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Abstract: Node localization technology is one of the basic research fields in Wireless Sensor Networks (WSN) 
applications. The coordinates of the unknown nodes can be determined by the Least Square Estimate (LSE), 
which is commonly employed in the WSN node localization. Due to the influence of multi-path fading, the 
distance can be obtained from the Received Signal Strength Indicator (RSSI). But in the experiments and 
applications, it is found that different spatial positions of the anchor nodes and the errors of the distance 
measurement sometimes lead to large location errors, which is called ill-posed problem. To solve this problem, 
condition numbers are selected to diagnose the ill-posed degree. When the ill-posed degree is weak, the LSE 
method can be utilized to localize. When the ill-posed degree is serious, the ridge estimate method is proposed 
to weaken the ill-posed problem, and quasi optimal criterion is proposed to choose the regularization parameter. 
Test results indicate that the ridge estimate method dilutes the influence of ill-posed problem obviously, and the 
location errors can be reduced to around 4 meters. Copyright © 2013 IFSA. 
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1. Introduction 
 

Wireless Sensor Networks (WSN) have broad 
application prospects in the industrial, military, 
environmental and other fields [1-3]. As an important 
supporting technology, WSN node localization 
becomes one of the research focuses [4-6].  

The Range-based localization methods are one 
promising localization way which has the benefit of 
good location accuracy. There are several methods to 
measure the distances between two nodes: Received 
Signal Strength Indicator (RSSI), Time of Arrival 
(TOA), and Time of Difference of Arrival (TDOA). 
The RSSI method is widely used, in which 
knowledge of the power of the transmitted signal, the 
path loss model and the power of the received signal 
are used to determine the distance between the 
receiver node and the transmitter node [7-11]. 

In the process of localization using RSSI, it is 
found that the conventional Least Square Estimate 
(LSE) localization algorithm may produce large 
location errors. The spatial location and the error of 
the measured distance cause the ill-posed problem 
where the LSE method isn’t available. This 
phenomenon is especially apparent in the three-
dimensional localization. The ill-posed problem is 
corresponding to the well-posed problem. The well-
posed problem means:  

1) The existence of the solution;  
2) The uniqueness of the solution;  
3) The solution depends continuously on the data. 

The problem which does not fulfill all the requests 
above is defined as an ill-posed problem [12-13]. 

The ill-posed problem is studied in the WSN 
node localization and the ridge estimate method is 
proposed to weaken the ill-posed problem. Then 
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quasi optimal criterion is proposed to choose the 
regularization parameter. Test results indicate that 
the ridge estimate method based on quasi optimal 
criterion dilutes the influence of ill-posed problem 
obviously and improves the location accuracy of the 
ill-posed problems. 

 
 

2. Node Localization Model 
 
WSN node localization is based on the spatial 

geometric relationship between unknown nodes and 
anchor nodes, and the coordinate of the unknown 
nodes can be obtained through the spatial locating 
algorithm. In the ideal case, the anchor node is set as 
the center of a ball and the radius is the distance 
between anchor node and unknown node. Then these 
balls can intersect to one point, which is the location 
of the unknown node. However, the distance errors 
between anchor nodes and unknown node make the 
intersection become a region or even no intersection. 
Then, the node localization becomes multi-solution 
or even no solution. 

Suppose the coordinates of the anchor nodes and 
the unknown nodes are 

     nnn zyxzyxzyx ,,,,,,,, 222111   and  zyx ,, , 

respectively. The distance from the anchor nodes to 

the unknown node are .,, 321 ndddd   The 

localization model is described by 
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By subtracting one equation from the rest, we get 
 

,AX B  (2) 
 
where  
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The distances from the anchor nodes to the 

unknown node can be determined by the RSSI in the 
localization process. Wireless channel generally uses 
a logarithmic distance path-loss model [14]: 
 

     0 10
0

10 log , 1,2i
i i dBm

d
P d P d n X i n

d

 
    

 
  (3)

The distance from anchor nodes to the unknown 

node can be measured by Eq. 3, where id denotes the 

distance from anchor nodes to the unknown node,  

0d  denotes the reference distance, n is the path-loss 

exponent,  dPi  denotes the received power at 

distance of 0d  [6]. dBmX denotes the error because 

of the multi-path fading, which cause B  in Eq. 2 
differs from the real value. So the right side  
of the Eq. 2 is defined as .B  With the 
definition   BB , Eq. 2 can be described as 
 

AX B  (1) 
 
Then the LSE of X can be denoted as  
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where BAWAAN TT  , . 

