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Abstract: Propagation properties of azimuthally polarized Bessel-Gaussian (APBG) beams with non-zero order  
through a helical axicon (HA) are theoretically  investigated. The formula of APBG beams field in the focal region 
are derived by the vector diffraction theory.  Numerical results illustrate that the beam and axicon parameters 
affect the intensity distribution in the focal region very considerably. Super--long transversely polarized focal 
depth with different shapes are obtained by choosing appropriate values of parameters. We also observed that a 
focal shift occurs which depends on both axicon parameter and numerical aperture. We expect that focusing APBG 
beams by HA can be used in optical trapping. 
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1. Introduction 
 

A helical axicon is a hybrid of a spiral phase plate, 
that is an optical element whose thickness increases 
azimuthally, and of an axicon [1]. It has attracted 
researchers’ interest due to its unique characteristics 
and different applications.  It is shown that the helical 
axicon (HA) can be used to transform Gaussian beam 
and a plane wave into a vortex beam [2, 3].   The HA 
also has been used to generate Bessel-Gaussian beams 
of arbitrary order [4], spiraling Bessel beams with 
adjustable topological charges from Laguerre-
Gaussian beam [5], vortex beams [6, 7] and non-
di�racting Bessel beam by conversion high-order 
Laguerre-Gaussian beam [8]. It is found that the 
topological charge and axicon parameter can alter the 
focal pattern in the focal region [9, 10]. A general 
approximate analytical expressions of the Fresnel 

diffraction of Laguerre–Bessel–Gaussian beam by the 
HA has been derived analytically based on the 
stationary phase method [11]. 

Last decades, high order Bessel–Gaussian beams 
that propagate with stability in both size and intensity 
have attracted lots of researchers’ attentions due to 
their extraordinary properties. Such class of beams 
propagate without divergence, carrying orbital angular 
momentum with a helical phase fronts and have the 
property of self-healing [12 - 15]. These properties 
have propitiated their application in optical trapping 
[16, 17], optics communication [18] and generating 
perfect optical vortices [19]. Recently, focusing of 
polarized Bessel-Gaussian beams which have either 
pure azimuthal or pure radial polarization had been 
studied extensively.  A needle of strong longitudinal 
polarized field with long depth of focus and strong 
intensity has been obtained by focusing a radially 

http://www.sensorsportal.com/HTML/DIGEST/P_3272.htm

https://www.sensorsportal.com/


Sensors & Transducers, Vol. 258, Issue 4, July 2022, pp. 31-35 

 32

polarized Bessel–Gaussian beams with a high 
numerical aperture lens and a diffractive optical 
element [20]. In [21], X. Gao et. al. have investigated 
focusing properties of Bessel–Gaussian beam with 
radial varying polarization detail.  The same group, 
also, studied the focus shaping of the radially polarized 
Bessel–Gaussian beam with a sine-azimuthal variation 
wave front [22]. Multiple intensity rings, dark hollow 
have been generated by focusing radial varying 
polarized Bessel–Gaussian beam with   radial phase 
modulation [14]. It is found that radially polarized 
laser beams have small focuses and non-propagating 
longitudinal field components; while azimuthally 
polarized beams have hollow intensity distributions 
form [17].  

By taking into account the fact that focusing 
Bessel–Gaussian beams are very important in many 
applications such as optical trapping [17] and the 
properties of the HA. To the best of our knowledge, 
the propagation properties of APBG beam through the 
HA are investigated for the first time in this work.  The 
propagation properties of focused APBG beams such 
as depth of focus (DOF) and the full width at half 
maximum (FWHM) by a linear axicon, that is a special 
case of the HA when the topological charge of a HA  
p = 0, are also studied.  The theoretical model is 
introduced in section 2. The numerical results are 
discussed in section 3. In section 4 the conclusion of 
results is shown.  
 

 
2. Theoretical Model 

 
The electric field of the APBG beam E(ρ, ϕ), in 

cylinderical coordinate system (ρ, ϕ, z), at the source 
plane can be given by 

,ߩ)ࡱ  ߶) = ,ߩ)ܧ (1) ,ࣘࢋ(߶
 
where ࣘࢋ is the azimuthal unit vector of the polarized 
direction and ߩ)ܧ, ߶) is the electric field of Bessel-
Gaussian beam that is given by [23] 
,ߩ)ܧ  ߶) = −expቆ(ߩߚ)ଵܬ ଴ଶቇݓଶߩ exp(݅߶), (2)

 
where ܬଵ is the Bessel function of the first kind of order 1 which is the topological charge of the optical vortex, ߚ is the transverse wave number that indicates the 
quickness of the fluctuation of Bessel function and ݓ଴ 
is the beam width. The transmittance of the HA is 
defined as [6]  
 
