Sensors & Transducers, Vol. 171, Issue 5, May 2014, pp. 256-261

e
e—"

www.sensorsportal.com

Sensors & Transducers

© 2014 by IFSA Publishing, S. L.
http: //mwmw.sensor sportal .com

The Structures of Fuzzifying Measure

1.2 Shi Hua Luo * Peng Chen ®Qian Sheng Zhang
'School of Statistics, Jiangxi University of Finance & Economics, Nanchang, 330013, China
% Applied Statistics Research Center, Jiangxi University of Finance & Economics,
Nanchang, 330013, China
3 School of Informatics, Guangdong University of Foreign Studies, Guangzhou, 510420, China
E-mail: luoshihua@aliyun.com

Received: 21 May 2014 /Accepted: 30 May 2014 /Published: 31 May 2014

Abstract: A new so-called fuzzifying measurable theory that generalizes the classical measurable theory is
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1. Introduction

Since M. Sugeno [10] introduced the concept
of fuzzy measure in 1974, the study of fuzzy measure
theory has gained rich conclusions [5-9]. But most of
them are concentrated on single — valued functions.
Motivated by Aumann’s integral of set - valued
functions, Caimei Guo, Deli Zhang etc. introduced
fuzzy integral of set-valued functions and then
established on set-valued fuzzy measure [4].

In their paper, the fuzzy measure M pertains to the
set noted by P (F (X)) (F.(X)={ A; A: X—L}, Lis

a complete residual lattice or L= P, (R"), 1=(0,1)).

In 1991, Ying Ming-Sheng used a sematic
method of continuous-valued logic LX to propose the
concept of fuzzifying topology [1-2]. In 1993, Shen
Ji-Zhong uses the same method to establish the
theory of fuzzifying groups and gain a lot of good
algebraic properties [3]. They all successful extended
the application of such theory. Using the same

method, fuzzifying measure Me F (P(X)) and
fuzzifying measure space have been established [13,

256

14] and being proved useful in many applying
domain such as fuzzy control, finance model etc. But
being a new theory, the structure of such theory is
not clarified. In this article, such difficult problem
has been studied and some satisfaction results have
been gained.

First, we display the fuzzy logical and
corresponding  set-theoretical — notations  used
in this paper.

D [—el=1-[0];
[¢ Ay]:=min([¢].[¥]);
¢ = v]=[gloly]=min(l,1-[e]+[y]);
(9 & w]=[p]Bly]: [(VOe(X)]=inf[p(X)];
[(@X)p(x)] = sxgg[(p(X)],
where X is the
[xe Al:= A(X).

2) vy =—(mpAY);
poy=@->YAWY - 9);
Ac B:=(Vx)(xe A— xe B);

universe of  discourse,
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A=B:=(AcB)A(BCA).

3) [a]=a,ifa€][0,1].

Then, some definitions in classic measure theory
[15] and in fuzzifying measurable theory are
all display.

Definition 1.1. Let X is universe, R < P(X) ,
satisfy:

D XeR;

) AeR= A"eR;

H{ANZ2LccR=>UAeER.

n=1

Then R is called c-algebra and (X, N )
a measurable space.

Definition 1.2. Let X is a non-empty set and R
is a c-algebra of X. A set function m: R —> [0, 1] is
called a normal strong semi-measure if

1)) MD)=0;
2) ABe R and Ac B= m(A) <m(B);
3) {A,n=1} R and

A S A = MU A)=limm(A,):
3% {A,N21} =R and

A S A= m(NA)=lmm(A,).

Definition 1.3. Let X is the universe, 9} is
a mapping from P(X) to 1=[0,1] (E)NKE F (P(X)))
satisfy the following conditions:

D EXeR:

2) F(VA(Ae Ft » Ae R);

3) Forany {A,,ne N},

E(Vn)(ne N — AeR)— nLgJNAne R

Then R is called a fuzzifying o-algebra and
X, R)a fuzzifying measurable space.

If (3) instead of (3'), then IR is called a fuzzifying
algebra [13].

(3") Forany {A,ne N, },

E(Vn)(ne N, > A e R)—> U Anefﬁ’

ne Ny
Ni={1, 2, ..., k}.

