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Abstract: The problem of synchronizing counterpropagating waves in ring lasers is an integral part of the 
fundamental problem of synchronizing nonlinear oscillations. This phenomenon is inherent in all self-oscillating 
systems. As a continuation of the work [1] and extension of [2], an in-depth analysis of the obtained equations 
was performed for He Ne ring laser with an inhomogeneously broadened active medium. Alternative to 
backscattering explanation of the lock-in phenomena [3] was suggested and it is counterpropagating waves phase 
relationship through their nonlinear polarization. Comparative analysis of the behavior of frequencies and 
intensities for the single-mode ring laser working on a single isotope of Ne and on the mix of 20Ne 22Ne isotopes 
was conducted. Dependency of the lock-in threshold on different parameters including active medium pressure, 
cavity detuning, pumping current value, rotation speed, etc. were theoretically researched. The intensity of 
counterpropagating waves was analyzed. Theoretical predictions were compared with experimental data. The 
most important results are presented in this work. 
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1. Introduction 

 

The creation of a ring laser has created a unique 
possibility for conducting precision research in 
various fields of fundamental physics. For example, 
the creation of detectors of gravitational waves [4], the 
study of relativistic and gravitational effects in the 
theory of relativity [5, 6] verification of the effects of 
quantum electrodynamics [4], and other phenomena 
[7]. One of the important applications of the ring laser 
is a laser gyroscope sensor. The accuracy of modern 
gyroscopes makes it possible to measure the 
unevenness of the Earth's rotation [7]. 

The principle of operation of this equipment is 
based on the Sagnac effect. Two counterpropagating 
waves in the ring laser have different frequencies if the 
propagation conditions of the waves are different. One 
of these conditions can be the rotation of the ring laser. 

Frequency differences can be easily measured by 
optical heterodyne detection. 

Ring lasers are complex nonlinear self-oscillating 
systems with output characteristics, which (and, 
hence, the accuracy of measurements) are dependent 
on many factors. In essence, the problem of finding the 
frequencies and intensities of the generation of 
counterpropagating waves of the same mode is the 
problem of finding normal modes of an optical 
resonator with a nonlinear active medium. The 
presence of a nonlinear medium in the resonator 
dictates the use of the self-consistent method, first 
used by Lamb [8] for the construction of laser theory. 

The obtained results, for the first time, made it 
possible to explain the behavior of the frequency 
differences and intensities of laser generation in 
single-mode gas laser operating on pure isotope, in the 
entire generation region (including the region of strong 
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coupling). In addition, they made it possible to 
systematize the experimental data accumulated in the 
course of many years of research, to establish the 
regularities of the redistribution of the intensities of 
the generation of counterpropagating waves 
depending on the parameters of the resonator and the 
active medium. 

During the rotation of the laser gyroscope at a 
speed less than a certain critical value (called the lock-
in threshold), the frequency difference of 
counterpropagating waves is insignificant, and 
reciprocal frequency synchronization is observed [9], 
which leads to the insensitivity of the laser gyroscope 
in a certain region of low rotation speeds, where the 
beat frequency becomes equal to zero. A large number 
of works [9 - 10] are devoted to the study of the 
synchronization phenomenon in ring gas lasers. The 
main, and often the single reason for the reciprocal 
frequency synchronization is considered to be the 
coupling of waves through backscattering when part 
of the field of one wave is scattered by a single 
inhomogeneity in the direction of the other. This 
model does not find sufficient physical justification. 

In the work [1], another, fundamentally 
unavoidable, reason for the coupling of 
counterpropagating waves was proposed. This is a 
phase relationship through their nonlinear 
polarization. More precisely, through that component 
of polarization, the origin of which is caused by the 
modulation of the population difference between the 
energy levels with frequency ߱௥ − ߱௟. Where ߱௥ is 
the frequency of the right wave and ߱ ௟ is the frequency 
of the left wave. We note that the modulation of the 
population difference is the reason for the existence of 
the strong-coupling region. 

This work is an extension of [1]. Here we 
conducted a comparative analysis of the behavior of 
frequencies and intensities of single-mode lasers 
operating on pure isotope Ne and the mixture 20Ne 
22Ne isotopes. Note that the transition to a two isotopic 
medium does not affect the general form of the laser 
equations. Only the expressions for the polarization 
coefficients change. 

