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Abstract: Propagation properties of azimuthally polarized Bessel-Gaussian (APBG) beams with non-zero order
through a helical axicon (HA) are theoretically investigated. The formula of APBG beams field in the focal region
are derived by the vector diffraction theory. Numerical results illustrate that the beam and axicon parameters
affect the intensity distribution in the focal region very considerably. Super--long transversely polarized focal
depth with different shapes are obtained by choosing appropriate values of parameters. We also observed that a
focal shift occurs which depends on both axicon parameter and numerical aperture. We expect that focusing APBG

beams by HA can be used in optical trapping.
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1. Introduction

A helical axicon is a hybrid of a spiral phase plate,
that is an optical element whose thickness increases
azimuthally, and of an axicon [1]. It has attracted
researchers’ interest due to its unique characteristics
and different applications. It is shown that the helical
axicon (HA) can be used to transform Gaussian beam
and a plane wave into a vortex beam [2, 3]. The HA
also has been used to generate Bessel-Gaussian beams
of arbitrary order [4], spiraling Bessel beams with
adjustable topological charges from Laguerre-
Gaussian beam [5], vortex beams [6, 7] and non-
dillracting Bessel beam by conversion high-order
Laguerre-Gaussian beam [8]. It is found that the
topological charge and axicon parameter can alter the
focal pattern in the focal region [9, 10]. A general
approximate analytical expressions of the Fresnel
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diffraction of Laguerre—Bessel-Gaussian beam by the
HA has been derived analytically based on the
stationary phase method [11].

Last decades, high order Bessel-Gaussian beams
that propagate with stability in both size and intensity
have attracted lots of researchers’ attentions due to
their extraordinary properties. Such class of beams
propagate without divergence, carrying orbital angular
momentum with a helical phase fronts and have the
property of self-healing [12 - 15]. These properties
have propitiated their application in optical trapping
[16, 17], optics communication [18] and generating
perfect optical vortices [19]. Recently, focusing of
polarized Bessel-Gaussian beams which have either
pure azimuthal or pure radial polarization had been
studied extensively. A needle of strong longitudinal
polarized field with long depth of focus and strong
intensity has been obtained by focusing a radially
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polarized Bessel-Gaussian beams with a high
numerical aperture lens and a diffractive optical
element [20]. In [21], X. Gao et. al. have investigated
focusing properties of Bessel-Gaussian beam with
radial varying polarization detail. The same group,
also, studied the focus shaping of the radially polarized
Bessel-Gaussian beam with a sine-azimuthal variation
wave front [22]. Multiple intensity rings, dark hollow
have been generated by focusing radial varying
polarized Bessel-Gaussian beam with radial phase
modulation [14]. It is found that radially polarized
laser beams have small focuses and non-propagating
longitudinal field components; while azimuthally
polarized beams have hollow intensity distributions
form [17].

By taking into account the fact that focusing
Bessel-Gaussian beams are very important in many
applications such as optical trapping [17] and the
properties of the HA. To the best of our knowledge,
the propagation properties of APBG beam through the
HA are investigated for the first time in this work. The
propagation properties of focused APBG beams such
as depth of focus (DOF) and the full width at half
maximum (FWHM) by a linear axicon, that is a special
case of the HA when the topological charge of a HA
p = 0, are also studied. The theoretical model is
introduced in section 2. The numerical results are
discussed in section 3. In section 4 the conclusion of
results is shown.

2. Theoretical Moddl

The electric field of the APBG beam E(p, ), in
cylinderical coordinate system (p, ¢, z), at the source
plane can be given by

E(p,¢) = E(p,P)ey, (M

where ey, is the azimuthal unit vector of the polarized

direction and E(p, ¢) is the electric field of Bessel-
Gaussian beam that is given by [23]

2

P )exp(iqb), @

E(p,$) = J1(Bp)exp (— oz

Wo
where J; is the Bessel function of the first kind of order
1 which is the topological charge of the optical vortex,
p is the transverse wave number that indicates the
quickness of the fluctuation of Bessel function and w
is the beam width. The transmittance of the HA is
defined as [6]

T = exp(iap + ipp), 3)

where « is the axicon parameter that shows the axicon
strength and p = 0,1, +2,... is a topological charge
of the HA. Based on the variable transformation Eq.3
can be rewritten as [9, 10]:
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where 1 = ap), is the dimensionless axicon parameter,
NA is the numerical aperture and 6 is the tangential
angle with respect to the optical axis as shown
in Fig. 1.

