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Abstract: This paper reports on the design and evaluation of vibration-based piezoelectric energy-harvesting
devices based on a polyvinylidene fluoride unimorph cantilever beam attached to the front of a dynamic
magnifier. Experimental studies of the electromechanical frequency response functions are studied for the first
three resonance frequencies. An analytical analysis is undertaken by applying the chain matrix in order to
predict output voltage and output power with respect to the vibration frequency. The proposed harvester was
modeled using MATLAB software and COMSOL multi-physics to study the mode shapes and electrical output
parameters. The voltage and power output of the energy harvester with a dynamic magnifier was 2.62 V and
13.68 uW, respectively at the resonance frequency of the second mode. The modeling approach provides a basis
to design energy harvesters exploiting dynamic magnification for improved performance and bandwidth. The
potential application of such energy harvesting devices in the transport sector include autonomous structural
health monitoring systems that often include embedded sensors, data acquisition, wireless communication, and
energy harvesting systems. Copyright © 2016 IFSA Publishing, S. L.
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power [6]. Piezoelectric materials are attracting
interest for applications such as harvesting since they

1. Introduction

In recent years there has been an increasing
interest in employing piezoelectric energy harvesters
(PEHs) in applications such as autonomous low-
power electronics and wireless sensors [1-3].
Traditionally, the capture of ambient vibrational
energy from the surrounding environment is an
effective and popular technique to provide small
amount of power (UW to mW) for low-energy
electronics [4-5]. Piezoelectric harvesters based on
cantilever configurations play a prominent role in this
area, which convert mechanical energy into electrical
energy. The devices can be considered as complex
multi-physics systems requiring advanced
methodologies to maximize their performance and
convert ambient vibrations into useable electrical
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have strong electro-mechanical coupling and a high
frequency response [7]. Conventional piezoelectric
energy harvester devices operate as linear vibration
resonators which are often limited to the capture of
low vibration amplitudes that are close to the
resonance frequency of the harvester [8]. However,
energy harvesters with dynamic  magnifier
configurations are of interest due to their ability to
work at different resonance frequencies as well as
magnify the bandwidth of the harvester. One of the
simplest  configurations of a  conventional
piezoelectric energy harvester (CPEH) devices is a
tip mass attached at the front of a piezoelectric
cantilever energy harvester, as shown in Fig. 1 (a).
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Fig. 1. (a) Conventional Piezoelectric Energy harvester
with mass (CPEH); (b) Energy harvester with dynamic
magnifier and mass (EHDM).

In order to enhance the maximum output power
and operational bandwidth of piezoelectric energy
harvesters, researchers have developed a variety of
techniques based on, varying shape of structure beam
using an L-shaped flexible structure [9-11], adding an
additional impendence between the piezoelectric
harvester and load resistance [12-15], using dual-
mass systems [16], changing the cross-section of a
dynamic magnifier [17] and using an energy
harvester with a dynamic magnifier (EHDM) as
shown in Fig. 1(b). The use of EHDM has been
successful in amplifying the energy harvesting
efficiency and widening the bandwidth of the device.
A variety of EHDM models have been developed
with the purpose of understanding the system and
enhancing the device efficiency. Zhou, et al.
developed a novel piezoelectric energy harvester with
a multi-mode dynamic magnifier, which is capable of
significantly increasing the bandwidth and the energy
harvested from ambient vibrations [18]. Aladwani,
et al. [19] and Aldraihem, et al. [20] have studied the
piezoelectric harvester with a dynamic magnifier
consisting of a spring-mass both experimentally and
analytically where the system was able to amplify the
electrical power output and enhanced the bandwidth
of the harvester. Lee, ef al. have investigated an
innovative design platform of a piezoelectric energy
harvester termed a segment-type energy harvester
experimentally and analytically using finite element
method (FEM) where the system showed excellent
performance and generated sufficient power to
operate a temperature wireless sensor [21]. A
bimorph beam with a tip mass attached at the front of
a dynamic magnifier was modeled and studied by
Vasic, et al. where the numerical results showed that
electric power produced by the harvesting beam is
amplified for efficient energy harvesting over a
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broader frequency range [22]. The potential
application of such energy harvesting devices in the
transport sector include autonomous structural health
monitoring systems in trains or aerospace structures
that typically include embedded sensors, data
acquisition, wireless communication, and energy
harvesting systems.