 ܶ = exp(iαρ +  (3) ,(߶݌݅
 
where ߙ is the axicon parameter that shows the axicon 
strength and ݌ = 0,±1,±2, . .. is a topological charge 
of the HA. Based on the variable transformation Eq.3 
can be rewritten as [9, 10]:  
 

 
where ߟ =  is the tangential ߠ is the numerical aperture and ܣܰ ,௕ is the dimensionless axicon parameterߩߙ
angle with respect to the optical axis as shown  
in Fig. 1. 
 
 

 
 
Fig. 1. Scheme for a azimuthally polarized Bessel-Gaussian 

beam focused by helical axicon. 
 
 

According to vector diffraction theory, the electric 
field of APBG beam focused by HA is [24, 25]:  
,′ߩ)ࡱ  ߶′, (ݖ = ᇱ࣋ࢋఘᇱܧ + ᇱࣘࢋథᇱܧ +  (5)    				,ࢠࢋ௭ܧ
 
where ࣋ࢋᇱ,  are the radial, azimuthal, and ࢠࢋ ᇱ andࣘࢋ
longitudinal unit vectors, respectively. The amplitudes 
of the three orthogonal components ܧఘᇱ,  ௭ inܧ థᇱ andܧ
the focal region are given by  
 ቌܧఘᇲ(ߩᇱ, ߶ᇱ, ,ᇱߩ)థᇲܧ(ݖ ߶ᇱ, ,ᇱߩ)௭ܧ(ݖ ߶ᇱ, (ݖ ቍ = − ߨܣ݅ නఈ

଴ නଶగ
଴ √cosߠ		 ∗ ,ߠ)ܧ ,ߠ)ܶ(߶ ߶)exp	[݅݇(ߠݏ݋ܿݖ + ∗ ߠ݊݅ݏᇱߩ cos	(߶ − ߶′))] ൭−sinߠ sin(߶ − ߶ᇱ)sinߠ	cos(߶ − ߶′)0 ൱  (6) 				,ߠ݀߶݀	

 
where k is the wave number, α = arcsin(NA) is the 
convergence angle corresponding to the radius of the 
incident optical aperture. The coordinate system is 
shown in Fig. 1. In order to simplify calculation 
process, Eq.2 can be expressed as [26, 27] 
,ߠ)ܧ  ߶, 0)= ଵܬ ൬2ߚଵܣܰߠ݊݅ݏ ൰ exp ቈ−൬ߚଶܣܰߠ݊݅ݏ ൰ଶ቉ exp(݅߶) ,∗																												cos	(߶ − ߶′))]                          (7) 

 
where ߚଵ and ߚଶ are the ratios of pupil diameter to 
the beam diameter.    

By substituting Eqs. (4) and (7) into Eq. (6)  the 
three orthogonal component of electric field can be 
obtained as  

 

ܶ = exp ൤݅ߩߙ௕ ௕ߩߩ + ipϕ൨ = exp ൤݅ߩߙ௕ ௕ߩߩ + =൨߶݌݅ exp ൤݅ߟ sinܣܰߠ + ൨, (4)߶݌݅
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ቌܧఘᇲ(ߩᇱ, ߶ᇱ, ,ᇱߩ)థᇲܧ(ݖ ߶ᇱ, ,ᇱߩ)௭ܧ(ݖ ߶ᇱ, (ݖ ቍ = − ௜஺గ ఈ଴׬ ଶగ଴׬ √cosߠ	  
∗ exp ቈ−൬ߚଶsinܣܰߠ ൰ଶ቉	 ଵܬ ൬2ߚଵsinܣܰߠ ൰ exp ൤݅ߟ sinܣܰߠ+ exp(݅(+1)߮)൨ exp[݅݇(ߩ′sinߠcos(߶ − ߶′))] 