 
 

2. Main Equations 
 
The self-consistent problem of an optical ring 

resonator with a nonlinear active medium was solved. 
The electric field of counterpropagating waves (݆ = ,ݎ ݈) 
is defined as: 

,ݖ)௝ܧ  (ݐ = ݌ݔ଴௝݁ܧ ቄ±݅݇ ׬ ௝݊(̃ݖ)݀̃ݖ௭଴ ݐ߱݅− ∓ ఝ(௧)ଶ ቅ, 
(1) 

 

where 
ఝ(௧)ଶ  are the phase shifts of each wave caused  

by rotation. 
The complex refractive index  ௝݊(ݖ) = ௝݊ᇱ(ݖ) + ݅ ௝݊ᇱᇱ(ݖ) of a nonlinear medium is 

induced by the interaction of counterpropagating 
waves in the active medium. ௝݊(ݖ) was found via 
polarization by a quantum mechanical method suggest 
by Lamb [8]. Unlike [8] and other authors, all 
calculation was performed in complex variables,  
in the analytical form in the third-order of the 
perturbation theory with the weak-field limit without 
additional approximations. 

The final system of the equations is obtained from 
the periodicity conditions which are necessary for the 
existence of stationary generation in the resonator: 

௥ߟ  = ௥ܫ௥ᇱᇱߚ + ௟ܫ௟ᇱᇱߠ + ߮ݏ݋௥ᇱᇱܿߪ) − ,௟ܫ௥ܫඥ(߮݊݅ݏ௥ᇱߪ (2) 
௟ߟ  = ௟ܫ௟ᇱᇱߚ + ௥ܫ௥ᇱᇱߠ + ߮ݏ݋௟ᇱᇱܿߪ) + ,௟ܫ௥ܫඥ(߮݊݅ݏ௟ᇱߪ (3) 
 ሶ߮ = Δ߱ − ௖௅ ൛2ܪܭ △ ܼᇱ − ௥ᇱߚ)௥ܫ − (௥ᇱߠ ௟ᇱߚ)௟ܫ+ − (௟ᇱߠ − 2(△ ߮ݏ݋ᇱܿߪ −  ,௟ൟܫ௥ܫඥ(߮݊݅ݏᇱᇱߪ

(4) 

 
where ܫ௥,௟ is the dimensionless intensities, ߟ௝ = ௝ܼᇱᇱ − ఌೕ௄ு, ߚ௥,௟, ߠ௥,௟ are the  polarization 

coefficient of self-saturation and cross-saturation 
respectively of right and left waves, ܼᇱ is the linear 
dispersion, ܼᇱ is the coefficient of linear gain, ܪܭ is 
the gain on the length of the tube ܪ. The phase 
coupling of counterpropagating waves is caused by the 
parametric effects (polarization terms proportional to ߪ௥,௟ᇱᇱ , ௥,௟ᇱߪ ) in a nonlinear active medium. The interaction 
of counterpropagating waves is carried out in a 
nonlinear active medium. 

Imaginary and real parts of the ߚ௥,௟, ߠ௥,௟, ܼ ߪ௥,௟ are 
shown in the Fig. 1 and Fig. 2 below. 

Polarization coefficient σ, which is the only reason 
for frequency synchronization is 5 orders of magnitude 
smaller than other polarization coefficients (ߚ௥,௟, ߠ௥,௟, ܼ). This insignificant value is enough to change the 
behavior of the frequencies of counterpropagating 
waves and introduce lock-in phenomena. 

Solving system (2) - (4) gives classical  
Adler’s equation. 

 ሶ߮ = Δ ෥߱ −  (5) ߮݊݅ݏܤ
 
It can be used to derive boundaries of the lock-in 

range and the expressions for intensities: 
 Δ߱ௗ − ܤ < ሶ߮ < Δ߱ௗ +  (6) ,ܤ

 
where 

ܤ  = ܮܿ ᇱᇱܼܪܭ)2 − ᇱᇱߚ(ߝ + ᇱᇱߠ ൜ߪᇱᇱ − ᇱߪ ᇱߚ − ᇱᇱߚᇱߠ −  ᇱᇱൠ (7)ߠ

 Δ ෥߱ = Δ߱ + Δ߱ௗ, Δ߱ௗ = 2Δߝ ܮܿ ᇱߚ − ᇱᇱߚᇱߠ −  ᇱᇱ (8)ߠ

 

Here Δ߱ௗ is the laser gyroscope null shift caused 
by a nonreciprocal element. 
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Fig. 1. Real part (on the left) and imaginary part (on the right) of polarization coefficients ߠ ,ߚ and ܼ depending on the 
relative detuning for zero frequency difference between counterpropagating waves and single isotope active medium. 