According to literature, limited research has
examined the modeling of a unimorph beam attached
at the front end of a magnifier with mass using the
chain matrix technique for low electronic devices
applications. The reason of choosing the chain matrix
technique is that the model enables examination of
the various electrical and mechanical boundary
conditions by breaking the structure into elementary
elements that can be readily adapted to represent
different configurations of a dynamic magnifier
energy harvester [22]. In this study, a mass was
attached at the front of unimorph piezoelectric energy
harvester to act as a conventional piezoelectric
energy harvester, Fig. 1(a). A mass was then
positioned between the copper beam and
conventional piezoelectric energy harvester to form a
dynamic magnifier energy harvester with mass
(EHDM), as in Fig. 1(b). This research examined the
influence of attaching a mass at the front of unimorph
beam with dynamic magnifier on harvested power
and bandwidth of the device. Analytical simulation of
the harvesting system was carried out using
MATLAB and finite element analysis was utilized
for determination of mode shapes using COMSOL.

2. Mathematical Analysis of Dynamic
Magnifier Model

2.1. Unimorph Beam

The piezoelectric unimorph beam in this study
consists a piezoelectric layer which is sandwiched
between two conducting electrodes and positioned on
the top of shim layer, as shown in Fig. 2.

L,

Fig. 2. Piezoelectric unimorph beam.

The length and the width of the unimorph are
denoted by L, and w, respectively. The thickness of
the piezoelectric layer and shim layer are 4, and #;,
respectively. The expressions of the bending moment
M and the transverse shear force F relative to the
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position x and according to the piezoelectric voltage
V are written as [22]:

92u
M=-K,—+N,V, €))
ox?

_oM _ 0%u

F=2"—k, 2%,
ox ox3

2

where K, is the effective bending rigidity of the entire
unimorph beam, N, is the constant of the electro-
mechanical conversion.

Both previous quantities are defined for the
unimorph beam in Fig. 2 mathematically as [23-25]:

1
K, = EW(4}5Sh§ +E b +3E hh, (2h, + hp)), 3

h

gh,

= B ), @)

where E;, E, are the Young's modulus of the shim
layer and piezoelectric material, respectively,
ds; is piezoelectric strain coefficient of the
piezoelectric material.

The equation of the motion of the elastic
unimorph beam is given as:

4 9%u

0"u
Kuax_4+w(pshs+pphp)¥:07 (5)

where p;, p, are the densities of the shim and
piezoelectric layer, respectively. By considering a
harmonic mode, the general solution of displacement
in Eq. (5) can be written as [26]:

u =0y cos A, x+aysin 4, x+azcosh A, x +aysinh 4,x, (6)

where o —a, are the coefficients determined from
the boundaries conditions and A4, is the wave
number:

K

u

_ 1/4
A =["—”w2j : ()

where « is the vibration frequency and p, is the
linear mass:

Py =w(pshy +p,h,) (®)

In order to model this element, we have
established a relationship between the bending
moment denoted M, the rotational velocity @, the
transverse shear force F;, and the vertical velocity U,
at the position x=0 according to these same
quantities (Ma, ®,, F2, U,) at the position x=L, as
shown in Fig. 3.

Ml=q)l

o
|

E.U, 5.0,

M, 0,

Fig. 3. Bending moments M) M-, transverse shear forces
F1 F», vertical velocities U1 Uz and rotational velocities
O1®D; at the ends. Same here — narrow arrow ends otherwise
it dominated the image.

By taking into account the following boundary
conditions of the bending moments and the transverse
shear efforts at the ends:

F :F|x:0 and M, :M|x:O )

F,=-F

=L, and M, =—-M

x=L‘p (1 0)

Velocities at the ends of the beam corresponding
to linear displacements and rotation are defined
by [27]:

ou 0%u
=—|, and ®; =———| _ 11
1 at|x_0 and @, 8t8x|x_0 an
Ju 0%u
—|._ dd,=——r|_ 12
T Y N (12

matrix relations can be establish as shown in Eq. (13)
and Eq. (14).

U 10 1 0 1 [
o0 A0 A flal
U2 S Sy 1y, n, a}

0 -4 0 & ||4
M1 -& 0 £ 0
F ~As, ke An, —Am,
M, X, s, —km, —Zn, | |0

, (14)

where ¢, =cosA, L

u=p >
m, =coshA,L,, n, =sinhA,L,.

