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Abstract: Compressed sensing is a novel signal sampling theory under the condition that the signal is sparse or
compressible. The existing recovery algorithms based on the gradient projection can either need prior
knowledge or recovery the signal poorly. In this paper, a new algorithm based on gradient projection is
proposed, which is referred as Quasi Gradient Projection. The algorithm presented quasi gradient direction and
two step sizes schemes along this direction. The algorithm doesn’t need any prior knowledge of the original
signal. Simulation results demonstrate that the presented algorithm cans recovery the signal more correctly than
GPSR which also don’t need prior knowledge. Meanwhile, the algorithm has a lower computation complexity.
Copyright © 2014 IFSA Publishing, S. L.
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1. Introduction
1.1. Background
In recent years, compressive sensing (CS) [1, 2]
has attracted considerable attention in the areas of
signal processing. CS builds upon the fundamental
fact that we can represent many signals using only a
few non-zero coefficients in a suitable basis or
dictionary. Nonlinear optimization can then enable
recovery of such signals from very few
measurements. Compressive Sensing involves three
aspects of research, namely signal sparse
decomposition, measurement matrix design and
signal reconstruction algorithm.
Consider a real-valued, finite-length, onedimensional, discrete-time signal x , which can be
viewed as an N  1 column vector in R N with
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elements x[i ], i  1, 2, , N . Any signal in R N can
be represented in terms of a basis of N  1 vectors
{ i }iN1 . For simplicity, assume that the basis is
orthonormal. Using the N  N basis matrix
Ψ  [ 1 |  2 |  |  N ] with the vectors { i } as
columns, x can be expressed as
N

x    i i Ψα ,

(1)

i 1

where α is the N  1 column vector of weighting
coefficients,  i   iT x . Clearly, x and α are the
equivalent representations of the signal.
Now we only consider K -sparse signal x , that
is K coefficients of x are nonzero and N  K are
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zero. Consider the M  N ( M  N ) measurement
matrix Φ , then the compressive sensing
measurement vector can be obtained by

y  Φx  n ,

(2)

where n is the white Gaussian noise with variance
 2 . Candès [2] points out that the original signal
can be recovered from y and Φ by the
following problem:

min x
where l0 norm 

0

0

s.t. Φx  y ,

(3)

denotes the number of non-zero

components (This is a standard abuse of terminology:
 0 is not positive homogeneous, yet is referred to
as a norm). Stand { x : Φx  y} for Ω . It is more
easily handled if the l0 norm is replaced by the l1
norm, resulting in a convex problem [3]:

min x 1 s.t. Φx  y

(4)

1.2. Previous Algorithm
The l1 minimization problem (4) is a constraint
convex optimization issue. If the objective function is
differential, the famous gradient projection algorithm
[4] can be used to solve (4). Whereas the l1 norm is
non-differentiable, its gradient doesn’t exist.
Previous algorithms based on gradient projection to
solve (4) are tried to convert the l1 minimization
problem to the equivalent one in which the objective
function is differentiable. GPSR (Gradient Projection
for Sparse Reconstruction) [5] splits the variable x
into its positive and negative parts, and then
transforms the BPDN (Basic Pursuit de-nosing) [3]
to a quadratic program bounded on the non-negative
region. Although the dimension of the new problem
is twice that of the original one, the operations
involved is almost as before. However its
reconstruction effects are not very well. Although
Iterative Weighted Gradient Projection for Sparse
Reconstruction (IWGP) [6] improved the speed of
GPSR by exploring the correlation between the
gradient and the residual error, the effects of
recovery improves little. PSD (Projected Steepest
Descent) [7] is to minimize the residual error
bounded on the l1 ball with radius of  , but the 
should be a prior knowledge. GPSS [8] (gradient
projection methods by step length selection rules)
improves the convergence speed of PSD by adopting
adaptive step length selection based on strategies for
the alternation of the well-known Barzilai-Borwein
[9] rules, while have no obvious improvement on the
reconstruction accuracy.
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Actually, the purpose of the gradient in the
gradient projection method is only offering a descent
direction of the objective function. Some of the
previous algorithms to solve the l1 minimization
problem can be understood form this view. Algorithm
GraDes [10] (Gradient Descent with Sparsification)
can be seen to set all but s largest coordinates in
absolute value to zero to gain a searching point and
then project the searching point onto Ω . IHT [11]
sets a threshold value and reserve the coordinates
whose absolute value no less than threshold value
while others zero. In these two algorithms, the
direction from the current point to the searching point
is a descent direction of the l1 norm.
It is nature to ask that if there exists a steepest
descent direction of the l1 norm so that the gradient
projection algorithm can be used directly to solve (4)
by replacing the gradient with this direction. In this
paper, we will show that  sgn( xˆ ) referred to be as
l1 quasi gradient just has this property. It’s also a
coincidence that sgn( xˆ ) is one of the sub-gradients
of l1 norm, but we derive it form an absolutely
different perspective. A new step size selection rule is
introduced following the idea of minimization rule
by Cauchy [4]. Besides, an interpretation is given for
the Vanishing Positive Step Size adopted in [12].
Then, we present our algorithm named l1 quasi
gradient projection (QGP).

