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Abstract: Gradient methods are preferred for training and pruning neural networks because regularization terms 
are primarily intended to remove redundant weights from neural networks. Many machine learning libraries use 
elastic net regularization (ENR) also called double regularization, which is a combination of 𝐿𝐿1 and 𝐿𝐿2 
regularizations which tends to have a grouping effect in which correlated input features are given equal weights. 
This paper proposes a batch gradient method with smoothing elastic net regularization for pruning feedforward 
polynomial neural networks (FFPNNs), especially pi-sigma neural networks (PSNNs). Unfortunately, since 
elastic net regularization contains the 1-norm, is non-differentiable, and does not produce an NP-hard problem, it 
is not possible to use the gradient method directly. We attempt to replace the 1-norm and end up with the 
smoothing elastic net regularization in order to overcome this obstacle by using a differentiable and continuous 
function. The monotonicity theorem and two convergence theorems, including a weak convergence and a strong 
convergence, are established under this circumstance. The validity of the proposed theorems is supported by the 
experimental findings. According to the numerical results, the smoothing double regularization improved 
generalization performance and accelerated the learning process. 
 
Keywords: Convergence, Batch gradient method, Smoothing elastic net regularization, Pi-sigma neural networks 
 
 
1. Introduction 
 

Higher-order polynomial neural networks 
(HOPNNs) have been developed with intention to 
enhance the nonlinear descriptive capacity of the 
feedforward multilayer perceptron networks. 
HOPNNs are networks that utilize higher 
combinations of inputs. HOPNNs have been 
successfully applied to a variety of real-world tasks, 
including prediction, classification, signal processing, 
image recognition, and particularly in covid-19, 
business, and for trading the EUR/USD exchange rate 
[1-3], respectively. In a research paper published by 

Ghosh and Shin [4], they introduced the pi-sigma 
neural network, a type of high-order neural network, 
which has shown to be effective in predicting patterns 
and approximating functions. Since the weights 
between hidden units and outputs are fixed at 1, the 
model has multiplication neurons in output unit layers. 
A neural network of this type uses the product of sums, 
has a regular structure, is much faster at learning, and 
can be incrementally enlarged to achieve a desired 
level of complexity. Data is essential for building 
learning models and can be used in the modeling 
pipeline in two ways. In batch learning, the data is at 
rest, while in online learning, the data flows into the 

http://www.sensorsportal.com/HTML/DIGEST/P_3289.htm 
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learning algorithm in streams [5], and this paper flow 
the first approach.  The pi-sigma neural network 
(PSNN) joined a gradient descent algorithm is capable 
to dispose of the nonlinear problems with much more 
powerful mapping and higher computational speed  
[6, 7]. The terms of PSNNs are accepted to address 
several difficult different problems: such as time series 
forecasting [8], for decade progress [9], based on sine 
cosine optimization algorithm [10], forecasting [11], 
and improved spotted hyena optimizer with space 
transformational search [12].  

In [13], Zou and Hastie introduced a novel elastic 
net regularization (double regularization) method by 
extending the 𝐿𝐿1 regularization by adding 𝐿𝐿2 
regularization for the variable selection method in 
order to overcome the limitation of the 𝐿𝐿1 
regularization. This term has been used in several 
studies for example as used for portfolios with risk 
minimization [14], high-dimensional longitudinal data 
[15], and discriminate analysis classifiers with 
automatic parameter selection [16].  The double 
regularization algorithm is widely used in practice and 
is implemented in many libraries for machine learning. 
The modified error function joins double 
regularization, which takes the following form: 

 
𝐸𝐸(𝑊𝑊) = 𝐸𝐸�(𝑊𝑊) + 𝜆𝜆1‖𝑊𝑊‖1 + 𝜆𝜆2‖𝑊𝑊‖22,        (1) 

 
where E�(W) is the stander error function depending on 
the weights 𝑊𝑊, ‖ ∙ ‖2 and ‖ ∙ ‖1 denotes 2-norm and 1-
norm, respectively,  λ1 and λ2 are regularization 
parameters. In generally many regularization types 
take the form of the 𝑞𝑞-norm of the weights 𝑊𝑊 of the 
network as 
 

‖𝑊𝑊‖𝑞𝑞 = (∑ |𝑤𝑤𝑚𝑚|𝑞𝑞𝑀𝑀
𝑚𝑚=1 )

1
𝑞𝑞                       (2)  

 
Noting ‖𝑊𝑊‖𝑞𝑞 is the q-norm where (0 ≤ 𝑞𝑞 ≤ ∞), 

let  q = 0 is ‖𝑊𝑊‖0 is known 0-norm, while q = 1/2 
is ‖𝑊𝑊‖1/2 is referred to 1/2 −norm.  Neural network 
training using the gradient method has been 
commonly applied, but sometimes, the training 
process is poor and overfitting. The idea of adding a 
regularization term into the error has become common 
to improve the generalization performance of the 
network and to make the network weights become 
smaller during the training. Various types of 
regularization terms have been used in many 
applications of neural network areas. 𝐿𝐿2 and 𝐿𝐿1 are the 
most common terms used which include 2-norm and 
1-norm, respectively.  The 𝐿𝐿2  regularization also 
called weight decay may be the most popular 
regularization technique used [17-19]. While the 𝐿𝐿1 
regularization has become widespread for improving 
the sparse solution [20, 21]. Sparse optimization 
involving the 𝐿𝐿0 regularization in objective function 
has a wide application in many fields. AIC and BIC 
[22], well-known model selection criteria, are special 
cases of 𝐿𝐿0 regularization. In [23], a novel 𝐿𝐿1/2 
regularization has been providing more sparsity than 
the 𝐿𝐿0 and 𝐿𝐿1 regularizations.  However, since 𝐿𝐿0, 𝐿𝐿1, 

and 𝐿𝐿1 regularization norms of weights are non-
differentiable; we cannot incorporate it directly as a 
regularization term into the objective function. To get 
rid of this dilemma, many researchers have begun to 
use a smoothing technical that removes the inability of 
a function to be a string, for example (cf. [24, 25]). We 
try to investigate the proposal of this study which is 
related to these ideas.  