By eliminating the coefficient a; to a4, we
establish a 4x4 matrix relationship (Eq. (15))
connecting the efforts and velocities of one end of the
beam (x = 0) to the other (x = Lp ) including the
voltage V.

s, =sin4,L,,
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(15)

where T"7 is called the 4x4 chain matrix, defined by:

m, +c, - A, (n, —s,)
- (n, +s,) m, +c,
r‘l‘l’ = l ﬂ’u
2| jo(n, —s,) - jo(m,-c,)
Kuﬂ‘z Kllﬂ/i
jw(mu _Cu) _ja)(nu +Su)
K, 4 K4,
and I1* is a matrix 1 x4 defined by:
[ Nuﬂ’u (nu _Su) ]
2
N, - N,(m, +c,)
L
= joN,(m,—c,) (17)
2K A2
JoN,(n,+s,)
2K, A, ]
2.2. Magnifier Beam

For a magnifier beam (shown in Fig. 1), the
effective bending rigidity K,, can be written as:

where ¢, =cos A, L

m; =cosh 4,,L,, ,

wh,

_ 1/4
A, =[/’_ma,2]

K

m

and the linear mass density:
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Km = (18)
12Smll
mp+cy = Aw(np=sp)
1 _(ni;_SL) my +e,
i == L
2| jo(n,—sp) —jo(m,—cp)
Jo(my—c;) —jon +s;)
mo> Sp =sind,L,,
n;, =sinh 4,,L,, .
(22)

Ku/’i’?l(nu +Su) Kuﬂi(mu _cu)
Jjo Jjo

_Kuﬂ'i(mu _cu) Kuﬂ’u(nu _Su)
jo jo

(1, +5,) (16
mll + Cll - .
A,
A, (n, —s,) m, +c,

The equation of the motion of the magnifier beam
is given as:

(19)

By considering a harmonic mode, the relation
connecting the bending moments M; M,, transverse
shear forces F; F> and velocities of one end of the
beam to the other end is obtained in a similar way to
the previous case as in Egs. (9-14) but the electro-
mechanical constant is not used.

A -F,
M, L, |=M>
=r™ , 20
U, U, (20)
@, @,
where T™ is the 4x4 chains matrix, defined by:
Kmﬂ’fn(nl +SL) Kmﬂ’%n(ml _CL)_
jo jo
_ Km/?,fn.(mL -c;) K, (.nL ) o1
Jo Jo
(n,+s;)
my +CL ﬂm
Ay =) mptcp
P = WPyl (23)

3. Composition of the Model

In the general case, the determination of the
complete model of a particular device structure is
undertaken by assembling simple elements that are
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characterized by their chain matrix and their electro-
mechanical conversion matrix thereby revealing the
electrical variables (V and I). Thus, if we consider the
particular case of the structure represented in Fig. 1,
the separation of the system into simple elements is
made in Fig. 4. The chain relation of each element of
the harvester is:

Fy -5
M -M
Section 2: 2 |=rt 3 +HL”V, (25)
2 Us
%) @,

where I'2™ is the chain matrix of the magnifier, ' is
the chain matrix of the energy harvesting beam with

k — Iy piezoelectric elements and the mass m; at the end of
. M -M the magnifier and mass m; at the end of the harvester
Section 1: | ' |=T*" o : ; ) :
ecion L 05 U’ (24)  peam are taken into account with chain matrices ™!
! 2 and I/, respectively.
@, @,
-Fy B _R 0
Mass (m,) _;{]’ - ;{_— Mass (m, ) _g{ -~ g
@, @, P, @,
M, D, My, @y My, @y, M;. D,
/——""'
lT! g +
E.U, Uy F,. Uy F;.Us
« > “«—
Ly L,
23] —F f e
M; Im | ~Mn A{D =rk» _‘153 TV
Uy Un b Ys
@ Dy ®22 ®3
Fig. 4. Simple cutting elements of the energy harvester with the dynamic magnifier.
- F Fy -1 0 3 0
-M M -M M
21 le 22 , 3 rm2 (26) 1 vl el 2 0 el L
Us, Uy Us 3 e e +T ATV, (28)
N 3
@, ®y, @, @, Jo ®
0 3
The expression of the two mass matrices is
1o jom 0 10 jony 0 Fhar _ 1—~Lm 1—~ml 1—~Lp l“mz: F‘fmr r\gar (29)
P |01 0 0] L, fo 100 I N
oo 1 o Tloo 1 o @
00 o0 O 00 0 O /e
Hhar :I-Lm I—-ml HLp — ;l :| (30)
Hzar