Definition 1.4. Let (X, R ) is a fuzzifying
measurable space. M is a mapping from P(X) to I
(Me F,(P(X))), the sign lim(A, € M) is
denoted as: lim(A, € M) :=

@An)(Vm)((ne N)A(m=n) = A e M),

and satisfy the following conditions:
1) |=(—|(®e m)A(Xem;
2) E(VA)(VB)(Ac R) A (Be R)
A(Ac B)—> (Ae m— Be m));
3) Forany {A,,ne N}

F(YAN(A e R)A(A S AL
> (UA€M o lim(Ae M)

3') Forany {A, | ne N}

F(VA)(A € A (A, CA)
> (N A€M o lim(A € M),

Then M is called a fuzzifying measure on
X, R ) and
X, R, M) is called a fuzzifying measure space.
If M only satisfy (1), (2), (3), then is called

a lower-continuity fuzzifying measure. If M only

satisfy (1), (2), (3"), then is called an upper-continuity
fuzzifying measure.

fuzzifying measurable space

2. The Structure of Fuzzifying M easure

Definition 2.1. Let M is a fuzzifying measure
defined on fuzzifying measure space (X, R, M),

then M is considered having fuzzifying null-additive
property (denoted briefly as 0-add) /or fuzzifying
null-subtractive property [9] (denoted briefly as

0-sub) if for any A, B€ P(X):

E(VA)(VB)(Ae R A Be R A (—(Be m))
— ((AUB)e M« Ae M) . /or

E(VAY(VB)(Ae R A Be R A (—(Be m))
— ((ANB%) e M Ac m)).

Theorem 2.1. Let M is a fuzzifying measure

defined on (X, R ), then the following conclusions
are equivalence.

1) M is fuzzifying null-additive;
2)  E(VA(VB)Ae RABe RA(ANB=9Q)
A(—=(Be M)) = ((AUB)e me Ae m));
3)  E(VA(VBYAc RABe RA(BC A
A(—(Be m)) — ((A-B)e M« Ac m))
Proof. (1) = (2) is obvious; .
2) = 3):1f Bc AA=(A-B)UB and
(A-B)(NB= then:
M((A-B)U B) SM(A-B)
>R(A—-B) AR(B) A (M(B)0)
m(A) Si(A—B) >
R(A) AR(B) A (B A) A (N(B)0) ;
3) = (1):
m(AUB - B) (AU B) > R(AUB)
AR(B) A (B c AU B) A (T(B)ax0)
So M(A)BM(AU B) > R(AU B) AR(B)
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A(M(B)0) = R(A) AR(B) A (M(B)x0) .
Theorem 2.2. Let M is an upper-continuity
fuzzifying measure on (X, 9}] ) and Mis 0-add

(R, = {A|R(A) =1, Ae P(X)}), for any
Ae R, ., {B,,ne Nyc%®,VnB,_ B, .
We have F(VA)(VB,)((—(lim(B, € M))) —
(im((AUB,) € M) & Ae m)).

Proof. M is defined on (X, ERI ) so
m(ﬁBn):hmm(Bn) Let B- QBH . and
for {AUB}.neN , AUB,_ cAUB,
m(@l(AU B.))=limm(AUB, ).

Then limM(AUB,)BM(A) =
M(N(AUB,)AM(A) (AU B) BM(A)
> M(B)a0 =1im M(B, )0 .

Theorem2.3. Let M is a lower-continuity

, SO

fuzzifying measure on (X, 9{1) and Mis 0-sub, for
any Ae R, {B,,ne N} cR,,Vn,B

n+1
We have

F(VAYVB,)((—(lim(B, € M))) —
(lim((AN B.°)e M) <> Ac M)).

cB,.

Proof. Let B= ) 3], M is defined on (X, 9}1 ),
n=l

so M(N B,) = limm(B,).
n=1
For {AN BnC},ne N , we have
ANBS°c ANB,,°

n+l 2

M(U(ANB,) = imMANE).

Then
lim (AN B,%) BM(A) =
M(U(ANB,)BM(A) - m( AN BE) AM(A)

> M(B)a0 =lim M(B,)a0 .