2. L1 Quasi Gradient Projection
Algorithm
2.1. L1 Quasi Gradient
Suppose xˆ  ( x1 , x2 , , xN )T and

xˆ 1   , so

x̂ is on the hyper plane:

sgn( xˆ ) T x  

(5)

The following formula can be concluded form (5):

[  sgn( xˆ )]T (0  x )  

(6)

So normal vector of the hyper plane at x̂ that
pointed to the origin is  sgn( xˆ ) . The case 6 in Fig. 1
demonstrates that if we want to move x̂ to plane
xˆ 1    (   is a little smaller than  ) in the
nearest way, we must move along with the direction
 sgn( xˆ ) . The case that x̂ is just the vertex or in the
intersection of two planes also have the same result
as illustrated in Fig. 1.
From the above analysis, we can conclude that:
Propositions 1:  sgn( xˆ ) is the steepest descent
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direction of x

1

PBρ ( xˆ )  S ( m ) ( xˆ )

at point x̂ , and the corresponding

slope is sgn( xˆ ) 2 .

(11)

Obverse that (9) is equivalent to
xm*  m 1[    i 1 ( xi*  xm* )]  xm*
m 1

(12)

Then we have  (m)  xm* . As xm* is absolutely
smallest of all non-zero components, the followed
consequence can be made
 xi   (m) , xi   (m)

S ( m ) ( xi )  0
, xi   (m)
 x   ( m) , x    ( m)
i
 i
 xi   (m) sgn( xi )

Fig. 1. l1 Quasi Gradient. Direction 1, 2, 4, 5 represent the
steepest descent direction of the current points separately.
It is easily seen that l1 norm value decreases fast along 2
than the direction of 3. Direction 6 represents the normal
vector of the plane that pointed to the origin.

So
S ( m ) ( xˆ )  xˆ   (m) sgn( xˆ )

Proof: Denote { x : x 1  } by B, where   xˆ 1 .
Consider an n-dimensional vector xˆ  ( x1 , x2 ,, xN )T
with m non-zero components. When moving x̂ to
some point x in the hyper plane B, the change rate
of l1 norm is ( xˆ 1   ) / xˆ  x 2 . Obviously,
when x  PB ( xˆ ) , the
ρ

xˆ  x

is minimal, the

2

maximum rate can be achieved. So the steepest
descent direction is PBρ ( xˆ )  xˆ .
Sort the absolute values of the components of x̂ ,
*
resulting in the rearranged sequence ( xi )i 1,2,, N .