 
 

 
 

Fig. 2. Real part (on the left) and imaginary part (on the right) of polarization coefficients ߠ ,ߚ and ܼ depending on the 
relative detuning for zero frequency difference between counterpropagating waves and 50 % mixture of 20Ne, 22Ne isotopes 

active medium. 
 
 

 
 

Fig. 3. Real part (on the left) and imaginary part (on the right) of polarization coefficient σ depending on the relative 
detuning for zero frequency difference between counterpropagating waves. Dashed lines are for single isotope and solid line 

for 50 % mixture of 20Ne, 22Ne isotopes active medium. 
 
 

Intensities can be derived in the approximation ܫ߂ ≪ ܫusing the notation 2 ܫ = ௥ܫ + ܫ∆௟, 2ܫ = ௥ܫ −  .௟ܫ
In this case, ∆ܫ/ܫ can be neglected and the expression ඥܫ௥ܫ௟ can be simplified as ඥܫ௥ܫ௟ =  .ܫ

௥,௟ܫ  = ܫ ±  (9) ܫ∆
 

ܫ = ᇱᇱߚߟ +  ᇱᇱ (10)ߠ

 Δܫ = ᇱᇱߚ1 − ᇱᇱߠ ൜Δߟ + ߟ ᇱᇱߚ߮݊݅ݏᇱߪ +  ᇱᇱൠ (11)ߠ
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3. Discussion of the Numerical 
Calculation Results 

 

Lock-in boundaries and intensity were researched 
theoretically based on Eqs. (2) - (4) for the wide range 
of ring laser configuration such as single isotope and 
mixture of 20Ne, 22Ne isotopes and by varying a 
significant number of different parameters including 
pressure in the active medium, gain value, detuning, 
resonator rotation speed, same and different  

losses for counterpropagating waves, etc. Based on  
Eqs. (9) - (11) calculations of intensities and additional 
frequencies difference were performed. The results for 
a single isotope and different losses or frequency 
difference are presented in Fig. 4, Fig. 5. 

In case when frequency difference and different 
losses for counterpropagating waves are presented at 
the same time, the function of intensities becomes 
asymmetric. This special situation is presented in 
Fig. 6 and was noted in many experimental works. 

 
 

 
 

Fig. 4. Intensities difference for counterpropagating waves ܫ௥− ܫ௟ on the left and additional frequency difference  
for counterpropagating waves ߱௥− ߱௟ on the right depending on the relative detuning for non-zero frequency difference ∆߱ = ௥ߝ ,ݖܪܯ 0.106 = ௟ߝ = ܪܭ ,0.1 = 0.12 and single isotope active medium. 

 
 

 
 

Fig. 5. Intensities difference for counterpropagating waves ܫ௥− ܫ௟ on the left and additional frequency difference  
for counterpropagating waves ߱௥− ߱௟ on the right depending on the relative detuning for different losses and zero frequency 

difference ∆߱ = ௥ߝ ,ݖܪܯ 0 = ௟ߝ ,0.1 = ܪܭ ,0.1001 = 0.12 and single isotope active medium. 
 
 

 
 

Fig. 6. Intensities difference for counterpropagating waves ܫ௥− ܫ௟ on the left and additional frequency difference  
for counterpropagating waves ߱௥− ߱௟ on the right depending on the relative detuning for different losses and none-zero 

frequency difference ∆߱ = ௥ߝ ,ݖܪܯ 10.6 = ௟ߝ ,0.1 = ܪܭ ,0.1001 = 0.12 and single isotope active medium. 
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The results for a mixture of 20Ne, 22Ne isotopes can 
be found in Fig. 7, Fig. 8. Similar to a single isotope 
active medium, for simultaneous presence of 
frequency difference and different losses for 

counterpropagating waves, functions of intensity  
and frequency difference become asymmetric as 
shown in Fig. 9. 

 
 

 
 

Fig. 7. Intensities difference for counterpropagating waves ܫ௥− ܫ௟ on the left and additional frequency difference  
for counterpropagating waves ߱௥− ߱௟ on the right depending on the relative detuning for non-zero frequency difference  

for ∆߱ = ௥ߝ ,ݖܪܯ 0.106 = ௟ߝ = ܪܭ ,0.1 = 0.12 and 50 % mixture of 20Ne, 22Ne isotopes active medium. 
 

