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Optomechanical Mode-Shape Mapping
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Abstract: Visualizing eigenmodes is crucial for understanding the dynamics of state-of-the-art micromechanical
devices. A method is established to map modes of mechanical structures optically. This fast and robust method,
based on parallel modified phase-lock loops outperformed three alternative approaches. The setup used is
discussed here in more detail, and the modal decomposition results are investigated further, including a study of
the orthogonality of the eigenmodes and the mixing of degenerate modes. Crosstalk, however, remained a
problem, especially for membranes with a small mechanical response. The issue is investigated using numerical
simulations of the phase-lock loop operation, which indicate that without crosstalk compensation, the mode maps
will be strongly distorted. To solve this, the phase-lock loop is equipped with crosstalk compensation and it is
shown that now also in the presence of strong crosstalk, where resonances and phase responses are distorted,
accurate maps are obtained.
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1. Introduction
With the rapid developments in opto- and
electromechanical systems [1], efficient methods for
mode mapping are instrumental [2, 3]. A number of
techniques to visualize mechanical modes have been
developed, including optical interferometry [4, 5, 6],
heterodyne detection [7, 8], dark field imaging [9, 4],
and force microscopy [10-13]. However, most of these
have one or more drawbacks, such as poor sensitivity,
lack of phase information, low spatial resolution, or
long measurement times. We experimentally
demonstrated a method that combines the high
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sensitivity of the optical interferometric techniques
with demodulation and frequency tracking to offer
rapid and robust imaging of multiple modes
simultaneously [2]. This enables quantitative analysis
of the eigenmodes, which is further elaborated in
Sec. 2.1. Crosstalk, however, turns out to be
detrimental in this method, leading to unstable
operation of the phase-lock loop (PLL) and distorted
mode maps. Here, we demonstrate how this can be
compensated, and it is shown that the newly developed
mode visualization technique now even works in the
presence of severe crosstalk.
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2. Efficient Mode Mapping
The method can be used with a wide variety of
resonators and readout and excitation schemes; its use
is illustrated with interferometric measurements of the
local displacement of a square Si3N4 membrane that is
driven using a piezo. Photographs of the setup used to
perform the measurement are shown in Fig. 1; for a
schematic representation, see Ref. [2]. In short, by
focusing light of a HeNe laser with a 10× objective
onto the membrane, measuring the reflected light
enables sensitive displacement detection with a lateral
resolution of a few micrometers. The lowest flexural
modes are at a few MHz, and their quality factors are
~ 105. From the observed frequencies, certain modes
can be identified unambiguously, but for degenerate
modes that is not possible, and their mode profile has
to be visualized.
The easiest method is to drive the mode resonantly
at f0 and to record the response while scanning over the
membrane. However, especially for high-quality

resonators, drift of the frequency will result in
inaccurate mode maps [2]. A way to circumvent this is
to use a phase-lock loop (PLL) that adjusts the driving
frequency in order to keep the measured phase ϕ=∠Z
at the set point ϕsetpoint, tracking f0. However, this
causes problems e.g. when crossing nodal lines. This
is solved by taking a modulo π of the error signal ej
and by only updating the frequency when the signal |Z|
exceeds a threshold Zmin:
(1)
where P is the proportional coefficient, and I is the
integral coefficient of this PI-controller. With this
improved PLL method, the modes can be mapped
accurately and efficiently. Fig. 2 shows measured
mode maps of the first 6 modes of the membrane, as
well as a triplet near 7.3 MHz (bottom) which looks
very complex, but are in fact superpositions of the
degenerate (1,7), (7,1) and (5,5) modes.