In Section 2, we show the batch gradient method 
with elastic net regularization (BGENR), and the 
gradient descent algorithm with smoothing double 
regularization (BGSENR). We selected convergence 
results are given in Section 3. We present numerical 
results in Section 4. The proofs of the convergence 
results in Section 5. Finally, conclusion summary of 
this work in Section 6. 
  
 
2. BGSENR 
 

PSNN consists of an input unit, a single hidden 
layer of linear summation units and product units in 
the output layer are 𝑝𝑝,𝑛𝑛 and 1 respectively. The term 
pi-sigma (ΠΣ) use products of sums of input 
components. PSNNs have only one unit of  
adjustable weights, the weights of the output unit are 
commonly fixed at 1 (see Fig. 1). The weight vector 
connecting the input unit and the 𝑘𝑘 −th summing unit, 
introduced by 𝑤𝑤𝑗𝑗 =  (𝑤𝑤𝑗𝑗𝑗𝑗 ,𝑤𝑤𝑗𝑗2, . . . ,𝑤𝑤𝑗𝑗𝑗𝑗)𝑇𝑇 ∈  ℝ𝑃𝑃, and  
w =  (w1

T, w2
T, . . , wn

T) ∈ ℝnP, ( 𝑗𝑗 = 1,2,⋯ ,𝑛𝑛). Let 
𝑔𝑔: ℝ →  ℝ be a given activation function. For any 
given input x and weight w, the output of the  
PSNN is 

 

𝑦𝑦 = 𝑔𝑔[�(�(𝑤𝑤𝑗𝑗𝑗𝑗𝑥𝑥𝑖𝑖

𝑝𝑝

𝑖𝑖=1

)
𝑛𝑛

𝑗𝑗=1

)] = 𝑔𝑔[�(𝑤𝑤𝑗𝑗 ∙ 𝑥𝑥)
𝑛𝑛

𝑗𝑗=1

],   (3) 

 
where 𝑤𝑤𝑗𝑗 ∙ 𝑥𝑥 represents the inner product of 𝑤𝑤𝑗𝑗 and 𝑥𝑥. 
The topological structure of PSNN algorithm is shown 
below (Fig. 1). 
 
 

 
 

Fig. 1. Structure of pi-sigma neural network. 
 

https://link.springer.com/chapter/10.1007/978-981-15-2449-3_37
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Let {𝑥𝑥𝑙𝑙 ,𝑂𝑂𝑙𝑙}𝑙𝑙=1𝐿𝐿 ⊂ ℝ𝑝𝑝 × ℝ be the set of training 
samples with 𝑂𝑂𝑙𝑙 is the desired objective output for the 
input 𝑥𝑥𝑙𝑙.  For any fixed weight w, the output error 
function with elastic net regularization (ENR) is 
defined as 
 
        𝐸𝐸(𝑤𝑤) = 1

2
∑ [𝑂𝑂𝑙𝑙 − 𝑔𝑔(∏ (𝑤𝑤𝑗𝑗 ∙ 𝑥𝑥𝑙𝑙)𝑛𝑛

𝑗𝑗=1 )]2𝐿𝐿
𝑙𝑙=1   

+λ1‖W‖1 + 𝜆𝜆2‖𝑊𝑊‖2                               (4)  
 
where ‖𝑊𝑊‖2 = ∑ 𝑤𝑤𝑗𝑗2

𝑞𝑞
𝑗𝑗=1 , ‖𝑊𝑊‖1 = ∑ �𝑤𝑤𝑗𝑗�

𝑞𝑞
𝑗𝑗=1 , ‖ ∙ ‖ is 

the normal Euclidean norm, and  | ∙ |  is the normal 
absolute value function and  𝜆𝜆1, 𝜆𝜆2 are regularization 
parameters. In above equation a special case where 
λ1 = λ, λ2 = 0 is known 𝐿𝐿1 regularization method 
(BG𝐿𝐿1), while λ1 = 0, λ2 = λ is 𝐿𝐿2 regularization 
method (BG𝐿𝐿2). 

Since the 1-norm of weights includes the absolute 
value which means is non-differentiable; we cannot 
incorporate it directly as a regularization term into the 
objective function. To get rid of this problem, we try 
to use a differential and continuous function 𝑓𝑓(𝑡𝑡) 
instead of an absolute value as in the above formula. 
Specifically, the following piecewise polynomial 
function is used in [24, 25] as follows: 

 

𝑓𝑓(𝑡𝑡) = �
 |𝑡𝑡 | ,                          |𝑡𝑡| ≥ 𝛾𝛾

− 𝑡𝑡4

8𝛾𝛾3
+ 3𝑡𝑡2

4𝛾𝛾
+ 3𝛾𝛾

8
 ,   |𝑡𝑡| < 𝛾𝛾,

     
           (5)  

 
Remark 1. The function 𝑓𝑓(𝑡𝑡) is twice continuously 
differentiable on ℝ. Moreover, 𝑓𝑓(𝑡𝑡), 𝑓𝑓′(𝑡𝑡), and 𝑓𝑓′′(𝑡𝑡) 
are uniformly bounded on ℝ, ℕ = 3\2ℬ,  and 𝛾𝛾 > 0 
is a small positive constant. This function provides the 
following advantages: 
1) 𝑓𝑓(𝑡𝑡) → �3𝛾𝛾

8
, +∞� 

2) 𝑓𝑓′(𝑡𝑡) → [−1, 1] 
3) 𝑓𝑓′′(𝑡𝑡) → �0, 3

2𝛾𝛾
�. 

