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Abstract: In this paper, the synchronization of Genesio chaotic system is discussed. Based on the nonlinear 
cascaded system’s stabilization theory and the time-limited stabilization theory, the controlled input step is 
designed. The simulation proves that step method is able to simplify Genesio chaotic system. The synchronization 
of Genesio chaotic system is realized. Copyright © 2013 IFSA. 
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1. Introduction 
 

Stabilization design is fundamental problem of 
non-linear system. Because many problems, such as 
the design of detector, chasing, disturbance restrain, 
etc, will be concluded as non-linear system’s 
stabilization problem after some transformation. 

After 1970, academicians advanced kinds of 
methods to solve stabilization problems in common 
non-linear system [1-4]. The methods can solve 
different problems with their characteristics. In these 
methods, zero dynamic, controlling Lyapunov 
function, back-stepping method is effective. For 
example, Huang [5] use zero dynamic method realizes 
asymptotic chasing; Mrdjan Jankovic [6] use 
controlling Lyapunov function to solve robust 
stabilization problems; Zhang [7] and his coordinators 
use back-stepping design to control linear system of 
time-varying with known or unknown parameter. 
However, every method has its limit. Zero dynamic 
method demands that the zero dynamic sub-system is 
asymptotic stable. When use Lyapunov function, we 
must firstly find the controlling Lyapunov function in 

the system. When use back-stepping method, the 
system must be a special cascaded pattern. 

This article puts forward a method of stepping 
disappearing. Firstly part of the system state is driven 
to origin, in the following design these states can 
substituted by 0. Because of the zero substitution, 
some items that are coupled with these states can be 
changed to 0. This kind of stepping design method can 
be applied to half decoupling non-linear system. In 
fact, many systems can be converted to half 
decoupling system, especially chaos system. In this 
article, this method is applied to realize the controlling 
and synchronization in chaos system. Stepping 
disappearing method is applied to realize the 
controlling and synchronization in the unified chaos 
system. The theory stepping disappearing method is 
researched, and it is applied to Genesio chaos system 
for its controlling and synchronization. 

 
 

2. Basic Definition 
 

Considering the following nonlinear system with 
p-dimesion input 

http://www.sensorsportal.com
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  , , 1,2,...,i i ux f t x u i p


 
, 

(1) 

 

where 1 2, . , ,...,i
Tn T T T

i i px R u R x x x x       and 

1 2, ,...,
T

pu u u u     is the state and input of the system. 

Nonlinear function   , , 1, 2,...,i if t x u i p
 is plenty 

smooth. And suppose    ,0,0 0 1,2,...,if t i p 
, 

where origin is the balance point of the system [8]. 

Definition 1: If system  , , ( 1,2,..., )i i ix f t x u i p


   is 
a feedback half decoupling system, system 

 

 
1 1( 0,... 0), , ( , , ) ( , , )( 1,2,..., )

ii i i i x x i iix f t x u t x v f t x v i p




   
, 

(2) 

 

is a feedback half decoupling model of system (1).  
Theorem 1: considering the following cascaded 

system. 
 

  

 

 

 

1 1 1

2 2 1 2

3 3 1 2 3

1 2

,

, ,

, , ,

......

, ,......, .n n n

x f x

x f x x

x f x x x

x f x x x
















, 

(3) 

 

in which ( 1, 2,..., )in
ix R i n  . For any initial value, the 

solution of system (3) is bounded. 
And if the following decoupling system’s solution 
 

  

 

 

 

1 1 1

2 2 2

3 3 3

,

0, ,

0,0, ,

......

0,0,......, 0, .n n n

x f x

x f x

x f x

x f x















 , 

(4) 

 

is globally asymptotic stable, system (4) is globally 
asymptotic stable. 

Theorem 2: Suppose system (1) is feedback half 
decoupling, which means feedback control 

  , , 1, 2,...,i i iu u t x v i p 
 can be found to get half 

decoupling system (2). If system (2) can be globally 
asymptotic stable by feedback 
   , 1, 2,...,i iv t x i p  , and the solution of  

 

  , , ( , , , ) ( 1, 2,..., )i i i i ix f t x u t x v t x i p


 
, 

(5) 

 

is bounded, system (3) is globally asymptotic stable 
[9]. 