Fig. 1. (a) Photograph of the measurement setup (for clarity an early version of the setup is shown). Inside the gray box there
is a HeNe laser (Melles Griot 05-LHP-151), a neutral density filter, as well as a shutter to block the beam. The driven
measurements can be done using either the network analyzer shown (HP 4396A) or a lockin amplifier (Zurich Instruments
HF2, not shown). Det.: photo detector (Newport 818-BB-21). PBS: polarizing beam splitter, QWP: quarter wave plate (b)
Detailed view of the inside of the vacuum chamber with a mounted sample. The chip is glued onto a piezo element, which is
in turn installed on a printed circuit board. (c) Linear-system equivalent of the setup. The driving voltage Vdrive is converted
into a motion of the piezo electric element (A) that results in an inertial force F on the membrane. The different eigenmodes,
labeled with m,n, convert this force into a displacement (u) using the response function of the harmonic oscillator (H). Using
the objective, the resulting displacement u is measured at location (x,y) via the change in reflected laser light (dPref/du). This
is converted to a voltage by the photo detector with responsivity R. The signal is amplified using a low-noise amplifier with
gain G. In addition to this direct pathway, there is also a crosstalk component present in the measured signal Vmeas, as
represented by X(ω).
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measured mode shapes. After determining the weights
w for the three resonances, these can be combined into
a single matrix W = [wleft, wmiddle, wright] and then the
orthogonality of the modes is equivalent to having
W TW = I, where I is the 3 × 3 identity matrix.
Fig. 3(b) shows this product. It is clear that the
diagonal elements are by far the largest. Although
there are still non-zero off-diagonal elements, the
product W TW is indeed very close to I, confirming that
the three resonances are close to orthogonal,
something that is not at all trivial considering the
complex mode shapes shown in the bottom row of
Fig. 2. Future research will tell if this is also true when
taking the in-product directly using the measured
mode maps that is without first doing the modal
projection.

Fig. 2. Top row: measured mode maps for the (1,1), (1,2)
and (2,1) mode of a 375×375μm square SiN membrane.
Middle: (2,2), (3,1) and (1,3) modes. Bottom: superpositions
of the (1,7), (7,1) and (5,5) triplet modes.

2.1. Mode Decomposition
The accuracy of the method even allows
quantitative determination of the coefficients of the
different basis functions in the measured mode maps
[2]. In practice, this is done by taking the data of the
individual maps, and performing linear fitting using
the left matrix divide functionality of Matlab:
w = shapes \ map

(a)

(2)

Here, w is the variable that contains the weights, map
is the column vector containing the measured mode
map, and shapes contain the theoretical mode maps as
columns. For an m × n map and N modes for the
decomposition, map is of size m⋅n × 1 and shapes is
m⋅n × N. The code in Eq. (2) immediately solves the
least-squares linear fitting problem for the N elements
of w. Since the actual magnitude of the weights is
often not that relevant, the obtained values are divided
by norm(w). Using the theory of this framework, it is
also possible to obtain an estimate for the uncertainty
in the fitted weights [14]. However, we find it easier
to use Matlab’s fit function for this; the uncertainty for
the decomposition is only 0.004 for all weights and
this allows for a number of tests. First of all, Fig. 3(a)
shows a bar plot of the weights of the different (m,n)
modes, i.e. “basis functions” ξm,n(x,y) = sin(πmx/L)
sin(πny/L), where L is the size of the square membrane
in the three resonances of the triplet. It is clear that all
three eigenmodes are a mixture of all three basis
functions and that the sign of the weight can be either
positive or negative. This is not that surprising as the
eigenmodes of mechanical systems are orthogonal to
each other. This is clearly the case for the basis
functions, but it can now also be tested for the

(b)
Fig. 3. (a) Weights W of the mode decomposition of the
triplet (cf. bottom row of Fig. 2). The frequencies of the left,
middle and right resonance were 7.3114, 7.3143, and 7.3180
MHz, respectively [2]. (b) Test of the orthogonality of the
eigenmodes.

Looking back at the other modes in Fig. 2, shows
that, although they are clearly identifiable, there are
some small deviations from the expected mode shapes
visible in the degenerate modes (1,2) and (2,1) as well
as in (1,3) and (3,1). The question is, if these
deviations are caused by mixing between the
degenerate modes [15, 16]. Fig. 4 shows the results of
the modal decomposition. The curved nodal lines are
nicely reproduced in the fitted profiles. Looking at the
weights shows that, in all cases, the largest weight is
at the most prominent mode, but that for the
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degenerate modes, there is also a significant
contribution from its partner. Such an analysis is
important for the full understanding of, for example,
mode competition in optomechanically-induced selfoscillating membranes [17].