 
Then the new error function with smoothing elastic 

net regularization (SENR) is as follows: 
 
     𝐸𝐸(𝑤𝑤) = 1

2
∑ [𝑂𝑂𝑙𝑙 − 𝑔𝑔(∏ (𝑤𝑤𝑗𝑗 ∙ 𝑥𝑥𝑙𝑙)𝑛𝑛

𝑗𝑗=1 )]2𝐿𝐿
𝑙𝑙=1   

+𝜆𝜆1 ∑ 𝑤𝑤𝑗𝑗2𝑛𝑛
𝑗𝑗=1 + 𝜆𝜆2 ∑ 𝑓𝑓�𝑤𝑤𝑗𝑗�.𝑛𝑛

𝑗𝑗=1                  (6)  
 

The purpose of above equation is to obtain 𝑤𝑤∗ such 
that 
 

𝐸𝐸(𝑤𝑤) = min𝐸𝐸(𝑤𝑤∗ )                                   (7) 
 

The gradient descent algorithm is often used to 
solve this type of problem. The weights can be trained 
in two different ways, referred to as batch and online 
trainings, respectively ([26, 27]). The weights are 
changed in the initial approach after the network is 
shown each training pattern. In the second, the weights 
are changed after the presentation of the entire training 
set while the error accumulates over an epoch. This 
study employs the batch training methodology. 

Starting from an arbitrary initial value 𝑤𝑤0, the updates 
the weights 𝑤𝑤𝑚𝑚 iteratively by 
 

𝑤𝑤𝑗𝑗𝑚𝑚+1 − 𝑤𝑤𝑗𝑗𝑚𝑚 = ∆𝑤𝑤𝑗𝑗𝑚𝑚 = −𝜂𝜂𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤
𝑚𝑚),            (8) 

 
where 𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤

𝑚𝑚) = 𝜕𝜕𝜕𝜕(𝑤𝑤𝑚𝑚)
𝜕𝜕𝑤𝑤𝑗𝑗

𝑚𝑚  and 

 
∆𝑤𝑤𝑗𝑗𝑚𝑚 = −𝜂𝜂[∑ 𝛿𝛿𝑙𝑙(∏ (𝑤𝑤𝑗𝑗𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙))𝑛𝑛

𝑗𝑗=1 ∏ (𝑤𝑤𝑘𝑘𝑚𝑚 ∙𝑛𝑛
𝑘𝑘=1
𝑘𝑘≠𝑗𝑗

𝐿𝐿
𝑙𝑙=1

𝑥𝑥𝑙𝑙) 𝑥𝑥𝑙𝑙  + 2𝜆𝜆1𝑤𝑤𝑗𝑗𝑚𝑚 + 𝜆𝜆2𝑓𝑓′(𝑤𝑤𝑗𝑗𝑚𝑚)],  
𝑗𝑗 = 1,2, … , 𝐽𝐽,  𝑚𝑚 = 0,1,2,⋯, 

 
where 𝛿𝛿𝑙𝑙(𝑡𝑡) = −[𝑂𝑂𝑙𝑙 − 𝑔𝑔′(𝑡𝑡)]𝑔𝑔′(𝑡𝑡), 𝜂𝜂 > 0 is learning 
rate.  
 
 
3. Main Results 

 
The following propositions will later be applied to 

prove the convergence theorem. 
 

Proposition 1. �𝛿𝛿𝑗𝑗(𝑡𝑡)�, �𝛿𝛿𝑗𝑗′(𝑡𝑡)�, |𝑔𝑔(𝑡𝑡)|  , |𝑔𝑔′(𝑡𝑡)|,
|𝑔𝑔′′(𝑡𝑡)| ≤ 𝐶𝐶0 are uniformly bounded for 𝑡𝑡 ∈ ℝ. 
 
Proposition 2.  𝑚𝑚𝑚𝑚𝑚𝑚�|𝑥𝑥𝑙𝑙|, �𝑤𝑤𝑗𝑗𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙�� ≤ 𝐶𝐶0.    
 
Proposition 3.  The learning rate 𝜂𝜂  and the 
regularization parameters  𝜆𝜆1,  𝜆𝜆2 are chosen to satisfy 
0 < 𝜂𝜂 < 1

𝜆𝜆1+ 𝜆𝜆2ℕ+𝐶𝐶
, and 𝐶𝐶 = 𝐶𝐶2+𝐶𝐶3. 

 
Proposition 4. There exists a compact set 𝜑𝜑 such that 
𝑤𝑤𝑚𝑚 ∈ 𝜑𝜑 and  𝜑𝜑0 = {𝑤𝑤 ∈ 𝜑𝜑: 𝐸𝐸𝑤𝑤(𝑤𝑤) = 0}   is the 
contains finite points.                               
 
Theorem 1. Let the error function 𝐸𝐸(𝑤𝑤) be defined by 
Equation (6) and the weight {𝑤𝑤𝑚𝑚}𝑚𝑚=0

∞  is generated by 
the iteration Equation (8) for a random initial value. 
If propositions 1 to 3 are correct, then there are the 
following estimates: 

I. 𝐸𝐸(𝑤𝑤𝑚𝑚+1) ≤ 𝐸𝐸(𝑤𝑤𝑚𝑚),    𝑚𝑚 = 0,1,2,⋯. 
II. There exists 𝐸𝐸∗ ≥ 0 such that 𝑙𝑙𝑙𝑙𝑙𝑙

𝑚𝑚→∞
𝐸𝐸(𝑤𝑤𝑚𝑚) =

𝐸𝐸∗. 
III. 𝑙𝑙𝑙𝑙𝑙𝑙

𝑚𝑚→∞
�𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤

𝑚𝑚)� = 0, 𝑗𝑗 = 1,2, … ,𝑛𝑛.  
Furthermore, if Proposition 4 is also valid, then we 
have the following strong convergence: 
IV. There exists a point 𝑤𝑤∗ ∈ 𝛷𝛷0  such that 

𝑙𝑙𝑙𝑙𝑙𝑙
𝑚𝑚→∞

𝑤𝑤𝑚𝑚 = 𝑤𝑤∗. 
 
 
4. Experimental Results 

 
In order to validate the theoretical results and the 

effectiveness of the proposed algorithm (BGSENR), 
we have carried out some numerical experiments using 
four examples to verify the performance of the 
algorithm. We will then analyze the influence of 
parameters on the performance of the algorithm. The 
numerical experiments are used for a parity problem 
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two nonlinear function approximation problems, and 
the last numerical experiment is used the data sets to 
verify the classification performance of the network. 
 