We can obtain: 
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where Q denotes the orthogonal matrix, 

0minmax     denote the eigenvalues of the 

matrix N . 
LSE is the best linear unbiased estimation when 

the measured value obeys normal distribution. But 
the LSE result is no longer a best linear unbiased 
estimation when there is any eigenvalues of matrix 
N  near to zero where the ill-posed problem exists. 
Then the condition number is proposed to diagnose 
the ill-posed degree in the node localization. 

The condition number of matrix 
N is   |||||||| 1 NNNcond . If the matrix N  is 

positive-definite matrix, it's easy to 
obtain   minmax /Ncond . The condition number 

measures the distribution extent of the eigenvalue of 
matrix N , which can be employed to diagnose the 
ill-posed degree. Statistical application experience 
shows: if   1000  Ncond , the ill-posed problem 

is weak; if   1000100  Ncond , the ill-posed 

problem is in moderate or strong degree; if 
  1000Ncond , the ill-posed problem is in serious 

degree [12]. To solve this problem, the ridge estimate 
method is proposed to modify the deviation caused 
by the eigenvalue. 
 
 

3. Localization Algorithm Based  
on the Quasi Optimal Criterion 

 

There are several ways to solve the ill-posed 
problems, such as Regularization method, Iterative 
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Regularization method, Truncated Conjugated 
Gradient method, Lanczos method, Pre-conditioned 
Iterative method etc. [15-16]. Because of simple and 
low calculation cost, the regularization method is 
more suitable for WSN positioning than the others. 
The ridge estimate regularization method is adopted 
to overcome the ill-posed problem in the WSN  
node localization. 

According to the regularization theory: 
 

2 2
min{ - }F AX B X     (7) 

 
Then the ridge estimate is: 
 

1ˆ ( ) ,T TX A A I A B     (8) 

 

where 


x  is the estimation of X,  is the 

regularization parameter. Compared with the LSE 

method, the ridge estimate turns AAT  

into IAAT  . When the minimum eigenvalue is 
near to zero, the degree of the minimum eigenvalue 

of IAAT   will be improved. When there are ill-
posed problem in the system, the ridge estimation 
can overcome the instability of the LSE.  

Different  causes different estimation result. The 
smaller  is, the smaller anthropic factor is 
introduced, and vice versa. So the key point of ridge 
estimate is the selection of . There are two types of 
strategies, prior and posteriori. As to the prior 
strategy, it's difficult to verify the qualification for it 
depends in practice. In the process to determine the 
regularization parameter, the method of posteriori 
policy is more practical. It is based on certain 
principles and the error level of original data. By 
appending qualitative or quantitative information to 
the solution, the error level of the regularization 
parameter matches the original data. 

However, the error level is often unable to be 
obtained in practice. So some approaches to select 
regularization parameter cannot be used, such as 
Morozov Deviations, Generalized variation principle 
etc. Then the Quasi Optimal Criterion is proposed to 
choose the regularization parameter  as followed  
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where 



X  is the solution of Euler  
equation  BXM ,  
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where is the regularization parameter that makes 

y  minimum.  
 
 

4. Experimental Results 
 
Some WSN nodes in good quality are chosen for 

the localization experiments. The radio frequency 
chip is cc2520. An open space is selected as 
experimental site, and the anchor nodes are located in 
a 3-dimensional space. 10 typical anchor nodes are 
chosen and marked which are shown in Table 1. The 
coordinate of unknown node is  01.1,14,12n . 

 
 

Table 1. Coordinates of anchor nodes. 
 

Unit: meter 
No. x y z No. x y z 
1 0 0 0.54 6 4 7 0.54 
2 8 4.6 12 7 11 15 0.54 
3 22 15 22 8 23 24 0.54 
4 11 23 0.54 9 23 7 1.01 
5 15 0 0.54 10 16 20 1.01 
 
 
In order to eliminate the impact of radio wave 

transmission noise, a large number of experimental 
data are employed to revise the wireless channel 
model. The revised channel model is  

 

     63.79 20log , 1, 2iP d d i n      (13) 

 
In the test, we randomly choose four or five 

anchor nodes as a group to localize node with ridge 
estimate method. To evaluate the location result, the 
localization error is introduced to compare the 
experimental result with the WSN node real position. 
The error e is defined by the real position  
(x, y, z) and the localized position (x, y, z)  
as follows 

 

     2 2 2
' ' 'e x x y y z z       (14) 

 
12 groups of typical experimental results are 

shown in Table 2. 
The results show that the ill-posed serious degree 

increase as the condition number increasing. The 
largest location error is 908.83 meters in No. 7 group 
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localization which has no sense. The condition 
number of group 1 and 2 are both less than 100, the 
LSE can be selected directly to localize. Using the 
same number of anchor nodes to localize with LSE, 
positioning results varies differently. This is the 
feature of ill-posed problem in WSN node 
localization.  