and hence, instead of X(ω), its contribution is written
as X.
In the Appendix, the origin of the crosstalk will be
discussed in more detail, but it is clear that for a given
amount of crosstalk, its effect becomes more
pronounced when the mechanical signal is smaller.
This can be due to many reasons, for example, a
smaller membrane will have a higher spring constant;
the same applies for a membrane with a larger mass.
Also, the on-resonance mechanical signal is directly
proportional to the quality factor [1], so an increase in
dissipation will lead to smaller mechanical signals.
Likewise, a reduction due to a lower readout efficiency
(e.g. a film stack with less reflection), or a less
efficient excitation of a particular mode will have a
strong influence. Although hints of crosstalk were
already present in our original work on that employed
a large silicon nitride membrane with high quality
factors [2], here its implications are studied on a
different device: a smaller silicon nitride membrane
that is covered by a layer of aluminum nitride [18, 19].
This device has a higher spring constant and, thus,
higher fundamental resonance frequency and also
lower quality factors. All of these factors make the
impact of crosstalk much more severe. Still, such
“sandwich” devices are instrumental in studying the
mechanical properties of the AlN films [20].
Fig. 5 shows the driven response of this membrane
in which several peaks, corresponding to the different
out-of-plane vibrational modes, can be observed.

Fig. 4. Reconstructed mode maps (top) after linear fitting the
measured mode maps of the degenerate (1,2), (2,1), (3,1) and
(1,3) modes from Fig. 2 at 2.304, 2.306, 3.258, and 3.259
MHz respectively. The magnitude of the weights of the
individual modes for the first six eigenmodes is shown in the
bottom panel. In this case, the fitting is done for the 9 basis
functions with m,n = 1 .. 3.

3. Mode Mapping in the Presence
of Strong Crosstalk
The mode mapping method with the modified PLL
works well for resonances in the low MHz range.
However, when going to higher frequencies, e.g. by
using smaller and thus stiffer resonators, a new
challenge appears: the distortion of the resonances by
crosstalk. The crosstalk is, in addition to the wanted
mechanical excitation and transduction, a second
pathway from excitation to detection. This is indicated
by the orange line in the linear-system equivalent of
the setup shown in Fig. 1(c). In our setup the crosstalk
is electrical in nature. Although it does depend on
frequency, when studying a single narrow resonance
of the membrane, it can usually be considered constant
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Fig. 5. Driven response of a 100×100 μm SiN membrane
with ~ 210 nm aluminum nitride on top (blue). The gray line
denotes the same measurement with the laser blocked,
showing the crosstalk. The other colored lines show zooms
that can be used to extract e.g. the exact resonance frequency
or quality factors of the flexural modes.

For reference, the same measurement is repeated
with the laser beam blocked (gray). In this case, there
is no mechanical signal and only the crosstalk - as well
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as a few interference peaks - is visible. The labels
indicate where the different modes are expected. From
their position, the fundamental, i.e. (1,1), mode and the
(2,2) mode can be identified unambiguously. The
other visible low-lying modes, i.e. (1,2) & (2,1) and
(1,3) & (3,1) of this square membrane are again
expected to be degenerate and, although individual
resonances are visible, their mode shape has to be
imaged to identify them (or to obtain their weights in
case of a linear combination). For this membrane, the
fundamental mode is located at f1,1 = 2.649 MHz,
whereas for the silicon-nitride-only device shown in
Fig. 2, this mode was at 1.460 MHz. This increase in
the fundamental resonance frequency means that now
the (2,2) mode is in the frequency range with the
largest crosstalk as visible in the overview of the
response shown in Fig. 5.

analyzer always has a 50 Ohm input impedance. This
means that the load as seen by the low noise amplifier
is 50 Ohm [24], but this has the consequence that the
signal at the input of the lockin is reduced by a factor
two compared to the case where the NWA was not
connected.

3.1. Resonances
Fig. 6 shows zooms of the driven response of the
(2,2) mode of the AlN-covered membrane. One curve
is measured with the network analyzer and the other
one with the lockin amplifier. Although both the phase
and amplitude response looks different, both show
Fano-like resonances [21]. Considering the linear
system equivalent of the measurement scheme as
illustrated in Fig. 1(c), the resonances are fitted using
the harmonic oscillator response functions with
crosstalk included [11, 22, 23]:

Fig. 6. Driven response of the (2, 2) mode measured with the
network analyzer (NWA, blue) and the lockin amplifier
(orange). The dashed lines are fits of Eq. (3) to the data; the
fit parameters are listed in Table 1.

