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Abstract: Both integral equation and differential equation methods enable modelling current and 
hence impedance of wood, to provide the forward solution for impedance tomography that in turn 
provides a measure of its internal moisture distribution. Previously, we have used a series impedance 
model and successfully demonstrated measurement of internal moisture distribution. Here we describe 
the adaptation of our integral equation method for this application. This has required an alternative 
calculation to model the impressed field from the segmented electrodes used in the measurements to 
date, and we demonstrate distortion of the anomalous field due to the presence of a wood dielectric, 
and the field magnitude. Further work will be required to translate the resulting field distribution from 
our model, to complex current and hence impedance readings, to allow completion of tomographic 
reconstruction using this approach. Copyright © 2008 IFSA. 
 
Keywords: Impedance, Tomography, Heterogeneous, Model, Wood 
 
 
 
1. Introduction 
 
Water has several distinctive properties that may be used for measurement of moisture content in 
composite materials. One is that the bond angle of 104.47 degrees [1] between the hydrogen atoms, 
combines with the differing electronegativity of the hydrogen (2.1) and oxygen (3.5) atoms to result in 
a large polar moment. The strong polar nature of the water molecule contributes to the large relative 
permittivity ( )rε  of approximately 80 for bulk water compared to that of most dry biological and 
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natural materials for which rε  is generally in the range 2 to 5 [2]. This large contrast enables dielectric 
measurements of composite materials to form a useful indirect measurement of volumetric moisture 
content ( )vθ . In practice, rε  is a curvilinear function of vθ , whose curvature is dependent on the 
composite material, its texture, and its porosity which influence the interaction of the composite 
material with water. 
 

rε  arises primarily from polar molecules that store energy by elastic rotation, but contributions are 
also made by elastically altering bond angles, and intra-atomic contributions that are dominated by 
distortion of electron distribution. In the absence of an electric field, a polar substance such as water 
has permanent dipole moments that are randomly distributed so that no net polarization is present. The 
conductivity of the material and any conducting inclusions (e.g. dissociated water) dispersed within the 
material contribute to the dielectric loss of the mixture. The total permittivity ε comprises a real 
component 'ε  that represents the real or energy storage component of the permittivity, and "ε  the 
orthogonal or imaginary component that results from the conduction current contributed to by 
conductivity and other forms of dielectric loss. 
 
 ' "jε ε ε= − , (1)
 
where j is 1− . Many methods of determining 'ε  are usefully employed for determining vθ  of 
composite materials. However where "ε  is large in comparison with 'ε , the measurement becomes 
inaccurate [3]. Consequently, the choice of measurement frequency range when measuring 'ε  is 
crucial since many loss processes are frequency dependent. 
 
For measurement of moisture content in wood, both 'ε  and "ε  have been explored such as described 
by [4], and provided the frequency is chosen to avoid the dispersive low frequency regions either or 
both measures may be used to provide a useful indication of moisture content. 
 
We [5] have demonstrated the utility of applying impedance tomography to measurement of the 
internal moisture distribution in wood (Fig. 1), and using time domain reflectometry techniques [6]. 
Here we apply the electromagnetic model of [7] to the impedance tomography problem described by 
[5]. 
 

 
Fig. 1. Configuration of the segmented electrodes for measurement of the internal moisture distribution in wood 

described by Sobue and Inagaki (2007). 
 
 
There are two main advantages of an integral equation model for this type of problem. The first is that 
since only the anomalous region (that occupied by the wood) needs to be modelled, the domain of the 

 Guard 
electrode 

Segmented electrodes 

 1    2     3     4    5    6 

Common electrode 
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problem need only include the timber cross-section and the segmented electrodes or capacitor plates 
(Fig. 1); the region beyond makes no contribution. Using a differential equation model, requires setting 
external boundary conditions, which may include the electrodes, but for accurate modelling needs to 
extend well beyond the region of the wood to where the field may be assumed to be zero. The second 
advantage of an integral equation approach is that the problem may be solved once for a given 
moisture distribution and for any field distribution representing different segments of the electrodes, 
resulting in just one forward calculation per inverse iteration. Again this contrasts with differential 
equation methods where one solution would be required for each capacitor electrode configuration. 
The approach is thus generally more favourable for inverting measurements than the otherwise more 
rapid differential equation methods. 
 