 
4.1.  Example 1 
 
To compare the classification performance of the 
BG𝐿𝐿1, BG𝐿𝐿2, BGENR, and BGSENR algorithms. We 
chose the data set from the UCI machine learning 
repository, which is publicly available set at 
https://archive.ics.uci.edu/ml/datasets.php. The data set 
is randomly split into training samples and testing 
samples, with percentages of 70% and 30%, 
respectively. The specifics of the data sets are 
presented below. Sonar is a classification issue that is 
linearly inseparable. The target of this data has been 
used to classify reflected sonar signals into metal 
chambers and shakes). Analyzing the performance of 
208 input vectors, each of which has 60 interval 
components, which are used to test the presented 
training algorithms. Informatics indexes for 
preparation and testing are randomly selected from 
208 information vectors, and the neurons of the 
organization contain 60 information units, 6 
summation units and 1 production unit. 

Using the parameters listed in Table 1, the 
operation was carried out in this example. According 
to Table 3, of the four algorithms, BGSENR performs 
the best in terms of testing accuracy, and since the 
training procedure is speedier, it enables faster 
convergence. The simulation results in this illustration 
are consistent with our theoretical analysis. 

 
 

4.2. Example 2 
 
A test for classification in a K-dimensional space 

with 2𝐾𝐾 samples is the parity problem. The parity 
problem is also known as a normative classification 

problem. In order to match the exercise process and 
meet the loan from this process as shown in Table 1 
and Table 2, we carefully choose the initial 
coefficients in this issue while taking into account the 
output layer, summation layer, and input layer. 

We can see that the proposed learning algorithm 
(BGSENR), when compared to BG𝐿𝐿1, BG𝐿𝐿2, and 
BGENR, has the best learning accuracy, as predicted 
by Theorem 1. For each learning method, the average 
number of neurons eliminated through pruning over 
10 trials for error and gradient norms is shown in  
Table 4. The error function of BGSENR has a 
monotonic decrease, and its gradient norm moves to 
zero more quickly than it does for BG𝐿𝐿2, and BG𝐿𝐿1 
(see Figs. 2 and 3). The conclusion of this study is 
supported by this result. Additionally, Table 4 displays 
the average number of neurons removed per 
experiment and the duration of 10 experiments. 

 
 

4.3. Example 3 
 

To test the approximation ability of the proposed 
new algorithm, the following nonlinear function is 
used 𝑐𝑐𝑐𝑐𝑐𝑐(𝑥𝑥), 𝑥𝑥 ∈  [−1, 1], and the numbers of the 
training samples are 101 data. In this example, the 
structure, learning rate, regularization parameters and 
the training periods are given in Tables 1.   

Table 5 displays the approximation preform of 
error training and testing, number of neurons 
eliminated, and running time of 10 experiments. From 
Figs. 4 − 7 results show that BGSENR has a better 
mapping capability than BGENR, BG𝐿𝐿1, and BG𝐿𝐿2, 
with the error decreasing monotonically as learning 
progresses and its approximation preform is better 
than the other. Table 5 demonstrates that the early 
results are very promising and that BGSENR has 
better speedup and generalization abilities than 
BGENR, BG𝐿𝐿1, and BG𝐿𝐿2. 

 
 
 

  
 

Fig. 2. The curve of error function for example 1. 
 

Fig. 3. The curve of norm of gradient for example 1. 
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Table 1. The learning parameters. 
 

Problems Network 
structure Weight size Max 

iteration LeRe RePa 

Example 1 5 − 4 − 1 [−0.5, 0.5] 1800 0.03 0.0001/0.003 
Example 2 2 − 2 − 1 [−0.2, 0.2] 10,000 0.05 0.001/0.003 
Example 3 2 − 4 − 1 [−0.5, 0.5] 5,000 0.06 0.002/0.004 
Example 4 61−5−1 [−0.5, 0.5] 5,000 0.6 0.0001/0.0005 

 
 

Table 2. Samples of 4−Bit parity problem. 
 

Input    Output Input    Output 
  1   1   1   1 0 −1   1 −1 −1 1 
−1   1   1   1 1   1   1 −1 −1 0 
  1   1   1 −1 1   1   1    1    1 1 
−1   1   1 −1 0 −1   1    1    1 0 
−1 −1 −1   1 1   1   1 −1    1 0 
  1 −1   1 −1 0 −1 −1    1 −1 1 
−1 −1 −1 −1 0   1   1 −1    1 1 
  1 −1 −1 −1 1 −1   1 −1    1 0 

 
 

Table 3. Comparison results of classification accuracy for Example 4. 
 

Learning methods Accuracy 
training (%) 

Accuracy 
testing (%) Training time (s) 

BG𝐿𝐿1 95.80 92.22 15.358937 
BG𝐿𝐿2 96.40 93.27 15.398114 
BGENR 94.72 90.98 15.849914 
BGSENR 98.41 97.05 15.277646 

 
 

  
 

Fig. 4. The approximation preform by 𝐵𝐵𝐵𝐵𝐿𝐿1 for example 2. 
 

 
Fig. 5. The approximation preform by 𝐵𝐵𝐵𝐵𝐿𝐿2 for example 2. 

  
Fig. 6.   The approximation preform by BGENR  

for example 2. 
Fig. 7. The approximation preform by BGSENR  

for example 2. 
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4.4.  Example 4 
 

We use the 2D Gabor function to illustrate the 
possibility of BGSENR. As shown in Fig. 8, the two-
dimensional Gabor function has the following form: 

 

ℎ(𝑎𝑎, 𝑏𝑏) =
1

2𝜋𝜋(0.5) 𝑒𝑒𝑒𝑒𝑒𝑒 �
𝑎𝑎2 + 𝑏𝑏2

2(0.5)2� 𝑐𝑐𝑐𝑐𝑐𝑐
[2𝜋𝜋(𝑎𝑎 + 𝑏𝑏)]. 

