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Independent Axiom-based Robust Design
for Nonlinear System
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Abstract: Robust design and axiomatic design provide systematic and effective approaches to deal with
quality problems for product design, and their integration will be better to improve product quality. In
this paper, independence axiom is used to represent system structure and capture design requirements.
The relation between robustness and coupling degree is firstly discussed. Then the sensitivity index is
utilized to measure the sensitivity of functional requirements to the variation of design parameters, and a
variable sensitivity analysis is utilized to consider model uncertainty for nonlinear system. Multiple
objectives of robust design are traded off in the compromise decision support problem. An example has
demonstrated the effectiveness of the proposed design method.

Copyright © 2012 IFSA.

Keywords: Robust design, Independent axiom, Nonlinear system, Sensitivity analysis, Coupling
degree.

1. Introduction

It is important to address the variability issue at the product design and development phase. Robust
design provides effective approaches to deal with variability in product design. Andersson [1] argued
that robustness should be considered as early as possible in the product design process. Robust
performance is one of the most important concerns in design of any system since uncontrollable
variations exist in the real industry, including manufacturing operations, variations in material
properties, and operating environment. If these variations are not considered, they will degrade the
performance and may result in a failure in practice [2].
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A system is considered robust when its functional performance is insensitive to selected design
parameters and environmental changes, while satisfying design and customer requirements [3]. To
increase the flexibility of the product design, the conventional robust design may be effectively
integrated with the concept of axiomatic design. By combining the basic concept of robust design with
axiomatic design, high-quality products with a low cost can be produced while maximizing market
leverage [4].

According to Suh [5], a design that maintains the independence of functional requirements is an ideal
design, and an uncoupled design and a decoupled design are more robust than a coupled design. The
independence axiom can be used as an approximate decoupling criterion to decouple the coupled design.
Gu et al. [6] demonstrated that the design satisfying independence axiom generally led to robust design.
Xiao and Cheng [7] discussed the relation between axiomatic design and robust design and revealed their
consistency. Zhang et al. [8] verified the characteristics of system determine how the design parameters
affect the functional requirements of system. Lu and Li [9] proposed a hybrid model based robust design
method to handle model uncertainty using the matrix perturbation theory. Lu et al. [10] proposed a
robust design approach to design the robustness of the nonlinear system under large uncontrollable
variation based variable Sensitivity.

In this paper, a hybrid model based robust design and axiomatic design method is proposed to improve
the robustness of nonlinear system with the variables sensitivity analysis. The robust design is obtained
by solving a multi-objective optimization problem. This method can minimize the influence of the
variations in the design variables and model uncertainty to the performance, and achieve the target
values for functional requirements and decoupling of system design.

2. Mapping Process in Axiomatic Design and Coulping Analysis

The axiomatic design approach views the design process as a series of mappings among customer,
functional, physical, and process domains. The independence axiom states that when there are two or
more FRs, the design solution must be such that each one of the FRs can be satisfied without affecting
the other FRs. That means we have to choose a correct set of DPs to be able to satisfy the FRs and
maintain their independence. This mapping process between FRs and DPs is represented by the design
equation.

{FR}=[A]{DP}, (1

where FR =[FR, FR;,..., FRm]T, is a vector of functional requirements, DP = [DP,, DP;,..., DPH]T, isa
vector of design parameters; [A] is design matrix, 4; =aFR;/ 2DP;.

To satisfy the independence axiom, the design matrix must be either diagonal or triangular. In this case,
A;=0 (for i#j) means an uncoupled design; 4;,=0 (for i<j) means a decoupled design. The uncoupled
design can easily lead to robust design. In some cases, the decoupled design is also acceptable and lead
to robust design under specific situations. When the specified design ranges for FR; satisfy the following
requirement, the design can be considered as an uncoupled design.

AFR, >| > (6FR, /0DP,)ADP, )

J=1
J#i

Axiomatic design provides two quantities necessary for measuring functional coupling degree, namely,
reangularity R and semangularity S. R measures the interaction between DPS, whereas S measures the
interaction between DPs and FRS. R and S are defined, respectively, as follows:
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Both R and S measures are needed to identify whether functional independence has been achieved. For
an uncoupled matrix, both R and S equal 1.0. When the matrix is decoupled, R and S are equal, but not
1.0; and when the matrix is coupled, the values of R and § are different from each other and tend to
approach zero. The closer to 1 both the values of R and § are, the less the functional coupling for the
overall system is. Maximizing R and S with a target value of 1 can be incorporated as a goal to achieve an
uncoupled design.

Without loss of generality, consider the coupled design that consists of two FRs which is given by the

following design equation.
FR, _ 4, 4, | DR 5
FRZ - A21 A22 DPZ ( )

To have a robust design, it must be maken sure that the off-diagonal elements are much smaller than the
diagonal elements, i.e., 4;>>4;;.

If the variance for DP; is oy, , then the variance and covariance for FR; may be expressed as

n n j-1
ok = Ao, +2> " 4,4,Cov(DP,,DP,)
J=1 Jj=2 k=1 (6)

ZFR = [A]ZDP[A]T
where 2rr 1s the covariance matrix.