We first provide some background to the integral equation approach, and then explain how we 
configured the impressed or incident field for application to this problem and show results from that 
simulation. Finally we describe the remaining work to complete the solution. 
 
 
2. Theory 
 
The polarization of a discretized zone or cell within a dielectric material may be represented by a 
dipole at its geometric centre. In most dielectric materials, there is no net polarization until generated 
by an external or impressed field. When applied to this quasi-static electric field problem where the 
material is considered lossless, the method of moments may be considered as the summation in each 
cell of the electric field contributions due to the polarization in all other cells. Using rectangular 
coordinates, the potential φ p  at point p(x, y, z) generated by polarization P, is: 
 
 

φ
πεp
P r

r
=

∧~.
4 0

2 , (2)

where r
∧

is a unit vector pointing from the centre of the cell to p [8], and r is the distance from the cell 
centre to p. In Cartesian 3-space: 
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where ~, ~ ~x y z and  are the rectangular components of ~r . The potential arising from the contribution 
from many cells is: 
 
 

φ
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∧
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where dv is the differential volume over which each P. r
∧

 applies. Reverting to the single dipole case, 
its electric field is the space rate of change of potential ( pφ−∇ ) so that from equation 3: 
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with corresponding equations for Epy and Epz. The above may be combined in an integral equation 
describing the electric field Ep at a point p: 
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E P.r

P ( , , ) ( )x y z
r

dv= −∇
∧

∫∫∫ 4 0
2πε

 (6)

 
The polarization region may now be discretized, and following the method of moments [9], we 
calculate the matrix of polarization vectors P(x, y, z) using: 
 
 L x y z

x y z x y z
x y z

( ) ( , , )

( , , ) ( , , )
( , , )

P E

E P
i

P

= −

= −
ε χ0

, (7)

 
where L is a linear operator, Ei the external impressed field and χ(x, y, z) the electric susceptibility (εr 
(x, y, z) - 1). Equation 7 is converted to matrix form and solved for the vector of polarizations P, and 
the electric field strength in each cell is recovered from the polarization: 
 
 

E P( , , ) ( , , )
( , , )

x y z x y z
x y z

=
ε χ0

 (8)

 
The model used here employs the pseudo 3-D method [7] which effectively reduces the problem to 2-
D, and uses field proximity compensation as described in [6] to obtain improved prediction of the 
electric field distribution. 
The inputs required to solve the forward solution are: 
1. A vector describing the impressed field 
2. A matrix describing the complex permittivity within each cell 
3. Details of the dimensionality of the problem. 
While the above method applies to any impressed field distribution, in this case Ei is the vector of 
impressed field components arising from two planar electrodes as in Fig. 1. 
 
 
3. Modelling Planar Electrodes 
 
To calculate the field from two planar electrodes, and continuing to use rectangular coordinates, we 
first define a small element of the planar electrode x∆ , with a line charge density ρ and calculate the 
potential at a point p positioned a distance 2 2r x y= +  from the electrode element [8]. From 
electrostatic theory, e.g. [8], the x-component of the potential is defined as: 
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x
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Since the electric field E is the gradient of the potential, i.e. φ= −∇E , and using (9) to define the 
potential in the x and y directions, it can be shown that the two rectangular components of the field at p 
may be expressed as: 
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The integrals are taken over the surfaces of both electrodes with appropriate consideration to the sign 
of ρ. Then applying the theory described in Section 2, the resultant electric field may be generated. 
Fig. 2 shows the incident or impressed electric field, when no wood is inserted between the electrodes, 
when using equations 10 to provide a vector of impressed field values in the model. 
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Fig. 2. Cross-sectional view (as in Fig. 1) showing the incident electric field distribution from two planar 
electrodes in air. 