(3)

3.2. Implications for the PLL Operation
From this, the mechanical and the crosstalk
contributions are determined as summarized in
Table 1.
Table 1. Values for the fit parameters for the data shown in
Fig. 6. The uncertainty is 95 % confidence interval as given
by MATLAB’s fit function.
Param.
zmech
α
zX
ϕX

NWA
0.499±0.003
144.8±0.5
0.19974±0.0013
132.7±0.4

Lockin
0.455±0.003
-21.8±0.5
0.2178±0.0013
125.4±0.4

mV/V
deg.
mV/V
deg.

The crosstalk zX is similar in magnitude as the
mechanical signal zmech and the phase of the signal
depends on which measurement device is used. This
means that, although overview spectra, as e.g. in
Fig. 5, are most efficiently acquired using the network
analyzer, the parameters, such as setpoint and Zmin for
the mode mapping, have to be determined from
measurements with the lockin amplifier. It is noted
that the lockin is expected to have a 2x lower signal as
the two devices are connected in parallel. The lockin
is set to high input impedance, whereas the network

How exactly the crosstalk influences the PLL can
be studied by taking the measured properties of the
(2,2) mode (Table 1) and simulating what signal can
be expected, how the PLL reacts to this, and what the
resulting mode maps would look like. This is shown in
Fig. 7. The top panels show the regular case, where no
crosstalk is present. In this case, the phase at the
resonance frequency takes two values that differ by
exactly 180o or, equivalently, π rad. The modified PLL
of Eq. (1) thus always locks to the resonance
frequency for ϕsetpoint = 0, and no frequency shift is
observed (middle), i.e., Δf = 0. The resulting mode
map will then accurately represent the actual mode
profile. This is shown in the top right panel of Fig. 7.
The lower panels show that the situation is very
different when the crosstalk is considered. The phase
on resonance shows a smooth variation, taking any
value between 0 and -180o. This means that at many
points, the phase of the response at the resonance
frequency is not that of the setpoint. The PLL will thus
shift the driving frequency to accommodate this phase
error. The lower middle panel shows the smallest
possible Δf. It is clear that there are going to be large
frequency shifts, exceeding the linewidth of the
resonance. Also, the gray color indicates regions
where there is no frequency for the PLL to lock to,
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meaning that the driving frequency will keep on
moving further and further from the resonance
frequency. Note that the PLL improvement of only
updating the frequency when the signal magnitude
exceeds a threshold Zmin [cf. Eq. (2)], does not really
solve this issue as zX can be of the same order as the
total signal Z, so that picking a suitable Zmin is difficult.
Also note that due to the different phases between the
mechanical and the crosstalk contributions, |Z| can be

smaller than zX, even when zmech ≠ 0. For a large part
of the map, the PLL will not be able to lock close to
the resonance frequency. This means that also the
measured signal will be strongly affected. This is
shown in the lower right panel of Fig. 7. Although the
signature of the (2,2) can still be seen, it is clear that
the map does not accurately represent the actual mode
shape of the eigenmode. The presence of crosstalk is,
thus, detrimental for mode mapping.

Fig. 7. Simulated operation of the PLL and mode mapping using parameters estimated for the (2,2) mode. The top row shows
the expected signal without crosstalk, whereas the bottom row shows the same in the presence of crosstalk. The left panels are
the phase of the signal at the resonance frequency. The middle panels show how much the frequency would shift when
operating the modified PLL in units of the linewidth (full width of half maximum, FWHM) of the resonance. Gray indicates
that the PLL cannot lock and will drift to large frequency shifts |Δf | ≫ w. It is possible that there are no, or multiple frequencies
where the signal has the setpoint phase. In the latter case, it is assumed that the PLL finds the frequency where the frequency
shift is smallest. In practice the PLL may not find this value once it lost lock. The right panels show what the measured mode
map would look like. In all panels, the dashed line indicates the outline of the square membrane.