Considering that the excitation at the fixed end of
the harvester is a sinusoidal excitation, A.., the

boundary conditions at the embedded end: U, = Ao

j@
and ®; = 0, and at the free end: F3 = 0 and M; = 0.
The continuity of the mechanical quantities at the
junction of the sections enables the matrix relation of
the complete energy harvester with magnifier to be:

We can extract two matrices relations Eq. (31)
and Eq. (32) from Eq. (28):

k har | U3 h
:r“ ar +H arV’ 1
[MJ ; LD} 1 a1
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Aext

. _ har U3 har

jo |=r| C ey (32)
3

0

This second relation Eq. (32) enables the
velocities at the end of the harvester beam to
be calculated:

ext

{Uﬂ—(r‘ﬁ“’fl j@

D, 0

—([CeT ey 33

The velocity @3 can be expressed as:

o, =[r 1y, ‘jw S R VLG NN

<I>3=A@—BV, (35)
jo

where 4 =[(r‘{1“’ )‘1]21 and B =[(F‘Z"’ )_111’27“’] 2

3.1. Electrical output Parameters

For calculation of the -electrical output
power of the energy harvester with a magnifier,
firstly the electric current / is related to electric
displacement Dj:

_ (9D
1= J‘WdAg ; (36)
A

where A4, is the area of the electrodes. The integration
of Eq. (38) gives Eq. (39) [26]:

[:ijpV_Nu(q)ZZ_q)3)> (37)

where C, is the internal electrode capacitance of the
piezoelectric layers, and is given by [27]

T
&L, w
C :—p

P
h]’

(38)

The boundary condition imposed leads to @ = 0.
If we consider a resistive load R connected at the
electrodes of the piezoelectric layers, the voltage V'
can be expressed as:

RN

Ve
1+ joRC, 39)

Eq. (35) provides an additional relationship
between voltage and velocity ®s;, thus relation
Eq. (39) can be expressed as:
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—RN, A A,
=T - (40)
1+ jwRC,—RN,B jw

Finally, the expression of the output power is:

P=—- (41)

4. Results and Discussion

4.1. Experimental Design Results and
Analysis

In this section, we present both theoretical and
experimental results of:

1) A conventional piezoelectric energy harvester
with mass;

2) An energy harvester with dynamic magnifier
and mass (EHDM).

Energy harvesting measurements were carried out
initially by attaching a mass at the front of a
commercial  polyvinylidene  fluoride = (PVDF)
unimorph cantilever beam in the configuration shown
in Fig. 1(a). The second configuration involved
attaching the polyvinylidene fluoride (PVDF)
unimorph cantilever with mass at the front of copper
cantilever beam with magnifier end-mass, as shown
in Fig. 1(b). Both devices were then connected to a
shaker system. The dimensions, electrical,
mechanical properties of cantilever beams and
magnifier end mass are shown in Table 1. A

parametric study was undertaken using the
experimental setup shown in Fig. 5.
Laser Controller
Microtrack I1 Function
mti Ceneralor
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- 4
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— | Brilel&Kjaer
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Accelerometer

Briiel&Kjuer 48107 * il

4810
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Signal to

Picoscop
&
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Channel 2

Fig. 5. Schematic diagram of the experimental set-up.

Fig. 6 shows the frequency response functions of
output voltage and average output power for a CPEH
and EHDM. It can be shown from Fig. 6 that there
are three mode shapes of each proposed system, the
blue circle line which represents the experimental
results of CPEH has one peak at each mode shape,
while the red circle line which represents the
experimental results EHDM has two peaks at each
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mode shape. The output voltage and the average
output power of EHDM is larger than the CPEH and
reached the maximum value at resonance frequencies
of the first three modes. The energy harvesting
bandwidth at every resonance frequency of the
harvesting beam is widened in the EHDM
configuration. It is convenient here to mention that
the values of resonance frequency at 31 Hz and at
43 Hz will be of particular interests in this study due
to high electrical output values. Fig. 7 and Fig. 8
show the experimental and theoretical data of the
output voltage and average power for the
conventional piezoelectric energy harvester and the
EHDM, respectively; data is at a load resistance of
500 kQ. It can be observed that the output voltage
and average power in both cases have a good
agreement between experiment and chain modeling.

The resonance frequencies, output voltage, and
average power of the first three modes for the CPEH
and the EHDM from the graphs in Fig. 7 and Fig. 8
are summarized in Table 2.

