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Abstract: An approach to analyze the effects of different factors on gear dynamic behavior is presented by 
means of vibration influence chart. Considering the high contact ratio and heavy load characteristics of 
herringbone planetary gear train, a translational-rotational coupled dynamic model for an encased differential 
herringbone planetary gear train is developed using lumped mass method. The principles and methods to draw 
the influence chart are given and the specific steps for HPGT are discussed in detail. The optimal matches 
between the mean value and fluctuation of mesh stiffness, rotating speed are obtained using the vibration 
influence charts. The good design regions for vibration are evidently presented in figures, which is significant to 
parameters design of herringbone planetary gear systems. Copyright © 2013 IFSA. 
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1. Introduction 

 

Planetary gear trains with herringbone gears are 
more advanced than common planetary gear trains 
(PGT) because of its higher torque to weight ratio 
and lower vibration. Herringbone Planetary Gear 
Train (HPGT) has extensive application prospect in 
heavy automobile, aero engine, marine gearing, and a 
variety of other transmissions with great power. In 
academic area, vibration and noise of gear train has 
always been the critical issue. Lin and Parker [1, 2] 
analyzed inherent characteristics and dynamic 
response of planetary gear systems. Song Yimin and 
Wang Shiyu [3, 4] established a modified torsional 
model of 2K-H planetary gear train and acquired its 

natural characteristics. Ambarisha [5] and Parker 
established a non-linear dynamics model of planetary 
gear system by coupling lumped mass method and 
FEM-Contact model which considered backlash in 
circular tooth. However, for the complex PGT, 
especially the HPGT, less work has been performed 
about influence of design factors on system response. 
Lehao Chang and Geng Liu [6] analyzed influence of 
important parameters on vibration of planetary gear 
system, and these parameters included mesh stiffness, 
structure stiffness, gear mass and moment of inertia. 

In the present study, a transverse-torsional 
coupling dynamic model for a HPGT is proposed. 
The free vibration characteristics of the system are 
investigated in the following analysis. According to 

Article number P_SI_418 

http://www.sensorsportal.com


Sensors & Transducers, Vol. 23, Special Issue, July 2013, pp. 144-151 

 145

the basic method proposed by UMEZAWA [7-9], the 
principles and methods to draw influence chart are 
determined and the realization way in HPGT is 
discussed in detail. The matches between the mean 
value and fluctuation of mesh stiffness, rotating 
speed are obtained using the vibration  
influence charts. 

 
 

2. Dynamic Modeling 
 

The system to be investigated is a herringbone 
planetary gear train used in marine transmission. The 
schematic diagram of a HPGT is shown in Fig. 1. 
The input gear is sun which transfers the input torque 
to the five planet gears. Then the torque is exported 
by carrier. Table 1 is the system parameters  
of the HPGT. 

 
 

 
 

Fig. 1. Schematic diagram of the HPGT. 
 
 

The lumped mass model of the system is shown 
in Fig. 2. Main components are considered to be rigid 
and the gear tooth flexibilities are modeled as linear 
springs on the meshing action plane. In this figure, 
oxy is the moving coordinate system of the center 
gear, and its origin locates in the theoretical center of 
the wheel. x direction points to the static equilibrium 
position of the first planet. oixiyi (i=1, 2,…, N, N is the 
number of the planets) is local moving coordinate of 
planet, and its origin oi coincide with the center of 
planet i, and xi, yi are the radial and tangential 
deflections respectively. yi also can be obtained 
through rotating xi counterclockwise by 90°. 
xj, yj (j=s, i, r1, r2, c) represent transitional 
displacement of each parts and j  is the rotational 
displacement which occurred because of vibration of 
system. For convenience, the rotations of θi can be 
replaced by their corresponding translational gear 
mesh displacements as uj=rjθj, j = s, r, c,  
p1, …, pi, …, pN, where rj is the base circle radius 
for each gear or the assembly radius of the planets for 
the carrier. zr1 and zr2 are the axial vibration of two  
ring gears. 