Theorem 3: If we can design the following 
controller 

 
 

1 1 1 2

2 2 2

1 1 1

( , , ,..., ),

( , ,..., ),

......,

( , , ),

( , ),

p

p

p p p p

p p p

u t x x x

u t x x

u t x x

u t x









  








, 

(6) 

 
which can stabilize the following system in limited 
time [10]. 

 

 1,0,...,0, , ,..., , ( 1,2,..., )i ii i i px f t x x x u i p


 
 

 
Controller system (1)’s balance point 

 1 2, ,... (0,0,..., 0)px x x 
 can be found by controller 

(6) within limited time. 
 
 
3. Time Limited Chaotic Control  

for Genesio System 
 

Genesio chaotic system is advanced by Genesio 
and his coordinators. It has many characteristics of 
chaotic system. It contains a simple quadratic term and 
3 general linear differential equations, which depend 
on 3 positive real numbers. The dynamic system is 
described as following: 

 
 

1 2

2 3

2
3 1 2 3 1 ,

x x

x x

x cx bx ax x











     , 

(7) 

 
where a, b, c is 3 positive real numbers, they satisfy 
ab<c. In this part, Genesio system is used to explain 
the stepping design method. 

In this part, the origin time stable problem in 
Genesio system is considered. The controlled Genesio 
system is described as follows: 

 
 

1 2 1

2 3 2

2
3 1 2 3 1 3,

x x u

x x u

x cx bx ax x u







 

 

     , 

(8) 

 

Step 1: Let 1 2 1 (0 1)u x x      , the first 
equation of system (8) is changed to 
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1 2 1 1x x u x 


   
, 

(9) 

 
Considering the optional Lyapunov function 
  

   2
1 1 1

1
.

2
V x x

, 
(10) 

 
Along system (9) to get the solution 
 

 
 

2 1
1 2 2

1 1 1 12 .V x x V
 


 

   
, 

(11) 

 

Because 0 < β < 1, 
1

0 1
2

 
 

. Controller 

1 2 1 (0 1)u x x       can stabilize x1 in limited 
time, which means there is some time T1>0, after 

which 1 0x 
. 

Step 2: Let 2 3 2 (0 1)u x x      , the 2nd 
equation of system (8) is changed to  

 
 

2 3 2 2x x u x


   
, 

(12) 

 
Similar to the analysis did to x1, it can be proven 

that controller 2 3 2 (0 1)u x x       can stabilize 
x2 in limited time. There is some time T2>0, after 

which 2 0x 
. 

Step 3: Let 3 3 (0 1)u x     . When 

1 2max( , )t T T , 1 0x 
, 2 0x   is get. So when 

1 2max( , )t T T
,  

 
2

3 1 2 3 1 3 3 3 .x cx bx ax x u ax x


        
,

(13) 

 
is get. 
Considering the following Lyapunov function 
 

 
  2

2 3 3

1
.

2
V x x

, 
(14) 

 
Along system (13) to differentiate (12) can get 
 

1 1
1 2 2

2 3 3 3 3 3 3 2( ) ( ) 2 .V x x ax x ax x V
 

 
 

        ,
(15) 

 

From theorem 2, controller 2 3 (0 1)u x      
can stabilize Genesio chaotic system (8) within 
limited time. 

 
 

4. Chaotic Synchronization in Genesio 
System 
 
In this part, applying stepping design method is 

considered to realize chaotic synchronization. The 
drive system is as (7), the responding system is  

 
 

1 2 1

2 3 2

2
3 1 2 3 1

,

,

,

y y v

y y v

y cy by ay y







 

 

    
, 

(16) 

 
where v1 and v2 are the controller that will be 
designed to realize asymptotic synchronization. 
Record 
 

1 1 1 2 2 2 3 3 3, , .e y x e y x e y x     
 

 
Equation (16)  minus equation (7), the error system 

is as follows: 
 

 
1 2 1

2 3 2

3 1 2 3 1 1 2

,

,

( ).

e e v

e e v

e ce be ae e x x







 

 

    
, 

(17) 

 
Synchronization feedback controller is designed in 

3 steps. 

Step 1: Let 1 2 1 1 1( 0)v e k e k    , where 
appropriate k1 can be chosen to adjust convergence 
speed. The 1st equation of error system (17) is 
changed to  

 
 

1 2 1 1 1.e e v k e


   
, 

(18) 

 
Obviously, system (18) is asymptotic stable. 