 
 

Fig. 8. Intensities difference for counterpropagating waves ܫ௥− ܫ௟ on the left and additional frequency difference  
for counterpropagating waves ߱௥− ߱௟ on the right depending on the relative detuning for different losses and zero frequency 

difference for ∆߱ = ௥ߝ ,ݖܪܯ 0 = ௟ߝ ,0.1 = ܪܭ ,0.1001 = 0.12 and 50 % mixture of 20Ne, 22Ne isotopes active medium. 
 

 
 

Fig. 9. Intensities difference for counterpropagating waves ܫ௥− ܫ௟ on the left and additional frequency difference  
for counterpropagating waves ߱௥− ߱௟ on the right depending on the relative detuning for different losses and non-zero 
frequency difference for ∆߱ = ௥ߝ ,ݖܪܯ 10.6 = ௟ߝ ,0.1 = ܪܭ ,0.1001 = 0.12 and 50 % mixture of 20Ne, 22Ne isotopes 

active medium. 
 

 
As shown in Fig. 4 for a single isotope active 

medium there is an area of strong coupling of the 
waves. In this range of relative detuning, energy is 

redistributed between the weak and the strong waves 
and intensities for counterpropagating waves have 
corresponding peaks. However, the total intensity does 
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not have these peaks. In addition, it was noted, that in 
the middle of the gain curve Δܫ is zero. 

Analysis of Eq. (11) for intensities difference 
inside lock-in range (Δ߱ = 0) shows that Δܫ is an odd 
function due to the fact that ߪᇱ is an odd function. 
Outside lock-in range Δܫ is the odd function as well. Δܫ close to the center of the gain curve has the same 
behavior inside and outside lock-in range as shown in 
Fig. 4 and Fig. 10. The detailed research of the 
behavior of ߪᇱ and ߪᇱᇱ was conducted in [1] and in 
Fig. 3 of that work. The presence of ߮݊݅ݏ in the 

Eq. (11) explains the intensity oscillations reported in 
[11] and other experimental works, which could not be 
theoretically justified before. ܤ in Eq. (7) makes the main contribution into 
synchronization threshold as follows from (5). As 
shown in Fig. 11, ܤ is an even function because 
functions ܼᇱᇱ, ,ᇱᇱߚ ,ᇱᇱߠ  .ᇱᇱ in Eq. (7) are even functionsߪ
The evenness of ܼᇱᇱ, ,ᇱᇱߚ ,ᇱᇱߠ  ᇱᇱ was discussed in [1]ߪ
and shown in Fig. 1 and Fig. 2. ܤ has a maximum on 
the center of the gain curve. 

 
 

 
 

Fig. 10. Intensities difference for counterpropagating waves ܫ௥− ܫ௟ on the relative detuning inside lock-in region for ∆߱ = ௥ߝ ,0 = ௟ߝ = ܪܭ ,0.1 = 0.12 and 50 % mixture of 20Ne, 22Ne isotopes active medium. 
 
 

 
 

Fig. 11. Dependency of parameter ࡮ on the relative detuning for different pressure in the active medium  
for ࢘ࢿ = ࢒ࢿ = ૙. ૚, ࡴࡷ = ૙. ૚૛ and 50 % mixture of 20Ne, 22Ne isotopes active medium. 

 
 
Fig. 12 shows the calculations of the intensity 

depending on resonator rotation speed for different 
gain. The lines for intensities on Fig. 12 are interrupted 
at the point of the lock-in threshold, which means the 
lock-in threshold is increasing with the increase of 
active medium gain. The explanation can be given 
from the fact, that frequency synchronization is a non-
linear effect and nonlinearity increases with the 
increase of the active medium gain. On another side, 
as shown in Fig. 11, the lock-in threshold decreases 
with increasing of the active medium pressure. This is 
due to the raise of the relaxation constants with the 

pressure growths. It can be noted that frequency 
synchronization effect is complex, nonlinear effect 
and many different parameters can influence lock-in 
threshold, such as active medium pressure, gain, 
pumping current, etc. 

Calculations for Fig. 12 were carried out under the 
condition that the gain ܭ remains unchanged over the 
cross-section of the tube. However, in the 
experiments, the transverse distribution of the gain 
changes significantly with the increasing of the 
pumping current as shown in Fig. 13. This effect can 
lead to the reduction of the active medium gain with 
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the increasing of pumping current due to the 
dependency of relaxation constants on this current. In 
our opinion, that is the reason for the deviation of 
Fig. 12 and similar figures in [3]. 