Subscript s represents the sun wheel, c means 
carrier, r1 and r2 denote ring gear 1 and ring gear 2, 
respectively. The mesh stiffness between the sun and 
the planet is described by spring element ksp, and the 

mesh stiffness between the ring gear and the planet is 
denoted by krp. Lateral brace stiffness kj is the 
connection between shaft and other structures, and kju 

is the torsional stiffness. As all the bearings are 
sliding bearings, the details of bending stiffness are 
not given in Fig. 2, which is only denoted by kp. 
According to the dynamic characteristics of oil film 
in sliding bearings, every kp includes four items, 
which are kpxx, kpxy, kpyx, kpyy respectively. 
 
 

Table 1. Parameters of the HGPT. 
 

Module 
Face 
width 

Pressure 
Angle 

Helix 
Angle 

mn / mm B / mm °  / ° 
Basic 

parameters 
9 250 20 25 

Parts Carrier 
Sun 

Gear 
Planet 
Gear 

Ring 
Gear 

Number of 
Teeth z 

— 71 49 169 

Addendum 
Coefficient han

* 
— 1.15 1.15 1.15 

Coefficient of 
Tip Clearance 
cn

* 
— 0.5 0.5 0.25 

Radius rj /mm 595.82 327.13 225.77 778.67 
Mass mj / kg 3297 768 343 760 
Moment of 
Inertia  
Ij / kg×m2 

1330 75 19 583 

Supporting 
Stiffness kj / 
(kN/m) 

3.51 1.94 — 8.54 

Torsional 
Stiffness  
kju/(GN×m/rad) 

0.123 0.076 — 0.77 

External 
Engagement ksp / 

(kN/m) 

Internal 
Engagement krp / 

(kN/m) 
Mesh stiffness 

11.50 5.81 
kpxx kpxy kpyx kpyy Stiffnesses of 

Journal Bearing
kpij /(kN/m) 

6.10 1.09 0.78 3.69 

 
 

 
 

Fig. 2.The dynamic model of the system. 
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When neglecting the friction on tooth surfaces, 
the relative gear mesh displacement of a sun/planet 
pair with both herringbone gears is denoted as 
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bssississpi

uyx

uyx
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cos)cossin(       

cos)cossin(
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(1) 

 

The relative gear mesh displacement of a 
ring/planet pair with helical ring gear and 
herringbone planet gear is given as 
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(2) 

 
where, t is the transverse pressure angle and b is the 
base helical angle. si=i-t, ri=t+i, i is the 

assembly position angle, i=2(i-1)/N for equal 
spaced HGPT, where i=1, 2 … N.  

Applying Newton’s second law, the undamped 
differential equations of motion for the input gear can 
be derived as: 
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The formulations of carrier (Eq. 4), ring (Eq. 5), 

and planets (Eq. 6) are given as following:
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(4) 
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(6) 

 
The equations of motion for the other ring gear can 

be obtained similarly. Assembling the equations in 
matrix form as: 

 

0
'' ))()()(())(( Ptexktktexcmx bm    (7) 

 
where, m, c, km(t) and kb are mass matrix, damping 
matrix, time-varying stiffness matrix and supporting 

stiffness matrix, respectively; x is displacement 
vector, P0 represents external load and e(t) is column 
vector of meshing error. 

xjgF __
denote the component 

of gravity for different wheel in x direction and 

yjgF __
is the component of gravity in y axial, 

cr2,r1,s,j .
xigF __  

and
 yigF __  

are
 
the

 
components

 
of

 
gravity

 
in

 
x or y axial for each planet gear i,  
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i=1, 2,…, N. xiF __  and 
yiF __  are the components 

of centrifugal force in x and y direction. 
 
