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Abstract: A coincident array of N transceivers is used to estimate the location of a multitude of closely spaced 
scatterers under arbitrary wave propagation conditions. MUltiple SIgnal Classification (MUSIC) algorithm 
analyses a multitude of scatterers placed in specific geometries. The formulation of the inverse scattering problem 
and the multistatic data matrix K are defined in two approximations: the Foldy-Lax (FL) formulation of the full 
multiple scattering model and the distorted-wave Born approximation (DWBA) model. The Fréchet distances 
(FD) between the amplitude and phase curves derived from K matrix data and of the amplitude of the scattered 
signals estimates the effectiveness of the approximation methods. The numerical results showed a slight 
effectiveness of the Foldy-Lax approximation for scatterers location. The problem of considering the phase 
estimation from the K matrix is not a solution for signal reconstruction and representation. 
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1. Introduction 

 
The MUltiple SIgnal Classification (MUSIC) is a 

method applied to locate a number of small targets 
with arbitrary locations. MUSIC operates based on the 
assumption that the far field patterns of point sources 
are almost orthogonal to the noise subspace of the far 
field operator or so called multistatic matrix data K. K 
is obtained for a collection of M targets and an active 
array of N transceivers [1-6]. Gruber, et al. [1] 
established that the MUSIC is able to locate point 
targets using both the Born approximation and more 
general scattering models that consider multiple 
scattering processes between the targets. The MUSIC 
algorithm takes in as input a K matrix which is 

approximated using two approximations: the Foldy-
Lax (FL) formulation of the multiple scattering model 
[7-10] and the distorted-wave Born approximation 
model (DWBA) [11, 12]. The FL considers the 
multiple scattering among the scatterers but the self-
interactions at the target locations are excluded. 
DWBA ignores this multiple scattering among the 
scatterers effect.  

Therefore, the aims of this paper are to evaluate the 
accuracy of target location using the values of phase 
and amplitude provided by the K matrix, and the 
amplitude of scattered signals provided by the MUSIC 
pseudospectrum in the far-field condition. The issue of 
interest is to have either closely spaced targets and/or 
sparse transceiver arrays. The targets are placed in a 
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background medium with known properties. The 
formulation of the inverse scattering problem is 
defined under the FL and DWBA approximation 
methods. More specific, we formulate the K matrix in 
these two approximations and the MUSIC algorithm 
takes in as input these K matrices. Neither 
approximation intends to recover the type or properties 
of these scatterers. In our case, we are focusing on the 
data collected at 5, 10, 50 and 100 Hz (or normalized 
wavelengths of 1, 0.5, 0.1, and 0.05) in order to 
develop a new scanning technology applicable in a 
nondivest and noncontact condition. Additive white 
Gaussian noise (AWGN) is used to investigate the 
noise immunity and the noise-free case is presented for 
comparison purpose. A new aspect is addressed here: 
the investigation of the amplitude and phase 
distribution of the singular vectors obtained from the 
SVD of the matrix K in both approximations through 
the Fréchet distance measurement in order to quantify 
the distance between the amplitude and phase curves 
vs. the number of transceivers in both approximations 
[13-15]. The proper scatterer detection is provided by 
these target geometries and set of parameters, which 
minimize the Fréchet distance and maximize the 
amplitude of the reconstructed signal.  

This problem has a practical implementation in 
sonar systems, medicine and ultrasound imaging, 
nondestructive testing, and smart fighting methods 
against border smuggling through hidden object 
detection, as this paper intended to investigate. 

The rest of this paper is organized as follows: 
Section 2 is devoted to the problem statement (a 
theoretical framework for MUSIC and approximation 
models and the selection algorithm). Section 3 
presents the results, which are discussed in Section 4. 
Finally, conclusions are presented in Section 5. 

 
 

2. Materials and Methods 
 

2.1. Inverse Scattering Problem Formulation 
 

2.1.1. Foldy-Lax Formulation  
 
The sum of the scattered field and the incident field 

for the kth transceiver build the total field: 
 
uk(r)=uk

inc(r)+∑ τmG0(r, xm)M
m=1 uk(xm), (1) 

 
where τm > 0 denotes the target scattering strength for 
a mth point scatterer, and G0 is the background  
Green function that is defined as, for a scatterer 
locations r = xm: 

 

G0(r, r')= eik|r-r'|
4π|r-r'| (2) 

 

In the case of a collection of M point scatterers 
located at xm, m = 1, 2, …, M, the FL model for the 
scattered wave field when the self-interactions at the 
target locations are excluded, is [7, 16, 17]. 

uk(xm)=uk
inc(xm)+ ෍ τm'G0(xm, xm')uk

(xm')
m≠m'

 (3) 