 ௝ and respectively synchronization thresholdߠ ,௝ߚ
depend on the active medium pressure and gain, 
relative detuning, and other parameters. Fig. 14 is an 
example of such dependency.  

 
 

 
 

Fig. 12. Dependencies of intensities for counterpropagating waves on the speed of resonator rotation 
for various values of ܪܭ. 

 
 

 
 

Fig. 13. Transverse distribution of the gain ࡷ for different pumping currents in mA. 
 
 

 
 

Fig. 14. Dependences of the synchronization threshold on the pressure (Torr) at various relative detuning. 
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4. Conclusions 
 
Detailed analysis of the results of work [1] was 

conducted. Synchronization in ring lasers is a 
multiparametric frequency-dependent effect and 
depends on the design and geometry of the cavity, as 
well as on the pumping current, pressure in the active 
medium, cavity rotation speed, etc. To understand the 
specifics of the laser work, in every case, it is 
necessary to have a detailed understanding of the 
configuration of the laser. 

Intensities of counterpropagating waves were 
researched depending on different laser parameters 
such as relative detuning, single isotope and isotopes 
mixture, different losses and frequencies differences 
of counterpropagating waves. The results for 
intensities are presented. Qualitative behavior of 
intensities difference retains the same inside and 
outside lock-in range boundaries. For the first time, the 
oscillations in the intensities obtained in [11] were 
theoretically explained. 

It was established theoretically, that lock-in range 
boundaries are decreasing when pressure is increasing. 
As a result of the research of Eq. (8), it was confirmed 
theoretically that the synchronization threshold is 
higher when the active medium gain is higher and 
adding a second isotope to the active medium is 
decreasing the lock-in threshold. In addition, 
increasing of synchronization threshold while 
increasing detuning was also predicted based on 
equations analysis. Comparison with experimental 
data was conducted. For comparison with the 
experiment, it is necessary to take into account the 
change in the spatial distribution of the gain over the 
cross-section of the tube with the active medium. 

 
 

5. Annex A. Expressions for Polarization 
Coefficients 
 
In this Annex full expressions for polarization 

coefficients ߚ௥,௟, ߠ௥,௟, ܼ, ߪ௥,௟ are given. 
Polarization calculation from the system of 

equations for the elements of the density matrix in the 
third order of the perturbation theory was performed 
in many works [8], [12] where a small parameter is 
given by: 

 

௝ܫ = ห݀ܧ௝หଶℏ ௔௕ߛ1 ൬ ௔ߛ1 +  ௕൰, (12)ߛ1

 

where ݀ is the transition dipole moment. The fact that 

this small parameter is proportional to หܧ௝หଶ
, allows to 

call it dimensionless intensity of the wave. 
Unlike other authors Lamb and others we did not 

separate equations to real and imaginary part. This 
approach gave a possibility to find analytical equations 
for polarization coefficients without additional 
approximations. The detailed description can be found 

in [13]. Polarization of ݆ -wave is represented in the 
following form 

௝(z)ߢߨ2  = ܭ(݇/1) ቄ ௝ܼ − ௝ܫ௝ߚ − −௝ᇲܫ௝ᇲߠ  ሼ∓݅߮ሽቅ݌ݔ௝ᇲ݁ܫ௝ܫ௝ඥߪ
(13) 

 

Here it was taken into account the following 
ܮ)∗௟ܧ(ݖ)௥ܧ  − =(ݖ ݌ݔ଴௟݁ܧ଴௥ܧ ቊ݅݇ න ௝݊݀̃ݖ௭

଴ ቋ
× ݌ݔ݁ ቊ−݅݇ න ௝݊݀̃ݖ௅ି௭

଴ ቋ∗
= ݌ݔ଴௟݁ܧ଴௥ܧ ൜݅ ߣߨ2 ×ൠܮ ݌ݔ݁ ቊ−݇ න ൫ ௝݊ᇱᇱ൯݀̃ݖ௅

଴ ቋ= ܪ݇−൛݌ݔሽ݁ݍߨሼ±݅2݌ݔ଴௟݁ܧ଴௥ܧ ௝݊ᇱᇱൟ = ܪ݇−൛݌ݔ଴௟݁ܧ଴௥ܧ ௝݊ᇱᇱൟ 

(14) 

ܭ  =  gain coefficient per unit – (ݑℏ)/ଶܰ݀ߨ2
length, ܰ – excitation density, ݑ – root mean square 
velocity of the active medium atoms. 