 
3. The Influence Chart for HPGT 
 
3.1. Evaluating Indicators of the Influence 

Chart of HPGT 
 

The commonly used metrics in gear dynamics 
include dynamic factors, natural frequency, dynamic 
load sharing coefficient and the vibration acceleration. 
The results derived from above dynamic model include 
the response on all structural parts, gears, and bearings. 
For the load fluctuations on structural parts are rather 
small compared with those on gears and bearings, take 
the dynamic factors of gears and bearings as the 
indicators to assess the system vibration. The dynamic 
factors are defined in Eq. (8). 
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0spF , 01prF  and 02prF  are normal load, which are 

transferred by the planet wheels, the sun wheel and 

the ring gears, respectively. And max)( spiF , max1 )( pirF  

and max2 )( pirF  represent the maximum meshing 
force between the planet, the sun and ring gears in a 
mesh cycle. 

At the same time, as the acceleration response is 
time-varying, use the Root-Mean-Square(RMS) ae of 
acceleration ai of each parts instead, of which the 
units is m/s2 for bearings and g (9.8 m/s2) for gears. 
Table 2 is the evaluating indicators for dynamic 
response in vibration influence charts. In follow 
section, the influence of different parameters 
matched on there indicators will be discussed. 
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3.2. Parameters of Investigation for HPGT 
 

Because the mesh stiffness is time-varying, 
according to Fourier Transform 

 
 )sin()(   tKKtKm , (10) 

 

where K is the mean value of mesh stiffness, and 
ΔK is the fluctuation of mesh stiffness. Their units is 

N/m. K and ΔK are varied in the given ranges 
respectively, then superpose them with Eq. (10) to 
get the new mesh stiffness as new dynamic excitation 
in Eq. (7). According to influence of mesh stiffness 
on dynamic characteristics of HPGT, three different 
parameters matching can be acquired: the mean value 
and the fluctuation of mesh stiffness, the mean value 
of mesh stiffness and input speed, the fluctuation of 
mesh stiffness and input speed. 

 
 

Table 2. Evaluating indicators for dynamic response in 
vibration influence chart. 

 

Symbol Meanings Units 

sp1Kd  
Dynamic factor of dynamic meshing 
force between the sun wheel and the 
first planet gear  

� 

r1p1Kd  
Dynamic factor of dynamic meshing 
force between the ring 1 and the first 
planet gear  

� 

e_sa  RMS of torsional vibration 
acceleration for the sun gear  

g 

e_ra  RMS of torsional vibration 
acceleration for the ring gear 1 

g 

e_pa  RMS of torsional vibration 
acceleration for the fist planet gear 

g 

 
 

3.3. The Vibration Influence Chart  
for HPGT 

 
Fig. 3 is a series of vibration influence chart. In 

this figure, horizontal abscissa and vertical 
coordinate demonstrate two matching parameters. 
And the value of evaluation indicators is described 
by contour line; different color region means 
corresponding index value. In this section, all local 
amplified figures are elicited by a straight line in the 
influence chart. 

Fig. 3 demonstrates the influence of the mean 
value and the fluctuation of mesh stiffness on 
dynamic response when the input speed equals to 
3150 r/min for external gearing. From this diagram, 
when the mean mesh stiffness is more than 
1×1010 N/m, the influence of the fluctuation on 
response is not distinct. The dynamic factor, 
acceleration of the sun and the ring are almost not 
changed. At the same time, the dynamic factor of the 
ring gear and the acceleration of the planet gear are 
increased with the mesh stiffness. When the mean 
mesh stiffness is less than 5.0×109 N/m, the dynamic 
response is increased evidently by the fluctuation. 
The optimal matching scheme of the mean and the 
fluctuation of mesh stiffness is confirmed when the 
five responses occur in the white region for external 
gearing. That means the optimal range of the mesh 
stiffness value should be changed from 1.0×1010 N/m 
to 1.5×1010 N/m and the fluctuation should less than 
1.0×109 when the input speed is 3150 r/min. 
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(a) Dynamic factor for external engagement. 
 