 
The FL model hypothesis that the data on the 

incident field uk
inc, scatterer locations xm, and target 

scattering strength τm are known. A coincident array 
meets the condition j = k = N, and (1) and (3) became 

 

G(xm, αk) = G0(xm, αk) + 
 ෍ τm'G0(xm, xm')G(xm', αk)

m'≠m

, (4) 

 
where G(r, αk) is a complete Green function of the 
combined background with the addition of the target 
medium for a source point r′ = ߙ௞ at the kth emitter 
and, similarly, G(αj, r) for the jth receiver location. The 
K matrix in the FL approximation is: 

ி௅ = ෍ܭ  τmG0(αj, xm)G(xm,	αk)

M

m=1

=  

෍ τmG0(xm,	αj)G(xm,	αk),

M

m=1

  

j = 1, …, M; k = 1, …, N 

(5) 

 
The matrix Formulation (5) is a correction of 

Green’s function accounting for the scattering of 
considered targets. 

 
 

2.1.2. Distorted-wave Born Approximation 
(DWBA) Model 

 
The DWBA model is a tool for weak scatterers 

analysis [11]. When the scattering targets have 
acoustic properties different from the background 
medium, then the DWBA model is as follows: 

 

G൫xm, αj൯≈G0(xm, αj) (6) 

 
The multistatic scattering matrix within the 

DWBA approximation is  
 

DWBA=෍ܭ τmG0(xm, αj)G0
T(xm, αk)

M

m=1

 (7) 

 
DWBA estimates the target locations from  

the multistatic scattering matrix when the condition  
M <	N is met. In addition, this is a requirement related 
to well-separated scatterers so they are ‘viewed’  
by the transceiver array. However, DWBA is only 
relevant at small incident angles and at small 
exit/reflection angles. 
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2.2. MUSIC Algorithm  
 

The MUSIC algorithm uses the SVD of K matrix 
and both discrete version of the multistatic scattering 
matrix (5) and (7) to define the wave scattering 
amplitude [18]. For M point scatterers located at 
xm=ሼx1, … xMሽ∈R3 and when N ≥ M, two matrices 
Sjm, j = 1, …, N, j = 1, …, N and m = 1, …, M 
consisting of the background Green function vectors 
computed at the scatterer locations and T=diag(τm) are 
defined so that the multistatic matrix is K=STS*. 
denotes the adjoint of S. MUSIC characterizes the 
range of a self-adjoint operator. When nonstationary 
signals are analyzed, a better approach is singular 
value decomposition. SVD reduces a matrix to its 
constituent parts and ensures an orthogonal basis for 
the signal space of the matrix. The eigenvectors of K 
provide information on the scatterers, and SVD 
determines the number of inclusions in the 
propagation space. K can be transformed into a 
Hermitian matrix using the frequency-domain version 
of a time-reversed multistatic response matrix. 
Further, the eigenvectors and corresponding 
eigenvalues of the Hermitian multistatic scattering 
matrix are computed using SVD. SVD is more stable 
than the standard eigenvalue method [19]. These 
statements are essential observations of the MUSIC 
approach. This means that one can estimate the 
locations of the scatterers associated with the received 
signals by finding those steering vectors f(x), which 
are most nearly orthogonal in the null (noise) space. 

 
 

2.3. Fréchet Distance  
 

The Fréchet distance (FD) is a measure of the 
similarity between two parametrized curves X and Y 
defined in Rn [13, 14]: 

 FD(X, Y)= minୟ:[଴,ଵ]	→	[଴,୒]ୠ:	[଴,ଵ]	→	[଴,୑] ൜max୲∈[଴,ଵ] d൫X(a(t)), Y(b(t))൯ൠ , (8) 

 

where a(t) and b(t) are parametrized functions with 
a(0) = 0, a(1) = N, b(0) = 0, and b(1) = M. d(·,·) is a 
common distance metric such as the Hausdorff or 
Euclidian distance. We must mention that these 
common distance metrics are not suitable for 
estimating the similarity between two curves because 
they simply measure the distance between points in a 
set of points but fail to consider the structure of the 
curves and the point correlations in the same set. FD 
indicates matches between the analyzed curves by 
computing the distance between a point traveling 
along the X curve and a point traveling along the Y 
curve. Usually, each point can travel at a different 
speed on each curve.  

The FD between the amplitude and phase curves 
plotted using the data provided by the singular vectors 
obtained from the SVD of the matrix K in the FL and 

DWBA approximations is determined. The best target 
locations are provided by the smaller values of FD. 