Thus xi*  xi*1  0 for all i  m , and xm* 1  0 . Using
lemma 4.2 in [7], the projection of x̂ on B is the
same as the one on { x : x 1  } , so there exists



i 1

( x  x )     i 1 ( x  x
*
i

*
k

k

*
i

the corresponding slope will be the length of sgn( xˆ ) ,
that is sgn( xˆ ) 2  m .



m 1
i 1

)

PBρ ( xˆ )  S ( k ) ( xˆ ) ,

(7)

(8)

k 1

(i) Consider the case where

( xi*  xm* )    xˆ 1

(9)

The above formula implies that, (7) holds for
k  m , that is



m 1
i 1

( xi*  xm* )   i 1 ( xi*  xm* )    xˆ 1   i 1 ( xi*  xm* 1 )
m

m

(10)
It follows from this that

( xi*  xm* )   , then

Suppose  sgn( xˆ ) is the steepest descent direction,
that is  sgn( xˆ ) has the same direction with
PBρ ( xˆ )  xˆ , thus
xk*  k 1[ R   i 1 ( xi*  xk* )]  xm*
k 1



k
i 1

(15)

( xi*  xm* )   . It implies from (7) that
k
i 1

( xi*  xm* )   i 1 ( xi*  xk* 1 )
k

(16)

If k  m , we have



where  (k )  xk*  k 1[    i 1 ( xi*  xk* )]

i 1

m
i 1

( xi*  xm* )   , thus (7) holds for some k  m .







(ii) If

The above formula (15) is equivalent to

*
k 1

and

m

(14)

From the above, we learn that the steepest descent
direction PBρ ( xˆ )  xˆ has the same direction with, and

k  m that
k 1

(13)

k
i 1

( xi*  xm* )   i 1 ( xi*  xk* 1 )
k

(17)

This contradicts the formula (16). Thus our
assumption is incorrect, and  sgn( xˆ ) is not the
steepest descent direction for



m
i 1

( xi*  xm* )   .

We conclude from the above analysis that
 sgn( xˆ ) corresponded to l1 norm have two similar
properties with the opposite direction of gradient for
differentiable function:
1) The negative gradient is a vector that points in
the direction of the greatest rate of decrease of the
objective function, and whose magnitude is that rate
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of decrease. Similarly,  sgn( xˆ ) is the greatest
descent direction of l1 norm, and its magnitude is
also the rate of decrease.
2) Property 1) holds only for the local area of the
current point, not globally.
So we named sgn( xˆ ) as the l1 quasi gradient of
x 1 at x̂ .
Fig. 2. Minimization Rule (a) m is even, (b) m is odd.

2.2. Step Size Selection Rule
2.2.1. Minimization Rule

2.2.2. Vanishing Positive Step Size

Step length selection is an essential problem in
the gradient related methods. Inspired by the
“classical” steepest descent method [4], we search
the  (   0 ) such that the cost l1 norm function is
minimized along the direction AAA, that is,
 satisfies

Literature [12] adopts vanishing positive step size
rule, which convergences to zeros along with the
iteration. In what follows, we will give an
interpretation for the reason of this rule.
Suppose x  Ω , then the distance between
x   sgn( x ) and its projection on Ω is

xˆ   # sgn( xˆ )  min xˆ   sgn( xˆ ) 1
1

 0

(18)

Sort the absolute values of the nonzero
components of x̂ , resulting in the rearranged
sequence ( xi' )i 1,2,, m . Thus 0  xi'  xi' 1 for all
1  i  m  1 . Thus
xˆ   sgn( xˆ ) 1   i 1 xi  
m

Denote



m
i 1

(19)

xi   by f ( ) . If the absolute

values of the m nonzero components differ from each
other, we can make the following conclusions:
If 0    x1' , we have
f ( )  ( i 1 xi' )  m
m

(20)

( x   sgn( x ))  PΩ ( x   sgn( x )) 2   Φ sgn( x )

2

(23)
The above formula implies that the distance is in
direct proportion to the step size  . Constrained  in
the interval   (0,  # ] . On one hand the objective
function l1 norm can decrease more as the  grows.
Meanwhile the iteration point is more far away from
the constraint region. This can be illustrated in the
Fig. 3. To balance this interaction, our emphasis is
set to the decrease l1 norm, that is setting
considerable larger  . As the iteration goes by, the
l1 norm can decrease little, then we emphasis on the
latter aspect, that is setting small step size so that the
iteration point violate little form Ω . To fulfill this
thought, a nature method is justly vanishing positive
step size rule as suggested in [12].