X

Fig. 1. Scheme for a azimuthally polarized Bessel-Gaussian
beam focused by helical axicon.

According to vector diffraction theory, the electric
field of APBG beam focused by HA is [24, 25]:

E(p',¢',z) = E, e, + Eyeq + Ee,  (5)

where €,, €4 and e, are the radial, azimuthal, and
longitudinal unit vectors, respectively. The amplitudes
of the three orthogonal components E,,, Eg, and E, in
the focal region are given by

Ey(p' 9", 2) iA a2
Ey(p',¢',2) | =— ?J- f Vcos8
EZ(p’! ¢’,Z) 0 0

* E(0,$)T (6, p)exp[ik(zcosO + p'sind
* cos(¢p — ¢))]
—sinf sin(¢ — ¢")
( siné cos(¢ — ¢") ) dedo, (6)
0

where k is the wave number, a = arcsin(NA) is the
convergence angle corresponding to the radius of the
incident optical aperture. The coordinate system is
shown in Fig. 1. In order to simplify calculation
process, Eq.2 can be expressed as [26, 27]

E(6,¢,0) ,
2p,sind ind ,
) 2o
cos(¢p — ¢")] (™)

where f5; and f3, are the ratios of pupil diameter to
the beam diameter.

By substituting Egs. (4) and (7) into Eq. (6) the
three orthogonal component of electric field can be
obtained as
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+ exp(i(+1)<p)] exp[ik(p'sinfcos(¢p — ¢d"))]
—sinf sin(¢ — ¢')
( sinf cos(¢ — ¢") > explikzcosOldpds.  (8)
0

The integration with respect to ¢ can be
accomplished by using the following formula:

21
j sin(¢p — ¢p")exp[ime + itcos(¢p — ¢p')]dp
0
= nimexp(im¢’)[]m+1(t) +]m—1(t)]l (9)

and

2
f cos(¢p — ¢p")explime + itcos(¢p — ¢p')]d¢p
0
= mi™*lexp(ime) Jm+1(t) — Jm-1()]. (10)

Therefore, the orthogonal components of the
output electric field are given by:

Ey(p', 9" 2)
Ey(p',¢',2) | = iPAexp(i(p + 1)¢")
E,(p',¢',2) ,
o, (58) e[ (22 it
—sind|J, 42 (kp'sind) + J, (kp'sind)]
i sinB|],4,(kp'sin®) — J,(kp'sind)] de.
0

ikzcos@]

an

The optical intensity is proportional to the modulus
square of Eq. 5.

3. Numerical Calculation and Discussion

In this section some numerical calculation will be
carried out in order to obtain the properties of
propagation APBG beam through helical axicon
depending on Eq. 11. It is noticeable that the integral
over the parameter 6 could not accomplished
analytically; therefore, the numerical integration will
be used. In our calculation, we consider A equal unit
one and A = 632.8nm and the distance unit in figures
in this work is the wavelength of the incident beam in
vacuum.

Fig. 2 illustrates the intensity distribution of APBG
beam with HA for different axicon parameter
n=0n=2n=4n=6n=-2 and n=-4
under condition of B, =2, B, =1, p=1, and
NA = 0.95. This figure shows that the intensity
distribution vary with respect to axicon parameter. It

is clearly shown that the focal hole shape still constant
as the axicon parameter changed and the intensity
distribution is symmetry about the z axis. Forn = 0 as
it is shown in Fig. 2 (a) the focal region is symmetry
about z and its center is at z = 0. In addition, it can be
seen from Fig. 2 (b-d) the generated focal hole region
shifts away from the HA on increasing the positive
value of the axicon parameter 1. In the other hand, the
generated focal hole in the focal region shifts toward
the HA on decreasing the negative value the axicon
parameter as it is shown in Fig. 2 (e and f) that are for
n=-2 and n = —4, that indicate focal shift
phenomenon occurs that means the movement of the
center of focal hole. It can be concluded that different
HA different focal hole regions for the same incident
beam.

Fig. 2. Intensity distribution of APBG beam with HA under
condition p; =2, pB,=1, p=1, NA=095
and (@) n =0, (b)n=2,(c)n=4,(dn=6,(c)n=-2,
(f) n = —4, respectively.