 
(b) Dynamic factor for internal engagement. 

 

  
 

(c) RMS of acceleration for sun. 
 

 
(d) RMS of acceleration for planet. 

 

 
 

(e) RMS of acceleration for ring. 
 

Fig. 3. Vibration influence chart of the mean and the fluctuation of mesh stiffness for external engagement. 
 
 

The vibration influence of the mean mesh 
stiffness and input speed on dynamic response is 
shown in Fig. 4. The maximum of dynamic response 
occurs when the input speed is less than 1200 r/min. 
The dynamic factors will less than 2.0 when the 
speed over 2000 r/min no matter what the value of 
the mean stiffness changes. The vibration of the sun 
and the ring are very slight while the mesh stiffness 

exceed 5×109 N/m. Especially, the vibration of the 
planet gear is the minimum when the input speed is 
taken 1000 r/min to 4000 r/min and the mesh 
stiffness is changed from 5.0×109 N/m to 
1.5×1010 N/m. Therefore, the optimal range of the 
mean stiffness value should be changed from 
5×109N/m to 1.5×1010 N/m and the input speed 
should be located in 1500 r/min to 4000 r/min. 
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(a) Dynamic factor for external engagement. 
 

 
(b) Dynamic factor for internal engagement. 

 

  
 

(c) RMS of acceleration for sun. 
 

 
(d) RMS of acceleration for planet. 

 

 
 

(e) RMS of acceleration for ring. 
 

Fig. 4. Vibration influence chart of the mean mesh stiffness and input speed for external engagement. 
 
 

Fig. 5 shows that the max region of dynamic 
factor can be acquired when the input speed is 
located in 750 r/min to1000 r/min. And the dynamic 
load is gentle and the coefficient is less than 1.5 if the 
speed over 2000 r/min. The vibration acceleration of 
sun, planet and rings is increased evidently with the 
fluctuation of stiffness when input speed equals to 
2000 r/min. And the vibration reaches the max region 
after the fluctuation exceeding 3.5×109 N/m. When 
input speed exceeds 3000 r/min and the mesh 

stiffness is not more than 5.0×108 N/m, the response 
indicators are located in the white region. It means 
that the dynamic factors and vibration acceleration 
reach to the design requirements. 

According to Fig. 3 to Fig. 5, the optimal 
matching range of parameters can be concluded in 
Table 3. Because of the lack of space, the matching 
range of internal engagement is also shown directly 
in Table 3. 
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(a) Dynamic factor for external gearing. 
 

 
(b) Dynamic factor for internal gearing. 

  
 

(c) RMS of acceleration for sun. 
 

 
(d) RMS of acceleration for planet. 

 

 
 

(e) RMS of acceleration for ring gear. 
 

Fig. 5. Vibration influence chart of the fluctuation of mesh stiffness and input speed for external gearing. 
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Table 3. The optimal matching range of mesh stiffness  
and input speed. 

 

Type K  (N/m) ΔK (N/m) 
Input 

Speed (r/min) 
External 
Engagement 

1.0×1010 
~1.5×1010 

≤5.0×108 3000~4000 

Internal 
Engagement 

2.5×1010 
~7.5×1010 

≤3.0×108 3000~5000 

 
 

4. Conclusions 
 
Based on the analysis about dynamics of a 

herringbone planetary gear train, the influence charts 
of several main parameters are acquired, which 
includes mesh stiffness, fluctuation of mesh stiffness 
and input speed. 

In order to control the dynamic response of 
HPGT conveniently, the input speed, the mean value 
and the fluctuation of mesh stiffness should be 
matched. And the optimal range of parameters is 
acquired in this study. The influence charts 
intuitionally provide the intensive and weak regions 
for vibration; it means that the appropriate design 
parameters can be chosen easily for improvement of 
dynamic performance for HPGT. Then the 
interaction of other parameters is to be investigated 
for more accurate research in future work. 
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