Fig. 9 shows the output voltage and average
power for EHDM at a range of load resistances, Ry,
from 100 Q to 10 MQ. It can be seen from Fig. 9(a)
that the output voltage increases with increasing Ry,
and the resonance frequency of the EHDM harvester
depends on the external load resistance R;.
Moreover, the output power has a good agreement
between experiment and modeling with an optimum
power at the condition 2m-fRp-Cy=1, where C, is
capacitance of the unimorph cantilever beam element
(2.7nF). The maximum peak of power can be
observed between 300-600 kQ; see Fig. 9(b).

Table 1. Properties of cantilever beams investigated. Magnifier end mass=5 g, unimorph end mass=1 g.

Magnifier beam Piezoelectric unimorph cantilever beam
Type of beam
Copper PVDF layer Shim layer
Length (m) Ln=0.150 Ly=0.052 Ls=0.041
Width (m) wm=0.016 wp=0.016 we=0.016
Thickness (um) hm=250 hp=48 h=18
Young's modulus (GPa) Em=117 Ep=3 Es=5
Density (kg/m?) pm=8960 pp=1780 ps=1820
Dielectric constant & 3T3 =12 -
Piezo strain coefficient (C/N) d31=-23x10"12 -
Capacitance (nF) Cp=2.7 -
3.0 16
: —-e— With magnifier : : —-e— With magnifier
. I _____ —-e—- Without magnifier EAl I 1 """ —-8—- Without magnifier

Output voltage (V)

0 20 40 60 80 100 120 140
Frequency (Hz)

(2)

Output power (uW)

0 20 40 60 80 100 120 140
Frequency (Hz)

(b)

Fig. 6. Experimental data of CPEH and EHDM at load resistance 500 kQ of (a) output voltage,
and (b) Output power versus frequency.
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Fig. 7. Experimental and theoretical data of (a) output voltage,
and (b) output power versus frequency of CPEH at load resistance 500 kQ.
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Fig. 8. Experimental and theoretical data of (a) output voltage,
and (b) output power versus frequency of EHDM at load resistance 500 k<.
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Fig. 9. Experimental and theoretical data of (a) output voltage,
and (b) output power versus load resistance of EHDM at second mode shape.
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Table 2. Resonance frequency, voltage and power output parameters of CPEHM and EHDM.

Cantilever beam type Resonance frequency (Hz) Output voltage (V) Output power (uW)
and mode shape EXP. MAT. | Error (%) | EXP. | MAT. (Error (%)| EXP. | MAT. |Error (%)
= First Mode 6.02 3.57 40.7 0.23 0.22 4.34 0.12 0.11 8.33
T |Second 37.42 | 36.90 139 132 | 130 1.51 348 | 3.39 2.58
6 Mode
th(:gg 117.1 117.4 0.25 0.28 0.27 3.57 0.18 0.14 22.22
5.02 5.24 4.38 0.45 0.29 35.55 0.52 0.18 65.38
First Mode
8.69 8.96 3.11 0.82 0.53 35.36 1.35 0.43 68.15
E Second 31.04 | 30.64 1.28 262 | 245 6.48 13.68 | 11.88 | 13.16
E Mode 42.72 43.76 2.43 1.92 1.81 5.72 7.47 6.54 12.45
Third 95.04 95.64 0.63 0.35 0.25 28.57 0.32 0.11 65.62
Mode 107.3 109.2 1.77 0.33 0.25 24.24 0.27 0.18 33.33
4.2. Simulation and Analysis of EHDM Using
MATLADb and COMSOL (@) 15t mode frequency=3.57 Hz
15 Z"d mode frequency=37.54 Hz
. . —_— ord _
By using Eq. (6) the displacement u(x, ) of the 3" mode frequency=117.66 Hz
uniphorm beam with magnifier can be obtained. The 10
first three modes of CPEH system are shown in /
Fig. 10. Fig. 10(a) shows the theoretical results of os
model where the first three mode shapes happens
approximately at 3.6 Hz, 37.5Hz and 117.7 Hz,
respectively. Fig. 10(b) shows the modeling results of o0
CPEH using FEM where the first three mode shapes
happens approximately at 9.3 Hz, 37.4Hz and -05
108.4 Hz, respectively. Fig. 11 shows the theoretical
results of EHDM using MATLAB R2015a, this 10

figure indicates clearly that the dynamic magnifier
energy harvester has an additional mode of vibration
appearing at each resonance mode. For each mode,
the first resonance (red line) is primarily due to the
magnifier and the second resonance (blue line) is due
to the unimorph beam [22].