Hence, e1 can be asymptotic stabilized by linear 

feedback controller 1 2 1 1 1( 0)v e k e k    . 

Step 2: Let 2 3 2 2 2( 0)v e k e k   
. The 2nd 

equation of error system (17) is changed to  
 

 
2 3 2 2 2.e e v k e


  
, 

(19) 

 
It’s known after simple analysis. This system is 

asymptotically stable. 
Step 3: Take the 3rd equation in system (17) into 

consider, which can be described as the following 
equation 
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3 1 2 3 1 1 2( ).e ce be ae e x x


     
, 

(20) 

 

when e1=0, e2=0, 
 

 
3 3 .e a e


 , 
(21) 

 

From the terms of theorem 1, the asymptotic 
stabilization of e3 needs system (17) to satisfy 
bounded terms. Under the effect of feedback control, 
the error system is 

 
 

1 2 1 1 1

2 3 2 2 2

3 1 2 3 1 1 2

,

,

( ).

e e v k e

e e v k e

e ce be ae e x x







   

   

      , 

(22) 

 
From the up warding analysis we know 

   1 1 0e t e
, and 

   2 2 0e t e
. So e1 and e2 are 

both bounded. Considering the following Lyapunov 
function 

  2
3 3

1
.

2
V e e

 
 

Along the 3rd equation of system (22) and 
differentiate it will get 

 

    
  

  

 

3 3 1 2 3 1 1 2

2
3 3 1 2 1 1 2

22
3 1 2 1 1 2

2
3

1
( )

V e e ce be ae e x x

ae e ce be e x x

a x ce be e x x

a x






     

      

       

   
, 

(23) 

 

where 
  2

1 2 1 1 2

1
ce be e x x


     

,   is a 
positive constant with arbitrary chosen. 

Because drive system (7) is a chaotic system, 
whose solution x1, x2 and x3 is bounded. From system 

(22) 
   1 1 0e t e

 and 
   2 2 0e t e

 is proven, 

therefore e1 and e2 is bounded,   is bounded. From 
theorem 3 we get error (17) is asymptotic stable, 
which means in the effect of linear feedback control 

1 2 1v e e  
, 2 2 3v e e  

, the response system 
(16) can asymptotically and synchronously drive 
Genesio chaotic system. 

 
 

5. Simulation 
 
4.1. This is a Subtitle Example 
 

In the process of simulation, 4-step Runge-Kutta 
integral method is used to solve differential equation. 

To Genesio chaotic system (8), the parameter is set  
a = 1.2, b = 2.92, c = 6. Initial value is set to 

        1 2 30 , 0 , 0 5, 5,1x x x  
. The parameter in the 

controller is set β= 23. Fig. 1 shows the state responses 
of the controlled Genesion system (8), where the state 
track of Genesion system (8) converge to the origin.  

 
 

 
 

Fig. 1. The state responses of controlled Genesio  
chaotic system. 

 
 

The initial state of drive system (8) is set to  
x1(0) = -1, x3(0) = -2, x1(0) = 1. The initial state of the 
response system (16) is set to y1(0) = 4, y2(0) = -4, 
y3(0) = 4. Fig. 2 to Fig. 4 is the effect of the chaotic 
synchronization in Genesio system. Fig. 5 is the effect 
of synchronic error response, in which system’s state 
track asymptotically synchronous with drive system’s 
state track. 

 

 
 

Fig. 2. Synchronization of Genesio chaotic  
system x1 and y1. 

 
 

 
 

Fig. 3. Synchronization of Genesio chaotic  
system x2 and y2. 
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Fig. 4. Synchronization of Genesio chaotic  
system x3 and y3. 

 
 

 
 

Fig. 5. Time response of the error system. 
 
 
6. Conclusions 

 
This article puts forward a new kind of stepping 

design method for one kind of half decoupling 
nonlinear system. And discuss how to apply this 
method to chaotic system. Based on nonlinear 
cascaded system’s stabilization theory and limited 
time stabilization theory, the controlling input can be 
designed step by step. After each step, in the following 
cascaded sub-system more system states can be 
changed to 0 terms. Therefore, the nonlinear terms in 

the coupling can be changed to 0, and the system is 
simpler. The step design method has been applied to 
chaotic system’s design. The simulation of Genesio 
chaotic system proves the effectiveness of this design 
method. 
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