Expression for ܼ function, which real part 
describes the linear dispersion (ܼᇱ) and imaginary part 
linear amplification (ܼᇱᇱ) of the active medium is given 
by (15). 

 ܼ൫ߞ௝൯ = 2݅ න ଶߩ−൛݌ݔ݁ + ஶ,ߩ௝ൟ݀ߞߩ2݅
଴  (15) 

 

where: ߞ௝ = ൫ఠೕିఠೌ್ା௜ఊೌ್൯(௞௨) , ߱௔௕ is the frequency of the middle of the gain curve; ݇ݑ is the Doppler broadening; ߛ௔௕ is the half-widths of the homogeneous line. 
Polarization coefficient of self-saturation ߚ௥,௟ can 

be calculated by the following formula: 
௝ߚ  = ݅ ௝ܼᇱᇱ + 2݅ ݑ௔௕݇ߛ ൫1 + ௝ߞ ௝ܼ൯ (16) 

 

Cross-saturation coefficient ߠ௥,௟ can be  
represented as: 

௝ᇲߠ  = ෍ ௝ᇲ௧ଷߠ
௧ୀଵ  (17) 

 ௥,௟ is defined by two processes. First is saturationߠ 
of population difference of the energy states, which 
leads to existence of the following two terms: 

௝ᇲଵߠ  = 1 + ݅∆2(1 + ∆ଶ) ൫ ௝ܼ + ܼ௝ᇲ൯− ൬2݅∆൰ ቀ ௝ܼ + ௝ܼᇲ∗ ቁ 
(18) 
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Last two terms in (17) appears due to  
parametric process of modulation of energy state 
population difference with frequency ߱ ௝ − ௝߱ᇲ. Which 
leads to increase of the coupling of the 
counterpropagating waves. 

௝ᇲଶߠ  = (௔௕ߛ/ߛ)݂ ෍ ௡|ିଶߥ| ቄܼ ቀߞ௝௝ᇲ(௡)ቁ௡ୀ௔,௕− ቀ ௝ܼ − ௝ܼᇲ∗ ቁ /2 − ௝ᇲଶቅߠ௡ߙ , (19) 

௝ᇲଷߠ  = (௔௕ߛ/ߛ)݂ ෍ ௡ିଶߥ ൜ ௝ܼ ቀ1௡ୀ௔,௕+ 2൫ߛ௔௕/(݇ݑ)൯ଶߥ௡ߥቁ− ܼ ቀߞ௝௝ᇲ(௡)ቁ + (ݑ݇)௔௕ߛ௡ߥ2 , ൠ 

(20) 

 ∆= (߱ + ߱௔௕)ߛ௔௕ , ߱ = ൫ ௝߱ + ௝߱ᇲ൯2 , (21) 

௝௝ᇲ(௡)ߞ  = ൫ ௝߱ − ௝߱ᇲ +  (22) ,(ݑ2݇)/௡൯ߛ݅

ߥ  = ∆ + ݅, ௡ߥ = ∆ + ,௡ߙ݅ ௡ߙ = 1 −  (23) ,(௔௕ߛ2)௡ߛ

 ݂ = ,(ଶߛ4)/௕ߛ௔ߛ ߛ =  2 (24)/(௕ߛ+௔ߛ)
 

Modulation of the population difference of energy 
state is the main reason for the polarization terms 
proportional to ߪ௥,௟ᇱᇱ , ௥,௟ᇱߪ . Polarization coefficient ߪ௝ has 
the form: 

௝ߪ  = ௔௕ߛߛ௕8ߛ௔ߛ ෍ ቊ ଶ௡ߥ1 ቈ3(∆ − ଶߥଵߥ(2݅ ܼ ቆ13 ൫ߞ௝௡ୀ௔,௕ + ௝௝ᇲ൯ቇߞ + ଵ௡|ଶߥ|ଵ௡ߙ2݅ ௝ܼ௝ᇲ(௡)቉− ଵ௡ߥଵߥ1 ௝ܼ + ∗ଵ௡ߥଶߥ1 ௝ܼᇲ∗ ቋ, 
(25) 

ଶߥ  = 2∆ − ݅, ଶ௔,௕ߥ = ∆ +  ଶ௔,௕, (26)ߙ݅
ଶ௔,௕ߙ  = 1 −  (27) (௔௕ߛ2)/௔,௕ߛ3
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