111)- and (112)-oriented substrates. 
Band structure depends on the direction of growth as 
well as resulting strain changes. 

Our results indicate that for In0.36Ga0.64As0.973 
N0.027/GaAs quantum wells and carrier concentrations 

18 31 6 10 cm−− ×  (typical for semiconductor lasers) 
gain spectra are affected by orientation of the 
substrate. One observes an increase of gain peak 
(compared to (001) orientation) for (110) and (111) 
directions. 

As shown by our simulation results, the growth 
direction significantly affects band structure and also 
material gain. Therefore, it can be considered as an 
additional parameter used in the design and 
optimization of optoelectronic devices. 
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Fig. 12. Carrier distribution (P) as a function of distance and energy for substrates oriented along (001), (110), (111),  
and (112). These calculations were performed for a fixed carrier concentration of 5×10^18 cm⁻ ³. The red line represents  

the Fermi level's position within the valence band. 
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