For the more general case, FEM analysis is
performed in COMSOL Multiphysics in two
dimensions to investigate the resonance frequencies
and modes of vibration of EHDM structure. As it is
known the power density would be maximum when
the vibration frequency matches the resonant
frequency of piezoelectric harvester. A very fine
mesh is used for generating accurate results of
EHDM system. The natural frequencies and the
corresponding mode shapes of EHDM of the first six
mode shapes are shown in Fig. 12. The resonance
frequency of each  vibration ~mode in
Fig. 10 — Fig. 12 are summarized in Table 3.

The columns in red line are represented an error
between the measured, MATLAB and COMSOL
data as can be seen in general, the percentage error in
COMSOL or FEM is less than that calculated
by MATLAB.

0.00 0.01 0.02 0.03 0.04 0.05 0.06

(a)

(b.1)

‘-‘--_--".'
(b.3)

Fig. 10. The first three mode shapes of CPEH obtained
from the (a) theoretical analysis (MATLAB R2015a),
where the first mode is 3.57 Hz, second mode is 37.54 Hz,
and third mode is 117.66 (b) COMSOL software, where
(b.1) the first mode is 9.29 Hz, (b.2) second mode is
37.44 Hz, (b.3) third mode is 108.36.
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Fig. 11. The first six mode shapes of the EHDM structure obtained from the theoretical analysis (MATLAB R2015a), where
the first resonance is mainly due to the magnifier and the second resonance is mainly due to the harvesting beam:
(a) magnifier (fn = 3.58 Hz); (b) beam (fn = 6.81 Hz); (c) magnifier (fn = 30.95 Hz); (d) beam (fn = 42.69 Hz);

(e) magnifier (fn = 95.08 Hz); (f) beam (fn = 119.54 Hz).

..—--.'“--_

1 =

| . |
(a)

o

o '
(c)

> 4 »

——

(e)

A
B o
(b)
-5 A
(d)
Pl
l.f \\ ’
) N

Fig. 12. The first six mode shapes of the EHDM structure obtained from the FEM (COMSOL 5.0), where the first resonance
is mainly due to the magnifier and the second resonance is mainly due to the harvesting beam: (a) magnifier (fn = 4.07 Hz);
(b) beam (fn = 7.65 Hz); (c) magnifier (fn = 30.99 Hz); (d) beam (fn = 44.45 Hz); (e) magnifier (fn = 95.21 Hz);

(f) beam (fn = 130.76 Hz).

5. Conclusions

This paper has examined the effect of attaching a
piezo-unimorph beam with tip mass on the output
electrical parameters and bandwidth of a CPEH and
EHDM at both an experimental and theoretical level.
The experimental results show maximum output
voltage generated by a conventional energy harvester

66

at single frequency value of 37 Hz, where the
maximum output voltage generated by EHDM are in
frequency range of 31 Hz to 42 Hz. This result
highlights the higher bandwidth of the EHDM
compared to the CPEH and overlapping of modes of
resonance of the system. The analytical model, which
predicts the electrical parameters of this system is
based on dividing the structure into elementary parts,
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all these parts and proof mass have been written in
the form of matrix representation with good
agreement with the experimental data. The
theoretical results of mode shapes of CPEH and
EHDM have obtained and validated with

MATLAB software and the FEM (COMSOL). The
modeling approach provides a basis to design energy
harvesters exploiting dynamic magnification for
improved performance.

Table 3. Experimental, MATLAB and COMSOL resonance frequency results of EHDM.

Cantilever beam Resonance frequency (Hz)
type;'::);““de EXP. MATLAB Error (%) COMSOL Error (%)

First 6.02 3.57 40.69 9.29 54.31

= Mode

s Second

g Mode 37.42 37.54 0.32 37.44 0.05
Third 117.1 117.66 0.48 108.36 7.46
Mode
First 5.02 3.58 28.68 4.07 18.92
Mode 8.69 6.81 21.63 7.65 11.96

E Second 31.04 30.95 0.29 30.99 0.16

E Mode 42.72 42.69 0.07 44 .45 4.05
Third 95.04 95.08 0.04 95.21 0.18
Mode 107.3 119.54 11.40 130.76 21.86
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