Now, we want to point out that there has any
fuzzifying measure (M), which has not fuzzifying

null-additive property.
Example2.1. Let M is a fuzzifying measure

defined on (X, R, ), R, =2X, X={a, b},
rony LA
“103,A% X

Mm(AU B) Sm(A) =1 £ 0.3=0.3, but
M(B)a0=0.3 & 0=0.7.

If A={a}, B={b},
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So M has not fuzzifying null-additive property.

Definition 2.2. Let M is a fuzzifying measure
defined on (X, R ) and satisfies:

For any A, Bn€ P(X),ne N

1) F(YAY(VYB,)(Ac RAB, € R ((lim(B, e M)

- (im((AUB,) e M) <> Aec M) ;

1" F(VA)(VBH)(AG R AB, € RA(=(lim(B, € M)

— (lim((ANB,)e M) <> Ae m)).

Then M is considered having fuzzifying auto-
continuity property (denoted briefly as Fautoc.).
If M only satisfies (1) (or (1"), M is considered
having fuzzifying upper-auto (or lower-auto)
continuity property (denoted briefly as Fautoc. J, (or
Fautoc. T)) [11, 12].

Theorem 2.4. Let M is a fuzzifying measure
defined on (X, R ), then

1) If M is Fautoc. |, , M is 0-add.

2)If M is Fautoc. T, M is 0-sub.

Proof. (1) For any A, BE P(X), let Bn=B,
Vne N, then AUB, = AUB.

So
lim M(AU B,) = supinf M(AUB,) = M(AUB) ;

neN m=n
lim M(B,) = sup 1mn>g m(B,) = m(B)

And ne N
M(AUB) SM(A) = limM(AU B,) SM(A)
2RA) AT R(B)) A (lim M(B,)ex0)

= R(A) AR(B) A (M(B)x0) . Similarly we
can prove (2).
Example2.2. M is a fuzzifying measure on

X, K, let K, =2X, X={1,2,3, ...}

(2/m)arctg(carA Y, (1/2"), A= X
ie A

1,A= X

(car A=the number of the members in set A).
Let Bn={n, n+1, n+2 ...}, then is easy to check:

limm(AN B, M(A) =1, limmM(B,)a0=1.

So M is Fautoc. T .

But limM(AU B)AMA) =081=0, mis not
Fautoc.J,.

Proposition 2.1. If M is a fuzzifying measure
defined on (X, QR ), and X is finite, then M is
Fautoc. T if and only if T is Fautoc. J, .

Definition 2.3. Let M is a fuzzifying measure

m(A)z{

defined on (X, R ), M is fuzzifying uniformly
upper-auto (denoted  briefly as
Fu.autoc. J, ) if it satisfies: for any £>0 , exist

continuous
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0 =0(€) >0, such that (1)

E(VA(VB)(Ac R ABe Rin(Be m— 5)
- (AUBe M- G (Ae)A(G, (Ag)—
AUBe m));

(Let [G," (A €)] = min(l, W A)+¢) ,
G, (A )] = max(0,M(A)—¢) ).

m is
continuous (denoted briefly as Fu.autoc. T ) if it
satisfies: for any £>0 , exist 0 =0(€)>0 ,
such that (1")

E(VA(VB)(Ac R ABe Rin(Be m— 5)

- (ANB e M- G (Ae)A(G, (Ag)
— (ANB*e M));
If M satisfies (1) and (1'), then M is fuzzifying

uniformly auto continuous (denoted briefly as
Fu.autoc.).

Theorem 2.5. Let M is a fuzzifying measure on
X, 9~§1 ), and then M is Fu.autoc. ], if and only if