Fig. 3 exhibits the intensity distribution of APBG
beam with a HA for positive and negative different
values of topological charge under condition of = 4,
Bi=2, B, =1, and NA = 0.95. It is shown from
Fig. 3 (a and f) that the focused APBGB with p =0
and -2 are not hollow and have peaks on the optical
axes due to the presence of ], that is found in the
integrand for both p = 0 and -2. In the other hand, the
focal hole region is constructed for p # 0 and -2 as can
be seen in Fig. 3(b, ¢, d and e). The radius of the focal
hole increases as the topological charge -either
positively increase or negatively decrease. By
comparing Fig. 3 (b with e) and Fig. 3 (d with g) it is
found that the focal hole region is longer and have
smaller radius for negative values of p than positive
values. It can be conclude that the HA changes the
topological charge of the incident beams and convert
it to a non-vortex beam [8, 7].

Now, let the parameters §; and f, vary to show
how the focal hole region change. In Fig. 4 the
parameter [3; increase from 1 to 3.5 for 8, = 1 and in
Fig. 4 the parameter f, increase from 1.5 to 2.5 for
B; = 3 the other parameters are n = 2, NA = 0.95,
and p = 1 for both of them. It is obviously shown that
the shape of the focal hole region in these two figures
have changed considerably and some novel focal hole
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patterns are appear including dark hollow focus,
multiple intensity ring that can be used to construct
optical traps. In addition, the focal hole region shift is
not related to the parameters ; and S, as it is shown
from Figs. 4 and 5. In addition, the position of the
maximum intensity value change as the values of both
parameters 5; and f, change with forming different
focal region shapes. Therefore, they can affect the
focal pattern considerably and produce some novel
focal hole regions that can be used in optical trapping.
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Fig. 3. Intensity distribution of APBG beam with HA under
condition 8y = 2,6, =1,n=4,NA=0.95and (a)p = 0,
®p=1,0©p=2Wdp=3,)p=—land(H)p=-2,
respectively.
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Fig. 4. Intensity distribution of APBG beam with HA under
condition n = 2, NA = 0.95, p = 1B, = 1 and () B; = 1,
®) B1=15, () B1=2, d) B =25 ()B1=3, (
B, = 3.5, respectively.
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Fig. 5. Intensity distribution of APBG beam with HA under
condition n =4, NA=095 £, =3 and (a) B, = 1.5,
(b) B, = 2, (¢) B, = 2.5, respectively.

The intensity distribution of APBG beams with
different values of numerical aperture with p = 1 and
p = 0, that is corresponding to a linear axicon, under
condition n = 2, ; =3 and S, = 3 are shown in
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Fig. 6. It can be seen that the intensity distribution in
the focal region strongly depend on both the nume
rical aperture and the topological charge. While a
transversely polarized focal hole is formed with
p = 1 an extended focal spot is formed with p = 0.
The focal depth considerably extend as the numerical
aperture decrease and the focal shift increase, also, that
are coincide with our previous work [28]. A super—
long focal tube is obtained from focusing APBG
beams with small values of numerical aperture. The
dependence of both DOF and FWHM of focused
APBG beam by a linear axicon on the numerical
aperture are illustrated in Fig. 7 under condition of
n=2,p5 =3,0,=3,and NA = 0.95. It is clearly
shown that the depth of focus increases considerably
as the NA decreases. The depth of focus equal 48.94
and 3864 for NA=040 and NA =045,
respectively. Moreover, the FWHM is also extend as
the numerical aperture decrease.
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Fig. 6. Intensity distribution of APBG beam with HA under
conditionn =2,; =3 and f, =3 withp=0andp = 1.
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Fig. 7. Depth of focus (DOF) and the full width at half
maximum (FWHM) of a focused APBG beam with HA
under condition =2, 3; =3, B, = 3 and p = 0 that is
corresponding to a linear axicon.

4. Conclusions

In summary, by using the vector diffraction theory
propagation properties of the azimuthally polarized
Bessel-Gaussian beam (APBGB) through
helical axicon is numerically investigated. Our
numerical results clearly show that the intensity
distribution in the focal region of the APBGB can be
adjusted considerably by axicon parameter,
topological charge of the spiral phase, and beam
parameters. A long focal tube has been obtained. We
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suggest that focusing of APBGB by HA may find
application in optical trapping.
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