 
Then, 325 entry points were selected for training 

and testing to display the ability of the BGSENR. For 
training, 36 entry points were randomly selected from 
6 × 6 enablers evenly spaced at −0.5 × 0.5 and  
−0.5 × 0.5 out of these 325 points. The remaining 289 
points were randomly selected from 17 × 17 equally 
spaced at −0.5 ≤ a ≤ 0.5 and −0.5 ≤ b ≤ 0.5 for 
testing from these 325 points.  

Table 6 compares the outcomes of the BGENR, 
BG𝐿𝐿2, BG𝐿𝐿1, and BGSENR algorithms using the 
typical number of neurons eliminated over 10 distinct 
iterations. The results show that our method performs 
well and has good planning capabilities for accelerated 
learning. As shown in Figs. 9 to 12, the proposed 
BGSENR algorithm generalizes stellar and achieves a 
smoother insertion during the training process than the 
BGENR, BG𝐿𝐿1, and BG𝐿𝐿2. 

 
 

 
 

Fig. 8. Gabor function for example 3. 
 
 

 
 

Fig. 9. The approximation preform by 𝐵𝐵G𝐿𝐿1 for example 3. 
 

 
 

Fig. 10. The approximation preform by 𝐵𝐵G𝐿𝐿2  
for example 3. 

 
 

 
 

Fig. 11. The approximation preform by BGENR  
for example 3. 

 
 

 
 

Fig. 12. The approximation preform by BGSENR  
for example 3. 

 
 

4.5.  Example 4 
 

To compare the classification performance of the 
BG𝐿𝐿1, BG𝐿𝐿2, BGENR, and BGSENR algorithms. We 
chose the data set from the UCI machine learning 
repository, which is publicly available set at 
https://archive.ics.uci.edu/ml/datasets.php. The data set 
is randomly split into training samples and testing 
samples, with percentages of 70 % and 30 %, 
respectively. The specifics of the data sets are 
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presented below. Sonar is a classification issue that is 
linearly inseparable. The target of this data has been 
used to classify reflected sonar signals into metal 
chambers and shakes). Analyzing the performance of 
208 input vectors, each of which has 60 interval 
components, which are used to test the presented 
training algorithms. Informatics indexes for 
preparation and testing are randomly selected from 
208 information vectors, and the neurons of the 

organization contain 60 information units, 6 
summation units and 1 production unit. 

In this example, the operation was done using the 
parameters in Table 1. From Table 4, we found that 
our proposed method gives better accuracy (%), as the 
result in Table 4 was taken out of the ten best results 
obtained under the same conditions for four 
algorithms. The result of this comparison is generally 
acceptable to support theoretical funding. 

 
 

Table 4. Numerical results for Example 1. 
 

Learning methods Average training 
error 

Average testing 
error 

Average number of 
neurons eliminated 

Training 
time (s) 

BG𝐿𝐿1 3.1433× 10−5 2.5336× 10−4 4.3 5.331998 
BG𝐿𝐿2 2.1846× 10−5 1.8055× 10−4 4.1 5.356528 
BGENR 1.9049× 10−5 1.5900× 10−4 3.9 5.360701 
BGSENR 1.0383× 10−5 2.8449× 10−5 4.8 5.308263 

 
 

Table 5. Numerical results for Example 2. 
 

Learning methods Average 
training error 

Average testing 
error 

Average number 
of neurons 
eliminated 

Training time (s) 

BG𝐿𝐿1 1.6039× 10−5 0.0048 5.9 0.555564 
BG𝐿𝐿2 5.4765× 10−5 0.0044 6.1 0.566383 
BGENR 4.1395× 10−4 0.0037 6.0 0.550159 
BGSENR 8.8711× 10−4 0.0035 7.3 0.542739 

 
 

Table 6. Numerical results for Example 3. 
 

Learning methods Average 
training error 

Average testing 
error 

Average number of 
neurons eliminated Training time (s) 

BG𝐿𝐿1 0.0407 0.0483 2.0 5.428512 
BG𝐿𝐿2 0.0409 0.0480 2.2 4.493166 
BGENR 0.0406 0.0481 2.5 5.483647 
BGSENR 0.0101 0.0111 3.3 5.415376 

 
 
5. Proofs  
 

The following tow lemmas are a crucial tool for 
our analysis. For sake of convenience, we introduce 
the notations: 
 

Θ𝑚𝑚+1,𝑙𝑙 = ∏ (𝑤𝑤𝑗𝑗𝑚𝑚+1 ∙ 𝑥𝑥𝑙𝑙𝑛𝑛
𝑗𝑗=1 ).                           (9)  

 
Lemma 1. Let the propositions 1 and 2 are satisfied, 
and that {𝑤𝑤𝑚𝑚}𝑚𝑚=0

∞   is grated by Equation (8). We have 
 
(𝛩𝛩𝑚𝑚+1,𝑙𝑙 − 𝛩𝛩𝑚𝑚,𝑙𝑙)2 ≤ 𝐶𝐶1 ∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�

2𝑛𝑛   
𝑗𝑗=1                  (10)  

 
and 
 
     ∑ 𝛿𝛿𝑙𝑙(𝛱𝛱𝑚𝑚,𝑙𝑙)𝐿𝐿

𝑙𝑙=1 [𝛩𝛩𝑚𝑚+1,𝑙𝑙 − 𝛩𝛩𝑚𝑚,𝑙𝑙]   
≤ [− 1

𝜂𝜂
+ 𝐶𝐶2]∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�

2.𝑛𝑛   
𝑗𝑗=1                                 (11)  

 
Proof. We write Following the Taylor expansion first 
and second orders. We write 

Θ𝑚𝑚+1,𝑙𝑙 − Θ𝑚𝑚,𝑙𝑙 = ∑ (∏ 𝑡𝑡𝑘𝑘𝑛𝑛
𝑘𝑘=1
𝑘𝑘≠𝑗𝑗

)𝑛𝑛
𝑗𝑗=1 �∆𝑤𝑤𝑗𝑗𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙�    (12)  

 
and 
 
Θ𝑚𝑚+1,𝑙𝑙 − Θ𝑚𝑚,𝑙𝑙 =  ∑ ∏ (𝑤𝑤𝑘𝑘𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙)𝑛𝑛