fuzzifying  uniformly  lower-auto

M is Fu.autoc. T . (We must point out that if [T is
defined on (X, R ), such proposition is not value).
Proof. =): Forany & > 0, exist 0=0(€)>0,
A,Be P(X).By A=(ANB)U(ANB),
and M is defined on (X, SRI ). So
M(ANB) <M(B); M(ANB)xd > mM(B)ao .
By M is Fu.autoc. |, , we have:
M(ANB)U(ANB)a
[G"((ANB%),&e)] = M(ANB)ad > M(B)aod .
So min(1,1-mM((ANB%)U(ANB))
+min(l, (AN B%) +¢)) 2 M(B)ad
min(1,1—mM(A)+ min(l, (AN B°)+¢))
> mM(B)ao
min(l,1—max(0, M(A)— &)+ M(AN B%))
>mM(B)aod .
Therefore
[G, (A &)lam(ANB®) 2M(B)ad .
Similarly
[G,” (AN B®),&)lam((AN B*)U(ANB))
> mM(ANB)ad > M(B)aod .
Therefore
min(1,1—max(0, M(AN B®) — &)+ mM(A))
>M(B)aod
min(1,1-M(AN B®) + M(A)+ &) = M(B)ao
min(1,1-M(AN B®) + min(1, M(A) + £))
>M(B)ao .

Issue 5, May 2014, pp. 256-261

So M(AN BC)a[G3+(A, £)] 2 M(B)ao
(G- (A &)laM(AN B))

AM(ANB)AG;" (A €)]) 2M(B)ad .
M is Fu.autoc. T .

&): Using the same method, we can prove the

part of result easily.
Theorem 2.6. Let M is a fuzzifying measure

defined on (X, R ), then:

1) If M is Fu.autoc. J, , M is Fautoc. |, ;

) If M is Fu.autoc. T, M is Fautoc. T .

Proof. (1) For any A, B € P(X) ,
{B,|ne N} c P(X), Mis Fuautoc. | , so for
any € >0, exist 0 =0(€)>0,and
(M(AUB)a[G," (A, €)) A([G,” (A &)]lam(AU B))
>R(A) AR(B) A (M(B)0).

For such €, exist N>0, if n>N, we have
(MAUB,)2IG," (A &) A(IG, (A £)lem(AUB,))
>R(A) AR(B) A (N(B,)ad)
>R(A) AR(B,) A (M(B,)x0) .

So limmM(AU B,) BM(A) >
R(A) A HNSR(Bn) A (lim M(B,)a0)

The second conclusion can be proved by the
same method.

3. On the Product of Two Fuzzifying
Measure

Definition 3.1. Let M and M, are all fuzzifying
measures defined on (X, ET{ ), we denote the product
of I’ﬁ and mz as rﬁrﬁz which is defined as: for any
Ae R, MM, (A) =M (A) AM,(A) [16].

Now, we must prove that rﬁlmz is fuzzifying
measures on (X, R ), for any A, Be P(X):

1) MM, () =M (D) Arm, () =0,
mm,(X) =m(X)Am,(X)=1;

2) MM(A) amm(B) =(M(A AM(A)
a(m(B) Am,(B))

Z (M (Aam(B)) A(m,(Aam,(B))
>RA)ARB)A(AC B);

3) Using the same method we can prove MM,

satisfies the conditions (3) and (3') of the
Definition 1.4.

Definition 3.2. Let M and M, are all fuzzifying
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measures defined on (X, R ), ﬁ] is said to be
fuzzifying weakly absolutely continuous with respect
to M, and is denoted by M <, M, if for any

A€ P(X):
E(VA)(Ae R — (—=(Ae m)) = —(Ae m)));
M is said to be strongly absolutely continuous with
respect to M, and is denoted by M < M, if for
any £>0, exist 0 =0(€) >0, such that for any
Ae P(X):
E(VA(Ae R — (Ae M, — &) — (Ae M — €))).
Definition 3.3. M is called to have property (s)
(or property (s')) if for any {Bn} cP(X), A€ RA(X):
F(VN)((B, € ) A (—(lim(B, € M)))
- @M UB,)e M)
(Or E(VN)(B, € R) A(Ae R) A((lim(B, € ™)) —
EH(ANNUB,) e me (A m) ).
Theorem 3.1. 1) M is a fuzzifying measure
on (X, §{1 ) and is Fautoc. | if and only if M
is 0-add and has property (s);
2) M is a fuzzifying measure on (X, 9}1) and is

Fautoc. T if and only if M is O-sub and has

property (s").