3.3. Crosstalk Compensation and Maps
The good match of the fits of Eq. (3) to the data in
Fig. 7 an d the correspondingly low uncertainty in the
fit parameters (Table 1) give a first hint on how to
solve the problem with crosstalk: If it is known well
enough, it can be compensated for: Eq. (3) shows that
the PLL should use ∠{Z - zXest⋅exp(iϕXest)} instead of
∠Z directly. If the estimation of the crosstalk is
accurate, then

(4)
which only contains the wanted mechanical part of the
signal with its characteristic harmonic oscillator
response, meaning that our modified PLL will operate
regularly, i.e. as in the top panels of Fig. 6. The
question is how well the crosstalk can be characterized

6

beforehand. To study this, driven responses were
acquired while scanning the sample underneath the
focused laser spot [6]. Please note, that this is a lengthy
procedure and is not advisable for high-resolution twodimensional mode maps [2]. A number of
representative traces, together with fits are shown in
Fig. 8(a). By fitting all traces, the evolution of the fit
parameters along the line scan can be determined. The
plot in Fig. 8(b) shows that the mechanical
contribution zmech faithfully follows the mode profile
(with some additional features due to the presence of
the etching holes. [2]). On the other hand, zX remains
almost constant, as expected from the discussion at the
beginning of Sec. 3. Next, the subtraction of the
estimated (i.e. fitted) crosstalk from the data, as
formalized by Eq. (4), is performed on the same three
traces that were shown in Fig. 8(a). Fig. 9 shows that
after this correction, the responses are now indeed the
expected harmonic oscillator responses (dashed lines)
and no longer show any sign of distorted Fano line
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shapes. Moreover, the phase of the gray curve is
shifted by exactly 180 deg. compared to the other two,
which is expected since Fig. 8(b) shows that that
measurement was taken at the other side of the nodal
line, where the mode profile changes sign. This shows
the validity of the crosstalk-compensation approach.
However, when taking a closer look at the results in
Fig. 8(b), one notices that the fitted crosstalk is not
entirely flat; some signatures of the mode shape (i.e.
±zmech) can be seen in that line trace (Note that the fit
uncertainty in both parameters is very small, see
Table 1). At the moment, it is not clear where this
comes from, but it is observed that:
1. The phase ϕX shows a similar “wiggle” as zX;
2. There is no apparent structure in the residuals
after the fit;
3. Fitting with a Duffing instead of a harmonic
oscillator response does not change the outcome;
4. There is no y-dependence of the quality factor Q,
nor of the phase α discernible;
5. The effect is also observed when using the NWA
instead of the lockin, but with an opposite sign.
This may be related to the difference in α
between the two measurement devices (see
Table 1).

not really necessary to first fit responses to obtain an
accurate estimate for the crosstalk. As explained
above, the crosstalk is electrical in nature and is also
present when no light is detected. Hence, in practice,
the signal is monitored for a while with the laser
blocked and the PLL turned off. The mean of this
signal is a good estimate for zX⋅exp(iϕX) and with this
insight, the phase is locked successfully and mode
maps are acquired. The result for the (2,2) mode is
shown in Fig.10. It should be noted that the
compensation of the crosstalk in the PLL is
independent of the data acquisition and it can be
decided afterward if this should be done, or not. First,
panel (a) displays a map of the reflected laser power
clearly showing the outline of the membrane with the
supported parts in blue (low reflection) and the
suspended part in red (high reflection). The etch holes
are visible as the yellow spots in a square 7×7 lattice.
Panel (b) shows the uncorrected mode map. The mode
shape is already clearly visible, but the crosstalk still
appears as a light blue background and the white nodal
lines are not forming the cross shape expected for the
(2,2) mode. After subtraction of the crosstalk, the
mode map in panel (c) is obtained. There, it is clearly
visible that now there are the expected straight nodal
lines (in white) and equal amplitudes of the anti-nodes.
Of course, since this measurement is done on a smaller
membrane
with
a
lower
quality
factor
(Q2,2 = 17547±18 corresponding to a FWHM of
312.3±0.3 Hz) compared to our earlier work [2], one
may think that no frequency shifts have happened
during its acquisition, but this is not the case. Fig.
10(d) shows the frequency shift that the PLL has
corrected. In this case, shifts of the order as the
FWHM of the resonance are observed, indicating that
even in this case it is necessary to do the mode
mapping while the PLL tracks the resonance
frequency.

Fig. 8. (a) Measured frequency response (with the lockin) of
the (2,2) mode at three different locations with fits using
Eq. (3) (dashed lines). The circles indicate the phase
∠Z(ω0); (b) extracted values for the mechanical and
crosstalk contributions vs position on the membrane. The
locations of the traces of (a) are indicated by the triangles.