𝑘𝑘=1
𝑘𝑘≠𝑖𝑖

𝑛𝑛
𝑗𝑗=1 �∆𝑤𝑤𝑗𝑗𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙�  

 + 1
2
∑ [∏ �𝑡𝑡𝑘𝑘

𝑗𝑗,𝑠𝑠�𝑛𝑛
𝑘𝑘=1
𝑘𝑘≠𝑗𝑗
𝑘𝑘≠𝑠𝑠

]𝑛𝑛
𝑗𝑗=1
𝑠𝑠=1
𝑗𝑗≠𝑠𝑠

�∆𝑤𝑤𝑗𝑗𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙�(∆𝑤𝑤𝑠𝑠𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙)   

= ∑ ∏ (𝑤𝑤𝑘𝑘𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙)𝑛𝑛
𝑘𝑘=1
𝑘𝑘≠𝑖𝑖

𝑛𝑛
𝑗𝑗=1 �∆𝑤𝑤𝑗𝑗𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙� + 𝜎𝜎,              (13)  

 
where 𝑡𝑡𝑘𝑘  and  𝑡𝑡𝑘𝑘

𝑗𝑗,𝑠𝑠 are in between �𝑤𝑤𝑗𝑗𝑚𝑚+1 ∙ 𝑥𝑥𝑙𝑙� and 
�𝑤𝑤𝑗𝑗𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙�. By using Proposition 2, easy to see that 
 

|𝑡𝑡𝑘𝑘| ≤ 2𝐶𝐶0,   �𝑡𝑡𝑘𝑘
𝑖𝑖,𝑠𝑠� ≤ 2𝐶𝐶0, 𝑘𝑘 = 1,2, … ,𝑛𝑛.     (14) 

 
Thus, can be easily to obtained Equations (10), from 
(12) and (14). Through Equation (14), we write 
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 |𝜎𝜎| = 1
2
∑ [∏ �𝑡𝑡𝑘𝑘

𝑗𝑗,𝑠𝑠�𝑛𝑛
𝑘𝑘=1
𝑘𝑘≠𝑗𝑗
𝑘𝑘≠𝑠𝑠

]𝑛𝑛
𝑗𝑗=1
𝑠𝑠=1
𝑗𝑗≠𝑠𝑠

�∆𝑤𝑤𝑗𝑗𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙�(∆𝑤𝑤𝑠𝑠𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙)  

      ≤ 1
4

(2𝐶𝐶0)𝑛𝑛−2 max
1≤𝑙𝑙≤𝐿𝐿

‖𝑥𝑥𝑙𝑙‖2 ∑ (�∆𝑤𝑤𝑗𝑗𝑚𝑚�
2 +𝑛𝑛

𝑗𝑗=1
𝑠𝑠=1
𝑗𝑗≠𝑠𝑠

‖∆𝑤𝑤𝑠𝑠𝑚𝑚‖2)   
≤ 𝐶𝐶2′ ∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�

2,𝑛𝑛
𝑗𝑗=1                                           (15)  

 
where 𝐶𝐶2′ = 1

4
(2𝐶𝐶0)𝑛𝑛−2 𝑚𝑚𝑚𝑚𝑚𝑚

1≤𝑙𝑙≤𝐿𝐿
‖𝑥𝑥𝑙𝑙‖2.  

From collecting Equations (8), (13), (15) and 
Proposition 1. We have 
 
       ∑ 𝛿𝛿𝑙𝑙𝐿𝐿

𝑙𝑙=1 (Θ𝑚𝑚,𝑙𝑙)(Θ𝑚𝑚+1,𝑙𝑙 − Θ𝑚𝑚,𝑙𝑙) 
= ∑ 𝛿𝛿𝑙𝑙(Θ𝑚𝑚,𝑙𝑙)𝐿𝐿

𝑙𝑙=1 [∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙�∏ (𝑤𝑤𝑘𝑘𝑚𝑚 ∙𝑛𝑛
𝑘𝑘=1
𝑘𝑘≠𝑗𝑗

𝑛𝑛
𝑗𝑗=1

𝑥𝑥𝑙𝑙) +𝜎𝜎]  
      ≤ ∑ [∑ 𝛿𝛿𝑙𝑙(Θ𝑚𝑚,𝑙𝑙)𝐿𝐿

𝑙𝑙=1
𝑛𝑛
𝑗𝑗=1 ∏ (𝑤𝑤𝑘𝑘𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙)𝑛𝑛

𝑘𝑘=1
𝑘𝑘≠𝑗𝑗

𝑥𝑥𝑙𝑙]∆𝑤𝑤𝑗𝑗𝑚𝑚  

       + 𝐿𝐿𝐶𝐶0𝐶𝐶2′ ∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�
2𝑛𝑛

𝑗𝑗=1   
= [− 1

𝜂𝜂
+ 𝐶𝐶2]∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�

2,𝑛𝑛
𝑗𝑗=1                                (16)  

 
where 𝐶𝐶2 = 𝐿𝐿𝐶𝐶0𝐶𝐶2′ This completes the proof. 
 
Lemma 2. Let ℚ: ℝs → ℝ is continuous and 
differentiable on a compact set τ ⊂ ℝs and that  
𝛺𝛺 = �𝜙𝜙 ∈ 𝜏𝜏| 𝜕𝜕𝜕𝜕(𝜙𝜙)

𝜕𝜕𝜕𝜕
= 0� has only finite number of 

point. If a sequence {𝜙𝜙𝑧𝑧}𝑧𝑧=1∞ ∈ 𝜏𝜏 satisfies 
 

𝑙𝑙𝑙𝑙𝑙𝑙
𝑧𝑧→∞

‖𝜙𝜙𝑧𝑧+1 − 𝜙𝜙𝑧𝑧‖ = 0,  𝑙𝑙𝑙𝑙𝑙𝑙
𝑧𝑧→∞

�𝜕𝜕𝜕𝜕(𝜙𝜙𝑧𝑧)
𝜕𝜕𝜕𝜕

� = 0. 
 