Proof. We only prove the conclusion (1). =):
We only need to prove that M has property (s)
because M is 0-add has been proved by
Theorem 2.4. For any {Bn}€ P(X), V& >0, exist
N1, such that:
L —(lim(B, € M) - (B, e M—£/2) (.
For BNl , by M is Fautoc. |, , we have

FOY,)(n, > N)) A (—(lim(B, & M) —
(lim((B, U By,)e M) — B, em),

So exist N2>N1 and
F(vn,)(n, > N)) A (~(lim(B, e M) —
(((B,, UB,,)e M) — min(l,M(By ) +£/4))).
For equation (*), select some N1, we have
F(vn,)((n, > N) A (~(lim(B, € M)
- (((BNl U BNz )e M) — min(1,3£/4))) .

Do like this again and again we can find out such
conclusion:

E—(lim(B, € m)) —

(n )((if:]1 B,)e M— min(L,£)).
If e=1
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F—(lim(B, € m)) —

Gn«n)«Q B, )em—1).
Ife=1/2
F—(lim(B, e m)) —
Ene)(UB, ) e m—1/2).

Generally, if £€=1/ |
F—(lim(B, € m)) —

(3%)(({@1 B, Jem—1/]).j-1.2.3 ...
Therefore:
—(lim(8, € M) — @) U B, )e m).
<) : Forany A€ P(X), {Bn}e P(X), exist
{Bni } < {B,}, such that
(IT(X MCAU B,))am(A) -
lim M(AU B, Jar(A) .
For {B, }, by M has property (s), we can find
{B., } ©{B,}.then

oo

(N UB, )a02limm(B, )a0. By M is 0-
j=lk=]
add, so MAU(N U B, )AM(A
j=lk=j

>m(A U B, )0 =limM(B, )0,
j=lk=]
And (inf sup M(AUB,)) SM(A)

nzm

= lim (AU B, Jam(A)
> m(AU( ﬁ k@,- B, ))am(A). So
(inf sup M(AU B, ) SM(A) > lim W(B, )ax0.

Then (suINng; MAUB,))MA) =himmMB,)a0,

limM(AUB,) SM(A) > limm(B,)a0 .

Theorem 32. M and M, are fuzzifying
measures defined on (X, SRI ),and M <, M,.

1)If M and M, are all 0-add, then so is MM, ;

2)If M and M, are all

sois MM,

Proof. (1) For any A, BE P(X),
mm,(AUB) smm,(A)
=(M(AUB)Am,(AUB))

B (A) A M, (A))
2 (M (AUB)SM(A) A(M,(AUB)SM,(A)

Fautoc., then
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> (7} (B)ax0) A (M, (B)20).
By M <, M,, we have

(M (B)0) = (M, (B)0), then

M (B) < m,(B). So

mm,(AUB) gmm,(A)

> () (A)x0) A (7, (B)0) = iy (B0
> (11}(B) A M, (B))r0 = M, (B)ax0 .
2) We only prove if I’ﬁ and I'n are all

Fautoc. |, , then so is MM, . It is obvious that MM,

is 0-add, by Theorem 3.1; we only need to prove that
MM, has property (s).
For {Bn} C P(X),n=1,2,3,... M has

property (s), so exist {Bn [ {Bn} , we have

m(

y M, has property (s), exist {B }C{B }

Y(Dx

@Bni )20 = lim i (B)a0 . For {B, },

G
2( m(B )ar0) /\(hmmZ(B )a0).
(MmN UB, )Amz(ﬂUB e

t=1 j=t

> (lim (B, )a0) A(lim M, (B, )e0)
mmz(ﬂ U B, )0 2 (lim M (B, )x0)

t=1 j=t
A(limm, (B,)x0) .

By M <, M,, we have
limm(B,)a0 = 1limm,(B,)a0 and
limm(B,) <limm,(B,).

So r’ﬁlrﬁz(tr]1 H B, )20 > limm, (B, )0
=(limm(B,) A limm,(B,))x0
=Iimmm,(B,)0 . Then MM, has property (s).

8

4. Conclusions

Used a sematic method of continuous-valued
logic system, fuzzifying measurable theory that
generalizes the classical measurable theory is

established. In this article, the structure of the new
theory has been studied and some satisfaction results
have been gained. We also study the product of two
fuzzifying measures and consider a problem, which
is like the third of the open problems in fuzzy
measure presented by Z. Wang. We have solved this
problem satisfactorily in the new theory.
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