If xk'    xk' 1 , we have
f ( )  [( i  k 1 xi' )  ( i 1 xi' )]  (m  2k )
m

k

(21)

If   xm' , we have
f ( )  ( i 1 xi' )  m
m

(22)

Above analysis implies that f ( ) is a piecewise
linear function as illustrated in Fig. 1, and the
corresponding slope is (m  2k ) for all 0  k  m .
If m is even, f ( ) can be minimized at   xm / 2 .
If m is odd, f ( ) can be minimized at   x(m 1)/ 2 .
The same results can be obtained for the case that
several nonzero components have the identical
absolute value.
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Fig. 3. Vanishing Positive Step Size.

2.3. Algorithm Description
Our algorithm named l1 Quasi Gradient
Projection Algorithm (QGP) is defined as follows.
Step 1: Initialization. Let x (0)  Ω ; set k  0 .
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Step 2: Compute step size  ( k ) such as
Minimization Step Size or Vanishing Positive Step
Size, then search along the direction of  sgn( x ( k ) ) :
w ( k )  x ( k )   ( k ) sgn( x ( k ) )

this scale of sparsity, QGP-MR and QGP-VP can get
a more accurate result.

(24)

Step 3: Projection. The next iteration point is the
projection of w ( k ) on Ω :

x ( k 1)  PΩ ( w ( k ) )  w ( k )  Φ T ( y  Φw ( k ) )

(25)

Step 4: Perform convergence test and terminate
with approximate solution x ( k 1) if it is satisfied;
otherwise set k  k  1 and return to Step 1.
Denote QGP algorithm with Minimization Rule
and Vanishing Positive Step Size as QGP-MR and
QGP-VP separately.

Fig. 4. Relative error versus time.

3. Simulation Results
In this section we report experiments which
demonstrate the competitive performance of our
approach on problems of the form (2), and compared
it with the state-of-the-art algorithm GPSR-BB. All
the experiments are carried out on a personal
computer with an Intel Pentium(R) E5300 dual –core
2.6 GHz processor and 2 GB of memory.
In the simulation, N=1000, M=500, the original
signal x contains K randomly placed ±1 spikes,
and the observation y is generated according to (2),
with  2  10 4 . The measurement matrix Φ is
obtained by first filling it with independent samples
of a standard Gaussian distribution and then
orthonormalizing the rows. For the QGP-VP
algorithm, let  ( k )     k with   1 ,   0.99 .
Normalize sgn( x ( k ) ) , that is the adopted descent
direction

is

 sgn( x ( k ) ) / sgn( x ( k ) )

2

.

In

all

experiments, we initial x  Φ y . To evaluate the
proposed method, relative error is used which is
defined as x  x 2 / x 2 .
(0)

T

(k)

Set K=100 in the first experiment. We run QGPMR and QGP-VP for 200 iterations and GPSR 100
iterations. The convergence results of the three
algorithms are showed in Fig. 4.
Fig. 4 shows the relative error of each iteration
point of the three methods. The results indicate that
all algorithms converge to stable point. In the first
several iterations, the relative errors of all algorithms
decrease fast. While the estimations made by
QGP-MR and QGP-VP are much better than the
GPSR-BB method.
Fig. 5 shows the relative errors of these
algorithms as the sparsity. Each result is mean value
by 50 randomly made measurement matrix. It implies
that the relative error of the GPSR-BB gets bigger as
the increase of the sparsity number, while the other
two methods remain relatively stable. Otherwise, in

Fig. 5. Least relative error versus sparsity.

In the third experiment, we terminate the QGP
algorithms with two different step sizes when the
relative error is smaller than 0.05 that is
x ( k )  x / x 2  0.05 . The present running time of
2
QGP-MR and QGP-VP is described in Fig. 6. This
figure demonstrates that the time needed for both
methods for almost exact reconstruction gets bigger
as the increase of the sparsity number. Meanwhile
QGP-VP is a little fast than QGP-MR.

Fig. 6. Time of exact reconstruction versus
sparsity.

135

Sensors & Transducers, Vol. 165, Issue 2, February 2014, pp. 131-136

4. Concluding Remarks
Based on the classical gradient projection
algorithm, l1 quasi gradient projection (QGP) is
presented by the introduction of l1 quasi gradient and
two step length selection. Simulation results
demonstrate that the method can reconstruct the
signal fast and accurately.
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