Future checks, including considering the dynamic
range of the different measurement devices and
influence of the non-flat frequency response of the
piezo shaker, will be done to solve this small riddle in
the outcome of the fits. However, it turns out that it is

Fig. 9. Responses of Fig. 8 (a) after subtracting the fitted
crosstalk. The dashed lines are harmonic oscillator response
functions. The circles indicate the values at the resonance
frequency.
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Fig. 10. Measured map of the (2,2) mode with crosstalk compensation in the PLL. (a) Reflected laser power as detected using
the a Keithley 485 picoamp meter connected to the photo detector. Mode maps before (b) and after (c) crosstalk subtraction.
(d) Evolution of the driving frequency during the measurement as updated by the modified PLL with crosstalk subtracted.

5. Conclusions
A powerful method to visualize the eigenmodes of
mechanical resonators is demonstrated. It is shown
that with the modified PLL, modes with regions
without a strong response or with sign changes can be
mapped, and that this can be used to quantitatively
analyze the mode profiles. Here, we demonstrated this
with the decomposition of a triplet mode, the
orthogonality of these modes, as well as the mixing of
the (1,2) and (2,1) modes.
Especially for stiffer membranes, crosstalk
becomes apparent. With experimental parameters, the
operation of the PLL is simulated and it is shown that
crosstalk is detrimental for the operation of the mode
mapping method. By determining the crosstalk
accurately, its effect can be subtracted from the
measured signal, enabling again the operation of the
(modified) PLL. This means that now even in the
presence of strong crosstalk accurate mode maps can
be obtained.
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Appendix. Origin of the Crosstalk in the
Setup
Although it is thus possible to correct for the
crosstalk, both in the operation of the PLL, as well as
in the measured signal using the method presented in
this work, so far it has not been discussed what the
origin of the crosstalk is. To investigate this, the driven
response of the (2,2) mode is measured repeatedly at
the same location on the membrane, while
systematically changing certain aspects of the setup.
From the fits of the driven response, both the
magnitude (and phase) of the crosstalk and the
mechanical signal are determined. This way, it can be

studies how changes to the setup impact these
contributions. The results are listed in Table 2.
These indicate that, as expected, the mechanical
signal is proportional to the laser power and the total
gain. Hence, any attenuation will reduce its magnitude
and it vanishes when there is a blocking anywhere. For
the crosstalk the situation is more complex. Here, the
amount of light is (1-4) is irrelevant, but small changes
to the electrical connections in the setup that at first
may seem irrelevant (5, 6) change the amount of
crosstalk. The crosstalk does not originate in the lockin
itself (9) but is present in all other measurements. It is
amplified by the amplifier and thus affected by its gain
(8) or when its magnitude is reduced before the
amplifier (9). However, even when e.g. disconnecting
the cable to the piezo, there is still a significant amount
of crosstalk present. In this case, the pathway must
have gone via the combiner and the network analyzer.
However, even when the latter was disconnected (5),
crosstalk was not eliminated (actually an increase was
observed). All these measurements confirm that the
crosstalk is electrical in nature and hints that there are
several parallel pathways that cause the total crosstalk,
as was indicated by the dashed lines in the schematic
of setup in Fig. 1(c). The increase in crosstalk with
frequency that is visible in Fig. 5 (gray curve) is
consistent with both a capacitive and as well as an
inductive coupling.
Table 2. Measurements of the crosstalk and peak
mechanical contribution when varying the measurement
conditions and changing the measurement setup. The
symbols =, ↓, ⇓, 0, and ~ indicate, respectively, that the
parameter did not vary compared to the regular
measurement, that is was lower, that is was more than an
order of magnitude lower, that it was 0, or different but
similar in magnitude. All measurements were taken with the
lockin amplifier.
No.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.

Description
Regular measurement
Reduce laser power
Laser blocked
Detector blocked
Disconnect NWA
(replace by 50 Ω terminator)
Disconnect pA meter
(replace by 50 Ω terminator)
Disconnect photo detector
Amplifier off
(but still connected)
6 dB attenuation before amp
Disconnect lockin output
Disconnect cable to piezo

zX
=
=
=
=
~
~
↓
⇓
↓
0
↓

zmech
=
↓
0
0
=
=
0
0
↓
0
0

__________________
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