 
 
Table 2. Localization result comparison between LSE 

and ridge estimate. 
Unit: meter 

Ridge estimate based on 
Quasi Optimal Criterion

No. 
Anchor node 

group 

Cond-
ition 

number 

LSE 
error 52  

error   error 

1 [1,3,5,7,8] 21 2.515 --- --- --- 
2 [3,5,8,10] 13 1.416 --- --- --- 
3 [1,5,7,9] 7143 160.0 2.547 75 2.269
4 [1,5,7,10] 8975 35.87 2.910 42 2.836
5 [1,7,8,10] 3475 18.0 2.231 91 2.194
6 [1,7,8,9] 126610 95.21 3.646 33 3.545
7 [1,6,8,9] 274560 908.8 4.856 44 4.842
8 [1,5,7,8,10] 2538 7.53 2.547 44 2.525
9 [5,6,8,9] 2816 63.71 5.508 46 4.254
10 [5,6,8,10] 2139 45.54 1.670 64 1.471
11 [5,7,9,10] 41048 187.4 1.673 56 1.581
12 [7,8,9,10] 516 9.57 3.555 23 3.116

 
 
The selection method of ridge estimate parameter 

 based on quasi optimal criterion is shown in Fig. 1. 
 is selected when  is minimum in different groups. 
In order to verify the validity of the quasi optimal 
criterion,  varies from 0 to 300. The WSN 
localization error variations are shown in Fig. 2. The 
WSN node localization error reaches minimum when 
 is around the ridge parameter. This shows that 
appropriate ridge estimate can be obtained through 
the quasi optimal criterion.  

As is shown in Fig. 2, the error goes down and 
then goes up to a certain value when  varies from 0 
to 300. And almost each error reaches minimum 
when  is around 50. In order to reduce the 
computational cost in WSN localization applications, 
 is set to a certain value. Then the computational 
cost of the proposed location method is equal to that 
of LSE method. According to the test data, the 

average value of regularization parameter   is 52. It 
can be found in Table 2 that when  is 52, the 
location accuracy is improved and the computational 
cost is the same as LSE.  

Results show that selecting the appropriate 
regularization parameters effectively overcome the 
ill-posed problem. The most obvious case is the third 
group, the location error drop significantly from 
159.9844 meters to 2.2689 meters. 

It is found that improper spatial distribution of 
anchor nodes cause the ill-posed problem in the 
localization process. If the ill-posed degree is weak, 
the LSE can be employed to localize. If the ill-posed 
degree is serious, the ridge estimate is utilized. If the 

positioning accuracy requirement is high, the 
regularization parameter can be selected by quasi 
optimal criterion. If the positioning accuracy 
requirement is low, the regularization can be set to 
52, so that the computational cost is same as  
LSE method.  

 
 

0 50 100 150 200 250 300 350 400 450 500
0

5

10

15

20

25

30

35

40

ɑ value
y 

va
lu

e

Selection of the ridge parameter ɑ

 

 

Group3

Group4
Group5

Group6

Group7

Group8

Group9

Group10
Group11

Group12

 
 

Fig. 1. The selection of ridge parameter .. 
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Fig. 2. Error varying with the  changing. 
 
 

Due to the ill-posed problem found in the WSN node 
localization, the location process is proposed as Fig. 3. 

 
 

5. Conclusions 
 

It is found that there are ill-posed problem in 
WSN node localization. The traditional LSE 
localization result is not always a best linear unbiased 
estimation when the ill-posed problem exists.  

To solve the ill-posed problem in WSN node 
localization, the condition number is proposed to 
diagnose the ill-posed degree. If the ill-posed degree 
is weak, the LSE can be employed to localize; if the 
ill-posed degree is serious, the ridge estimate method 
is proposed to reduce the positioning error based on 
quasi optimal criterion. 
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Fig. 3. Flow chart. 
 
 
A location process is proposed to reduce the 

computational cost. The regularization parameter  
can be selected to a constant value of 52, so that the 
computational cost is as much as the LSE method; if 
the positioning accuracy requirement is high, the 
regularization parameter can be selected by quasi 
optimal criterion to obtain a better . 

Test result shows that when the regularization 
parameter is 52, the location error of ill-posed 
problem can be reduced to around 4 meters,  
which meet part of the WSN node  
localization requirements.  
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