     ൭−sinߠ sin(߶ − ߶ᇱ)sinߠ	cos(߶ − ߶′)0 ൱ exp[݅݇ߠݏ݋ܿݖ]݀߶݀(8)      .ߠ 

 
The integration with respect to ߮ can be 

accomplished by using the following formula:  
 නଶగ

଴ sin(߶ − ߶ᇱ)exp[݅݉߶ + ߶)cosݐ݅ − ߶ᇱ)]݀߶ = (ݐ)௠ାଵܬ]௠exp(݅݉߶ᇱ)݅ߨ		 +  (9)  ,[(ݐ)௠ିଵܬ
 

and  
 නଶగ

଴ cos(߶ − ߶ᇱ)exp[݅݉߶ + ߶)cosݐ݅ − ߶ᇱ)]݀߶ = (ݐ)௠ାଵܬ](′߶݉݅)௠ାଵexp݅ߨ	 −  (10)   .[(ݐ)௠ିଵܬ
 

 Therefore, the orthogonal components of the 
output electric field are given by: 

 ቌܧఘᇲ(ߩᇱ, ߶ᇱ, ,ᇱߩ)థᇲܧ(ݖ ߶ᇱ, ,ᇱߩ)௭ܧ(ݖ ߶ᇱ, (ݖ ቍ = ݅௣ܣexp(݅(݌ + 1)߶ᇱ) 
∗ ఈ଴׬ √cosܬߠଵ ቀଶఉభୱ୧୬ఏே஺ ቁ 	exp ൤− ቀఉమୱ୧୬ఏே஺ ቁଶ + ߟ݅ ୱ୧୬ఏே஺ +
(ߠ݊݅ݏ′ߩ݇)௣ାଶܬൣߠ൨ቌ−sinߠݏ݋ܿݖ݇݅ + (ߠ݊݅ݏᇱߩ݇)௣ାଶܬൣߠsin	൧݅(ߠ݊݅ݏ′ߩ݇)௣ܬ − ൧0(ߠ݊݅ݏ′ߩ݇)௣ܬ ቍ݀ߠ.

(11) 
 

The optical intensity is proportional to the modulus 
square of Eq. 5.  

 
 

3. Numerical Calculation and Discussion 
 

In this section some numerical calculation will be 
carried out in order to obtain the properties of 
propagation APBG beam through helical axicon 
depending on Eq. 11. It is noticeable that the integral 
over the parameter θ could not accomplished 
analytically; therefore, the numerical integration will 
be used. In our calculation, we consider A equal unit 
one and λ = 632.8nm and the distance unit in figures 
in this work is the wavelength of the incident beam in 
vacuum. 

Fig. 2 illustrates the intensity distribution of APBG 
beam with HA for different axicon parameter  η = 0, η = 2, η = 4, η = 6, η = −2 and η = −4 
under condition of βଵ = 2, βଶ = 1, p = 1, and  NA = 0.95. This figure shows that the intensity 
distribution vary with respect to axicon parameter. It 

is clearly shown that the focal hole shape still constant 
as the axicon parameter changed and the intensity 
distribution is symmetry about the z axis. For η = 0 as 
it is shown in Fig. 2 (a) the focal region is symmetry 
about z and its center is at z = 0. In addition, it can be 
seen from Fig. 2 (b-d) the generated focal hole region 
shifts away from the HA on increasing the positive 
value of the axicon parameter η. In the other hand, the 
generated focal hole in the focal region shifts toward 
the HA on decreasing the negative value the axicon 
parameter as it is shown in Fig. 2 (e and f) that are for η = −2 and η = −4, that indicate focal shift 
phenomenon occurs that means the movement of the 
center of focal hole. It can be concluded that different 
HA different focal hole regions for the same incident 
beam. 

 
 

 
 

Fig. 2. Intensity distribution of APBG beam with HA under 
condition ߚଵ = ଶߚ ,2 = ݌ ,1 = ܣܰ ,1 = 0.95  
and (a) ߟ = 0, (b) ߟ = 2, (c) ߟ = 4, (d)ߟ = 6, (e) ߟ = −2, 
(f) ߟ = −4, respectively. 

 
 
Fig. 3 exhibits the intensity distribution of APBG 

beam with a HA for positive and negative different 
values of topological charge under condition of ߟ = ଵߚ ,4 = ଶߚ ,2 = 1, and ܰܣ = 0.95. It is shown from  
Fig. 3 (a and f) that the focused APBGB with ݌ = 0 
and -2 are not hollow and have peaks on the optical 
axes due to the presence of ܬ଴ that is found in the 
integrand for both ݌ = 0 and -2. In the other hand, the 
focal hole region is constructed for ݌ ≠ 0 and -2 as can 
be seen in Fig. 3(b, c, d and e). The radius of the focal 
hole increases as the topological charge either 
positively increase or negatively decrease. By 
comparing Fig. 3 (b with e) and Fig. 3 (d with g) it is 
found that the focal hole region is longer and have 
smaller radius for negative values of ݌ than positive 
values. It can be conclude that the HA changes the 
topological charge of the incident beams and convert 
it to a non-vortex beam [8, 7]. 