 
 

2.4. Proposed Algorithm  
 
The target location problem is investigated for four 

spatial distribution geometries. The MUSIC algorithm 
for both approximations provides reconstruction 
methods that depend on the choice of the signal and 
noise subspaces of the multistatic scattering matrix. 
For small measurement noise n1 or for higher SNR it 
is easy to choose these subspaces and to detect and 
locate the scatterers in a finer way. A small amount of 
noise depicts almost ideal conditions whereas a large 
amount of noise n2 will strongly disturb the detection 
of the scatterers. The algorithm is as follows: 

Step 1: Define the set of parameters as 
p:ሼλ, n1, n2ሽ, where n1 and n2 denote AWGNs having 
a variance of 0.0009 and 0.09, respectively; 

Define the results as r:൛ FDamplitude
FL , FDamplitude

DWBA , 

FDphase
FL , FDphase

DWBAൟ, where λ = (1, 0.5, 0.1, 0.01) and  
P = (noise-free, n1, n2) (see Table 1); 

Step 2: Generate all possible combinations, the 
experimental parameters and results are distributed 
into six lists: 1ܮ	 = 	 ൛ߣ, ܲ, ௔௠௣௟௜௧௨ௗ௘ி௅ܦܨ ൟ, 	
L2 = ቄλ, P, FDamplitude

DWBA ቅ, L3 = ቄλ, P, FDphase
FL ቅ, 	

L4 = ቄλ, P, FDphase
DWBAቅ; 

Step 3: Extract the smallest FD values from the 
first four lists Li (I = 1:4) and generate the FD list ܦܨ௔௠௣௟௜௧௨ௗ௘ி௅ , FDphase

FL , FDamplitude
DWBA , FDphase

DWBA} (see data 
in Tables 2 and 3); 

Step 4: Run steps 2 and 3 for 16 times for each 
target distribution; 64 measurements are made. 
 
 

3. Results 
 

3.1. Simulation Framework 
 

The simulation approach was implemented in the 
MATLAB 2017b environment [20]. The following 
parameters were used: 

- N = 10 transceivers in a coincident linear array 
located at (-20,0), (-15,0), (-10,0), (-5,0), and  
(-2,0). The targets are located as follows: triangle (T): 
(0,-8), (-1,-9), (1,-9), (-2,-10), (0,-10) and (2,-10); 
parallelogram (P): (-2,-8), (0,-8), (2,-8), (0,-9), (2,-9) 
and (4,-9); diamond (D): (0,-6), (-2,-8), (0,-10),  
(2,-8), (0,-7) and (0,-9); and ellipse (E): (0,-8),  
(-3,-9), (3,-9), (-3,-10), (3,-10) and (0,-11); 

- M = 6 closely spaced scatterers having a spatial 
distribution into triangle (T), parallelogram (P), 
diamond (D), and ellipse (E) geometries. The target 
scattering strength is τ = (1, 1.3, 1.6, 1.6, 1.3, 1); 

- AWGN with variances of 0.0009 and 0.09 is 
added; noise disturbs the multistatic scattering 
matrices KFL and KDWBA and results in various signal-
to-noise (SNR) values. In addition, the noise-free case 
is considered. 
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These parameters maintain the computational time 
within reasonable limits.  

A block diagram of the proposed method is 
displayed in Fig. 1. 
 
 
3.2. Results 

 
Fig. 2 displays plots transceiver and target 

locations. Both the phase and amplitude distribution of 
the singular vectors obtained from SVD of matrix K in 
FL and DWBA methods are presented in Fig. 3. 

FD estimates the errors of the approximate 
solutions of the data provided by the singular vectors 
obtained from SVD of the matrix K, and allows the 
establishment of an efficient geometry of the target 
localization. According to the data presented in 
Table 1, the smallest FDamplitude values indicate an 
improvement in the FL approximation.  

 
 

Table 1. Average FDamplitude and FDphase values and 
amplitude (A) of scattered signals attained in simulation 
experiments for 2D obstacles, extracted from list Li (i = 1:6), 
for FL and DWBA approximations. 
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(T) 
n1 22.38 0.18⋅10-3 0.0002 3.035 3.1249 
n2 6.3 0.2168 0.2183 2.946 3.0001 

(P) 
n1 22.66 0.21⋅10-3 0.0103 0.278 0.2875 
n2 8.9 0.2222 0.2225 2.216 2.2747 

(D) 
n1 22.12 0.18⋅10-3 0.0003 0.157 0.2192 
n2 3.3 0.2210 0.2212 3.701 3.7075 

(E) n1 21.62 0.13⋅10-3 0.0001 1.896 0.2143 
n2 9.32 0.22068 0.2205 2.001 2.0671 

 
 

Fig. 1. Block diagram. 
 
 

As expected, the case of noise-free scattering 
returns the same results. By contrast, the noisy 
experiment indicates that DWBA provided somewhat 
worse results in terms of the FDs and amplitude values 
of the reconstructed signals. The exception is the 
ellipse spatial distribution for noise n2, where almost 
similar results were obtained.  