In this study, it is assumed that design parameters DPs are statistically independent each other. Therefore

Gépl 0
ZDP ={ 0 } (7)

2
Opp,

2 2 2 2 2 2
- AIIGDPl + AlZO-DPZ AIIAZIGDPI + 41,4507,
FR = (8)

2 2 2 2 2 2
A11A210'DP1 + A, 4 Opp) Azlo'DP1 + AzzO'DP2

2 2 2 2 2
OFr, = AIIGDPI + AIZJDPZ
: ©)

2 _ 2 2 2
OFr2 = A2IO-DP1 + AZZO-DPZ
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The above equation shows that the variances for FRs for coupled designs are larger than the variances
for FRs of decoupled design under the same circumstances. It can be also concluded that the variances
for FRs of decoupled design are larger than those for uncoupled design. The variance for the overall
system is the sum of diagonal elements for covariance matrix Zgr. The larger the off-diagonal elements
Ay and Ay are, and the smaller the R (Reangularity) is, the stronger the coupling is and the larger the
variance of design system is. So the coupling should be avoided.

To measure the sensitivity of functional requirements to the variation of design parameters, the
sensitivity index is utilized, which is defined as the ratio of variance for FR and DP, namely

szo.lgR/o-éP . (10)

The sensitivity index has the robust feature. The smaller the S, the better the robustness of design system.

3. Description of Robustness Model
According to axiomatic design, the FR is function of DP, which can be also expressed as
FR =ADP) (11)

Suppose FR’ is the target value of functional requirements. To achieve this goal, a vector of design
parameters should be chosen such that

FR" =/(DP") (12)

In reality, design parameters in the physical domain may have variations (ADP= DP - DP") caused by
changes in the environment including material characteristics, geometrical properties, manufacturing
processes, analysis/simulation model accuracy, loads, and/or operational environments. Once design
parameters have variations, taking Taylor series expansion of FR at the nominal value DP", functional
requirements will produce random variations, namely.

. of
FR = f(DP")+ Y ——ADP,
S(DP)+ P (13)
AFR =FR-FR" =FR - f(DP") :Z%ADP,. =[B]ADP, (14)

where [B] is the sensitivity matrix characterizing the sensitivity of FR to the deviation in DP. When the
design system is linear, [4] and [B] are equal; and when the design system is non-linear, [4] and [B] are
different from each other. For convenience, [B] is simply denoted as B.

Usually, the traditional deterministic robust design is to minimize the influence of the uncontrollable
variation to the performance based on a linear model. This linear model is obtained by the local
linearization approach using Taylor series expansion method. It is well-known that this linear
approximation is only effective around the neighborhood of the design point.

When the system has strong nonlinearity, it will produce a larger approximate error between the linear
model and the practical system. Further, in real application, this accurate design matrix is sometime
difficult to obtain due to complex process, operational environment or unknown dynamic [9]. Thus, a
realistic approximation from the system is often taken as the nominal design matrix developed from
experiment or data modeling. This approximation will cause the design matrix characteristic
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uncertainty. Thus, the traditional robust design may not work well by using the nominal design matrix
only because the design matrix uncertainty still affects the system functional requirements. So, the
nonlinear system is modeled as a linear structure using the variable sensitivity approach and the
sensitivity matrix B is taken as a variable matrix for considering the influence of the nonlinear terms with
B e [Bmin, Bmax] under DPe[DP,;, DP,]. The maximal and minimal values of the variable sensitivity in

DPe[DP;, DP,] can be figured out through the system model.

Let ADPe[ADP;, ADP,] and then the system model may be used to calculate the minimal value
B"" and the maximal value B"™*

B"" =minB, ;, B =maxB, (15)

i,j? i,j
Then, the performance variations AFR may be rewritten as
[AFR]" AFR =[ADP]" B B ADP (16)

According to the singular value decomposition theory, any real symmetric matrix B © B can be
decomposed as

BT B=idiag(o1, 0, ..., ou,) A, (17)
where o; is the singular value of B, and the corresponding orthogonal eigenvector is denoted as 4;.

Since the matrix B~ B varies within its bound, its singular values are also bounded as o, € [af“‘“,ai‘““J, In

1

order to achieve the robustness under the larger uncontrollable variation, the following optimization
objective can be considered [10]

min max(dmaX ) (18)

i

4. Robust Design Optimization Framework

Multi-objective robust design needs to have a trade-off between the target and variance of each objective
as well as trade-offs among optimization objectives. The coupling relation among multiple objectives
makes it difficult to optimize multiple quality characteristics simultaneously. The independence axiom
helps to find an ideal design, which can maintain functional independence, and can be used as an
approximate decoupling criterion to reduce coupling degree among optimization objectives [11]. These
requirements define three major categories of optimization objectives and three major categories of
constraints for the proposed model as follows.

Three major categories of optimization objectives:

(a) The first category of optimization objectives is to minimize the sensitivity index SV, which make
functional requirements insensitive to the variation of design parameters;

(b) The second category of optimization objectives is to minimize the maximal singular value ¢, to
make functional requirements insensitive to the model uncertainty;

(c) The third category of optimization objectives contains R and S. Maximizing R and S with a target
value of 1 can be considered as a goal in order to obtain an ideal design.