 
 
A typical result is shown in Fig. 3. In this case it arises from the forward solution applied to the region 
where a block of wood, 3 3r jε = + , is positioned in the upper left region between the planar electrodes. 
It demonstrates the reduced field intensity within the wood compared with air, and the distortion of the 
surrounding field compared with Fig. 2. Note that in this instance, the electrodes have been defined as 
zero thickness, so there is an anomalous impact on the field outside the electrodes. The simplification 
has no effect on the field between the electrodes, with or without an included dielectric. 
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Fig. 3. Cross-sectional view (as in Fig. 2) showing the predicted electric field distribution when a block of wood 
is placed in the upper left region between the two planar electrodes. 

 
 
4. Validation 
 
We chose to validate the model by modelling the displacement current and hence predicting the 
capacitance of two planar electrodes with a PVC dielectric. A PVC block with 3 0r jε = +  and with 
dimensions 50 by 50 by 148 mm was fitted with two self-adhesive foil electrodes of dimension 50 by 
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148 mm to form a capacitor. The measured capacitance, due to that of the capacitor itself plus the free-
space capacitance of one plate at 250 kHz was 18.39 pF, so that the expected current from a 1V RMS 
source was 14.75 µA. 
 
The above model with a permittivity between the electrodes of 3 0r jε = + , was used to calculate the 
electric field distribution for a potential difference between the electrodes of 1V RMS at 250 kHz. The 
displacement current density JD, defined as dD dt  where D is electric displacement [11], can be 
written: 
 
 

0(1 )D
dEJ
dt

χ ε= +  (11)

 
and hence the current is defined as: 
 
 2

0(1 )D
dEi l
dt

χ ε= +  (12)

 
where l is the edge length of the cubic cells. dE dt for each cell was taken as the RMS value of the 
maximum dE dt at 250 kHz, Eω . Since the forward solution represents the electrodes as sheet charge 
sources rather than conductors, the field and hence current outside the electrodes is affected by the 
dielectric between the electrodes. Hence the simulated displacement current has been taken as the sum 
of the total current with 1 0r jε = +  and the difference between the current integrated along the inner 
face of the electrodes for the conditions 3 0r jε = +  and 1 0r jε = + . This provided a value of 15.14 µA, 
compared with the 14.75 µA value derived from measurements. 
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Fig. 4. Predicted displacement current for PVC dielectric between two planar electrodes. 
 
 
5. Measurements in Wood 
 
The validated forward solution described above is the major remaining step in providing a new 
impedance tomography method for measurement of moisture distribution in wood. The method of [5], 
configured according to Fig. 1, employed an instrument to measure the real and imaginary components 
of the impedance at 250 kHz. For an iterative inversion procedure to predict moisture distribution, the 
forward solution will need to be configured to predict the impedance between combinations of 
electrode segments which would then be compared with the measured values. 
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We explained above how an integral equation method conveys advantages for inverse methods, since 
little computational effort is required to provide a solution for each different configuration of the 
impressed field. In the method described by [5], guard electrodes were used, and hence we may make 
the approximation that the gaps between the electrode segments are arbitrarily narrow. In this case 
then, the electric field and current distribution remain constant, irrespective of which electrode 
segment is being measured, so that one forward calculation will suffice for each estimate of the wood 
impedance distribution in the inverse solution. 
 
A further feature of this approach is that there is little computational overhead in providing values of 
impedance for many different measurement frequencies, and use of multiple frequencies is commonly 
used to extract a measure of product density. Hence we are keen to extend this work in the future to 
measurement of density distribution. 
 
 
6. Conclusions 
 
We have described a forward solution for calculating the impedance distribution in wood from its 
dielectric properties, and shown simulations of the electric field distribution in wood from the field of 
two parallel electrodes. The computational efficiency of the integral equation model has also been 
described and we forecast that this will have important industrial benefits. We have also predicted the 
displacement current in a PVC dielectric and provided good agreement with the measured value at  
250 kHz. The next stage, is to apply the method to our earlier work which used a series model of 
impedance to provide tomographic reconstruction of the moisture distribution in wood. 
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