Then there exists a point 𝜙𝜙∗ ∈ 𝛺𝛺 such that 
 

𝑙𝑙𝑙𝑙𝑙𝑙
𝑧𝑧→∞

𝜙𝜙𝑧𝑧 =  𝜙𝜙∗. 
 
Proof. is almost the same as Lemma 1 in [28] and the 
detail of the proof is omitted.  

There are four parts to the proof of Theorem 1: 
statements (I), (II), (II), and (IV). 
 
Proof to (𝑰𝑰) of Theorem 1. Combining Equations (4), 
(10) (11), and the Taylor expansion, we get 
 
𝐸𝐸(𝑤𝑤𝑚𝑚+1) − 𝐸𝐸(𝑤𝑤𝑚𝑚) 
 =  1

2
[∑ (𝑜𝑜𝑙𝑙 − Θ𝑚𝑚+1,𝑙𝑙)2𝐿𝐿

𝑙𝑙=1 − ∑ (𝑜𝑜𝑙𝑙 − Θ𝑚𝑚,𝑙𝑙)2𝐿𝐿
𝑙𝑙=1 ]  

   +𝜆𝜆1 ∑ ��𝑤𝑤𝑗𝑗𝑚𝑚+1�2 − �𝑤𝑤𝑗𝑗𝑚𝑚�
2�𝑛𝑛

𝑗𝑗=1   
    +𝜆𝜆2 ∑ �𝑓𝑓�𝑤𝑤𝑗𝑗𝑚𝑚+1� + 𝑓𝑓�𝑤𝑤𝑗𝑗𝑚𝑚��𝑛𝑛

𝑗𝑗=1   
= ∑ 𝛿𝛿𝑙𝑙𝐿𝐿

𝑙𝑙=1 (Θ𝑚𝑚,𝑙𝑙)(Θ𝑚𝑚+1,𝑙𝑙 − Θ𝑚𝑚,𝑙𝑙)  
   + 1

2
∑ 𝛿𝛿𝑙𝑙′𝐿𝐿
𝑙𝑙=1 (𝑡𝑡𝑙𝑙′)(Θ𝑚𝑚+1,𝑙𝑙 − Θ𝑚𝑚,𝑙𝑙)2  

   +𝜆𝜆1 ∑ �2𝑤𝑤𝑗𝑗𝑚𝑚 + ∆𝑤𝑤𝑗𝑗𝑚𝑚�𝑛𝑛
𝑗𝑗=1 ∆𝑤𝑤𝑗𝑗𝑚𝑚  

   +𝜆𝜆2 ∑ �𝑓𝑓′�𝑤𝑤𝑗𝑗𝑚𝑚� + 𝑓𝑓′′(𝑡𝑡𝑗𝑗,𝑚𝑚)∆𝑤𝑤𝑗𝑗𝑚𝑚�𝑛𝑛
𝑗𝑗=1 ∆𝑤𝑤𝑗𝑗𝑚𝑚  

= ∑ [∑ 𝛿𝛿𝑙𝑙(Θ𝑚𝑚,𝑙𝑙)𝐿𝐿
𝑙𝑙=1

𝑛𝑛
𝑗𝑗=1 ∏ (𝑤𝑤𝑘𝑘𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙)𝑛𝑛

𝑘𝑘=1
𝑘𝑘≠𝑗𝑗

𝑥𝑥𝑙𝑙]∆𝑤𝑤𝑗𝑗𝑚𝑚  

    +�2𝜆𝜆1𝑤𝑤𝑗𝑗𝑚𝑚 + 𝜆𝜆2𝑓𝑓′(𝑤𝑤𝑗𝑗𝑚𝑚)� ∑ ∆𝑤𝑤𝑗𝑗𝑚𝑚𝑛𝑛
𝑗𝑗=1   

    + 1
2

 𝐿𝐿𝐶𝐶0𝐶𝐶1 ∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�
2𝑛𝑛

𝑗𝑗=1 + 𝐶𝐶2 ∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�
2𝑛𝑛

𝑗𝑗=1   

    +[𝜆𝜆1+𝜆𝜆2𝑓𝑓′′(𝑡𝑡𝑗𝑗,𝑚𝑚)]∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�
2𝑛𝑛

𝑗𝑗=1   

= �− 1
𝜂𝜂

+ 𝜆𝜆1 + 𝜆𝜆2𝑓𝑓′′(𝑡𝑡𝑗𝑗,𝑚𝑚)� ∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�
2𝑛𝑛

𝑗𝑗=1   

    +[1
2

 𝐿𝐿𝐶𝐶0𝐶𝐶1 + 𝐿𝐿𝐶𝐶0𝐶𝐶2′]∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�
2𝑛𝑛

𝑗𝑗=1   

≤ −�1
𝜂𝜂
− 𝜆𝜆1 − 𝜆𝜆2𝑓𝑓′′�𝑡𝑡𝑗𝑗,𝑚𝑚��∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�

2𝑛𝑛
𝑗𝑗=1   

+[𝐶𝐶2 + 𝐶𝐶3]∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�
2𝑛𝑛

𝑗𝑗=1 ,                                        (17)  
 
where 𝐶𝐶3 = 1

2
 𝐿𝐿𝐶𝐶0𝐶𝐶1  𝑡𝑡𝑙𝑙′ is in between ∏ �𝑤𝑤𝑗𝑗𝑚𝑚+1 ∙𝑛𝑛

𝑗𝑗=1

𝑥𝑥𝑙𝑙�  and ∏ �𝑤𝑤𝑗𝑗𝑚𝑚 ∙ 𝑥𝑥𝑙𝑙�𝑛𝑛
𝑗𝑗=1  and  𝑡𝑡𝑗𝑗,𝑚𝑚 is in between 𝑤𝑤𝑗𝑗𝑚𝑚+1 

and 𝑤𝑤𝑗𝑗𝑚𝑚. With Equation (17), Proposition 3, and the 
Lagrangian Mean Value Theorem for 𝑓𝑓(𝑡𝑡) and Let  
ℕ = 𝑓𝑓′′�𝑡𝑡𝑗𝑗,𝑚𝑚� = 3