Now, let the parameters ߚଵ and ߚଶ vary to show 
how the focal hole region change. In Fig. 4 the 
parameter ߚଵ increase from 1 to 3.5 for ߚଶ = 1 and in 
Fig. 4 the parameter ߚଶ increase from 1.5 to 2.5 for ߚଵ = 3 the other parameters are ߟ = ܣܰ ,2 = 0.95, 
and ݌ = 1 for both of them. It is obviously shown that 
the shape of the focal hole region in these two figures 
have changed considerably and some novel focal hole 
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patterns are appear including dark hollow focus, 
multiple intensity ring that can be used to construct 
optical traps. In addition, the focal hole region shift is 
not related to the parameters ߚଵ and ߚଶ as it is shown 
from Figs. 4 and 5. In addition, the position of the 
maximum intensity value change as the values of both 
parameters ߚଵ and ߚଶ change with forming different 
focal region shapes. Therefore, they can affect the 
focal pattern considerably and produce some novel 
focal hole regions that can be used in optical trapping.  

 
 

 
 
Fig. 3. Intensity distribution of APBG beam with HA under 
condition ߚଵ = ଶߚ ,2 = ߟ ,1 = ܣܰ ,4 = 0.95 and (a) ݌ = 0, 
(b) ݌ = 1, (c) ݌ = 2, (d)݌ = 3, (e) ݌ = −1 and (f) ݌ = −2, 
respectively. 

 
 

 
 

Fig. 4. Intensity distribution of APBG beam with HA under 
condition η = 2, NA = 0.95, p = 1,βଶ = 1 and (a) βଵ = 1, 
(b) βଵ = 1.5, (c) βଵ = 2, (d) βଵ = 2.5,  (e)βଵ = 3, (f)  βଵ = 3.5, respectively.  

 
 

  
 

Fig. 5. Intensity distribution of APBG beam with HA under 
condition ߟ = ܣܰ ,4 = ଵߚ 0.95 = 3 and (a) βଶ = 1.5,  
(b) βଶ = 2, (c) βଶ = 2.5, respectively. 

 
 
The intensity distribution of APBG beams with 

different values of numerical aperture with ݌ = 1 and ݌ = 0, that is corresponding to a linear axicon, under 
condition ߟ = ଵߚ ,2 = 3 and ߚଶ = 3 are shown in  

Fig. 6. It can be seen that the intensity distribution in 
the focal region strongly depend on both the  nume 
rical aperture and the topological charge. While a 
transversely polarized focal hole is formed with   ݌ = 1 an extended focal spot is formed with ݌ = 0. 
The focal depth considerably extend as the numerical 
aperture decrease and the focal shift increase, also, that 
are coincide with our previous work [28]. A super–
long focal tube is obtained from focusing APBG 
beams with small values of numerical aperture. The 
dependence of both DOF and FWHM of focused 
APBG beam by a linear axicon on the numerical 
aperture are illustrated in Fig. 7 under condition of  ߟ = ଵߚ ,2 = ଶߚ ,3 = 3, and ܰܣ = 0.95. It is clearly 
shown that the depth of focus increases considerably 
as the NA decreases. The depth of focus equal 48.9ߣ 
and 38.6ߣ for ܰܣ = 0.40 and ܰܣ = 0.45, 
respectively. Moreover, the FWHM is also extend as 
the numerical aperture decrease. 

 
 

 
 

Fig. 6. Intensity distribution of APBG beam with HA under 
condition η = 2, βଵ = 3 and βଶ = 3 with p = 0 and p = 1. 
 
 

 
 
Fig. 7. Depth of focus (DOF) and the full width at half 
maximum (FWHM) of a focused APBG beam with HA 
under condition η = 2, βଵ = 3, βଶ = 3 and p = 0 that is 
corresponding to a linear axicon. 

 
 

4. Conclusions 
 
In summary, by using the vector diffraction theory 

propagation properties of the azimuthally polarized 
Bessel-Gaussian beam (APBGB) through  
helical axicon is numerically investigated. Our 
numerical results clearly show that the intensity 
distribution in the focal region of the APBGB can be 
adjusted considerably by axicon parameter, 
topological charge of the spiral phase, and beam 
parameters. A long focal tube has been obtained. We 
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suggest that focusing of APBGB by HA may find 
application in optical trapping. 
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