 
 

 
 

Fig. 2. Problem setup: 10 transceivers (depicted as squares) and 6 targets (depicted as circles) are embedded in uniform 
background. Targets’ spatial distributions are represented as a) Triangle (T); b) Parallelogram (P); c) Diamond (D),  

and d) Ellipse (E). 
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Fig. 3. Curves of individual components: ‘amplitude’ (top) and ‘phase’ (bottom) provided by the left singular vectors 
obtained from SVD of the matrix K in FL approximation (blue) and DWBA approximation (red) vs. number N = 10 of array 

elements in triangle (T) geometry and for λ = 1. a) Noise-free, b) n1, c) n2. 
 

 
The FDamplitude for both approximations (Table 1) 

shows a variability with the wavelength and spatial 
distribution of the targets. Diamond (D) and ellipse (E) 
distributions have smaller FDamplitude values when a 
comparison between approximations is performed 
(Table 2). The FL approximation shows a fair 
robustness against noise, while DWBA drives an 
unstable reconstruction process. On the other hand, 
FDphase remains almost unchanged with no 
contribution to the optimization problem regardless of 
the targets’ spatial distributions (Tables 1 and 2). 

 
 

Table 2. Ratio of AWGN noise-added (n1 and n2) to noise-
free values for smallest FDamplitude

FL  and FDamplitude
DWBA  values 

across various spatial distributions and wavelengths. 
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0.5 (P) 0.20⋅10-3 1 (D) 0.94⋅10-3 
0.5 (T) 0.23⋅10-3 0.5 (E) 0.33⋅10-3 

Noise-free vs. n2 
1 (E) 0.020 1 (E) 0.022 
1 (D) 0.042 1 (D) 0.062 

 
 

4. Discussion 
 
The formulation of the inverse scattering problem 

is defined under FL and DWBA approximation 
methods. The K matrix is generated via these 
approximations. SVD identifies the right singular and 
the left singular vectors associated to the singular 
value decomposition of K. The plots the amplitude and 
phase distribution of the singular vectors are analyzed 
using the Fréchet distance. Simulated data shows that 
the Fréchet distance values are affected by the target 
locations and their spatial distributions, normalized 
wavelengths, and noise (Fig. 3 and Table 1). Noise 
disturbs the multistatic scattering matrices KFL and 
KDWBA and acoustic field distribution. 

Data displayed in Fig. 3 and Tables 1-3 indicates 
that the ‘phase’ provided by the singular vectors 
obtained from SVD of the matrix K is not dramatically 
affected by the location of the targets. The ‘amplitude’ 
in matrix K is more affected by changes in the target 
location. In addition, the distribution of the 
‘amplitude’ FD and ‘phase’ FD components in K 
(Table 1) shows variability for each wavelength, 
although there is no FD-wavelength relationship. 
Smaller FD values indicate a higher similarity between 
curves and allows for estimating the validity of the 
approximation model. Moreover, for each target’s 
geometry, the SNR values are almost similar for the 
same experimental conditions. This indicates that it is 
quite difficult and expensive to obtain the ‘phase’ and 
‘amplitude’ data in the SDV singular vectors of the K 
matrix, under these experimental conditions.  

 
 

Table 3. Ratio of AWGN noise-added (n1 and n2) to noise-
free values for FDphase

FL  and FDphase
DWBA smallest values across 

various spatial distributions and wavelengths. 
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0.5 (T) 0.010 1 (D) 0.011 
0.5 (D) 0.021 0.5 (E) 0.024 

Noise-free vs. n2 
1 (D) 1.143 1 (E) 2.958 
1 (P) 2.015 1 (D) 2.106 

 
 

5. Conclusions 
 

This work investigated questions related to a new 
scanning technology applicable in a nondivest and 
noncontact condition based on the inverse scattering 
of point scatterers embedded in a known background 
environment. We are currently working on a low-
frequency interrogation technology for a possible 
contactless patdown system based on the automatic 
detection of external concealed commodities viewed 
as scatterers or targets.  
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The inverse scattering problem was approached 
using two well-known approximations: FL 
formulation of the multiple scattering model and the 
DWBA model. The K matrix was generated using 
these approximations and has two different 
mathematical forms depending on the used 
approximation. The singular vectors obtained from the 
SVD of the matrix K in FL and DWBA 
approximations and the Fréchet distance were used to 
estimate the similarity between the ‘amplitude’ and 
‘phase’ curves of the K matrix. The best target location 
was determined by minimizing the values of FD.  

The numerical results showed a slight 
effectiveness of the Foldy-Lax approximation for 
scatterers location. The problem of considering the 
phase estimation from the K matrix is not a solution 
for signal reconstruction and representation. However, 
our results indicated that the efficiency of the target 
location marginally depends on the placement of the 
interior points and strongly depends on the wavelength 
and level of noise.  
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