2𝑎𝑎
, then we have 

 
    𝐸𝐸(𝑤𝑤𝑚𝑚+1) − 𝐸𝐸(𝑤𝑤𝑚𝑚) 
    = [− 1

𝜂𝜂
+ 𝜆𝜆1 + 𝜆𝜆2𝑓𝑓′′�𝑡𝑡𝑗𝑗,𝑚𝑚� + 𝐶𝐶2+𝐶𝐶3]∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�

2𝑛𝑛
𝑗𝑗=1   

    ≤ −[1
𝜂𝜂
− 𝜆𝜆1 − 𝜆𝜆2ℕ − 𝐶𝐶]∑ �∆𝑤𝑤𝑗𝑗𝑚𝑚�

2𝑛𝑛
𝑗𝑗=1   

≤ 0.                                                                             (18) 
 

This completes the proof to statement (𝐼𝐼) of  
Theorem 1. 
 
Proof to (𝐈𝐈𝐈𝐈) of the Theorem 1. From conclusion (I), 
we know that 𝐸𝐸(𝑤𝑤𝑚𝑚) is monotone. Additionally, it 
was bound below. Hence, there must exist 𝐸𝐸∗ ≥ 0  
such that 
 

𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞

𝐸𝐸(𝑤𝑤𝑚𝑚) = 𝐸𝐸∗. 
 
The proof to (𝐼𝐼𝐼𝐼) is thus completed. 
Proof to (𝑰𝑰𝑰𝑰𝑰𝑰) of the Theorem 1. From Equation (18) 
and Proposition 1 we can write 𝛼𝛼 = 1

𝜂𝜂
− 𝜆𝜆1 − ℕ𝜆𝜆2 − 𝐶𝐶 

and set 𝛼𝛼 > 0.  We have   
 

   𝐸𝐸(𝑤𝑤𝑚𝑚+1) ≤ 𝐸𝐸(𝑤𝑤𝑚𝑚) − 𝛼𝛼∑ �𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤
𝑚𝑚)�

2
𝑛𝑛
𝑗𝑗=1 ≤ ⋯  

                       ≤ 𝐸𝐸(𝑤𝑤0) − 𝛼𝛼∑ ∑ �𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤
𝑚𝑚)�

2
𝑛𝑛
𝑗𝑗=1

𝑘𝑘
𝑚𝑚=0 .  

 
Since 𝐸𝐸(𝑤𝑤𝑘𝑘+1) > 0 then we have 
 

      𝛼𝛼∑ ∑ �𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤
𝑚𝑚)�

2
𝑛𝑛
𝑗𝑗=1

𝑘𝑘
𝑚𝑚=0 ≤ 𝐸𝐸(𝑤𝑤0) < ∞.    

 
Setting 𝑘𝑘 → ∞, we get  
 

      ∑ ∑ �𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤
𝑚𝑚)�

2
𝑛𝑛
𝑗𝑗=1

𝑘𝑘
𝑚𝑚=0 ≤ 1

𝛼𝛼
 𝐸𝐸(𝑤𝑤0) < ∞.   

 
Thus  
 

      𝑙𝑙𝑙𝑙𝑙𝑙
𝑚𝑚→∞

∑ �𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤
𝑚𝑚)�

2
𝑛𝑛
𝑗𝑗=1 = 0.         

 
Observation that 
 

0 ≤ �𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤
𝑚𝑚)�

2
≤ ∑ �𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤

𝑚𝑚)�
2

𝑛𝑛
𝑗𝑗=1 → ∞.  

 
Again setting 𝑚𝑚 → ∞, then we see that 
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𝑙𝑙𝑙𝑙𝑙𝑙
𝑚𝑚→∞

�𝐸𝐸𝑤𝑤𝑗𝑗(𝑤𝑤
𝑚𝑚)� = 𝑙𝑙𝑙𝑙𝑙𝑙

𝑚𝑚→∞
�𝛥𝛥𝑤𝑤𝑗𝑗𝑚𝑚� = 0.   (19)  

 
This completes the proof of (𝐼𝐼𝐼𝐼𝐼𝐼). 
 
Proof to (IV) of Theorem 1. Returning to the error 
function 𝐸𝐸(𝑤𝑤) defined in Equation (4) is a continuous 
and differentiable function. According to Lemma 2, 
Proposition 4, and Equation (19), we can easily get the 
desired result, that is, there is a point w∗ ∈ φ0 like so 
 

𝑙𝑙𝑙𝑙𝑙𝑙
𝑚𝑚→∞

(𝑤𝑤𝑚𝑚) = 𝑤𝑤∗. 
 

This completes the proof to (IV).  
 
6. Conclusions 
 

Recently, in [29], an effective PSNN based on the 
online gradient method was provided with elastic net 
regularization or double regularization for pattern 
classification and function approximation. In order to 
indirectly incorporate the capabilities of higher-order 
networks while using fewer weights and processing 
units, this network uses product cells as the output 
units. The network has a regular structure, learns much 
more quickly, and can be made more complex by 
gradually adding additional units. The results of the 
simulation demonstrate accurate function 
approximation with good convergence properties.  

In this study, the gradient algorithm's 
convergence results for PSNN with batch input 
training patterns are presented. The gradient algorithm 
is based on smoothing elastic net regularization into 
the error function (BGSENR). Additionally, the 
simulation outcomes for the four proposed numerical 
examples confirm our theoretical conclusions. We 
provide a convergence result for the BGSENR using 
smoothing elastic net regularization, which 
demonstrates that the error function decreases 
monotonically throughout training and that the 
network weights converge deterministically to the set 
of zeros of the gradient of the error function. As a 
result, it is anticipated that this new term will be able 
to train and optimize a wide variety of networks in 
addition to being able to solve a variety of challenging 
problems. 
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