Three major categories of constraints:
(a) The first category of constraints is to achieve an ideal design;
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(b) The second category of constraints is the deterministic constraints, which are the conditions the
design system must satisfy, such as performance, cost and others;
(c) The third category of constraints is the bounds of design parameters.

5. Case Study

To demonstrate this approach, an example is adopted from Shen ef al. [11] concerning improving the
impact power of an ABS resin product. The impact power y; is mainly determined in the extruding
process, where the screw rotation rate in revolutions per minute (7) and the process temperature (¢) are
the key control factors. Since the resin liquidity y; is also an important characteristic, the liquidity was
also observed. The region of interest is 242 /min < n < 298 r/min and 236° C< ¢ < 264 °C. For
convenience, the design parameters are defined as DP,=(n—270)/ 28 and DP,=(t—250)/ 14, thus they
vary in [-1, 1]. The functional requirements are defined as FR;=(y;—21.531) and FR,=(),—52.030),
respectively.

Then the mapping between FRs and DPs is

0.612—1.142DP,

0.262 —1.492DP,
{FRI}_ +0.049DP, 2 {DPI}
N 1.329 - 0.3DP,
FRy 0.021-0.5DP, 2 |LDF
+0.098DF,

The design objective is to select the design parameters DPs from DP e[-1, 1] to have a robust
performance against uncertainty. Suppose both the variance for DP, and DP; are 0.025. The larger of the
FRy and FR; is the better. The reangularity R, semangularity S, sensitivity index S, and singular value
o can be computed using MATLAB program. In DSP model for robust design, the target values of
system goals are set to Ts,1=0.3, 75,2 =1.5 and 7,=1.25, respectively. The results of the proposed robust

design method are shown in Table 1.

Table 1. The results of robust design.

n t 1 2 max

w/miny | ¢y | (pay |giomin| K § 1 Sa | Se |0
Tnitial values 250 240 | 19.5878 | 50.7076 | 0.5256 | 0.9228 | 3.5920 | 2.34 | 2.3485
Solution of robust design [11] | 271.6016 | 254.1636 | 21.5091 | 524 | 0.9887 | 0.9999 | 0.3480 | 1.5520 | 1.2689
The proposed method 271.5247 | 253.2138 | 21.5431 | 52.3222 | 0.9979 | 0.9999 | 032 | 1.6 | 1.2632

As seen in Table 1, only the liquidity y, and sensitivity index S,, in reference [11] are better than that of
the proposed robust design method, but the solution can be acceptable. The proposed method decreases
the coupling degree (namely R=S=1.0). The singular value is smaller due to consider the design matrix
uncertainty. So it demonstrates that the proposed method can provide stronger robustness for quality
characteristics, and achieves better trade-offs among design objectives, variability and coupling degree.

In this section, the formulation and solution of a compromise decision support problem (DSP) for
combined axiomatic and robust design is used to assess the impact of uncertainty encountered in
multi-objective optimization. The compromise DSP is a mathematic construct that is used to support
design decisions in problems involving multiple objectives [12]. The multiple objectives are formulated
as system goals (involving both system and deviation variables) and the deviation function is solely a
function of the goal deviation variables, as shown in Fig. 1.

149



Sensors & Transducers Journal, Vol. 16, Special Issue, November 2012, pp. 144-151

Given:
Product design engineering model;
Functional requirements FR|, FR,,..., FR,, and constraints, where m is number of FRs;
Design parameters DP;, DP,,..., DP,, and bounds, where n is number of DPs.
Target for sensitivity index: T,
Target for sensitivity index: T,
Find:
Nominal values of DPs: DP";
The largest singular value o; of the sensitivity matrix [B];

Deviation variables: d; , d i=1,2,3,4

Satisfy:

System constraints:

R - 5=0;

h{DP)=0; i=1,2,..,p
gi{(DP)<0; i=1,2,....,ptq

System goals:

R-10+d; —d =0.0

S-1.0+d, —d; =0.0

S, /T, ~1.0+d; —di =0.0

o™ T, -1.0+d; —d; =0.0

Bounds:

DP,<DP.<DP,; i=1l,-n

d-,d >0, d -d’=0; i=1,2,3,4
Minimize: deviation function:

Z:iwi(d[ +d)s Y w=k w20
i=1

Fig. 1. DSP model for independent axiom-based robust design for nonlinear system.

5. Conclusion

In this paper, the novel robust design method is proposed to achieve better quality improvement of the
nonlinear system. The independence axiom in axiomatic design is used to reduce the correlation among
quality characteristics. The system robustness is analyzed simultaneously to minimize the influence of
the variations in the design variables and model uncertainty to the performance. Through solving the
multi-objective optimization using cDSP, the robust design can be obtained to have the trade-off
between the variations in the design parameters and the design matrix characteristic uncertainty
However, when the dimensions of the problems become larger, this optimization will cause a higher
computational cost.
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